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Preface 


lectromagnetic theory is a fundamental under- 

pinning of technical education, but, at the same 
time, one of the most difficult subjects for students 
to master. In order to help address this difficulty and 
contribute to overcoming it, here is another textbook 
on electromagnetic fields and waves for undergrad- 
uates, entitled, simply, Electromagnetics. This text 
provides engineering and physics students and other 
users with a comprehensive knowledge and firm 
grasp of electromagnetic fundamentals by empha- 
sizing both mathematical rigor and physical under- 
standing of electromagnetic theory, aimed toward 
practical engineering applications. 

The book is designed primarily (but by no means 
exclusively) for junior-level undergraduate university 
and college students in electrical and computer engi- 
neering, physics, and similar departments, for both 
two-semester (or two-quarter) course sequences 
and one-semester (one-quarter) courses. It includes 
14 chapters on electrostatic fields, steady electric 
currents, magnetostatic fields, slowly time-varying 
(low-frequency) electromagnetic fields, rapidly time- 
varying (high-frequency) electromagnetic fields, uni- 
form plane electromagnetic waves, transmission 
lines, waveguides and cavity resonators, and antennas 
and wireless communication systems. 

Apparently, there are an extremely large num- 
ber of quite different books for undergraduate elec- 
tromagnetics available (perhaps more than for any 
other discipline in science and engineering), which 
are all very good and important. This book, however, 
aims to combine the best features and advantages of 
all of them. It also introduces many new pedagogical 
features not present in any of the existing texts. 

This text provides many nonstandard theoreti- 
cally and practically important sections and chapters, 
new style and approaches to presenting challeng- 
ing topics and abstract electromagnetic phenom- 
ena, innovative strategies and pedagogical guides 


for electromagnetic field and wave computation and 
problem solving, and, most importantly, outstand- 
ing (by the judgment of students so far) worked- 
out examples, homework problems, conceptual ques- 
tions, and MATLAB exercises. The goal is to sig- 
nificantly improve students’ understanding of elec- 
tromagnetics and their attitude toward it. Overall, 
the book is meant as an “ultimate resource” for 
undergraduate electromagnetics. 


The distinguishing features of the book are: 


w 371 realistic examples with very detailed and instru- 
ctive solutions, tightly coupled to the theory, includ- 
ing strategies for problem solving 

m 650 realistic end-of-chapter problems, strongly and 
fully supported by solved examples (there is a demo 
example for every homework problem) 

m Clear, rigorous, complete, and logical presentation 
of material, balance of breadth and depth, balance 
of static (one third) and dynamic (two thirds) fields, 
with no missing steps 

a Flexibility for different options in coverage, empha- 
sis, and ordering the material in a course or courses, 
including the transmission-lines-first approach 

mu Many nonstandard topics and subtopics and new 
derivations, explanations, proofs, interpretations, 
examples, pedagogical style, and visualizations 

a 500 multiple-choice conceptual questions (on the 
Companion Website), checking conceptual under- 
standing of the book material 

= 400 MATLAB computer exercises and projects (on 
the Companion Website), many with detailed solu- 
tions (tutorials) and MATLAB codes (m files) 


www.pearsonhighered.com/notaros 


The following sections explain these and other fea- 
tures in more detail. 
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WORKED EXAMPLES AND 
HOMEWORK PROBLEMS 


The most important feature of the book is an 
extremely large number of realistic examples, with 
detailed and pedagogically instructive solutions, and 
end-of-chapter (homework) problems, strongly and 
fully supported by solved examples. There are a 
total of 371 worked examples, all tightly coupled 
to the theory, strongly reinforcing theoretical con- 
cepts and smoothly and systematically developing 
the problem-solving skills of students, and a total of 
650 end-of-chapter problems, which are essentially 
offered and meant as end-of-section problems (indi- 
cations appear at the ends of sections as to which 
problems correspond to that section). 

Most importantly, for each homework problem 
or set of problems, there is always an example or 
set of examples in the text whose detailed solution 
provides the students and other readers with all nec- 
essary instruction and guidance to be able to solve 
the problem on their own, and to complete all home- 
work assignments and practice for tests and exams. 
The abundance and quality of examples and prob- 
lems are enormously important for the success of 
the course and class: students always ask for more 
and more solved examples, which must be relevant 
for the many problems that follow (for homework 
and exam preparation) — and this is exactly what this 
book attempts to offer. 

Examples and problems in the book empha- 
size physical conceptual reasoning and mathematical 
synthesis of solutions, and not pure formulaic (plug- 
and-chug) solving. They also do not carry dry and too 
complicated pure mathematical formalisms. The pri- 
mary goal is to teach the readers to reason through 
different (more or less challenging) situations and to 
help them gain confidence and really understand and 
like the material. Many examples and problems have 
a strong practical engineering context. 

Solutions to examples show and explain every 
step, with ample discussions of approaches, strate- 
gies, and alternatives. Very often, solutions are pre- 
sented in more than one way to aid understanding 
and development of true electromagnetic problem- 
solving skills. By acquiring such skills, which are 
definitely not limitcd to a skillful browsing through 
the book pagcs in a quest for a suitable “black-box” 
formula or set of formulas nor a skillful use of pocket 
calculators to plug-and-chug, the reader also acquires 
true confidcnce and pride in electromagnetics, and 


a strong appreciation for both its theoretical funda- 
mentals and its practical applications. 

“Physical” nontrivial examples are good also 
for instructors — for lectures and recitations — as 
they are much more interesting and suitable for 
logical presentation and discussion in the class 
than the “plug-and-chug” or purely “mathematical” 
examples. 


CLARITY, RIGOR, AND 
COMPLETENESS 


Along with the number and type of examples and 
problems (and questions and exercises), the most 
characteristic feature of the book is its consistent 
attention to clarity, completeness, and pedagogical 
soundness of presentation of the material through- 
out the entire text, aiming for an optimal balance of 
breadth and depth. Electromagnetics, as a fundamen- 
tal science and engineering discipline, provides com- 
plete physical explanations for (almost) everything 
within its scope and rigorous mathematical models 
for everything it covers. Thus, besides a couple of 
experimental fundamental laws (like Coulomb’s law) 
that have to be taken for granted for the model to 
build on, all other steps in building the most impres- 
sive and exciting structure called the electromagnetic 
theory can be readily presented to the reader in a 
consistent and meaningful manner and with enough 
detail to be understandable and appreciable. This is 
exactly what this book attempts to do. 

Simply speaking, literally everything is derived, 
proved, and explained (except for a couple of exper- 
imental facts), with many new derivations, expla- 
nations, proofs, interpretations, and visualizations. 
Difficult and important concepts and derivations are 
regularly presented in more than one way to help 
students understand and master the subject at hand. 
Maximum effort has been devoted to a continuous 
logical flow of topics, concepts, equations, and ideas, 
with practically no “intentionally skipped” steps and 
parts. This, however, is done in a structural and mod- 
ular manner, so that the reader who feels that some 
steps, derivations, and proofs can be bypassed at the 
time (with an opportunity of redoing it later) can do 
so, but this is left to the reader’s discretion (or to the 
discretion and advice of the course instructor), not 
the author’s. 

Overall, my approach is to provide all possible 
(or all necessary) explanations, guidance, and detail 


in the theoretical parts and examples in the text, 
whereas students’ actual understanding of the mate- 
rial, their thinking “on their own feet,” and ability 
to do independent work are tested and challenged 
through numerous and relevant end-of-chapter prob- 
lems and conceptual questions, and not through 
filling the missing gaps in the text. 

On the other hand, I am fully aware that 
brevity may seem attractive to students at first glance 
because it typically means fewer pages for read- 
ing assignments. However, most students will readily 
acknowledge that it is indeed much easier and faster 
to read, grasp, and use several pages of thoroughly 
explained and presented material as opposed to a 
single page of condensed material with too many 
missing parts. During my dealings with students over 
so many years, I have been constantly told that 
they in fact prefer having everything derived and 
explained, and host of sample problems solved, to 
a lower page count and too many important parts, 
steps, and explanations missing, and too few detailed 
solutions, and this was the principal motivation for 
my writing this book. 

This approach, in my opinion, is also good for 
instructors, as they have a self-contained, ready-to- 
use continuous “story” for each of their lectures, 
instead of a set of discrete formulas and sample 
facts with little or no explanations and detail. On 
the other hand, the instructor may choose to present 
only main facts for a given topic in class and rely on 
students for the rest, as they will be able to quickly 
and readily understand all reading assignments from 
the book. Indeed, I expect that every instructor 
using this text will have different “favorite” top- 
ics presented in class with all details and in great 
depth, including a number of examples, while “giv- 
ing away” some other topics to students to cover on 
their own, with more or less depth, including worked 
examples. 


OPTIONS IN COVERAGE OF THE 
MATERIAL 


This book promotes and implements the direct or 
chronological and not inverse order of topics in 
teaching/learning electromagnetics, which can briefly 
be characterized as: first static and then dynamic 
topics, or first fields (static, quasistatic, and rapidly 
time-varying) and then waves (uniform plane waves, 
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transmission lines, waveguides, and antennas). In 
addition, the book features a favorable balance of 
static (one third) and dynamic (two thirds) fields. 
Ideally, a course or a sequence of courses using 
this text would completely cover the book material, 
with a likelihood that some portions would be given 
to students as a reading assignment only. However, 
the book allows a lot of flexibility and many dif- 
ferent options in actually covering the material, or 
parts of it, and ordering the topics in a course (or 
courses). 

One scenario is to quickly go through Chapters 
1-7, do just basic concepts and equations, and a 
couple of examples in each chapter, quickly reach 
Chapter 8 (general Maxwell’s equations, etc.), and 
then do everything else as applications of general 
Maxwell’s equations, including selected topics from 
Chapters 1-7 and more or less complete coverage 
of all other chapters. This scenario would essen- 
tially reflect the inverse (nonchronological) order 
of topics in teaching/learning electromagnetics. In 
fact, there may be many different scenarios suit- 
able for different areas of emphasis and specialized 
outcomes of the course and the available time, all 
of them advancing in chronological order, through 
Chapters 1-14 of the book, just with different 
speeds and different levels of coverage of individual 
chapters. 

To help the instructors create a plan for using the 
book material in their courses and students and other 
readers prioritize the book contents in accordance 
with their learning objectives and needs, Tables 1 
and 2 provide classifications of all book chapters 
and sections, respectively, in two levels, indicating 
which chapters and sections within chapters are sug- 
gested as more likely candidates to be skipped or 
skimmed (covered lightly). This is just a guideline, 
and I expect that there will be numerous extremely 
creative, effective, and diverse combinations of book 
topics and subtopics constituting course outlines and 
learning/training plans, customized to best meet the 
preferences, interests, and needs of instructors, stu- 
dents, and other book users. 

Most importantly, if chapters and sections are 
skipped or skimmed in the class, they are not skipped 
nor skimmed in the book, and the student will always 
be able to quickly find and apprehend additional 
information and fill any missing gaps using pieces of 
the book material from chapters and sections that are 
not planned to be covered in detail. 
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Table 1. Classification of book chapters in two groups, where “mandatory” chapters are those that 
would likely be covered in most courses, while some of the “elective” chapters could be skipped (or skimmed) 
based on specific areas of emphasis and desired outcomes of the course or sequence of courses and the avail- 
able time. In selecting the material for the course(s), this classification at the chapter level could be combined 
with the classification at the section level given in Table 2. 


“Mandatory” Chapters: 1, 3, 4, 6, 8, 9, 12 “Elective” Chapters: 2, 5, 7, 10, 11, 13, 14 3 


1. Electrostatic Field in Free Space 2. Dielectrics, Capacitance, and Electric Energy 


3. Steady Electric Currents 5. Magnetostatic Field in Material Media 


4. Magnetostatic Field in Free Space 7. Inductance and Magnetic Energy 


6. Slowly Time-Varying Electromagnetic Field 10. Reflection and Transmission of Plane Waves 


8. Rapidly Time-Varying Electromagnetic Field 11. Field Analysis of Transmission Lines 


9. Uniform Plane Electromagnetic Waves 13. Waveguides and Cavity Resonators 


12. Circuit Analysis of Transmission Lines 14. Antennas and Wireless Communication Systems 


Table 2. Classification of book sections in two “tiers” in terms of the suggested priority for coverage; if 
one or more sections in any of the chapters are to be skipped (or skimmed) given the areas of emphasis and 
specialized outcomes of the course or courses and the available time, then it is suggested that they be selected 
from the “tier two” sections, which certainly does not rule out possible omission (or lighter coverage) of some 
of the “tier one” sections as well. 


Chapter “Tier One” Sections “Tier Two” Sections * 


1. Electrostatic Field in Free Space 1.1-1.4, 1.6, 1.8-1.10, 1.13-1.16 | 1.5, 1.7, 1.11, 1.12, 1.17-1.21 


2. Dielectrics, Capacitance, and Electric Energy 2.1), 2.6, 257, 2.9) 2:10 Reales 2.2—2.5, 2.8, 2.11, 2.14, 2.17 
2.13, 2.15, 2.16 


3. Steady Electric Currents 31-34 38 alors12 
4. Magnetostatic Field in Free Space 
5. Magnetostatic Field in Material Media 
6. Slowly Time-Varying Electromagnetic Field 
7. Inductance and Magnetic Energy 

3-9.7, 


9. Uniform Plane Electromagnetic Waves 9.3-9.7, 9.11, 9.14 9.1, 9.2, 9.8-9.10, 9.12, 9.13 
11. Field Analysis of Transmission Lines 11.4-11.6, 11.8 11.1-11.3, 11.7, 11.9, 11.10 


12. Circuit Analysis of Transmission Lines IZ1=12 6 2 2S) 12.7-12.10, 12.13, 12.14, 
12.16-12.18 
13. Waveguides and Cavity Resonators 13.1-13.3, 13.6, 13.8, 13.9 13.4, 13.5, 13.7, 13.10, 13.11, 
3) 13.13, 13.14 
14. Antennas and Wireless Communication 14.1, 14.2, 14.4-14.6, 14.8 14.3, 14.7, 14.9-14.13 
Systems 14.14, 14.15 


8. Rapidly Time-Varying Electromagnetic Field 8.2, 8.4, 8.6-8.8, 8.11, 8.12 8.1, 8.3, 8.5, 8.9, 8.10 


10. Reflection and Transmission of Plane Waves 10.1, 10.2, 10.4-10.7 10.3, 10.8, 10.9 
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Table 3. Ordering the book material for the transmission-lines-first approach; Chapter 12 (Circuit 
Analysis of Transmission Lines) is written using only pure circuit-theory concepts (all field-theory aspects of 
transmission lines are placed in Chapter 11 — Field Analysis of Transmission Lines), so it can be taken at the very 
beginning of the course (or at any other time in the course). Note that two sections introducing (or reviewing) 
complex representatives of time-harmonic voltages and currents (Sections 8.6 and 8.7) must be done before 


Chapter 12. 


Section 8.6: Time-Harmonic Electromagnetics 


TRANSMISSION-LINES-FIRST 
APPROACH 


One possible exception from the chronological 
sequence of chapters (topics) in using this text 
implies a different placement of Chapter 12 (Circuit 
Analysis of Transmission Lines), which is written in 
such a manner that it can be taken at any time, 
even at the very beginning of the course, hence 
constituting the transmission-lines-first approach to 
teaching the course and learning the material. 
Namely, the field and circuit analyses of transmission 
lines are completely decoupled in the book, so that 
any field-theory aspects are placed in Chapter 11 
(Field Analysis of Transmission Lines) and only pure 
circuit-theory concepts are used in Chapter 12 with 
per-unit-length characteristics (distributed param- 
eters) of the lines being taken for granted (are 
assumed to be known) from the field analysis if 
the circuit analysis is done first. Table 3 shows the 
transmission-lines-first scenario using this book. 


MULTIPLE-CHOICE CONCEPTUAL 
QUESTIONS 


The book provides, on the Companion Website, a 
total of 500 conceptual questions. These are multiple- 
choice questions that focus on the core concepts 
of the material, requiring conceptual reasoning and 
understanding rather than calculations. They serve 
as checkpoints for readers following the theoretical 
parts and worked examples (like homework prob- 
lems, conceptual questions are referred to at the ends 
of sections). Generally, conceptual questions may 
appear simple, but students often find them harder 
than the standard problems. Pedagogically, they are 


Section 8.7: Complex Representatives of Time-Harmonic Field and Circuit Quantities 
Chapter 12: Circuit Analysis of Transmission Lines (or a selection of sections from Chapter 12 — see Table 2) 


Chapters 1-11, 13, 14 or a selection of chapters (see Table 1) and sections (see Table 2) 


an invaluable resource. They are also ideal for 
in-class questions and discussions (so-called active 
teaching and learning) to be combined with tradi- 
tional lecturing — if so desired. 

In addition, conceptual questions are perfectly 
suited for class assessments, namely, to assess stu- 
dents’ performance and evaluate the effectiveness 
of instruction, usually as the “gain” between the 
course “pretest” and “posttest” scores, and espe- 
cially in light of ABET and similar accreditation 
criteria (the key word in these criteria is “assess- 
ment”). Selected conceptual questions from the large 
collection provided in the book can readily be 
used by instructors as partial and final assessment 
instruments for individual topics at different points 
in the course and for the entire class. 


MATLAB EXERCISES, TUTORIALS, 
AND PROJECTS 


The book provides, on the Companion Website, 
a very large and comprehensive collection of 
MATLAB computer exercises, strongly coupled to 
the book material, both the theory and the worked 
examples, and designed to help students develop a 
stronger intuition and a deeper understanding of 
electromagnetics, and find it more attractive and lik- 
able. MATLAB is chosen principally because it is a 
generally accepted standard in science and engineer- 
ing education worldwide. 

There are a total of 400 MATLAB exercises, 
which are referred to regularly within all book chap- 
ters, at the ends of sections, to supplement problems 
and conceptual questions. Each section of this col- 
lection starts with a comparatively very large num- 
ber of tutorial exercises with detailed completely 
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worked out solutions, as well as MATLAB codes (m 
files). This resource provides abundant opportunities 
for instructors for assigning in-class and homework 
projects — if so desired. 


VECTOR ALGEBRA AND CALCULUS 


Elements of vector algebra and vector calculus 
are presented and used gradually across the book 
sections with an emphasis on physical insight and 
immediate links to electromagnetic field theory con- 
cepts, instead of having a purely mathematical review 
in a separate chapter. They are fully integrated 
with the development of the electromagnetic theory, 
where they actually belong and really come to life. 

The mathematical concepts of gradient, diver- 
gence, curl, and Laplacian, as well as line (circu- 
lation), surface (flux), and volume integrals, are 
literally derived from physics (electromagnetics), 
where they naturally emanate as integral parts of 
electromagnetic equations and laws and where their 
physical meaning is almost obvious and can read- 
ily be made very visual. Furthermore, the text is 
written in such a way that even a reader with lit- 
tle background in vector algebra and vector calculus 
will indeed be able to learn or refresh vector analy- 
sis concepts directly through the first several chap- 
ters (please see Appendix 3 — Vector Algebra and 
Calculus Index). 


LINKS TO CIRCUIT THEORY 


The book provides detailed discussions of the links 
between electromagnetic theory and circuit theory 
throughout all of its chapters. It contains physical 
explanations for all elements of circuit theory, for 
both dc and ac regimes. All basic circuit-theory equa- 
tions (circuit laws, element laws, etc.) are derived 
from electromagnetic theory. The goal is for the 
reader to develop both an appreciation of electro- 
magnetic theory as a foundation of circuit theory 
and electrical engineering as a whole, as well as an 
understanding of limitations of circuit theory as an 
approximation of field theory. 


HISTORICAL ASIDES 


Throughout almost all chapters of the book, dozens 
of Historical Asides appear with quite detailed and 


fascinating biographies of famous scientists and pio- 
neers in the field of electricity and magnetism. There 
are a total of 40 biographies, which are, in my view, 
not only very interesting historically and informa- 
tive in terms of providing the factual chronological 
review of the development of one of the most impres- 
sive, consistent, and complete theories of the entire 
scientific and technological world — the electromag- 
netic theory — but they also often provide additional 
technical facts and explanations that complement the 
material in the text. I also feel that some basic knowl- 
edge about the discoverers — who made such epochal 
scientific achievements and far-reaching contribu- 
tions to humanity — like Faraday, Maxwell, Henry, 
Hertz, Coulomb, Tesla, Heaviside, Oersted, Ampére, 
Ohm, Weber, and others should be made an irre- 
placeable part of a sort of “general education” of our 
engineering and physics students. 


SUPPLEMENTS 


The book is accompanied by the Solutions Manual 
(for instructors) with detailed solutions to all 
end-of-chapter problems (written in the same man- 
ner as the solutions in the examples in the book), 
answers to all conceptual questions, and MATLAB 
codes (m files) for all MATLAB computer exercises 
and projects, as well as by PowerPoint slides with all 
illustrations from the text and by other supplements. 
Pearson eText of the book is also available. 


www. pearsonhighered.com/notaros 


ACKNOWLEDGMENTS 


This text is based on my electromagnetics teach- 
ing and research over more than 20 years at 
the University of Belgrade, Yugoslavia (Serbia), 
University of Colorado at Boulder, University 
of Massachusetts Dartmouth, and Colorado State 
University, in Fort Collins, U.S.A. I gratefully 
acknowledge my colleagues and/or former Ph.D. 
students at these institutions whose discussions, 
advice, ideas, enthusiasm, initiatives, co-teaching, 
and co-authorships have shaped my knowledge, 
teaching style, pedagogy, and writing in electro- 
magnetics, including: Prof. Branko Popovié (late), 
Prof. Milan Jli¢, Prof. Miroslav Djordjevic, Prof. 
Antonije Djordjevi¢, Prof. Zoya Popovic, Gradimir 
BoZilovié, Prof. Moméilo Dragovié (late), Prof. 


Branko KolundZija, Prof. Vladimir Petrovic, and 
Prof. Jovan Surutka (late). All I know in electromag- 
netics and about its teaching I learned from them or 
with them or because of them, and I am enormously 
thankful for that. 

I am grateful to all my students in all my classes 
over all these years for all the joy I have had in teach- 
ing them electromagnetics and for teaching me to 
teach better. 

I especially thank my current Ph.D. students 
Nada Sekeljié, Ana Manié, and Sanja Manié for 
their invaluable help in writing MATLAB computer 
exercises, tutorials, and codes, checking the deriva- 
tions and examples in the book, and solving selected 
end-of-chapter problems. I owe a particular debt of 
gratitude to my colleague and former Ph.D. student 
Prof. Milan Ili¢é, for his outstanding work and help 
with the initial electronic artwork in the book. My 
colleagues and former students Andjelija [lic and 
Prof. Miroslav Djordjevié, as well as Olivera Notaro§, 
also contributed very significantly to the artwork, for 
which I am sincerely indebted. 

I would like to express my gratitude to the revi- 
ewers of the manuscript for their extremely detailed, 
useful, positive, and competent comments that I feel 
helped me to significantly improve the quality of 
the book, including: Professors Indira Chatterjee, 
Robert J. Coleman, Cindy Harnett, Jianming Jin, Leo 
Kempel, Edward F. Kuester, Yifei Li, Krzysztof A. 
Michalski, Michael A. Parker, Andrew F. Peterson, 
Costas D. Sarris, and Fernando L. Teixeira. 

Special thanks to all members of the Pearson 
Prentice Hall team, who all have been excellent, and 
particularly to my editor Andrew Gilfillan, who has 
been extremely helpful and supportive, and whose 
input was essential at many stages in the develop- 
ment of the manuscript and book, my production 


Preface xvii 


manager Scott Disanno, for expertly leading the 
book production, Marcia Horton, Vice President 
and Editorial Director with Prentice Hall, for great 
conversations and support in the initial phases of 
the project, and Tom Robbins, former Publisher at 
Prentice Hall, for the first encouragements. I hope 
they enjoyed our dealings and discussions as exten- 
sively as I did. 

I thank my wife Olivera Notaros, who also 
teaches in the ECE Department at Colorado 
State University, not only for her great and con- 
stant support and understanding but also for her 
direct involvement and absolutely phenomenal ideas, 
advice, and help in all phases of writing the 
manuscript and production of the book. Without her, 
this book would not be possible or would, at least, be 
very different. I also acknowledge extraordinary sup- 
port by my wonderful daughters Jelena and Milica, 
and I hope that I will be able to keep my promise 
to them that I will now take a long break from writ- 
ing. I am very sad that the writing of this book took 
me so long that my beloved parents Smilja and Mile 
did not live to receive the first dedicated copy of the 
book from me, as had been the case with my previous 
books. 

Finally, on a very personal note as well, I really 
love electromagnetics and teaching it, and I hope 
that this book will convey at least a portion of my 
admiration and enthusiasm to the readers and help 
more and more students start liking and appreciat- 
ing this fascinating discipline with endless impacts. I 
am proud of being able to do that in my classes, and 
am now excited and eager to try to spread that mes- 
sage to a much larger audience using this text. Please 
send me your comments, suggestions, questions, and 
corrections (I hope there will not be many of these) 
regarding the book to notaros@colostate.edu. 


BRANISLAV M. Noraros 
Fort CoLiins, COLORADO 


“I believe but cannot explain that the author’s confidence is somehow transferred to the 
student as a trust that the text they are reading and learning from is worth their time.” 


— Anonymous reviewer of the book manuscript 


Electrostatic Field in 
Free Space 


Introduction: 


lectrostatics is the branch of electromagnet- 

ics that deals with phenomena associated with 
static electricity, which are essentially the conse- 
quence of a simple experimental fact — that charges 
exert forces on one another. These forces are called 
electric forces, and the special state in space due 
to one charge in which the other charge is situ- 
ated and which causes the force on it is called 
the electric field. Any charge distribution in space 
with any time variation is a source of the elec- 
tric field. The electric field due to time-invariant 
charges at rest (charges that do not change in time 
and do not move) is called the static electric field 
or electrostatic field. This is the simplest form of 
the general electromagnetic field, and its physics 


and mathematics represent the foundation of the 
entire electromagnetic theory. On the other hand, 
a clear understanding of electrostatics is essential 
for many practical applications that involve static 
electric fields, charges, and forces in electrical and 
electronic devices and systems. 

We shall begin our study of electrostatics by 
investigating the electrostatic field in a vacuum or 
air (free space), which will then be extended to 
the analysis of electrostatic structures composed 
of charged conductors in free space (also in this 
chapter). In the next chapter, we shall evaluate the 
electrostatic field in the presence of dielectric mate- 
rials, and include such materials in our discussion of 
general electrostatic systems. 


Z 
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The first record of our ex- 
periences with electri- 
city dates back to the 
sixth century BGs 
when Thales of Miletus 
(624 B.C.-546B.C.), an 
ancient Greek philoso- 
pher and mathematician, 
one of the greatest minds 
of all time, wrote that 
amber rubbed in wool 
attracts pieces of straw or feathers — which we now 


Charles Augustin de 
Coulomb (1736-1806) 
was a colonel in the 
Engineering Corps of the 
French Army and a bri- 
lliant experimentalist in 
electricity and magne- 
tism. He graduated in 
1761 from the School of 
the Engineering Corps 
(Ecole du Génie), and 
was in charge of building the Fort Bourbon 
on Martinique, in the West Indies, where he 
showed his engineering and organizational skills. 
In 1772, Coulomb returned to France with 
impaired health, and began his research in applied 
mechanics. In 1777, he invented a torsion balance 
to measure small forces, and as a result of his 1781 
memoir on friction, he was elected to the French 
Academy (Académie des Sciences). Between 1785 
and 1791, he wrote a series of seven papers on 
electricity and magnetism, out of which by far the 
most important and famous is his work on the the- 
ory of attraction and repulsion between charged 
bodies. Namely, Coulomb formulated in 1785 the 


HISTORICAL ASIDE 


know is a manifestation of electrification by fric- 
tion. In relation to this, the name “electron” for the 
subatomic particle carrying the smallest amount 
of (negative) charge comes from the Greek word 
Mextpov (elektron) for amber. Our experiences 
with magnetism, on the other side, also trace back 
to ancient times. The origin of the word “magnet” 
relates to the region in Greece named Magnesia 
(May vnoiw), in which ancient Greeks first noticed 
(ca. 800B.C.) that pieces of the black rock they 
were standing on, now known as the iron mineral 
magnetite (Fe3O4), attracted one another. 


basic law for the electrostatic force between like 
and unlike charges (i.e., between two charges of 
the same or opposite polarity) using his genuine 
torsion balance apparatus, in a course of experi- 
ments originally aimed at improving the mariner’s 
compass. He measured the electric force of attrac- 
tion or repulsion that two charged small pith balls 
exerted on one another by the amount of twist pro- 
duced on the torsion balance, and demonstrated 
an inverse square law for such forces — the force 
is proportional to the product of the charges of 
each of the balls and inversely proportional to 
the square of the distance between their centers. 
This result came out to be an underpinning of the 
whole area of science and engineering now known 
as electromagnetics, and of all of its applications. 
Upon the outbreak of the French Revolution in 
1789, Coulomb retired to a small estate near Blois, 
to work in peace on his scientific memoirs. His last 
post was that of the inspector general of public 
instruction, under Napoleon, from 1802 to 1806. 
The law of electric forces on charges now bears his 
name — Coulomb’s law — and his name is further 
immortalized by the use of coulomb (C) as the unit 
of charge. 


1.1 COULOMB'S LAW 


The basis of electrostatics is an experimental result called Coulomb’s law. It states 
that the electric force F.}2 on a point charge Q>2 due to a point charge Q, in a 
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vacuum (or air) is given by! (Fig. 1.1) 


—— Rj. CD) 


With R12 denoting the position vector of Q>2 relative to Q;, R = |Rj2| is the distance 
between the two charges, R12 = Rj2/R is the unit vector’ of the vector Rj2, and € 9 
is the permittivity of a vacuum (free space), 


£9 = 8.8542 pF/m 


(p = 10-" and F is farad, the unit for capacitance, which will be studied in the 
next chapter). By point charges we mean charged bodies of arbitrary shapes whose 
dimensions are much smaller than the distance between them. The SI (International 
System of Units*) unit for charge is the coulomb (abbreviated C), named in honor 
of Charles Coulomb. This is a very large unit of charge. The charge of an electron, 
which is negative, turns out to be 


e=1.602x10-"%C 


in magnitude (Qetectron = —e). The unit for force (F) is the newton (N). The expres- 
sion Q1Q2/(4eor”) in Eq. (1.1) represents the algebraic intensity (can be of 
arbitrary sign) of the vector F.j2 with respect to the unit vector Ry. If OQ) and 
Q> are of the same sign or polarity (like charges), this intensity is positive, Fei2 has 
the same orientation as Rj», and the force between charges is repulsive. Conversely, 
the electric force between unlike charges (Q;Q2 < 0) is attractive. 

By reversing the indices 1 and 2 in Eq. (1.1) and noting that Ro, = — Ryo, we 
obtain that Feo; = —F.12; 1.¢., the force on Q; due to Q2 is equal in magnitude 
and opposite in direction to the force on Q2 due to Q). This result is essentially 
an expression of Newton’s third law — to every action (force) in nature, there is an 
opposed equal reaction. 

If we have more than two point charges, we can use the principle of superpo- 
sition, which also is a result of experiments, to determine the resultant force on a 
particular charge — by adding up vectorially the partial forces exerted on it by each 
of the remaining charges individually. 

In the general case, vector addition is carried out component by component 
(for an arbitrary number of vectors), most frequently in the Cartesian coordinate 
system. Cartesian (or rectangular) coordinates, x, y, and z, and coordinate unit vec- 
tors, X, y, and Z (unit vectors along the x, y, and z directions), are shown in Fig. 1.2. 
The unit vectors are mutually perpendicular, and an arbitrary vector a in Cartesian 
coordinates can be represented as 


a= ay, X+ ayy + azi. 


'n typewritten work, vectors are commonly represented by boldface symbols, e.g., F, whereas in 
handwritten work, they are denoted by placing a right-handed arrow over the symbol, as F. 


2) 


(1.3) 


(1.4) 


2 All unit vectors in this text will be represented using the “hat” notation, so the unit vector in the x direc- 
tion (in the rectangular coordinate system), for example, is given as X (note that some of the alternative 
widely used notations for unit vectors would represent this vector as a;, i,, and u,, respectively). 


3S] is the modernized version of the metric system. The abbreviation is from the French name Systéme 
International d’Unités. 
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Coulomb’s law 


permittivity of a vacuum 


charge of electron, magnitude 


& 
Q; ¥ Fe12 
7 R 
R12 
Figure 1.1 Notation in 
Coulomb's law, given by 
Equa (1.1): 


Figure 1.2 Point M(x, y, z) 
and coordinate unit vectors 
in the Cartesian coordinate 
system. 


Cartesian vector components 


4 Chapter 1 Electrostatic Field in Free Space 


position vector of a point 


(b) 


Figure 1.3 (a) Three equal 
point charges at the vertices 
of an equilateral triangle 
and (b) computation of the 
resultant electric force on 
one of the charges; for 
Example 1.1. 


Here, ay, dy, and a, are the components of vector a in the Cartesian coordinate 


system, and its magnitude is 
a=|al = faz +a} +a%. (1.5) 


The unit vector of ais a = a/a. Of course, the magnitude of a, and of any unit vector, 
is unity, |a| = |a|/a = 1. The sum of two vectors is given by 


Shown in Fig. 1.2 is also the position vector r of an arbitrary point M(x, y, z) in space, 
with respect to the coordinate origin (O), 


r=xx+yy+2zZ, (eZ) 


where, using Eq. (1.5), r= |r| = /x2 +y2 +22 = OM is the distance* between 
points O and M. 


| Example 1.1 SIZE Equal Point Charges at Triangle Vertices 


Three small charged bodies of charge Q are placed at three vertices of an equilateral triangle 
with sides a, in air. The bodies can be considered as point charges. Find the direction and 
magnitude of the electric force on each of the charges. 


Solution Even with no computation whatsoever, we can conclude from the symmetry of 
this problem that the resultant forces on the charges, Fe), Feo, and F.3, all have the same 
magnitude and are positioned in the plane of the triangle as indicated in Fig. 1.3(a). Let 
us compute the resultant force on the lower right charge — charge 3. Using the principle of 
superposition, this force represents the vector sum of partial forces due to charges 1 and 2, 
respectively, that is [Fig. 1.3(b)], 


Fe3 = Fei3 + Fe23 (vector superposition). (1.8) 


From Coulomb’s law, Eq. (1.1), magnitudes of the individual partial forces are given by 


2 


Fei3 = Fe23 = (1.9) 


4rega?’ 


and both forces are repulsive. 

We note that the vector F,3 is positioned along the symmetry line between charges 1 
and 2, i.e., between vectors Fe13 and Fe23, and it makes the angle a = 2/6 with both vectors. 
The magnitude of the resultant vector is therefore twice the projection of any of the partial 
vectors on the symmetry line, which yields 


/3Q? 
Fe3 = 2 (Fe13 Cosa) = 2Fe13-— = Fey3V3 = ——— 


5 Pr eae (1.10) 


4While dealing with a wide variety of vector quantities in electromagnetics, we shall regularly visualize 
(draw) them as arrows in space, like the force vector F.}2 in Fig. 1.1, to aid the analysis and computa- 
tion. However, we shall always have in mind that only position vectors, like rin Fig. 1.2, and some other 
length vectors to be introduced later have this feature of their magnitude being the actual geometrical 
distance in space. Magnitudes of all other vectors are measured in units different from meter, and the 
sizes (lengths) of arrows in space that they are associated with can only be indicative of relative mag- 
nitudes of quantities of the same nature (with the same unit), like two forces acting on the same body. 
which is equally useful and will be utilized extensively in this text as well. 


Section 1.1 


Figure 1.4 Three point charges 
equal in magnitude but with 
different polarities at the 
vertices of an equilateral 
triangle — computation of the 
resultant electric force on 
charge 3; for Example 1.2. 


Example 1.2 Three Unequal Point Charges at Triangle Vertices 


Determine the resultant force on the lower right charge in the configuration shown in Fig. 1.4. 
Assume that Q and a are given quantities. 


Solution The only difference with respect to the configuration in Fig. 1.3 is that the forcc 
F.;3 is now attractive, as indicated in Fig. 1.4. The resultant force on charge 3 is parallcl to 
the line connecting charges 2 and 1, and the angle it makes with any of the partial forces, F.13 
and Fe93, is 8 = 2/3. Its magnitude is hence 


2 


1 
F3 = 2 (Fe13 cos B) = 2Fei35 em Arent 


Example 1.3 Three Point Charges in Cartesian Coordinate System 


Point charges Q; = 1 uC, Q2 = —2 wC, and Q3 = 2 wC are situated in free spacc at points 
defined by Cartesian coordinates (1m,0,0), (0,1m,0), and (0,0,1m), respectively. 
Compute the resultant electric force on charge Q). 


(1.11) 


Solution From Coulomb’s law and Fig. 1.5(a), the magnitudes of the individual forccs on 
the charge Q; are 


Heo—ehest — =9mN, Cie tZ) 
TU 


where R is the distance of Q; from Q> (or Q3). In order to add together vectors Fy. and 
F.31, we decompose them into convenient components, in this case — into componcnts in the 
Cartesian coordinate system. Based on Figs. 1.5(b) and (c), 


Feo = —Fe21 cosa X+ Fen] Sina y, a= = (1.13) 
F.3; = Fe31 cos B X — F.3, sinB z, B= 7 (1.14) 
so the resultant force is 
Fer = Feoi + Fest = Fen 20g a) CUD) 
The Cartesian components of the vector F.j amount to 
Fea, =0, Fety = —Feiz = pres = 6.36 mN, (1.16) 


and its magnitude [Eq. (1.5)] comes out to be 


a Uaae + Hate + ieee = Feo, = 9 MN. Cle?) 


Coulomb’s Law 
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Figure 1.5 Summation of 
electric forces in the Cartesian 
coordinate system: (a) three 
point charges in space, with 
partial force vectors Fe) 

and F.3;, (b) component 
decomposition of Fe21, 

(c) decomposition of F.31, 
and (qd) alternative addition of 
forces using the head-to-tail 
rule and the cosine formula; 
for Example 1.3. 


Electrostatic Field in Free Space 


Note that F.; can alternatively be obtained using the head-to-tail rule, as portrayed in 
Fig. 1.5(d),° in combination with the cosine formula,® which yields 


It 
Fo, = / F2,, + F23, — 2Fe21Fes1 cosy = Fy) =9 MN, y= a (1.18) 


Note also that the vector F,; is parallel to the line connecting charges Q3 and Q>, and that it 
is positioned at an angle of 2/4 with respect to the plane xy. 


Seite) eee Four Charges at Tetrahedron Vertices 


Four point charges Q are positioned in free space at four vertices of a regular (equilateral) 
tetrahedron with the side length a. Find the electric force on one of the charges. 


By the head-to-tail rule for vector addition, to obtain graphically the vector sum c = a+b, we first 
arrange the two vectors (usually translate b from its original position) in such a way that the tail of b 
(second vector) is placed at the head of a (first vector). In other words, the head of the first vector is 
“connected” to the tail of the second, and hence the term “head-to-tail” for this arrangement. Then 
we draw c (resultant vector) as a vector extending from the tail of a to the head of b, as in Fig, 1.5(d). 
An equivalent graphical method to add two vectors together is the parallelogram rule, where c= a+b 
corresponds to a diagonal of the parallelogram formed by a and b, which can also be seen in Fig. 1.5(d). 
To add more than two vectors, e.g., d = a+b+c, we simply apply the head-to-tail rule to add ¢ to the 
already found a + b, and so on — the resultant vector extends from the tail of the first vector to the head 
of the last vector in the multiple head-to-tail chain, and a polygon is thus obtained, which is why this 
procedure is often referred to as the polygon rule. 


®In an arbitrary triangle of side lengths a, b, and c and angles a, B, and y, the square of the length c of the 
side opposite to the angle y equals c? = a® + b* — 2abcos y (and analogously for a* and b* using cosa 
and cos f, respectively), and this is known as the cosine formula (rule) or law of cosines. 


Section 1.2 Definition of the Electric Field Intensity Vector 


Solution Note that this configuration actually represents a spatial version of the planar 
configuration of Fig. 1.3. Referring to Fig. 1.6, let us find the force on the charge on the top 
of the tetrahedron — charge 4. This force is given by 


Feq = Fey4 + Ferg + Fea, GeT 9) 


where all the three partial forces are of the same magnitude, equal to Fej4 = Q?/(4z e907). 
The horizontal components of the force vectors all lie in one plane and the angle between 
each two is 120°, so that they vectorially add up to zero. Thus, the resultant vector Fe4 has 
a vertical component only, whose magnitude amounts to three times that of the vertical 
component of each partial force, 


Fe4 = 3 (Fei4 cosa). Glez0) 


To determine cos a (as H/a) from the right-angled triangle AO14 in Fig. 1.6, we first find 
the distance b (between charge 1 and point O) from the equilateral triangle A123 (the base 
of the tetrahedron), as 2/3 of the height of this triangle,’ so we have 


2 (v3 J3 HH vVa—b? 2 
b=={—a})=—a — cosa = — = —— =,/-, (1.21) 
Baur 2 3 a 3 
which substituted in Eq. (1.20) results in 
v6 v6Q? 
Fea = 3Fe4— = oa @ pe2) 
3 4x ega 


Problems: 1.1-1.7; Conceptual Questions (on Companion Website): 1.1 and 1.2; 
MATLAB Exercises (on Companion Website). 


1.2 DEFINITION OF THE ELECTRIC FIELD INTENSITY 
VECTOR 


The electric field is a special physical state existing in a space around charged 
objects. Its fundamental property is that there is a force (Coulomb force) acting 
on any stationary charge placed in the space. To quantitatively describe this field, 
we introduce a vector quantity called the electric field intensity vector, E. By defi- 
nition, it is equal to the electric force F. on a probe (test) point charge Qp placed in 
the electric field, divided by Qp, that is, 
Fe 
E=— (Q)—0). (1923) 
Qp 
The probe charge has to be small enough in magnitude in order to practically not 
affect the distribution of charges which are the sources of E. The unit for the electric 
field intensity we use is volt per meter (V/m). 

From the definition in Eq. (1.23) and Coulomb’s law, Eq. (1.1), we obtain the 
expression for the electric field intensity vector of a point charge Q at a distance R 
from the charge (Fig. 1.7) 

1 


7 4&9 R2 


a) 


E 


R, (1.24) 


7Note that the orthocenter (point O in Fig. 1.6) of an equilateral triangle partitions its heights (/) in the 
ratio 2 : 1, so into segments 2h/3 and h/3 long. Note also that h = /3a/2 (in an equilateral triangle), a 
being the side length of the triangle. 


Figure 1.6 Four point 
charges at tetrahedron 
vertices; for Example 1.4. 


definition of E (unit: V/m) 


electric field due to a point 
charge in free space 


7 
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E 


Figure 1.7 Electric field 
intensity vector due to a 
point charge in free space. 


volume charge density (unit: 


C/m*) 


surface charge density (unit: 


C/m?) 


line charge density (unit: 
C/m) 


d 
Figure 1.8 Three characteristic ‘i oo 


where R is the unit vector along R directed from the center of the charge (source 
point) toward the point at which the field is (to be) determined (field or observation 
point). 

By superposition, the electric field intensity vector produced by N point charges 
(Q), Q2,..., Qn) at a point that is at distances R;, R2,..., Rn, respectively, from 
the charges can be obtained as 


ee 


il Oi » 
E=E,+E,+-:-+Ey = —R,, 125 
1+E2+-:-+En ine 20 BR i (1.25) 

where R,, i=1,2,...,N, are the corresponding unit vectors. 


Problems: 1.8; MATLAB Exercises (on Companion Website). 


1.3 CONTINUOUS CHARGE DISTRIBUTIONS 


A point charge is the simplest case of a charge distribution, which, mathematically, 
corresponds to the space (three-dimensional) delta function. In the general case, 
however, charge can be distributed throughout a volume, on a surface, or along a 
line. Each of these three characteristic continuous charge distributions is described 
by a suitable charge density function. The volume charge density (in a volume v) is 
defined as [Fig. 1.8(a)] 


deg 


a 1.26 
p= ae (1.26) 
the surface charge density (on a surface S) is given by [Fig. 1.8(b)] 
dQ 
= — LZ 
Ps ds > ( ) 
and the line charge density (along a line /) is [Fig. 1.8(c)] 
dQ 
=, 2g 
rT (1.28) 


Note that the symbol py is sometimes used instead of p, o instead of ps, and | 
instead of Q’. In the above equations, dQ represents the elemental charge in a 
volume element dv, on a surface element dS, and along a line element dl, respec- 
tively, and the corresponding units for charge densities are C/m*, C/m?, and C/m. 

The total charge Q for the three characteristic charge distributions in Fig. 1.8 is 
obtained as { dQ (adding charge elements dQ), which leads to 


Daa / ody ome i agdS, and @ONe = i QO'dl, (1.29) 
Vv 


and charge elements: 


continuous charge distributions s a 
v 
l 


(a) volume charge, (b) surface 


charge, and (c) line charge. (a) (b) (c) 
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respectively. Special, but important, cases of continuous charge distributions are 
uniform volume, surface, and line charge distributions. A charge distribution is said 
to be uniform if the associated charge density is constant over the entire region (v, S, 
or /) with charges. The expressions in Egs. (1.29) then become much simpler, 


Giny=pv (e=const), OQos=psS (ps =const), 
Qalong | = Ql (Q' =const). (1.30) 


Note that Q’ (Q’ = const) is also used to represent the so-called charge per unit 
length (p.u.l.) of a long uniformly charged structure (e.g., thin or thick cylinder), 
defined as the charge on one meter (unit of length) of the structure divided by 1 m, 


Q' = Ore Qalong | p= Qfor 1m length 
— 0, a oa aie a 


1.31 
l 1m ( ) 


and hence Q’ numerically equals the charge on each meter of the structure. 


Setulyeeee Nonuniform Volume Charge Distribution in a Sphere 


A volume charge is distributed in free space inside a sphere of radius a. The charge density is 


ptr) = po — (0<r<a), (1.32) 


where r stands for the radial distance from the sphere center, and po is a constant. Find the 
total charge of the sphere. 


Solution Since the charge density depends onr only, we need to integrate in the first expres- 
sion in Eqs. (1.29) only with respect to that coordinate, and we adopt dv in the form of a thin 
spherical shell of radius r and thickness dr, as shown in Fig. 1.9. The volume of the shell is 


dv = 4x dr, (1.33) 


which can be visualized as the volume of a thin flat slab of the same thickness (dr) and the 
same surface area (S = 47 r=), dv = Sdr. The total charge of the sphere comes out to be 


a 
o— [ew = Po ! An dr = pora. (1.34) 
v r=0 a 


Problems: 1.9-1.12. 


1.4 ON THE VOLUME AND SURFACE INTEGRATION 


A few additional comments about the volume integration performed in Eq. (1.34), 
and similar multiple integrations, may be useful at this point. In general, our strat- 
egy for solving volume integrals, f, f dv, is to adopt as large volume elements dv as 
possible, the only restriction being the condition that f = const in dv. For instance, 
for the function p = p(r) in Eq. (1.32) and a sphere as the domain of integration, 
the largest volume element over which p = const is a thin spherical shell, with dv 
given in Eq. (1.33). This adoption enables us to perform the volume integration in 
Eq. (1.34) by integrating along r only, from 0 to a, whereas the adoption of the stan- 
dard differential volume element (elementary curvilinear cuboid) in the spherical 
coordinate system (Fig. 1.10), 


dv’ = dr(rd6) (rsin6 dd) =? siné@ dr dé dd, (1.35) 


charge per unit length, 
in C/m 


<i 


Figure 1.9 Integration of 
nonuniform volume charge 
density in a sphere; for 
Example 1.5. 
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Figure 1.10 Standard 
differential volume element 
(dv’) in the spherical 
coordinate system. 


electric field due to volume 


charge 


electric field due to surface 


charge 


electric field due to line charge 


Electrostatic Field in Free Space 


would require two additional integrations, i.e., the integration in 6 from 0 to z and 
the integration in ¢ from 0 to 27. Note, however, that these two integrations are 
implicitly contained in the expression for dv in Eq. (1.33), as 


XW 2x 
if if sin 6 dé d@ = 4z. (1.36) 
é=0 /¢=0 


Note also that the elementary cuboid dv’ would be necessary for a charge den- 
sity depending on all three coordinates in the spherical coordinate system, p = 
p(r, 6, &). Similar considerations apply to volume integrations associated with the 
cylindrical and Cartesian coordinate systems. 

A trivial example for our integration strategy is the adoption of v in place of 
dv in cases when f = const in the entire integration domain v, yielding f, f dv = fv 
[e.g., the first expression in Eggs. (1.30)]. 

The same principle is utilized for adopting surface elements dS for solving 
surface integrals. 


1.5 ELECTRIC FIELD INTENSITY VECTOR DUE TO GIVEN 
CHARGE DISTRIBUTIONS 


Using the superposition principle, the electric field intensity vector due to each of 
the (uniform or nonuniform) charge distributions p, p;, and Q’ can be regarded 
as the vector summation of the field intensities contributed by the numerous 
equivalent point charges making up the charge distribution. Thus, by replacing Q 
in Eq. (1.24) with charge element dQ = pdv, p, dS, or Q’ d/ and integrating, we get 


1 pdv ~ 
E = — / —R, 1.34 
| R2 a 


| Pace 
E= R. 1.38 
An eq [ R2 a! 
1 Tae 
Odie (1.39) 


~ Arey 1 R2 


— 
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Note that, in the general case, R and R vary as the integrals in Egs. (1.37)-(1.39) 
are evaluated, along with the functions p, p;, and Q’. We shall now apply these 
expressions to some specific charge distributions and field points, for which the inte- 
grals can be evaluated analytically. It is very important that we develop analytical 
skills for solving these (and similar), true three-dimensional (3-D), vector problems. 
There is not a unique recipe for an optimal solution algorithm. A general advice, 
however, is to use superposition whenever possible — to break up a complex prob- 
lem into simpler ones, and then add up (integrate) their solutions to get the solution 
to the original problem. In doing this, sometimes we use directly the expressions in 
Egs. (1.37)-(1.39), which essentially imply breaking up the structure into equivalent 
point charges. Often, on the other hand, we do not go directly all the way down to 
point charges. Instead, we decompose the structure and apply superposition “layer 
by layer,” modularly, going down toward simpler structures level by level. In this, 
we always try to incorporate already known solutions to relevant simpler problems 
into the solution to the problem under consideration. 


Example 1.6 Charged Ring 


A line charge of uniform charge density Q’ is distributed around the circumference of a ring 
of radius a in air. Find the electric field intensity vector along the axis of the ring normal to 
its plane. 


Solution We subdivide the ring (contour C) into elemental segments of length d/, as shown 
in Fig. 1.11, and apply Eq. (1.39). The contribution to the electric field at a point P on the ring 
axis (z-axis) by each charged segment is 


E= Qdl R, R=V22+a?, (1.40) 


4m eg R2 


with the position of P along the axis being defined by the coordinate z (—co < z < oo). The 
total electric field intensity vector is obtained as 


E= $ dE. (1.41) 


Due to symmetry, the horizontal (radial) component of the vector E is zero (for every 
element d/ there is a corresponding diametrically opposite element that gives an equal but 
opposite horizontal electric field component, so that the two contributions cancel each other), 
and hence E has a vertical (axial) component only (Fig. 1.11), 


E=E,=$ dE,, dE, = dEcosa = gE =. (1.42) 
(E 
Substituting the expression for dE from Eq. (1.40) into Eq. (1.42), we get 
Q'z § Q'az f 
joe d/ = d=) —=2 1.43 
<* GreoR3 Jo 260R? is ae 
or 
ES Qz ai (1.44) 


4m €0 (z2 + a’) 


where Q = Q’2za is the total charge of the ring. 
Note that for |z| >> a, z* + a? ~ 2”, and Eq. (1.44) yields 


Ex aS (|z| >> a). (1.45) 
4m €9Z 


Figure 1.11 Evaluation of 
the electric field along the 
axis of a charged ring 
normal to its plane; for 
Example 1.6. 


electric field due to a ring 
of charge 
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This means that far away from the ring, its charge is equivalent to a point charge Q located 
at its center. In other words, when the distance of the field point from the ring is much larger 
than the ring dimensions, the ring can be considered as a point charge and the actual shape of 
the ring (or any other charged body) does not matter. This in fact is the definition of a point 
charge or a small charged body. 


Seiwa Semicircular Line Charge : ——- 


A line charge in the form of a semicircle of radius a is situated in free space, as shown in 
Fig. 1.12(a). The line charge density is Q’. Compute the electric field intensity vector at an 
arbitrary point along the z-axis. 


Solution The electric field intensity vector along the z-axis due to an elemental charge 
Q’ d/ on the semicircle [Fig. 1.12(a)] is given by the expression in Eq. (1.40). To be able to 
perform the integration in Eq. (1.39), we need to decompose this vector into convenient 
components. With reference to Fig. 1.12(b), we first represent dE by its horizontal and 
vertical components, 


dE = dE, + dE,z, dE,=dEsina, sina = = 


dE, = dEcosa, cosa= (1.46) 


Dal 


Since the direction of the vector dE} varies as the integral is evaluated (i.e., as the point P’ 
moves along the semicircle), we need to decompose it further [Fig. 1.12(c)], 
dE, = dE,x+ dEyy, dE,=-—dE,cos¢?, dE, =—dEpysing (1.47) 


(the range for the azimuthal angle ¢ is —7/2 < ¢ < 2/2). From the above expressions and 
the relationship d/ = ad@¢ (segment di is an arc of radius a defined by the angle d¢, and its 
length thus equals the radius times the angle), we obtain 


O'a? ie O'a? 
Ey, = | dE, = -——= d¢ = -——— 1.48 
fi I » coke laa nt ie a) 
O’a 72 n/2 
i, = || Win = inddd = 0, 4 
y= f aby =— Ze [sind (1.49) 
O’az [~ O'az 
E, = | dE, = ——; dé = ——, lp50 
: | “— ArregR3 —n/2 4 4eqR3 ( ) 


Figure 1.12 Evaluation of the 
electric field due to a line 
charge in the form of a 
semicircle; for Example 1.7. 
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so that the final expression for the electric field vector is 


/ 
Ce (£2422), Revere. (1.51) 


Be. 8 


Sees Straight Line Charge of Finite Length’ : 


Find the expression for the E field at an arbitrary point in space due to a straight line of 
length / uniformly charged with a total charge Q. The ambient medium is air. 


Solution Let the line charge and the field point (P) be in the plane of drawing (Fig. 1.13). 
The geometry of this problem can be defined using three parameters: angles 0, and 62, and the 
perpendicular distance from the line to the point, d (for the particular position of the point P 
shown in Fig. 1.13, 6; < 0 and 6) > 0). In Eq. (1.39), O! = Q/l, R= Vz2 +d, dl = dz, and 


R = cos9 X — sin6zZ, Gipsz) 


where z (z] < Zz < Zz) and @ (0; < 6 < @) are the length and angular coordinates, respec- 
tively, each determining the position of the source point, P’, along the line. From Fig, 1.13, 
the following trigonometric relationship exists between these two coordinates: 


Z 
tan? = -, 1.53 
an Fi ( ) 
and its differential form (by taking the differential of both sides of the equation) reads 
dé dz 
Rose = a (d = const), @ 54) 
which, given that cos @ = d/R, is equivalent to 
dz fale) 
== —, 1.55 


Finally, substituting the expressions from Eqs. (1.52) and (1.55) into Eq. (1.39), we have 


OQ 7) oD) 
y= —— i cosa dox— [ sin 6 dé z 
An egld a a 


(sin 62 — sin@,) X + (cos #2 — cos 6;) Z]. (1.56) _ electric field due to a line 


E- _Q [ 
Ar egld charge of finite length 


Note that the expression in Eq. (1.56) can be combined for computing the electric field 
due to an arbitrary structure assembled from straight line segments of charge. 


Seve Infinite Line Charge 


An infinite line charge of uniform density Q’ resides in air. Determine the electric field 
intensity vector at an arbitrary point in space. 


Figure 1.13 Evaluation of the 
electric field due to a line 
charge of finite length; for 
Example 1.8. 
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electric field due to an infinite 
line charge 


Figure 1.14 Evaluation of 
the electric field due to a 
charged disk; for 
Example 1.10. 


electric field due to a charged 
disk 


Solution Let r be the perpendicular (radial) distance of a field (observation) point, P, from 
the line charge, and f the unit vector along this distance directed from the line to the point P. 
We use the expression for the field due to a finite line charge in Eq. (1.56) and Jet 6; ~ —2/2 
and 62 - 2/2 (the line extends to z - —oo and z —> oo, respectively), as well as O/! = Q’, 
d=r,and x = fr. What we obtain is exactly the field expression for the infinite line charge 
with density Q’: 

p= "3 (1.57) 


~ Qnegr | 


We see that the vector E is radial with respect to the line charge axis, and its magnitude varies 
in space as a function of the radial distance r only, with £ being inversely proportional to r. 


Example 1.10 Disk of Charge m - = , — 


Consider a very thin charged disk (i.e., a circular sheet of charge), of radius a and a uniform 
surface charge density ps, in free space. Calculate the electric field intensity vector along the 
disk axis normal to its surface. 


Solution Instead of directly applying Eq. (1.38), we subdivide the disk into elemental rings 
of width dr, as shown in Fig. 1.14. The field due to a ring of radius r (0 < r < a) at a point P 
along the z-axis is [see Eq. (1.44)] 


SI OD (1.58) 


= 4regR3 ° 


with dQ standing for the charge of the ring, given by 
dQ="peds: (1.59) 


The surface area of the ring, dS, can be computed as the area of a thin strip of length equal 
to the ring circumference, 27r, and width dr, that is, 


dS = 2ardr. (1.60) 
By superposition, 
DPsZ aa ar 
E= | dE=— — 1.61 
i 2€0 if RS oe 
Taking the differential of the relationship R? = r? + z?, we obtain 
RdR=rdr, (1.62) 


so that the substitution of rdr by RdR in Eq. (1.61) yields 


wef" dR. psz =) 
pet See 
2e0 Jr=o R? 269 \ R/\,<0 


z z 


i => 


where R|,<9 = ¥ 22 = [z|, to allow a negative z as well (—oo < z < 00). 


BSLRBEIe 'finite Sheet of Charge . ————— 


Find the electric field intensity vector due to an infinite sheet of charge of density ps in free 
space. 


Solution We note that the infinite sheet of charge can be obtained from the disk in Fig. 1.14 
by extending its radius to infinity. Consequently, the field due to the infinite sheet can be 
obtained from the field due to the disk by letting a > oo in Eq. (1.63). With this, the second 
term in parentheses in the final field expression in Eq. (1.63) vanishes. The first term, z/|ZI, 
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is either 1 (for z > 0) or —1 (for z < 0), and we conclude that the field intensity around the 
infinite sheet of charge is uniform (constant) in both half-spaces cut by the sheet, and given by 


_ Bs 


[eas 
2€0 


(1.64) 
with respect to the reference directions indicated in Fig. 1.15. Namely, for a positive charge 
(p; > 0) of the sheet, the actual orientations of E are those in Fig. 1.15 (field lines are directed 
outward from the positive charge), while the situation for a negative p, is just opposite (the 
field vector points toward the negative charge). 


Example 1.12 Hemispherical Surface Charge 


A hemispherical surface of radius a is uniformly charged with a charge density p,. The 
medium is air. Compute the electric field intensity vector at the center of the hemisphere 
(center of the corresponding full sphere). 


Solution We perform a similar procedure as in Example 1.10 and subdivide the hemisphere 
into thin rings, as depicted in Fig. 1.16. The radius of a ring whose position on the hemisphere 
is defined by an angle 6 (0 < 6 < 2/2) is ay = asin@. Its charge is 


dO= p, dS = p, 27a sin6 ade, (1.65) 


Cc; di, 


where C; and di, denote the ring circumference and width, respectively. Using Eq. (1.44), 
the electric field intensity dE at the point O due to the charge dQ is found as follows: 


dQ(—a cos 6) 5 


and R=a 
Ar ega? 


Zr = —acosé — dE= : (1.66) 
with z; being the local z-coordinate of the point O with respect to the ring center (Fig. 1.16). 


Therefore, the resultant field vector amounts to 


m/2 p m/2 p 
E= | ap =-% | sin 6 cos 0 d9% = ~7— 2. 
= Qa (sin 20)/2 Z 


Sei) eee Force on a Line Charge due to a Charged Semicylinder 


A uniform charge of density pg is distributed in free space over a surface in the form of a half 
of a very long circular cylinder of radius a, as shown in Fig. 1.17(a). A line charge of uniform 
density Q’ is positioned along the semicylinder axis. Find the electric force on the line charge 
per unit of its length. 


(1.67) 


Solution From Egg. (1.23) and (1.31), the per-unit-length electric force on the line charge, 
that is, the force on one meter (unit length) of the structure (line charge) divided by 1 m (the 
unit is N/m), is given by 

bP 0 (1.68) 
with E standing for the electric field intensity vector due to the charged semicylinder at its 
axis. We subdivide the semicylinder into elemental strips, of width d/, and find E using the 
superposition principle. The field due to each strip can be approximated by that of a very 
long line charge with charge density dQ’ = p, d/; namely, the charge of the elemental strip 
of length h, p;h di, must be equal to the charge of the equivalent line charge of the same 
length, so dQ’h, which yields this expression for dQ’. Having in mind Eq. (1.57), the electric 
field vector due to the line charge is radial with respect to the line, and its magnitude at the 
semicylinder axis [Fig. 1.17(b)] comes out to be 


dQ’ _ psdo 


nega 2m €9’ 


(1.69) 


electric field due to an infinite 
sheet of charge 


E 


Figure 1.15 Infinite sheet of 
charge; for Example 1.11. 


Figure 1.16 Evaluation of 
the electric field at the 


center (point O) of a 
hemispherical surface 
charge; for Example 1.12. 


per-unit-length Coulomb force 
on a line charge (unit: N/m) 
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Ps | 


d/ 


Figure 1.17 Evaluation of 
the electric force on a line 
charge positioned along 
the axis of a charged 
semicylinder: (a) three- 
dimensional view showing 
the structure geometry and 
(b) cross-sectional view for 
field computations; 

for Example 1.13. 


definition of the electric 
potential (unit: V) 


since r=a and d/=ad@. By symmetry, the resultant field has an x-component only, 
computed as 


Ps BN Ps 
Ee [oe = [ seco = / cosg dp = —, (1.70) 
! if 


27 €0 Jg=—n/2 EQ 


where / denotes the line (semicircle) representing the semicylinder cross section. Finally, 
Eqs. (1.68) and (1.70) result in 
roe (1.71) 


EQ 


Problems: 1.13-1.28; Conceptual Questions (on Companion Website): 1.3-1.6: 
MATLAB Exercises (on Companion Website). 


1.6 DEFINITION OF THE ELECTRIC SCALAR POTENTIAL 


The electric scalar potential is a scalar quantity that can be used instead of the elec- 
tric field intensity vector for the description of the electrostatic field. Dealing with 
the potential is mathematically simpler than dealing with the field vector. Three dif- 
ferent integrations are needed in general for the evaluation of E, one integration 
for each vector component, while a single integration is required for the potential, 
and E, in turn, can easily be found from the potential by differentiation. In addition, 
using the electric potential we are able to connect the electric field with the voltage, 
as a fundamental bridge between the field theory and the circuit theory. 

The electric scalar potential is defined through the work done by the electric 
field, that is, by the electric force, Fe, in moving a test point charge, Op. The work 
dW, done by F, while moving Qp along an elementary vector distance dl equals 
the dot product® of F, and dl, 


dw. =F. - dl = F. d/cosa, (1.72) 


where a@ is the angle between the two vectors in the product, as shown in Fig. 1.18. 
We note that dW. can be negative (for 7/2 <a@ <7), meaning that the work 
|dW-.| is being performed against the electric field by an external agent. Based 
on Eq. (1.72), the electric scalar potential, V, at a point P in an electric field is 
defined as the work done by the field in moving a test charge from P to a reference 
point 7 (Fig. 1.18), 


R 
W. = F. - dl, (1.73) 
P 
divided by Qp. Having in mind Eq. (1.23), this becomes 
[We RE R 
Ve—= a a= [ E- dl. (1.74) 
| Qn Jp Qp Jp 


Thus, the potential V at the point P with respect to the reference point R turns out 
to not depend on Q, and to be equal to the line integral of vector E from P to Re 


8The dot product (also known as the scalar product) of vectors a and b is a scalar given by a- b= 
ja||b| cos a, a being the angle between a and b. 

°The line integral of a vector function (field) a along a linc (curve) /, from a point A to a point B, is 
defined as f,a-dl = he a-dl, where dl is the differential length vector tangential to the curve (as in 
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Obviously, the potential at the reference point is zero (integral from P = R to R). 
The unit for the potential is volt (abbreviated V), and hence the unit V/m for the 
electric field intensity. Note that ® is also used to denote the electric potential. 

By the principle of conservation of energy, the net work done by the electro- 
static field in moving Qp from a point A to some point B and then moving it back to 
A along a different path is zero (because after the round trip, the system is the same 
as at the beginning). This means that the line integral of the electric field intensity Figure 1.18 Displacement 


vector along an arbitrary closed path (contour) is zero, of a test charge in an 
electrostatic field. 
§ E-dl=0, (1.75) conservative nature of the 
C electrostatic field 


which constitutes Maxwell’s first equation for the electrostatic field. We see that the 
circulation (closed line integral) of E in electrostatics is always zero, and hence the 
electrostatic field belongs to a class of conservative vector fields.!° 

Eq. (1.75) can alternatively be derived from Coulomb’s law, i.e., from the 
expression for the electric field intensity vector due to a single point charge, Q, 
given by Eq. (1.24) and Fig. 1.7. To do this, we break the contour C up into elemen- 
tal segments (d/ — 0) parallel and normal to E, as indicated in Fig. 1.19. We realize 
that contributions to the overall line integral in Eq. (1.75) occur only for the seg- 
ments parallel to E, while no contribution for the segments normal to E (@ = 90° 
and E - dl = 0). In specific, along the segments parallel to E (segments radial with 
respect to the charge Q), E- dl equals either Ed/ (a = 0) or —Ed/ (a = 180°), 
resulting in a zero net line integral (sum) along C. By superposition, this result is 


< | ‘ E-dl = —E dl, a = 180° 


a a ] E-dl = 0, a = 90° 
E 
p< ics 
<f 
eo “Nas £4ha=0 


Figure 1.19 Derivation of 
E Maxwell’s first equation for the 
sk gs : P 
electrostatic field starting with 


+E | Coulomb’s law. 


Fig. 1.18) oriented from A toward B. If the line is closed (for example, a circle or a square), we call it 
contour (and usually mark it C), and the corresponding line integral, f.a- dl, is termed the circulation 
ofa along C. The reference direction of dl coincides with the orientation of the contour. 


10By definition, a vector field is said to be conservative when its circulation is zero for a closed path of 
arbitrary shape. 
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Figure 1.20 For the proof 
that the line integral of an 
electrostatic field vector 
between two points is the 
same for any path of 
integration. 


path independence for the 
line integral of E 


change in potential due to a 
new reference point 


electric potential due to 
a point charge 


also valid for any charge distribution (which, as we know, can be represented as a 
system of equivalent point charges, and for which the resultant field can be obtained 
as a vector sum of individual fields due to point charges). 

The line integral of E between two points in an electrostatic field does not 
depend on the path of integration. To prove this, let us refer to Fig. 1.20 and write 
the circulation of E along a contour C as 


fE-a= [ E-al= | E-al+ [ E -dl 
or AmBnA AmB BnA 


=| E-al- f E-dl, (1.76) 
AmB AnB 


so that, from Eq. (1.75), the integral from A to B along the path containing the point 
m is the same as the integral along the path with the point n, 


/ E-al= [ E - dl, CE) 
AmB AnB 


or along any other path. This also means that, for an adopted reference point, the 
electric potential at any point in the field is a uniquely determined quantity, having 
the same value for any path of moving the test charge. 

Finally, let us see what happens with the potential at an arbitrary point P in the 
field after a new reference point, 7’, is adopted. The new potential is 


R’ R R’ 
P| E-al= [ E-al+ [ E-dl, (1.78) 
JP P R 
V 


and thus the change in potential amounts to 


R’ 
av-vi-v= f E - di. (1,79) 
R 
It is very important to note that AV does not depend on the position of the point P 
in the field; if the reference point is changed, the potential at all points changes by 
the same constant value, i.e., by an additive constant. 


Problems: 1.29 and 1.30; Conceptual Questions (on Companion Website): 1.7 
and 1.8; MATLAB Exercises (on Companion Website). 


1.7 ELECTRIC POTENTIAL DUE TO GIVEN CHARGE 
DISTRIBUTIONS 


Let us determine the electric scalar potential due to a point charge in free space. In 
general, it is customary to adopt the reference point, ?, at infinity whenever possi- 
ble, namely, when the charge distribution is finite. As we shall see in an example, this 
choice is impossible, or at least inadequate, for infinite charge distributions, such as 
an infinite straight line charge. From Fig. 1.21 and Eqs. (1.74) and (1.24), the poten- 
tial at a distance R from the charge Q, and with respect to the reference point at 
infinity, is 


R love) oe) OQ 
v=) E-dl= [ Bie= | 5 dx —: 
P x=R R 4meox 
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Q R P E Figure 1.21 Evaluation of the 


_ “* electric potential due to a point 
cd charge in free space. 


The potential function (of R) obtained for a reference point at an arbitrary 
(finite) distance from the charge differs from this result by an additive constant, 
as determined by Eq. (1.79). 

Shown in Fig. 1.22 is a sketch of electric-field lines (in general, lines to which 
vector E is tangential at all points) and equipotential surfaces (surfaces having the 
same potential, V = const, at all points) around the point charge in Fig. 1.21. Of 
course, based on Egg. (1.24) and (1.80), field lines are radial “beams” starting at the 
charge and equipotentials are spherical surfaces (graphed as circles — equipotential 
lines — in the figure) centered at the charge, respectively. Field lines are perpen- 
dicular to equipotential surfaces, and this conclusion holds always, for an arbitrary 
electrostatic field. Namely, since a movement of a probe charge Qp) (in Fig. 1.18) 
over an equipotential surface results in no work by electric forces (no change in V), 
E does not have a component along that movement, meaning that it is perpendic- 
ular to the surface. The density of field lines (the number of lines per unit area of 
the equipotential surface) is representative of the magnitude of the field vector, i.e., 
it decreases as 1/R? (the area of equipotential surfaces increases as R*) away from 
the charge in Fig. 1.22. 

Starting with Eq. (1.80) and applying the superposition principle, the expression 
for the resultant electric potential, similar to the field expression in Eq. (1.25), is 
obtained for the system of N point charges, which reads 


N 
i Qi 
Y= — =, 1.81 

Am & dL R; ( ) 


as well as for the three characteristic continuous charge distributions, corresponding 
to Eqs. (1.37)-(1.39) for the field vector, 


1 dv 
Has, (1.82) 
4reg Jy R 
Sk cee , V=const 
p RG 
ra i SS 
ee } ip NZ 
7 i < Beas F — 
A | ve , | i aK \E 
Y yo. See ra y = 0 
a y ect. Se 
/ ioe PTI he ea 
t _eeeale: [ ( (Or a | a | 
ee Ss I | 
Lee wx SH / 
\ ee rey OL / 
: ae / 
. / ee / 
s (S32 / 
vax / \ co 
=e) wg Figure 1.22 Field and 
SS equipotential lines for a point 


charge in Fig. 1.21. 


electric potential due to 
volume charge 


ie 
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1 
electric potential due to V= / eee, (1.83) 
surface charge 4reg Js R 
/ 
electric potential due to line V= : i ec (1.84) 
charge Amen Jy R 


Obviously, these integrals are substantially simpler than the respective field inte- 
grals, and the same holds true for the resulting solutions for the potential due to 
charge distributions on various characteristic geometries, for which we have already 
evaluated the electric field vector in Section 1.5. 


Stuy Mme Electric Potential due to a Charged Ring = 


Find the electric scalar potential along the axis of a uniformly charged ring in free space 
normal to the ring plane. The line charge density of the ring is Q’ and its radius is a. 


Solution From Eq. (1.84) and Fig. 1.11, the potential at an arbitrary point P on the z-axis 
(for —0o < z < 0) is given by 


1 £ad_ @! ae 
yo $= = aha ae OS (1.85) 


4 eg < Zep 22 + a2 


See meee Potential due to an Infinite Line Charge 


Compute the electric potential at an arbitrary point in space due to an infinite uniform line 
charge of density Q’ in air. 


Solution The expressions for potential computations given in Eqs. (1.81)—(1.84) all imply 
that the reference point is at infinity. These expressions cannot therefore be used for the 
evaluation of the potential due to infinite charge distributions (because the potential due 
to an infinite charge distribution with respect to the reference point taken at infinity is infi- 
nite). In such cases, we invoke Eq. (1.74) instead — to compute the potential, and an infinite 
straight line charge, the field of which is given by Eq. (1.57), is a typical, and a very important, 
example. To find the potential due to this charge, at a point whose radial distance from the 
charge line is r, we apply Eq. (1.74) to a convenient integration path shown in Fig. 1.23, which 


line 
charge, 
De ey 
uw 
Figure 1.23 Evaluation of the 
electric potential due to an 
infinite line charge — cross ‘ 
section of the structure; for 4 


Example 1.15. t . 


consists of an arc between points P and M and astraight line segment between points M and 
R, and obtain 
R M R rR re Q’ 
v=/ E-dl= [ E-dl+ [ E-al= [ Ear = | ay (1.86) 
P P M x=r r 2m eoXx 

The line integral between points P and M is zero because E is perpendicular to dl along the 
path. Thus, the potential at a distance r from the line charge with respect to the reference 
point that is a distance rr away from it comes out to be 


/ 
a ng (1.87) 
27 r 

Note that the adoption of the reference point at infinity in this case, which implies that 
rg —> oo in Eq. (1.87), would result in V + oo. Note, furthermore, that this result, so an infi- 
nite potential regardless of the location of the observation point, is also “correct” in a sense 
that it can be understood as the potential distribution (function of r) given by Eq. (1.87) 
plus an infinite constant, as a consequence of the change of the reference point from FR in 
Fig. 1.23 to infinity [see Eqs. (1.78) and (1.79)]. In other words, the potential at all points 
in space is changed by the same constant value after the new reference point (at infinity) is 
adopted, which, being infinite (AV — oo), masks the correct potential distribution. However, 
this result, although “correct,” is useless for the analysis, since the actual function V(r) can- 
not be extracted from an infinite additive constant, and that is why we say that in potential 

evaluations due to infinite charge distributions reference point cannot be taken at infinity. 


Problems: 1.31-1.36, MATLAB Exercises (on Companion Website). 


1.8 VOLTAGE 


By definition, the voltage between two points is the potential difference between 
them. The unit is V. The voltage between points A and B is denoted by Vag, so 


we have 
(1.88) 


where Va and Vx are the potentials at point A and point B, respectively, with 
respect to the same reference point. 
Combining Eqs. (1.74) and (1.88), we get 


R R R B 
Van = | E-al- | E-dl= [ E-dl+ | E-dl (1.89) 
A B A R 


B 
Vig | E - dl. (1.90) 
A 


or 


Therefore, the voltage between two points in an electrostatic field equals, in turn, 
the line integral of the electric field intensity vector along any path between these 
points. Obviously, Vga = —Vap. 

If a new reference point is adopted for the electric potential in a system, volt- 
ages in the system remain unchanged. To prove this statement, we recall that the 
potential at all points in the system changes by the same constant value (AV) after 
the new reference point is adopted [see Eq. (1.79)]. Since a voltage is the difference 
of the potential values at the respective points in the system, Eq. (1.88), the new 
voltage between points A and B is given by 


AB = Va — Vp = (Vat AV) — (Vp + AV) = Va — Vp = Vas, (1.91) 


i.e., it equals the old voltage between these points. 
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electric potential due to an 
infinite line charge 


definition of voltage (unit: V) 


voltage via a line integral of E 
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Note that, in terms of voltages, Eq. (1.75) can be written as 


| SS V; a 
along C 


which, if applied to a closed path in a de circuit, represents Kirchhoff’s circuital 
law for voltages. This law tells us that the algebraic sum of voltages around any 
closed path in a circuit is zero.'' Kirchhoff’s voltage law for dc circuits, Eq. (1.92), 
is therefore just a special form of Maxwell’s first equation for the electrostatic field, 
Eq. (1.75). We shall see in a later chapter that with some restrictions and approxi- 
mations, Kirchhoff’s voltage law in the form in Eq. (1.92) can also be used for the 
analysis of ac circuits. 


Kirchhoff’s voltage law 


(1.92) 


Problems: 1.37; Conceptual Questions (on Companion Website): 1.9. 


HISTORICAL ASIDE 


The SI unit for the vol- Gustav Robert Kirchhoff 
tage, electric potential, (1824-1887), a German 


and electromotive force 
(to be studied in a 
later chapter), volt (V), 
was named in honor of 
Alessandro Volta (1745- 
1827), an Italian physicist 
f and inventor, a_ pro- 
fessor of experimental 
physics at the University 
of Pavia, who is famous for his invention of the 
electric battery (voltaic pile) in 1800. In experi- 
ments, he used his tongue to sense and measure 
the electricity and voltage — the first voltmeter. 
Volta’s battery was a series of electrochemical cells 
made as a pile of alternating silver and zinc plates 
separated by cardboard disks soaked in salty water 
(electrolyte). (Portrait! Edgar Fahs Smith Collection, 
University of Pennsylvania Libraries) 


physicist and chemist, 
taught at Universities of 
Berlin, Breslau, and Hei- 
delberg. Kirchhoff rec- 
eived his doctoral deg- 
ree from the University 
of K6nigsberg in 1847, 
under Neumann (1798- 
1895). Extending the 
work of Ohm (1789- 
1854), he formulated, in 1850, the fundamental 
relations between currents and voltages in an 
electric circuit with multiple loops, which we call 
Kirchhoff’s circuital laws for currents and voltages. 
Kirchhoff also made seminal contributions to spec- 
troscopy and thermal emission. (Portrait: Edgar Fahs 
Smith Collection, University of Pennsylvania Libraries) 


1.9 DIFFERENTIAL RELATIONSHIP BETWEEN THE FIELD 


AND POTENTIAL IN ELECTROSTATICS 


Eq. (1.74) represents an integral relationship between the electric field intensity vec- 
tor and the potential in electrostatics, which enables us to determine V if we know 
E. In this section, we shall derive an equivalent, differential, relationship between 
these two quantities, and then use it for evaluating E from V. 


11 Algebraic sum means that the voltages in the sum can be of arbitrary sign, where the sign with which 
the voltage is taken depends on the agreement or disagreement of the orientation (polarity) of the 
voltage with the orientation of the contour. 
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Consider a point A in an electrostatic field at which the potential is Va. Let 
us move from that point for an elementary distance d/ = dx along the x-axis, to a 
point B, as shown in Fig. 1.24. The resulting change in the potential amounts to the 
potential at B (new potential) minus the potential at A (starting potential), that is, 


dV —VanvV.. (1.93) 


On the other hand, Eq. (1.90) tells us that the potential difference (voltage) between 
points A and B is related to the electric field intensity vector as 


Va — Vp =E-dl = Edlcosa = Ecosa dx = E, dx, (1.94) 
Ex 


with E,, standing for the x-component of E, which equals the projection of E on the 
x-axis, E cosa. Combining Eqs. (1.93) and (1.94), we have 


dV 
a a @.95) 
Similarly, the projections of the vector E on the other two axes of the Cartesian 
coordinate system are obtained as 


— ge = a 1.96 
y dy’ Cf dz ( ) 


Hence, the complete vector expression for E is given by 


oa OY xr) 


Sa Yr 2 (1.97) 


ax oy dz 

where we use partial derivatives instead of ordinary ones because the potential is a 
function of all three coordinates (multivariable function), V = V(x, y, z). This dif- 
ferential relationship is an important general means for computing the field E from 
the potential V in electrostatics. 


Setulmetme 1-D Problem 


In an electrostatic system, the potential is constant in any individual plane normal to the 
Cartesian x-axis, while it varies along that axis as 


x ee 
VO) = Vat Vie Va (1.98) 


where Vo, V1, V2, and d are constants. Find the electric field intensity vector in the system. 
Solution Since dV/dy =0 and dV/dz = 0, we are left with an x-component of the vector 
E only, according to Eq. (1.97), which comes out to be 

dV Vi 2V2x 


(a= a a 


(1.99) 


Problems: 1.38; Conceptual Questions (on Companion Website): 1.10; MATLAB 
Exercises (on Companion Website). 


1.10 GRADIENT 


The expression in the parentheses in Eq. (1.97) is called the gradient of the scalar 
function (V). It is sometimes written as grad V, but much more frequently we write 


Figure 1.24 Derivation of 
the differential relationship 
between E and V in 
electrostatics. 


1-D differential relationship 
between E and V 
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del operator 


E from V in electrostatics 


gradient in Cartesian 
coordinates 


Figure 1.25 Point M(r, 9, z) 
and coordinate unit vectors 
in the cylindrical coordinate 
system. 


gradient in cylindrical 
coordinates 


it using the so-called del operator or nabla operator, defined as 


(1.100) 
So, we have 
E = —gradV = -VV, GO A10m) 
where, in the Cartesian coordinate system (Fig. 1.2), 
Ove 
grad V = VV = — x y Z. (1. 10z 
Ox Zz 


The other two best-known and most commonly used coordinate systems are the 
cylindrical and the spherical. An arbitrary point (M) in the cylindrical coordinate 
system is represented as (r, g, z), where r is the radial distance from the z-axis to 
the point M, ¢ the azimuthal angle measured from the x-axis in the xy-plane, and 
z the same as in the Cartesian coordinate system, as shown in Fig. 1.25. The ranges 
of the coordinates are 


Q<r<co, 0<¢<2% (01-7 =@ 22), Co 2 00 (1.103) 


The coordinate unit vectors, r, 6, and 2, are, by definition, directed in directions of 
increasing r, g, and z, respectively. They are all mutually perpendicular (the cylin- 
drical coordinate system belongs to the class of orthogonal coordinate systems), and 
the vector E in cylindrical coordinates can be expressed as 


E = E,t + Ego + Ez i. (1.104) 


Since ¢ is not a length coordinate but an angular one, an incremental distance dl 
corresponding to an elementary increment in the coordinate, d¢, equals d/ = rd@ 
(the length of an arc of radius r defined by the angle d@), and this exactly is the 
displacement d/ in Fig. 1.24 in computing the change in potential dV in Eqs. (1.93)- 
(1.95) now in the @¢ direction. Therefore, the ¢-component of the electric field 
vector at the point M in Fig. 1.25 equals Eg = —dV/di = — dV/(rd@) and not just 
—dV/d¢. The other two cylindrical coordinates, r and z, are length coordinates, so 
no modification is needed, E, = —dV/dr and E, = — dV /dz. Consequently, having 
in mind Eqs. (1.104) and (1.101), the gradient of V = V(r, ¢, z) in the cylindrical 
coordinate system is, in place of Eq. (1.102), given by 


— = av 1 den OV. 

‘grad V = VV = —r+ - — — 2. 

a ar pode oe 

In the spherical coordinate system, a point M is defined by (r, 6, @), with r 
being the radial distance from the coordinate origin (O) to M, @ the zenith angle 
between the z-axis and the position vector of M, and ¢ the same as in the cylindrical 
coordinate system, as illustrated in Fig. 1.26. The ranges of spherical coordinates are 


O<r<co, 0=8@=7, 00 2 (1.106) 


(1.105) 


and the component representation of the vector E reads 
E = Ft + Es6 + Eod, (1.107) 


where f, 6, and ry are mutually perpendicular coordinate unit vectors (directed 
in directions of increasing r, 6, and ¢, respectively). As depicted in Fig. 1.10, the 
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corresponding incremental distances d/ along these vectors equal to dr, rd@, and 
rsin@ dd, and hence the following expression for the gradient of V = V(r, 6, @) in 
the spherical coordinate system: 


OV 1oVa 
dy = VV = —— y+ = — 
gra aaa 00 


1 
rsin@ 06 


dV » 


6. (1.108) 


It is important to note that there is no equivalent in the cylindrical or spheri- 
cal coordinates to the expression for the del operator, V, in Eq. (1.100), essentially 
because all the unit vectors in Figs. 1.25 and 1.26 except z (of course, their direc- 
tions and not magnitudes) depend on the location (on coordinates) of the point M. 
So, V can be formally treated as a vector, given by Eq. (1.100), only in Cartesian 
coordinates. 

The expression in Eq. (1.102) and the corresponding expressions associated 
with other coordinate systems enable us to calculate VV for any multivariable scalar 
function V (not necessarily the electric potential). We shall now derive the rela- 
tionship between the gradient and so-called directional derivative of a scalar field, 
which will provide us with a new physical interpretation of the gradient operation 
in general. 

Combining Eqs. (1.94), (1.95), and (1.101), we have 

~< = =E. K=-VV-xk& — Savy. x. 
We can now formally proclaim the Cartesian x-axis to be an arbitrarily positioned 
linear axis in space, and call it an /-axis, with respect to which (Fig. 1.27) 


(1.109) 


dV 
dl 


VV -1=|VV\cos B, (1.110) 
where lis the associated unit vector al = 1) and f the angle between the vector VV 
and the /-axis. The derivative dV /dl is referred to as the directional derivative of V 
in the / direction. It represents the rate of change of V in this direction, and equals 
the projection (component) of the vector VV on (along) the /-axis. Eq. (1.110) is 
an equivalent mathematical definition of the gradient of a scalar, and, although 
obtained specifically for the electrostatic potential, it is valid for any scalar field 
V (for which the necessary derivatives exist). 

In addition, Eq. (1.110) has a very important physical meaning and practical 
implications. We note that for a given scalar field V, VV at a point P in Fig. 1.27 
is a fixed vector. By steering the /-axis around P, i.e., by varying the angle 6, we 
obtain different derivatives dV /d/ at the location P. For 8B = +90°, dV/d/ = 0 [from 
Eq. (1.110)]; for 6 = 0, however, we reach the maximum in dV/d/ (cos B = 1), 
which becomes 


dV 


— =|VV 
di IVV| 


max 


(B = 0). (1.111) 


This means that (1) the magnitude of VV equals the maximum space rate of change 
in the function V per unit distance [|VV| = (dV/d/)max] and (2) VV points in the 
direction of the maximum space rate of change in V (6 = 0). We conclude that the 
gradient of a scalar field V is a vector that provides us with both the direction in 
which V changes most rapidly and the magnitude of the maximum space rate of 
change. This property of the gradient operation is extensively used in numerous 
applications, in all areas of science and engineering. 


gradient in spherical 
coordinates 


Figure 1.26 Point M(r, 6, ¢) 
and coordinate unit vectors 
in the spherical coordinate 
system. 


directional derivative 
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Figure 1.27 Relationship 
between the gradient and 
the directional derivative of 
a scalar field. 


physical meaning of the 
gradient 
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electric dipole potential 


Steve Field from Potential, Charged Ring 


From the electric potential due to a charged ring given by Eq. (1.85), find the electric field 
intensity vector along the ring axis normal to its plane. 


Solution By symmetry, the vector E along the z-axis (Fig. 1.11) has a z-component only, so 
that a combination of Eqs. (1.101), (1.105), and (1.85) gives 


Q'a A Q'az e 
E = —VV = —-—z= —-— {| ————. ]z = ———"_,,z, 
dz dz = tae 2e9 (22 +02)? 
which, of course, is the same result as in Eq. (1.44). 
Conversely, according to Eq. (1.74), the expression for the potential due to the ring can 


be found from the expression for the field, in Eq. (1.44), by integration along the z-axis from 
the point P (with a coordinate z) to the reference point at infinity (z — oo), as 


(1.112) 


foe) 
v= E, dz, (edd) 
ma 


and it is a simple matter to verify that the solution of this integral is exactly the potential in 
Eq. (1.85). 


Problems: 1.39-1.45; Conceptual Questions (on Companion Website): 1.11; 
MATLAB Exercises (on Companion Website). 


1.11 3-D AND 2-D ELECTRIC DIPOLES 


An electric dipole is a very important, fundamental electrostatic system consisting 
of two point charges Q of opposite polarities separated by a distance d. We alterna- 
tively refer to this system as a three-dimensional (3-D) dipole, to distinguish it from 
an analogous 2-D system combining line charges, which will be analyzed later in this 
section. So, let us first derive the expressions for the electrostatic scalar potential 
and field intensity vector due to a 3-D dipole at large distances compared to d. 

Introducing a spherical coordinate system whose origin is at the dipole center 
as shown in Fig. 1.28 and using Eq. (1.80) for the electric potential due to a single 
point charge and superposition, the potential due to the dipole at a point P is 


1 = 
- 2 (---\- 2% ia (1.114) 
4m eq ry ro Ar e€q ry"2 
Since r > d, r2 — 7, © dcos@ and rrp © r?, and Eq. (1.114) becomes 
nae Q dcos@ _ pcos _ p-r (1.115) 
4neg Aner? 4megr? 


Figure 1.28 Electric dipole. 
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Figure 1.29 Cross section of a 
line dipole. 


[p= Od) (1.116) 


is the dipole moment (p = Qd). The unit for p is C- m. 
Applying the formula for the gradient in spherical coordinates, Eq. (1.108), to 
the expression for V in Eq. (1.115) yields 


where 


ev. LoVe ae 
E=-VV =-—r- 6 =“, (2coso# + sing 6) Galt?) 


or +00 4meqr3 


We note that V and E due to an electric dipole vary with distance as 1/r? and 
1/r°, respectively. 

We shall see in the next chapter that electric dipoles are fundamental for the 
discussion of dielectric polarization. In addition, a dipole concept is used in electro- 
magnetic interference (EMI) considerations, since the quasistatic (low-frequency) 
electric field produced by an electrical device can often be approximated by the field 
due to a single electric dipole, given in Eq. (1.117). 

The combination of two equal parallel infinite line charges Q’ of opposite polar- 
ities separated by a distance d constitutes a line or two-dimensional (2-D) electric 
dipole. Let us find the potential due to this system. 

Fig. 1.29 shows the cross section of a line dipole with the following per-unit- 
length dipole moment: 

p =O'd. (1.118) 


The cylindrical coordinate system is adopted such that the z-axis is normal to the 
plane of drawing and coincides with the central line of the dipole. Taking the point 
O (r = 0) for the reference point for potential and applying Eq. (1.87), we have 


ay, ieee 2 2) 


= = ——— . Jeb. 
2ré9 ry 2Ne 1 2ré& N ( ) 


where rp, = d/2 and rrz =d/2 are the distances of the reference point from 
charges 1 and 2, respectively. At large distances from the dipole (r >> d), 


f d f d 
Te a OS ye 282 | (1.120) 
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Since In(1 + x) © x for x < 1, the final expression for the electric potential due to a 
line dipole turns out to be 


(1.121) 


with p’ = Q’'d. 


electric dipole moment 


electric dipole field 


line dipole potential 
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Oo 


Figure 1.30 Evaluation of 
the flux of the vector EK due 
to a point charge through a 
surface element dS, whose 
area vector, dS, is oriented 
from the charge outward. 


elementary solid angle 


Note that for quasistatic electric field evaluations, transmission lines (telecom- 
munication lines, power lines, computer buses, etc.) can sometimes be approx- 
imately modeled by a single line electric dipole, with the potential computed 
by Eq. (1.121). Such evaluations are important in studying undesired couplings 
between transmission lines, as well as associated EMI field levels. 


Problems: 1.46-1.50; MATLAB Exercises (on Companion Website). 


1.12 FORMULATION AND PROOF OF GAUSS’ LAW 


Gauss’ law represents one of the fundamental laws of electromagnetism. It is an 
alternative statement of Coulomb’s law and a direct consequence of the mathe- 
matical form of the electric field intensity vector duc to a point charge. Gauss’ law 
involves the flux (surface integral) of the vector E through a closed mathemati- 
cal surface,'? and can equivalently be formulated in a differential form, which is 
based on a differential operation called divergence on E. This important equation, 
in either form, provides an casy means of calculating the electric ficld due to highly 
symmetrical charge distributions, including problems with spherical, cylindrical, and 
planar symmetry, respectively. 

Gauss’ law states that the outward flux of the electric ficld intensity vector 
through any closed surface in free space is equal to the total charge enclosed by 
that surface, divided by ¢y. To prove it, let us consider first a single point charge 
Q in free space and evaluate the flux of vector E through an arbitrarily positioned 
surface element (differentially small patch) of area dS, whose surface area vector is 
dS, as shown in Fig. 1.30. This elementary flux is given by 


dW,=E-dS, dS= dSh, (28 


where nis the unit vector normal to dS directed from the charge outward. Using 
Eq. (1.24), we have 


Q  dSn 


We = Ed = Eds, = ——, 
dW pe S cos @ n iney R 


(1123) 
with dS, standing for the projection of dS on the plane perpendicular to R 
(Fig. 1.30). This projection can be considered as the base of a cone with the apex 
at the charge. The solid angle of the conc is, by definition, 


ar 
|a solid angle is measured in steradians (sr or srad)], yielding 
dUp = 2 ae. (1.125) 
4m ey 


Assume now that the charge Q is enclosed by an arbitrary closed surface S, as 
depicted in Fig. 1.31(a). From Eq. (1.125), by integration, the outward flux of the 


9 . . 7 

!2-The flux of a vector function a through an open or closed surface § is defined as fads, where dS 
(to be discussed in this section) is the vector clement of the surface perpendicular to it, and directed in 
accordance to the orientation of the surface. 
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HISTORICAL ASIDE 


Johann Karl Friedrich 
Gauss (1777-1855) was 
a German mathematician 
and a director of the 
GG6ttingen Observatory. 
Gauss was born in Bra- 
unschweig (Brunswick) 
as a son of a gardener 
and a servant girl, and he 
showed his mathemati- 
cal genius very early. At 
the age of seven, to the 
astonishment of his elementary school teacher, 
he summed the integers from 1 to 100 within 
seconds by realizing that the sum equaled 50 
pairs of numbers from opposite ends of the list, 
each pair adding up to 101 (1+100=101, 2+ 
Pole .),9so 50 x 101 = 5,050. He ‘attended 
Universities of Braunschweig, G®6ttingen, and 
Helmstedt, and received his doctoral degree in 


1799. Gauss made numerous seminal contribu- 
tions to the number theory, algebra, geometry, 
and calculus, proved several fundamental theo- 
rems in different branches of mathematics, and 
is considered by many to be one of the three 
greatest mathematicians of all time, others being 
Archimedes (287B.C.-212B.C.) and Newton 
(1642-1727). He developed in 1813 the divergence 
theorem, providing the mathematical form for the 
famous law of electricity that relates the flux of the 
electric field intensity vector through a closed sur- 
face to the enclosed net charge and now carries his 
name — the law which first came out from exper- 
iments with charged concentric metallic spheres 
by Faraday (1791-1867) and was later translated 
into the Gaussian mathematical form by Maxwell 
(1831-1879). Upon Weber’s (1804-1891) arrival 
at Gottingen in 1831, they worked together on a 
variety of topics in electricity and magnetism (see 
Weber’s biography in Section 4.8). 
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vector E through the entire surface S (nis directed from the surface outward) is 


Q Q 


4meo Js ~ Arreo 


ve= dW,p = Q, (1.126) 
aS 


where Q is the full solid angle, which, in turn, can be interpreted as the angular 


measure for a spherical surface of arbitrary radius r and area Sp = 4zr, resulting in 
(for spherical surfaces, dS, = dS) 


dSn S 


Q= dQ = § en =¢ ds = 2 = 4z. (1.127) _ full solid angle 
Ss Sa PP Ce r 
As the full solid angle turns out to equal 47 (sr), the total flux becomes 
ip = § E-dS= 2 for a point charge Q enclosed by S. (1.128) 
S 0 


n dS; 
E; 


Figure 1.31 Evaluation of the 
outward flux of E due toa 
point charge through a closed 
surface S, the charge being 
enclosed by S (a) or located 
outside S (b). 


(b) 
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dS 


Figure 1.32 Arbitrary closed 
surface containing a volume 
charge distribution in free 
space. 


Gauss’ law 


Gauss’ law for volume charge 


For a point charge Q outside the surface S, we realize that the elementary 
fluxes through the two surface elements shown in Fig. 1.31(b), which have opposite 
orientations, are 


Q 
(dW F)through dS, = ee d& and (dW¢e)through ds; = — dQ, (1.129) 


4n EQ 


respectively, so that their contributions to the flux integral cancel each other, and 
the total flux of E through S is 


We = § E-dS=0, fora point charge outside S. (1.130) 
S 


By means of the superposition principle, Eq. (1.128) can then readily be 
generalized to the case of N point charges enclosed by a (closed) surface S: 


Eas = f (E+E) +:--+ Ey) aS 
S S 


= $5 dS +f Epa +--+ f Ey dS = St 4 24. + ON, Glee) 
S S S 
where E; is the field due to a charge Q;,i = 1,2,..., N. With the notation 
N 
Owe o. GREY) 

we have 

pr. -dS = eee (less 

S E0 


There may also be charges located outside the surface S; recall from Eq. (1.130), 
however, that the contribution to the total flux resulting from such charges is zero. 
As we know, any (continuous or discontinuous) charge distribution can be repre- 
sented as a system of equivalent point charges. This means that Eq. (1.133) holds 
true for any charge distribution (in free space), where 


Qs = total charge enclosed by S_ (arbitrary charge distribution). (1.134) 


Eq. (1.133) is the mathematical formulation of Gauss’ law. 
The most general case of continuous charge distributions is the volume charge 
distribution, Fig. 1.32, in terms of which Gauss’ law can be written as 


fds = [ode (1.135) 
Ss a, £Or Vv 


with v denoting the volume enclosed by the surface S and p the volume charge 
density. This particular form of Gauss’ law is usually referred to as Maxwell’s third 
equation for the electrostatic field in free space. 

The principle of conservation of energy in the electrostatic field, Eq. (1.75), 
and Gauss’ law, Eq. (1.135), are the two fundamental integral equations (Maxwell’s 
equations) describing the electrostatic field in free space.!? As shown here and 


'3Gauss’ law is the second equation out of a total of two Maxwell's equations used in electrostatics. 
Nevertheless, we term it Maxwell’s third equation because it is customarily positioned as the third equa- 
tion in the complete sect of four general Maxwell’s equations for the electromagnetic ficld, as we shall see 
in later chapters. 
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in Fig. 1.19, both equations can be derived from Coulomb’s law, i.e., from the 
expression for the electrostatic field due to a point charge in free space. 


Problems: 1.51 and 1.52; Conceptual Questions (on Companion Website): 
1.12-1.16. 


1.13 APPLICATIONS OF GAUSS’ LAW 


Let us now discuss procedures for using Gauss’ law to determine the electric field 
intensity if the charge distribution is known. Gauss’ law is always true, and we can 
apply it to any charge distribution and any problem. However, it enables us to ana- 
lytically solve only for the field due to highly symmetrical charge distributions. To 
understand this, note that Gauss’ law is mathematically formulated by an integral 
equation [Eq. (1.133)] in which the unknown quantity to be determined (E) appears 
inside the integral. We can use the law to obtain a solution, therefore, only in cases 
in which we are able to bring the field intensity, E, outside the integral sign, and 
solve for it. These cases involve highly symmetrical charge distributions, for which 
we are able to choose a closed surface S, known as a Gaussian surface, that satis- 
fies two conditions: (1) E is everywhere either normal or tangential to S and (2) 
E =const on the portion of S on which E is normal. When E is tangential to the 
surface, E - dS in Eq. (1.133) becomes zero. When E is normal to the surface, E - dS 
becomes E dS, and since we have also that EF is constant, it can be brought outside 
the integral sign in Eq. (1.133). We shall now apply these basic ideas to problems 
with spherical, cylindrical, and planar symmetry, respectively, in four characteristic 
examples. 


Example 1.18 Example of a Problem with Spherical Symmetry 


The first class of problems for which Gauss’ law can be used to solve for the field involve 
charge distributions that depend only on the radial coordinate in the spherical coordinate 
system. Due to spherical symmetry, only the radial component of the electric field intensity 
vector is present, and this component is a function of the radial coordinate only. Based on 
these facts, the solution procedure is simple to perform. As an example, consider a sphere of 
radius a with a uniform volume charge density p, in free space, and determine (a) the field 
distribution both inside and outside the sphere and (b) the electric scalar potential at the 
sphere center. 


Solution 


(a) The electric field vector at an arbitrary point in space is of the form 


0.136 


where r is the radial coordinate in the spherical coordinate system and f is the radial unit 
vector, as shown in Fig. 1.33. The Gaussian surface S is a spherical surface of radius r 
centered at the origin. On S, 


dS=dSt —> E.dS=Ef-dSt#=EdS?-t=Eds. (1.137) 


The outward flux of the vector E through S is hence 


Ye = PE-dS = $ EAS = EC) f aS = EMS = Br) An? (0<r<oo). 
AY Ss Ss 


(1.138) 
Since p = const (uniform charge distribution), the charge enclosed by S is computed, 
according to Eq. (1.30), as p times the corresponding volume, which is that of either the 


Figure 1.33 Application of 
Gauss’ law to a problem 
with spherical symmetry — 
Example 1.18. 


E in a problem with spherical 
symmetry 
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Figure 1.34 Application of 
Gauss’ law to a problem 
with cylindrical symmetry — 
Example 1.19. 


entire domain inside S$, for r < a, or the charged sphere of radius a (there is no charge 
outside this sphere), for r > a, so Qs amounts to 


a aay forr<a (1.139) 


p4na3/3 forr>a’ 


According to Gauss’ law, Vg = Qs/éo, yielding 


_ | er/Geo) forr<a 
OS | pa®/Beor?) forr>a’ i 


Note that the field for r > a is identical to that of a point charge Q = p47a3/3 (the total 
charge of the sphere) placed at the sphere center. This means that the point charge and 
the charged sphere are equivalent sources with respect to the region outside the sphere. 
Concept of equivalent sources is often used in electromagnetics. 


(b) To find the electric potential at the sphere center (with respect to the reference point at 
infinity!*), we first conclude that the potential outside the charged sphere is identical to 
the potential of the equivalent point charge, because the fields are identical, so that the 
potential at the sphere surface (r = a) is obtained directly from Eq. (1.80): 


V(a) = g ; (1.141) 


Invoking Eq. (1.90), the potential difference (voltage) between the sphere center and 
surface equals the line integral of E from the center to the surface, which results in the 
following for the potential at the center: 


20 a pa? 
87 E9a = 2€9 i 


VO) = ih EQydr evan (1.142) 
r=0 


Se) ( ee Example of a Problem with Cylindrical Symmetry 


The second class of problems we deal with using Gauss’ law involve infinitely long charge 
distributions that depend only on the radial coordinate in the cylindrical coordinate system. 
As an example, consider an infinitely long charged cylinder of radius a and volume charge 


density 
2 


p(n) = po 5 (0<r<a) (1.143) 


in free space, where pg is a constant and r the radial coordinate (i.e., the distance from the 
cylinder axis), and find the electric field everywhere. 


Solution Shown in Fig. 1.34 is a cross section of the cylinder. Due to cylindrical symmetry 
of the charge distribution in this case, the field is radial with respect to the cylinder axis and 
is of the form given in Eq. (1.136), r being here the radial cylindrical coordinate and rf the 
associated unit vector. The Gaussian surface is a cylinder of radius r and height (length) h, 
positioned coaxially with the charged cylinder. 

To determine E inside the charge distribution, we apply Gauss’ law, Eq. (1.135), to a 
Gaussian cylinder of radius r < a, 


r Z 
E(r)2xrh = a pila 2nr dr'h, (1.144) 
= €0 Jr’'=0 az ——" 
Sc —— dv 
p 


14 Whenever the reference point for the potential to be determined is not specified, we assume that it is at 
infinity, except for infinite charge distributions, where such assumption would give us an infinite potential 
[e.g., Eq. (1.87) for re > oo]. 
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where S, is the lateral surface area of the cylinder, and dv is the volume of a thin cylindrical 
shell of radius r (0 < r <r), thickness dr’, and height 4 (we adopt as large as possible dv, as 
explained in Section 1.4). This volume is computed as that of a thin flat rectangular slab with 
edges equal to 2zr’ (circumference of the cylindrical shell), 4, and dr’ (for the purpose of the 
volume computation, the shell is flattened into a rectangular slab). The flux of the vector E 
through the top and bottom surfaces of the Gaussian cylinder is zero since E is tangential to 
those surfaces (E - dS = 0). By integration in Eq. (1.144), 


por 
4ega2’ 


For a field point outside the charged cylinder (r > a), the upper limit in the integral in 
Eq. (1.144) becomes a, which results in 


E() = 


for r <a. (1.145) 


2 
_ hoa 
AG) = ree for r > a. (1.146) 


Note that this field is identical to the field due to an infinite line charge positioned 
along the cylinder axis with the same charge per unit length Q’ as the cylinder [see 
Eggs. (1.31) and (1.57)]. 


Example 1.20 Example of a Problem with Planar Symmetry : 


Finally, this and the following example illustrate how problems involving charge distributions 
that depend on one Cartesian coordinate only — problems with planar symmetry — can be 
solved using Gauss’ law. Consider first a layer of volume charges in free space with the 
volume charge density being the following even function of the Cartesian coordinate x: 


xy 
p(x) = po (1-3). |x| <a, (1.147) 


where po and a (a > 0) are constants and p(x) = 0 for |x| > a. Determine the electric field 
intensity vector everywhere, i.e., inside and outside the charge layer. 


Solution Fig. 1.35 shows the charge distribution. Due to planar symmetry, vector E at an 
arbitrary point of space has an x-component only, and E, depends on the coordinate x only 
(it is constant in any plane x = const), so we can write 


A948) 


In addition, since the charge distribution is symmetrical with respect to the plane x = 0, vec- 
tor E in the plane defined by x’ = x (x > 0) in Fig. 1.35 is equal in magnitude and opposite in 


Figure 1.35 Application of 
Gauss’ law to a problem 
with planar symmetry — 
Example 1.20. 


E in a problem with planar 
symmetry 
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direction to that in the plane x’ = —x. The Gaussian surface is a right-angled parallelepiped 
(rectangular box) that is cut symmetrically by the plane x = 0 and has two of its faces, with 
areas So, positioned in the planes x’ = x and x’ = —x, respectively. 

Let us first determine the field intensity E,(x) inside the charge layer (—a < x < a). 
Noting that E and dS are oriented in the same direction at both faces Sp, as well as that 
E and dS are mutually perpendicular on the remaining portions of the Gaussian surface, 
we have 


1 x 
2 Ex(x) So = al p(x’) So de’, (1.149) 
€0 Jx'=—x =a 
dv 
where dv is the volume of a thin slice of the parallelepiped with thickness dx’. The integration 
in x’ yields 
2 
pox x 
E(x) = a ( = =) for |x| <a. (1.150) 


Let us now bring the parallelepiped faces Sp onto the boundaries of the charge layer. 
If we then start moving them toward infinity, symmetrically with respect to the plane x = 0, 
nothing will change in the application of Gauss’ law, since there is no charge beyond the layer 
boundaries. This reasoning gives us directly the field intensity outside the charge layer: 


2 
EQ) = FRG = — ores 7 (1.151) 
E0 
2 
EO) tne ny fore oa (1.152) 


| Example 1.21 [JEREG Symmetry, Antisymmetrical Charge Distribution 


Repeat the previous example but for the following odd function of x as the charge density of 
the 2a-thick layer: 


x 
p(x) = po a Ix| <a; (1.153) 
there is no charge outside the layer. 


Solution As this is an antisymmetrical charge distribution with respect to the plane x = 0, 
the total charge of the layer is zero, which implies that the electric field outside the layer is 
zero; namely, this field is as if due to an equivalent infinite sheet of charge (Fig. 1.15) with zero 
surface charge density (p; = 0). In other words, if we subdivide the charge layer described by 
Eq. (1.153) into differentially thin layers of thicknesses dx’ and add (integrate) the fields, 
given by Eq. (1.64), due to all these thin layers (observed outside all of them), the positives 
and negatives exactly cancel out, and the result (total field for x < —a or x > a) is zero. In 
place of Eqs. (1.151) and (1.152) we thus have 


a 
| p(i’)dr’ =O —> E(x)=0 (|x| >a). (1.154) 
x’=-a 
Positioning the Gaussian rectangular surface in Fig. 1.35 such that one of its parallel faces 
with area So is in the region x’ < —a (on the left of the charge layer) and the other is in the 
plane x’ = x where —a < x <a (inside the layer), Gauss’ law gives [instead of Eqs. (1.149) 
and (1.150)| 


tf? x | 
Ex(x) So = — f po — Spdx'  —> Extx) = 3 (x? - a’) (Ix| <a), (1.155) 


x=-a 
since the flux of E through the face outside the charge layer is zero, from Eq. (1.154), and the 
volume integration effectively starts at x’ = —a, where the charge distribution begins. 


Problems: 1.53-1.64; Conceptual Questions (on Companion Website): 1.17 and 
1.18; MATLAB Exercises (on Companion Website). 


Section 1.14 Differential Form of Gauss’ Law 35 


1.14 DIFFERENTIAL FORM OF GAUSS’ LAW 


Gauss’ law is an integral equation in the spatial domain (the integrations involved 
are carried out with respect to spatial coordinates), and, in the general case, it rep- 
resents an integral relationship between the electric field intensity vector, E, and 
the volume charge density, o [Eq. (1.135)]. In this section, we shall derive an equiv- 
alent, differential, relationship between E and p, that is, the differential form of 
Gauss’ law. 

Assume first that o is a function of the Cartesian coordinate x only, p = p(x) (1- 
D charge distribution), so that the only present component of E is Ey = E,(x). Let 
us apply Gauss’ law, Eq. (1.135), to a rectangular closed surface S, the dimension of 
which in the x direction is dx and the sides normal to that direction are So in area, 
as indicated in Fig. 1.36. The field being constant on both surfaces So, no integration 
is needed on the left-hand side of Eq. (1.135). In addition, since dx is differentially 
small, we can take p(x) as constant in the volume enclosed by S, so that no inte- 
gration is needed on the right-hand side of Eq. (1.135) either. Noting that on the 
left-hand side of S, E and dS are directed in opposite directions, we have 


1 
—E,(x) So + Ex(x + dx) So = = p(x) So dx. (e156) 
0 


The differential of E, corresponding to the displacement dx, 
divided by dx, is, by definition, the derivative of Ey with respect to x. From 
Eg. (1.156), this derivative comes out to be 


mel (1.158) 


This is a differential equation in the spatial domain, and it represents the one- 
dimensional Gauss’ law in differential form. It states that, in cases when the charge 
distribution changes with a single linear spatial coordinate in free space, the rate of 
change of the electric field intensity with that coordinate equals the local density of 
volume charge, divided by é9. 

The generalization of Eq. (1.158) to the three-dimensional case is straightfor- 
ward. The charge density is now a function of all three coordinates, p = p(x, y, 2), 
and the Gaussian surface S has to be differentially small in all three dimensions, as 
shown in Fig. 1.37. We break the flux integral over S in Eq. (1.135) up into three 
pairs of integrals, each pair being carried out over two parallel sides of S. All sides 
being differentially small, the flux over each of them can be approximated by taking 
a constant value of the field component normal to the side and multiplying it by 
the side area. This gives us the result for each individual pair of integrals that has 
exactly the same form as in the one-dimensional case above [Eqs. (1.156)—(1.158)]. 

For the first pair of integrals, we have that the outward flux of E through sides 
normal to the x direction (front side and back side in Fig. 1.37) is 


i E-.dS+ [ E - dS = (change of E, across dx) x (dy dz) 
front back 


OE, 
= —— dx(dydz), F 
ax (dy dz) (1.159) 


Figure 1.36 For derivation 
of the one-dimensional 
Gauss’ law in differential 
form. 


1-D differential Gauss’ law 


Figure 1.37 For derivation 

of Gauss’ law in differential 

form for an arbitrary charge 
distribution. 
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Gauss’ law in differential form 


Gauss‘ law using divergence 
notation 


divergence in Cartesian 
coordinates 


and adding the results for other two pairs of integrals, we obtain the total flux 


OE. dE OE 
f B-ds = ~ dx (dy dz) + —* dy (dxdz) + — dz(dxdy). (1.160) 
S ax dy dz 
The volume enclosed by $ is Av = dx dy dz, with which the above equation becomes 
QE, dF, dE 
f Eds = a a ai ll), (1.161) 
S Ox dy dz 


Since Av is very small, the total charge in it can be found with no integration in 
Eq. (1.135), simply as 
Qs = p Av= p (dxdydz). (1.162) 


Finally, interconnecting the flux and charge by means of Eq. (1.135), we have 
OE, OE) (OE ee 


—+4+—=-—. 1.163 
ox dy a dz £0 ( ) 


This is Gauss’ law in differential form, i.e., Maxwell’s third differential equation 
for the electrostatic field in free space. It is a partial differential equation or PDE 
(partial derivatives with respect to individual coordinates enter into the equation) in 
three unknowns (three components of the vector E). This equation provides us with 
valuable information about the way E varies in space. It relates the rate of change 
of field components with spatial coordinates to the local charge density. We see 
that changes of individual components along the direction of that component only 
(change of FE, along x, and not along y and z, etc.) contribute in this relationship. 


Problems: 1.65 and 1.66; Conceptual Questions (on Companion Website): 1.19; 
MATLAB Exercises (on Companion Website). 


1.15 DIVERGENCE 


The expression on the left-hand side of Eq. (1.163) is called the divergence of a 
vector function (E), and is written as div E. Applying formally the formula for the 
dot product of two vectors in the Cartesian (rectangular) coordinate system, 


a-b = (ayX + ay ¥ + a; 2) - (by X + by ¥ +.bz2) = aby + ayby +azbz, (1.164) 
to the del operator, Eq. (1.100), and vector E, we get 


a ) aA aw aA aA A 
V E=(2 c+ S94 2 i) (ER+ B94 Ed 
SB, Oy mee 
— —_+—, UeNOS 
Ox oy si dz ( ) 


and this is exactly div E, in Eq. (1.163). Note that the divergence is an operation that 
is performed on a vector, but the result is a scalar. The differential Gauss’ law now 
can be written in a short form 


dvE=" or V:-REe. (1.166) 
E0 £0 


where, in the Cartesian coordinate system, 


(1.167) 


Section 1.15 Divergence 


In nonrectangular coordinate systems, the corresponding formulas are more 
complex, due to curvature (or nonrectangularity) of differential volume cells in 
place of the one in Fig. 1.37. For instance, if, in analogy to the situation in Fig. 1.36, 
we consider a one-dimensional spherical volume charge distribution with p = p(r), 
r being the radial spherical coordinate in Fig. 1.26, the only component of E is 
E, = E,(r), as in Eq. (1.136), and applying Gauss’ law, Eq. (1.135), to the inner 
(radius r) and outer (radius r+ dr) surfaces of a thin spherical shell in Fig. 1.9, 
Eq. (1.156) becomes 


—E,(r) 4a + E,(r + dr) 4x(r + dr)? = -- p(n) 4xr dr, (1.168) 


where the use is made of the expression for dv in Eq. (1.33). After eliminating 47 
on both sides of the equation, the expression on the left-hand side is the differential 
[see Eq. (1.157)] of the function rE, corresponding to the coordinate increment dr, 
which divided by dr represents the derivative of r7E, with respect to r, and hence 

1 d@’E,)  p 


L ae 1.169 
r- dr £0 ee 


analogously to Eq. (1.158). This is a one-dimensional differential Gauss’ law in the 
spherical coordinate system, and its generalization to the 3-D case of p = p(r, 0, o) 
mimics the derivation in Egs. (1.159)-(1.163) accommodated to the elemental 
spherical cuboid in Fig. 1.10, and similarly for p = p(r, ¢, z) (Fig. 1.25). The resulting 
formula for the cylindrical coordinate system is 


(1.170) 


a 1 aE¢ 


(siné aS aree a6 e171) 


ee 
rsin@ 00 


As the vector expression for the operator V in Eq. (1.100) is valid only in the 
Cartesian coordinate system, the dot product in V - E actually makes sense only in 
rectangular coordinates. However, we shall still use extensively the notation V - Ein 
cylindrical and spherical coordinate systems as well — to simply mean the divergence 
of E (div E) and a symbolic representation of the respective formulas in Eqs. (1.170) 
and (1.171). In general, we shall often draw conclusions about gradient, divergence, 
and other operations involving vector field quantities by treating V as a vector, 
Eq. (1.100), and performing formally vector operations with it, like in Eq. (1.165). 
Most importantly, these conclusions, properties, and relations, although derived in 
Cartesian coordinates, hold true (as identities) in all possible (cylindrical, spherical, 
and other) coordinate systems, because the properties of a physical quantity and 
relations between two or more quantities are the same regardless of the choice of a 
coordinate system. 

Combining Egs. (1.161) and (1.167), we obtain the equation 


E-.ds 
divE=V-E= lim dol: JS 


aoe plz2) 


which tells us that the divergence of E at a given point is the net outflow of the flux of 
E per unit volume as the volume shrinks about the point. Eq. (1.172) is an equivalent 


divergence in cylindrical 
coordinates 


divergence in spherical 
coordinates 


physical meaning of the 
divergence 
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divergence theorem 


Electrostatic Field in Free Space 


mathematical definition of the divergence of a vector. From it, we may regard div E 
physically as a measure of how much the field diverges from the point. In general, 
a positive divergence of any vector field indicates a local source of the field at that 
point producing radial field components with respect to the point — the outward flow 
of flux is positive, which means that the vector diverges (spreads out) at the point. 
Possible field components that are tangential to S do not contribute to the flux, and 
are not related to the divergence. Similarly, a negative divergence indicates a sink at 
the point (local negative source) — the outward flux flow is negative, and the vector 
field converges at the point. Finally, the divergence is zero where there is neither 
source nor sink of locally radial field components. Gauss’ law simply tells us that 
these positive and negative sources in the case of the electric field, E, are positive 
and negative charges, p Av. Quantitatively, the divergence represents the volume 
density of sources, and in our case this density is p. 

Let us now replace p in the integral form of Gauss’ law, Eq. (1.135), by its equal, 
eoV - E-from the differential form of the law, Eq. (1.166): 


fE-ds= [v-Eqv (1.173) 
S v 


This equation is called the divergence theorem (or Gauss-Ostrogradsky theorem). 
Although we have obtained it specifically for the electrostatic field in free space, the 
theorem is true for any vector field (for which the appropriate partial derivatives 
exist) and is one of the basic theorems of vector calculus. It applies to an arbitrary 
closed surface S and, in words, states that the net outward flux of a vector field 
through S equals the volume integral of the divergence of that field throughout the 
volume v bounded by S. 


Selly sm eyvae Problem with Spherical Symmetry Using Differential Gauss’ Law 
Redo Example 1.18, part (a), but now employing Gauss’ law in differential form. 


Solution As we already know, from the spherical symmetry of the problem, that the electric 
field vector both inside the charged sphere and outside it has the form in Eq. (1.136), the 
formula for the divergence in spherical coordinates, given by Eq. (1.171), retains only the 
first term. For a point inside the charge distribution in Fig. 1.33, Gauss’ law in differential 
form, Eq. (1.166), thus reduces to the following differential equation in a single coordinate, r: 


v-E=5~(PE@] =" (<r<a), (1.174) 
ré or £0 
which can be directly solved by integration. Since p = const, we have 
ie G 
Pen =* [Parte = 2 +q > Ene ae (1.175) 
£0 3€0 3e9— or 


and the integration constant, C;, is found from the “initial” condition E(O) = 0 at the center 
of the sphere (for r = 0). Namely, given that there is not a point charge (Qo) at the point O 
in Fig. 1.33, the field at this point is zero, and hence C; = 0 [otherwise, the constant would 
amount to Cy = Qo/(4769), from Eq. (1.24)], which yields the result for E in Eq. (1.140). 

Outside the charge distribution in Fig. 1.33, » =0, which substituted in Eq. (1.174) 
results in 


a C 

ae [PEW| =0 — PENHTQ — En= = (a<r<o). (1.176) 
The new constant of integration, C2, is determined by means of the “boundary” condition 
at the boundary of the charged sphere, r = a; the field intensity on the inner side of the 


| 
! 
| 
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boundary, computed from Eq. (1.175), must be the same (since there exist no surface charges 
on the boundary) as that on the outer side of it, from Eq. (1.176), 

pa? 

3&9 ; 

With this, the result for E in Eq. (1.176) agrees with the solution in Eq. (1.140). 


E@)=E(@t)=E@ —- Q= (1.177) 


Sele wee Problem with Planar Symmetry by the Differential Gauss’ Law 
Redo Example 1.20 but with the use of the differential Gauss’ law. 


Solution As this is a problem with planar symmetry, the electric field intensity vector every- 
where is of the form in Eq.(1.148). Hence, Gauss’ law given by the differential equation in 
Eq. (1.158) applies, which we solve by integration with respect to x (also see the previous 
example). For the observation point inside the charge layer (—a < x < a) in Fig, 1.35, 


1 2 
Ex) == f paar +c, = oe Ci. for ix] <a. (1.178) 
E€0 £0 3a2 
Because of symmetry (Fig. 1.35), 
D) 2) 
ee ey EC Ec, > Cc, =0, (1.179) 
3€0 3e9 


which, substituted in Eq. (1.178), gives the same result as in Eq. (1.150). 

For the point outside the layer (|x| > a), oe = 0, so that Eq. (1.158) yields E,(x) = Co. 
Matching this field value to the one from Eqs. (1.178) and (1.179) in the “boundary” con- 
dition at the layer boundary defined by x =a, E,(at) = E,(a~) = E,(a), we obtain C) = 
29a/(3€o), and thus E(x) = 29a/(3e9) for x > a, the same as in Eq. (1.151). On the other 
side of the layer, the vector E has this same magnitude but opposite direction, resulting in 
the field expression in Eq. (1.152). 

Note that the application of Gauss’ law in differential form to a problem with planar 
symmetry and an antisymmetrical charge distribution is presented in Example 2.6. 


Problems: 1.67-1.74, MATLAB Exercises (on Companion Website). 


1.16 CONDUCTORS IN THE ELECTROSTATIC FIELD 


So far, we have considered electrostatic fields in free space (a vacuum or air). We 
shall now extend our theory to electrostatic fields in the presence of materials. As 
we shall see, most of the formulas derived and solution techniques developed and 
used for the electrostatic field in free space are directly applicable to the analysis of 
electrostatic fields in material space, although some require modification. Materials 
can broadly be classified in terms of their electrical properties as conductors (which 
conduct electric current) and dielectrics (insulators). In the rest of this chapter, 
we shall study the interaction of the electrostatic field with conductors, in which 
case essentially no theoretical modification is needed to the electrostatic equations, 
whereas the behavior of dielectrics in the electrostatic field will be discussed in the 
next chapter. 

Conductors have a large proportion of freely movable electric charges (free 
electrons and ions) that make the electric conductivity (ability to conduct electric 
current) of the material. Best conductors (with highest conductivity) are metals 
(such as silver, copper, gold, aluminum, etc.). In many applications, we consider 
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(b) 


Figure 1.38 (a) A conductor 
in an external electrostatic 
field. (b) After a transitional 
process, there is no 
electrostatic field inside the 
conductor. 


metallic conductors as perfect electric conductors (with infinite conductivity). There 
are also many other, less conductive conductors such as water, earth (ground), 
so-called semiconductors (e.g., silicon and germanium), etc. Practically all insulators 
(glass, paper, rubber, etc.) have some (usually extremely low) conductivity, and thus 
theoretically are (very poor) conductors, although almost always (in electrostatics) 
they may be considered as perfect dielectrics (with zero conductivity), i.e., non- 
conductors. In our studies of electrostatic fields, by conductor we normally mean a 
metallic conductor. 

Consider an isolated conductor, shown in Fig. 1.38(a). Assume that it is 
uncharged or electrically neutral (its net charge is zero). When an external elec- 
trostatic field Eey, is applied, the free charges in the conductor are influenced by the 
electric force [see Eq. (1.23)] 


Fe = OEext. (1.180) 


This force pushes the positive charges along the direction of E, 1, that is from left 
to right, while the negative charges move in the opposite direction. Consequently, 
the right-hand side of the conductor becomes progressively more positive, and the 
left-hand side progressively more negative. In fact, for a metallic conductor, what 
actually happens is movement of free electrons (negative charges) toward the left 
side leaving an equal number of positive charges, namely, a deficiency of electrons, 
on the other side of the conductor. Accumulated free charges form two layers of 
surface charge, of densities —p, (ps; > 0) and ps, on the conductor sides. Creation 
of surplus charges in the body caused by an external electrostatic field is called the 
electrostatic induction. The induced charges, in turn, set up an internal induced elec- 
tric field in the conductor, Ejn,, which is directed from the positive to the negative 
layer, i.e., oppositely to Eext. AS ps increases, Ejn, becomes progressively stronger, 
and it opposes the migration of charges from left to right. In the equilibrium, Ejn; 
completely cancels out Eext in the conductor, so that the total field E in the con- 
ductor is zero, and the motion of charges stops, as illustrated in Fig. 1.38(b). Note 
that the conductor remains uncharged as a whole. The entire transitional process is 
extremely fast, and the electrostatic steady state is established practically instanta- 
neously. In fact, based on the length of the time needed for this process of movement 
of charges to the surface of a material body, i.e., their redistribution in such a way 
that the total electric field inside the body becomes zero, we determine whether a 
material is a conductor or dielectric. For example, as we shall see in a later chapter, 
the time to reach the equilibrium for the most commonly used metallic conductor — 
copper — is as brief as ~ 10~!? s, whereas it takes as long as ~ 50 days for the charge 
rearrangement across a piece of fused quartz (very good insulator). 

In the case of a conductor that had been charged (with a positive or negative 
excess charge) prior to being situated in the external field, a similar process takes 
place. All free charges (for a metallic conductor, free electrons of the conductor, 
which abundantly exist in the material also when it is electrically neutral as a whole, 
plus excess charge!*) are exposed to the force F, and produce the internal field that 
cancels out the externally applied field in the electrostatic equilibrium. 


'SNote that excess charge on a metallic body may be produecd by bringing eleetrons to the body (neg- 
ative execss charge) or by taking some of its free eleetrons away (positive exeess eharge), where the 
number of these extra or missing electrons is always much smaller than the total count of free cleetrons 
of the body. 
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We conclude that under electrostatic conditions, there cannot be electric field 


in a conductor, - 
(1.181) 


This is the first fundamental property of conductors in electrostatics. Starting from 
it, we derive all other fundamental conclusions about the behavior of conductors in 
the electrostatic field. 

According to Eqs. (1.181), (1.90), and (1.88), the voltage between any two 
points in the conductor, including points on its surface, is zero. This means that a 
conductor is an equipotential body, i.e., the potential is the same everywhere in the 


conductor and on its surface, - 
| a const. | (1.182) 


From Eq. (1.181), V-E = 0 in a conductor, implying that [Eq. (1.166)] there 
cannot be surplus volume charges inside it, 


(1.183) 


So, any locally surplus charge of a conductor (whether it is neutral as a whole or 
not) must be located at the surface of the conductor. 

Let us now derive so-called boundary conditions that the electric field must sat- 
isfy on a conductor surface. The electric field intensity vector E near the conductor 
in a vacuum can be decomposed into the normal and tangential components with 
respect to the boundary surface, as shown in Fig. 1.39(a). The two components are 


E,=Ecosa and &; = Esina, (1.184) 


respectively, where @ is the angle that E makes with the normal to the surface. We 
apply Eq. (1.75) to the narrow rectangular elementary contour C in Fig. 1.39(a). The 
field is zero along the lower side of C (E = 0 in conductors), and we let the contour 
side Ah shrink to zero pressing the sides A/ tightly onto the boundary surface, so 
that the only contribution to the line integral in Eq. (1.75) is E- Al along the upper 
side of C (no integration is needed, because A/ is small), 


f E-dl=E- Al= Edlsina = E; Al= 0. (1.185) 
& 


Hence, there is no tangential component of E over the surface of a conducting body 


in electrostatics, 
0.186 


(a) (b) 


Figure 1.39 Deriving boundary conditions for the electrostatic field (E) near a 
conductor surface: (a) narrow rectangular elementary contour (used for the 
boundary condition for the tangential component of E) and (b) pillbox 
elementary closed surface (for the boundary condition for the normal 
component of E). 


no electrostatic field inside 
a conductor 


interior and surface of a 
conductor are equipotential 


no volume charge inside a 
conductor 


zero tangential electric field 
on a conductor surface 
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normal electric field 
component on a conductor 
surface 


Figure 1.40 Uncharged 
metallic sphere in a uniform 
external electrostatic field; 
for Example 1.24. 


In other words, the electric field intensity vector on the surface of a conductor is 
always normal to the surface, 


E = E,n, (1.187) 


where fi is the normal unit vector on the surface, directed from the surface outward. 

To obtain the boundary condition for the normal (the only existing) compo- 
nent of E, we apply Eq. (1.133) to the pillbox Gaussian surface, with bases AS 
and height Ah (shrinking to zero), shown in Fig. 1.39(b). For similar reasons as in 
obtaining Eq. (1.185), the flux in Eq. (1.133) reduces to E- AS over the upper side 
of S. Because the charge enclosed by S is ps AS, 


f B-dS = E- AS = (Enfi): (ASA) = En AS = — pp AS, (1.188) 
§ 0 


providing the relationship between the normal component of the electric field 
intensity vector near a conductor surface and the surface charge density on the 
surface: 

es 


(Spe (1.189) 
£0 


The lines of the electric field are normal to the surface of a conductor. We 
should always remember that the normal component Ey in Eq. (1.189) is defined 
with respect to the outward normal n. When p, > 0, the field lines start from the 
conductor (Ey > 0), whereas they end on it (Ey, < 0) when p, < 0. 

In analyzing complex conducting structures, we usually do not know in advance 
the orientation of the electric field intensity vector at specific portions of conducting 
surfaces. In such cases, the following expression for p, in terms of the field vector, 
obtained noting that E, = n- E from Eq.(1.187), is useful: 


ps = €on- E. (1.190) 


Sere meee Metallic Sphere in a Uniform Electrostatic Field 


An uncharged metallic sphere is brought into a uniform electrostatic field, in air. Sketch the 
field lines around the sphere after electrostatic equilibrium is reached. 


Solution The field lines in the new electrostatic state are sketched in Fig. 1.40. Because the 
field due to induced charges on the sphere surface (this field exists both inside and outside 
the sphere) is superimposed to the external field, the field inside the sphere becomes zero, 
and that outside it is not uniform any more. Negative induced charges are sinks of the field 
lines on the left-hand side of the sphere, whereas the positive induced charges are sources of 
the field lines on the right-hand side. The field lines on both sides are normal to the sphere 
surface, and they therefore bend near the sphere. At points in air close to the left- and 
right-hand side of the sphere, the electric field is stronger (the field lines are denser) than in 
the remaining space. This is obvious as well from noting that near the left-hand side of the 
sphere, in air, the field due to negative induced charges dominates over the field due to posi- 
tive charges on the opposite side of the sphere, it is directed toward the negative charges, and 
adds to the external field intensity. The field due to positive induced charges dominates near 
the right-hand side of the sphere, which results in the same strengthening of the external field 
at these points in air. The field at distances from the sphere a few times the sphere diameter 
is practically equal to the external field (the field due to induced charges is negligible). 
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1.17 EVALUATION OF THE ELECTRIC FIELD AND 
POTENTIAL DUE TO CHARGED CONDUCTORS 


Assume that we know the charge distribution ps over the surface of a conductor situ- 
ated in free space. The electric field intensity at points close to the conductor surface 
can be evaluated from Eq. (1.189). How do we obtain the electric field and potential 
at an arbitrary point in space? The answer is straightforward. Because E = 0 inside 
the conductor, nothing will change, as far as the field outside the conductor is con- 
cerned, if we remove the conductor and fill the space previously occupied by it with 
a vacuum, keeping the charge distribution p, on the surface unchanged. With this 
useful equivalence, we are left with the problem of evaluating the field and potential 
due to a known surface charge distribution in free space, and we can use Eggs. (1.38), 
(1.83), (1.101), (1.133), and (1.165) to solve the problem. 


Example 1.25 Charged Metallic Sphere 


A metallic sphere of radius a is situated in air and charged with a charge Q. Find (a) the 
charge distribution of the sphere, (b) the electric field intensity vector in air, and (c) the 
potential of the sphere. 


Solution 


(a) Due to symmetry, the charge distribution over the sphere surface is uniform, and hence 
the associated surface charge density turns out to be 


cS — GS Saas (@e9i)) 


where So stands for the surface area of the sphere. 

(b) The electric field around the sphere is radial, and has the form given by Eq. (1.136). 
Applying Gauss’ law, Eq. (1.133), to a spherical surface of radius r (a < r < 00), posi- 
tioned concentrically with the metallic sphere [see Eqs. (1.137) and (1.138)], we obtain 


Q 
E(r) = : 
(r) ere (a<r<o) (e192) 
Note that 
Haty= see 
(a") ae (1.193) 


which is in agreement with Eq. (1.189).!° 

(c) We realize that the field outside the charged metallic sphere, Eq. (1.192), is identical to 
that due to a point charge Q placed at the sphere center, and so is the potential. The 
potential at the surface r = a is thus given by Eq. (1.141). This is the potential of the 
sphere, the same at any point of its interior and surface [see Eq. (1.182)]. 


seruve(aweme Charged Cylindrical Conductor ———— 


Repeat the previous example but for an infinitely long cylindrical conductor of radius a in 
air, if the charge per unit length of the conductor is Q’. 


16 E(gt) or E(a + 0) [E(a + 5), 5 > 0] designates the field in air very close to the conductor surface at 
a— ce 


electric field due to a charged 
metallic sphere 
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Solution 


(a) Using Eq. (1.31), the charge per length 4 of the conductor is 


Qn = Qh, (1.194) 
so the surface charge density amounts to 
Oy ec. ae 


Ps "S) nah 2a’ ee 


where Sg is the surface area of that part of the conductor. 


(b) The electric field is radial (with respect to the conductor axis). From Gauss’ law 
{Eq. (1.133)] applied to the cylindrical surface of radius r (a < r < 00) and height (length) 
h, coaxial with the conductor [see the left-hand side of Eq. (1.144)], 


| Er) = 12 __@ (a<r< oo). (1.196) 


electric field due to a charged —= 
g 2nrh e€ 2m e€or 


cylindrical conductor 


(c) This is an infinite charge distribution, and the reference point for the potential cannot be 
adopted at infinity. The field in Eq. (1.196) being identical to the field due to an infinite 
line charge of density Q’, Eq. (1.57), the potential due to the charged cylindrical con- 
ductor is given by the expression in Eq. (1.87). In particular, this expression for r=a 
represents the potential of the conductor: 


potential due to a charged 
cylindrical conductor 


=—In— (r=a),_ (1.197) 


where rr (rr = a) is the distance of the reference point from the conductor axis. 


Example 1.27 Charged Sphere Enclosed by an Uncharged Shell. 


A metallic sphere, of radius a and charge Q (Q > 0), is enclosed by an uncharged concentric 
metallic sphcrical shell, of inner radius b and outer radius c (a <b <c). The medium 
everywhere is air. Find the potential at the center of the sphcre. 


Solution Asa result of the electrostatic induction, there is induced surface charge on the 
surfaces of the shell. As we know, there cannot be volume charges in the metal under electro- 
static conditions, Eq. (1.183). Let Q, and Q, denote the total induced charges on the inner 
and outer surface of the shell, respectively. On the surface of the sphere, Qg = Q. Since every 
line of the electric field originating at a positive charge on the sphere terminatcs at a nega- 
tive charge on the inner surface of the shell, the relationship between total charges on two 
surfaces is 


Qp = -Qa. (1.198) 


This can be obtained also from Gauss’ law, Eq. (1.133), applied to a closed surface that is 
entirely inside the metal of the shell, so that ¥- = 0 [because of Eq. (1.181)], which implies 
that Os = 0, i.e., Og + Q» = 0. On the other hand, since the shell is uncharged, 


Qn + QO. = 0, (1.199) 


and hence Q, = —Qp = Qa. Because of symmetry, charges on individual surfaces are dis- 
tributed uniformly, and the elcctric ficld everywhere in air is in the form given by Eq. (1.136). 
Distributions of the charge and field in the system are skctched in Fig. 1.41. 

By means of Gauss’ law, the electric ficld fora <r <bandc <r < ois 


Qa 


E(r) = 
”) An egr2 


(in air), (1.200) 


whercas for0 <r<aandb<r<ce, 


E(r)=0 (in metal). (1.201) 
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Figure 1.41 Charge and field 
distributions in the system of 
Example 1.27. 


The potential at the point O in Fig. 1.41 is thus [Eq. (1.74)] 


mas id eo ee *° dr 11,1 
a Pak war “(fs oI - o)- (5 5+3) 


» Q(be — ac + ab) 
-< 4m egabc 


(1.202) 


Selle Five Parallel Large Flat Electrodes 


Consider five parallel large metallic electrodes situated in air, as shown in Fig. 1.42(a). The 
thickness of each electrode, as well as the distance between each two adjacent electrodes, 
is d =2 cm. The surface area of sides of electrodes facing each other is S = 1 m2. The first, 
fourth, and fifth electrodes are grounded, the potential of the second electrode with respect 
to the ground is V =2 kV, and the charge of the third electrode is Q =2 uC. Find the 
electric field intensity between the electrodes. 


Solution Since the dimensions of the electrodes are much larger than the separation 
between them, we can neglect the fringing effects, i.e., we can ignore the nonuniformity of the 
electric field near the electrode edges, as well as the existence (“leakage”) of the field lines 
outside the spaces between electrodes. We assume, thus, that the electric field is localized only 
in spaces between the electrode sides S, that vector E is normal to those sides, and that the 
field in each space is uniform. Charge distributions over electrode sides are also uniform. In 


Omen 2 ed dd ddd. 


Figure 1.42 Electrostatic 
analysis of a system of five large 
electrodes in air: (a) geometry 
of the system and (b) charges 
on electrodes and fields 
between them; for 

Example 1.28. 


(a) 
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Figure 1.43 Metallic shell in 
an electrostatic field — 
Faraday cage. 


each space between electrodes, neighboring sides of electrodes must be charged with charges 
of equal amounts, but of opposite polarities, as indicated in Fig. 1.42(b). 

The potential V (which we know) of the second electrode with respect to the ground 
can be expressed in terms of the line integral of E from that electrode, to the left, to the first 
electrode, which is grounded (its potential is zero). The field is uniform, and the line integral 
is simply 

first electrode 
v= i E.dl=—E,d. (1.203) 
second electrode 
Hence, the field intensity between the first and second electrodes is Fy = —V/d= 
—100 kV/m. On the other side, the same potential can be expressed as the line integral of 
E to the right, to the fourth electrode, which is also grounded, yielding 


V = Bod + Ea. (1.204) 


By a similar token, the field between the fourth and fifth electrodes is zero, E, = 0, and so are 
the associated charges on the sides of electrodes facing each other (Q4 = 0), because these 
electrodes are at the same (zero) potential. 

To solve for field intensities Ez and E3, we need one more equation with them as 
unknowns. Applying Gauss’ law, Eq. (1.133), to the surface Sg that encloses the third 
electrode (the charge of which is known), we obtain 


Q 
—FE,+ 53 = —. : 
2+ E3 AG (152057 
The solution of the system of equations composed from Eqs. (1.204) and (1.205) is Ey = 
—62.94 kV/m and E3 = 162.94 kV/m. 


Problems: 1.75-1.82; Conceptual Questions (on Companion Website): 1.20-1.22; 
MATLAB Exercises (on Companion Website). 


1.18 ELECTROSTATIC SHIELDING 


Let us consider again the metallic sphere in the external electrostatic field shown in 
Fig. 1.40. Because there is no field throughout the sphere interior, we can remove 
it, without affecting the field outside the sphere. We thus obtain a domain with no 
field, bounded by a metallic shell (Fig. 1.43). This means that the space inside the 
shell cavity is perfectly protected (isolated) from the external electrostatic field. The 
thickness of the shell can be arbitrary, and its shape does not need to be spherical. 
Hence, an arbitrary closed conducting shell represents a perfect electrostatic shield 
or screen for its interior domain. We call such a shield a Faraday cage. If the field 
outside the cage is changed, the charge on the cage walls will redistribute itself so 
that the field inside will remain zero. 

We see that a Faraday cage provides an absolute protection to its interior from 
an external electrostatic field. Let us now reverse the problem. Can an electrostatic 
field be encapsulated by a metallic shell so that the domain outside the shell is pro- 
tected from the sources inside it? The answer to this important question is twofold. 
Let us get to it by analyzing two simple examples. 

Consider first a single positive point charge Q positioned arbitrarily inside an 
uncharged spherical conducting shell. The distribution of induced charges on the 
shell surfaces and the field lines are sketched in Fig. 1.44(a). The total induced 
charges on the inner and outer shell surfaces are —Q and Q, respectively (see 
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(a) (b) cage. 


Example 1.27). The concentration of induced negative charges is higher on the side 
of the inner surface closer to the point charge. Because there is no field in the shell 
wall, the positive charge on the outer shell surface is distributed irrespective of the 
position of the point charge inside the cavity, which means uniformly in this case 
(the surface is smooth and symmetrical). 

Let us now add another point charge in the cavity, and let it be exactly —Q, as 
shown in Fig. 1.44(b). The total negative and total positive induced charges on the 
inner surface of the shell are both less than Q in magnitude, because some field lines 
originating at the positive point charge end at the negative one inside the cavity, 
but mutually they are equal in magnitude and opposite in polarity. The net induced 
charge on the inner surface is therefore zero, implying that there is no charges what- 
soever on the outer shell surface. This means, in turn, that there is no field outside 
the shell, which is also in agreement with Gauss’ law, applied to a spherical surface 
enclosing the shell. 

We conclude that a Faraday cage can completely encapsulate an interior elec- 
trostatic field, with a zero field outside, only if the total charge inside the cage is 
zero. This is true for any interior charge distribution, provided that the object or 
the system of objects (devices) inside the cage is electrically neutral (uncharged) 
as a whole. In cases when the total interior charge is not zero, the exterior domain 
(and neighboring objects) is in the field of induced charges on the outer surface of 
the cage. The exterior field, however, is totally independent of the distribution of 
interior sources. Its relative distribution in space depends only on the shape of the 
outer cage surface, whereas its absolute values at individual points in space are also 
proportional to the total amount of interior charge. 

It is interesting to note that even very thin metallic shells represent ideal elec- 
trostatic shields, either in the mode of operation illustrated in Fig. 1.43 or in the 
one illustrated in Fig. 1.44(b). However, as we shall see in a later chapter, this is not 
necessarily the case with time-varying fields, where the effectiveness of a shield of 
a given thickness depends on the metal conductivity and on the rate with which the 
field varies in time (that is, frequency in the case of time-harmonic fields). 


Conceptual Questions (on Companion Website): 1.23 and 1.24. 


Figure 1.44 Single point 
charge (a) and two point 
charges amounting to a zero 
total charge (b) in a Faraday 
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charge density « surface 
curvature 


local field intensity « surface 
curvature 


1.19 CHARGE DISTRIBUTION ON METALLIC BODIES OF 
ARBITRARY SHAPES 


In the general case of a charged metallic body of an arbitrary shape, the charge 
distribution over the body surface is not uniform. The determination of this distri- 
bution for a given body with nonsymmetrical and/or nonsmooth surface is a rather 
complex problem. In this section, we shall get some qualitative insight about how 
the charge 1s distributed over the surface of an arbitrarily shaped isolated conduct- 
ing body, and in the next section we shall present a general numerical method for 
determining approximately the charge density function over conducting objects. 

Consider a system composed of two charged metallic spheres of different radii, 
a and b, whose centers are a distance d apart, in free space. Let the spheres be con- 
nected by a very thin conductor, as shown in Fig. 1.45. Assume, for simplicity, that 
d > a, b,so that the electric potential of each sphere can be evaluated as if the other 
one were not present. In addition, we assume that the charge along the connecting 
conductor is zero, because the conductor is very thin, and ignore its influence on 
the field between the spheres. Therefore, the potentials of spheres are [see Example 
1.25 and Eq. (1.141)] 


Qa 


“~~ Asrega 


Op 


An eqb’ 


respectively, where Q, and Q» are the associated total charges of spheres. The 
spheres being galvanically connected together, and thus representing a single con- 
ducting body, which must be equipotential, Eq. (1.182), these potentials are the 
same, 


ands VY, = (1.206) 


ve (1.207) 
So, by equating the expressions in Eq. (1.206), we obtain 

Qa _ 4 

— = -. (1.208) 

Q, b 


Using Eq. (1.191), the sphere charges can be expressed in terms of the correspond- 
ing surface charge densities, with which Eq. (1.208) becomes 


SS (1.209) 


and, from Eq. (1.193), the corresponding relationship between the electric field 
intensities near the surfaces of spheres turns out to be 


(1.210) 


We see from Eqs. (1.209) and (1.210) that the charge is distributed between the 
two spheres in Fig. 1.45 in such a way that the surface charge density on and electric 


Figure 1.45 Two metallic 
spheres of different radii at the 
same potential. 
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field intensity near the surface of individual spheres is inversely proportional to the 
sphere radius. The surface charge is denser and the field stronger on the smaller 
sphere. 

The importance of Eqs. (1.209) and (1.210) is much beyond the particular sys- 
tem in Fig. 1.45. They imply a general conclusion that the surface charge density and 
the nearby field intensity at different parts of the surface of an arbitrarily shaped 
conducting body are approximately proportional to the local curvature of the sur- 
face, as long as it is convex.!’ This means, generally, that the largest concentration of 
charge and the strongest electric field are around sharp parts of conducting bodies. 
Note that this phenomenon is essential for the operation of lightning arresters, as 
we shall see in the next chapter. 


Problems: 1.83, Conceptual Questions (on Companion Website): 1.25-1.27. 


1.20 METHOD OF MOMENTS FOR NUMERICAL ANALYSIS 
OF CHARGED METALLIC BODIES 


Consider a charged metallic body of an arbitrary shape situated in free space. Let 
the electric potential of the body with respect to the reference point at infinity be 
Vo. Our goal is to determine the charge distribution of the body. The potential at 
an arbitrary point on the body surface, S, can be expressed in terms of the surface 
charge density, p;, over the entire S [Eq. (1.83)]. On the other hand, this potential 
equals Vo (the body is equipotential), and hence 


i psds _ 
A4neg Js R 


Vo (at an arbitrary point on S). (1.211) 


This is an integral equation with the function p, over S as unknown quantity, to be 
determined. 

Eq. (1.211) cannot be solved analytically — in a closed form, but only numer- 
ically, with the aid of a computer. The method of moments (MoM) is a common 
numerical technique used in solving integral equations such as Eq. (1.211) in elec- 
tromagnetics and in other disciplines of science and engineering. MoM can be 
implemented in numerous ways, but the simplest MoM solution in this case implies 
subdivision of the surface S into small patches AS;, i = 1,2,..., N, with a constant 
approximation of the unknown function p, on each patch. That is, we assume that 
each patch is uniformly charged, 


Ps ~ Psi (on ASi), Be aN. (1 12) 


With this approximation, we reduce Eq. (1.211) to its approximate form: 
N 


x) a =) LANs 
“Ps AS, AneoR — 0; ( . ) 


in which the unknown quantities are N charge-distribution coefficients, 0.1, 052, ..-, 
Psn- Shown in Fig. 1.46 is an example of the application of this method to a metallic 


= 


171f the surface of a conducting body is concave (curved inward), the effect is just opposite; for a deep 
incurvature, we actually have a partial effect of a Faraday cage (cavity), Fig.1.43, and a decrease of the 
local field intensity. 


surface integral equation for 
charge distribution 


piece-wise constant 
approximation for charge 
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MoM matrix equation 


point-matching at centers of 
patches 


Figure 1.46 Method of 
moments (MoM) for analysis 
of charged metallic bodies: 
approximation of the surface 
charge distribution on a cube 
by means of N small square 
patches with constant charge 
densities. 


cube, where square patches are used [for the particular subdivision shown in the 
figure, N = 6 x (5 x 5) = 150, which is a rather coarse model]. 

By stipulating that Eq. (1.213) be satisfied at centers of every small patch, 
individually, we obtain!® 


Ajips1 + A120s2 +:-:+ Ainfsn = Vo (at the center of AS), 
A21Ps1 +A220s2 +++: + A2nPsw = Vo (at the center of AS), 


(1.214) 
An1Psi + AN2032 +:+: +ANNPsn = Vo (at the center of ASy). 


This is a system of N linear algebraic equations in N unknowns, (51, (32, ---, PsN- 


In matrix form, 
[A]los] = [B], (1.215) 


where [p.] is a column matrix whose elements are the unknown charge-distribution 
coefficients, while elements of the column matrix [B] are known and all equal Vo. 
Elements of matrix [A], which is a square matrix, are given by 


(1.216) 


and they can be computed irrespective of the particular charge distribution. 
Physically, A,; is the potential at the center of patch AS; due to patch AS; that is uni- 
formly charged with unit (1 C/m?) surface charge density. In the case of commonly 
used square or triangular flat patches, this potential can be evaluated analytically 
(exactly), while it is evaluated numerically (approximately) if some other surface 
elements are used (for example, curvilinear quadrilateral or triangular patches). 
Once matrix [A] is filled, i.e., all its elements computed, we can use matrix inversion, 


[os] = [A]~?[B], (1.217) 


or any other standard method for solving systems of linear algebraic equations 
(e.g., Gaussian elimination method), to obtain the numerical results for the charge- 
distribution coefficients, which constitute an approximate surface charge distribu- 
tion of the body, and a numerical solution to the integral equation, Eq. (1.211). 


'8The variant of the method of moments in which the left-hand side and the right-hand side of an integral 
equation [in our case, Eq. (1.211)] are “matched” to be equal at specific points of the definition domain 
of the equation (surface S in our case) is called the point-matching method. The idea of point-matching is 
similar to the concept of taking moments in mechanics, and hence the generic name method of moments. 


Section 1.21 


The larger the number of subdivisions, N, the more accurate (but more computa- 
tionally demanding in terms of computer resources) solution. 
The crudest approximation in computing the elements of matrix [A] is given by 


AS;/(47 €9 Rx) fork 4i 
JV AS; /(2./7 €0) forse = 1 


Here, all nondiagonal elements of [A] (kK 4 i) are evaluated by approximating the 
charged patch AS; by an equivalent point charge, AQ; = 1 (C/m2) x AS), placed 
at the patch center, and using the expression for the electric potential due to 
a point charge in free space, Eq. (1.80), with Ry; being the distance between 
centers of patches AS, and AS; (Fig. 1.46). In filling diagonal elements (self 
terms) of [A] (k =i), the potential due to a (square or triangular) patch AS; 
at the center of that same patch is evaluated by approximating the patch by 
the equivalent circular patch of the same surface area and radius ,/AS;/z, and 
pup ovine the potential expression given in Problem 1.34 with z=0 and p, = 
| (ype 

Starting from the result for [e,], we can now obtain any other quantity of inter- 
est (potential and field at any point in space, etc.). For instance, the total charge 
of the body can be found using the approximate version of the surface integral 
expression in Eggs. (1.29): 


A (1.218) 


N 
QO = Do py AS;. (1.219) 


—" 


Problems: 1.84-1.86; MATLAB Exercises (on Companion Website). 


1.21 IMAGE THEORY 


Often, electrostatic systems include charge configurations in the presence of 
grounded conducting planes. Examples are charged conductors near grounded 
metallic plates or large flat bodies, transmission lines in which one of the con- 
ductors is a ground plane (such as microstrip transmission lines), various charged 
objects (power lines, charged clouds, charged airplanes, lightning rods, etc.) above 
the earth’s surface, and so on. There is a very useful theory (theorem) by means 
of which we can remove the conducting plane from the system, and replace it by 
the equivalent charge distribution in free space. In this section, we shall derive 
this theorem, and apply it to problems which otherwise could not be analytically 
solved. 

Consider two point charges of equal magnitudes and opposite polarities, Q and 
—Q, in free space. By symmetry, the total electric field intensity vector due to the 
charges is normal to the plane of symmetry of the charges (the tangential compo- 
nents due to individual charges are of equal magnitudes and opposite directions, 
so they cancel each other out), as shown in Fig. 1.47(a). The plane of symmetry is 
equipotential, and at the potential V = 0 (the potentials due to individual charges 
are of the same magnitudes and opposite signs, and they cancel out). Hence, noth- 
ing will change in the entire space if we insert an infinite grounded metallic foil 
(conducting plane) in the plane of symmetry, as is done in Fig. 1.47(b), because 
the boundary condition in Eq. (1.186) is automatically satisfied and V = 0 over the 
plane of symmetry (the foil is grounded). In the new system, surface charges will be 
induced on both sides of the foil, according to Eq. (1.190). We note that the foil actu- 
ally separates the entire space onto two completely independent half-spaces, i.e., it 


image Theory 
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(a) (b) (c) 


Figure 1.47 Deriving image theory: systems (a), (b), and (c) are equivalent with respect to the electric field in 
the upper half-space. 


acts as a perfect electrostatic screen (see Section 1.18) between the two half-spaces. 
Because of that, nothing will change in the upper half-space if we, furthermore, 
remove the point charge —Q and the induced charge on the lower side of the foil 
from the system. (Note that we can put whatever we want below the foil, and the 
field above it will remain the same, in the electrostatic state.) We are thus left with 
the point charge Q above the foil and the induced charge on its upper side (and 
nothing in the lower half-space), as depicted in Fig. 1.47(c). 

We conclude that. as far as the electrostatic field in the upper half-space is con- 
cerned, systems in Figs. 1.47(a) and (c) are equivalent. This is so-called image theory, 
which, generalized to more than one point charge, i.e., to a (discrete or continuous) 
charge distribution, states that an arbitrary charge configuration above an infinite 
grounded conducting plane can be replaced by a new charge configuration in free 
space consisting of the original charge configuration itself and its negative image in 
the (former) conducting plane. The equivalence is with respect to the electric field 
above the conducting plane, whose component due to the induced charge on the 
OQ plane is equal to the field of the image. 


Stiuli(mwemme Induced Charge Distribution on a Conducting Plane 


A point charge Q is placed in air at a height h above a grounded conducting plane. (a) 
Determine the density of induced surface charges at an arbitrary point on the plane. (b) Find 
the total] induced charge on the plane. 


original 
hs Solution 
E (a) The surface charge density p, at a point M on the conducting plane. in Fig. 1.48(a), is 
“@ given by Eq. (1.190), with the unit vector n being vertical and directed from the plane 
(b) upward, and E representing the electric field intensity vector in air, at a point that is 
Figure 1.48 Computation “glued” to the point M from its upper side. This field is produced by the point charge Q 
of the induced surface and the induced surface charges on the conducting plane. According to the image theory. 
charge density, p;, on a however, the field due to the induced charges equals that due to the negative image of 
conducting plane Q in free space, as shown in Fig. 1.48(b). Let the position of the point M be defined by a 
underneath a point charge radial distance r from the projection of Q on the plane (point O). Vector E is given by 
Q: (a) original system and 
(b) equivalent system using E= E original aie Eimage = 2Eg cosa (—n), 
image theory; for j 
Example 1.29. fo R= er (1.220) 
4n eR? R 
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and the charge density comes out to be 


Qh 


me Bes 2 (1.229) 
(b) The total induced charge on the conducting plane is 
Cond ord 103) ba 
O; = (r) 2xr dr = -oh | — = -oh | — = Qh= = SO (lee? 2) 
ind . Ss aes Rw) R3 0 R2 R = 


where dS is the surface area of an elemental ring of width dr and radius 7 (0 < r < o&) 
around the point O (see Fig. 1.14), and the use is made of Eq. (1.62) to change variables 
in integration. The result in Eq. (1.222) is expected, because all field lines terminating on 
the image, —Q, in the equivalent system [(Fig. 1.48(b)] terminate on the surface charges 
of the conducting plane in the original system [Fig. 1.48(a)]. 


Example 1.30 Infinite Line Charge above a Conducting Plane 


An infinite line charge of uniform density Q’ is situated in air and is parallel to a grounded 
conducting plane at a distance h from it. Compute the electric force on the line charge per 
unit of its length. 


Solution Under the influence of the electric field of the line charge, surface charges are OF 
induced on the conducting plane. The electric force on each meter of the line charge is 
therefore [Eq. (1.68)] 


FE, = QE», Giez25) F; 
where E) represents the electric field vector at points along the line charge due to the induced 
charges on the plane. By image theory, this field is equal to the field due to a line charge in free 0! 
space obtained as a negative image of Q’, Fig. 1.49, and hence the following for its intensity 
[see Eq. (1.57)] and the per-unit-length force: h ‘ 
Ul 12. : ’ 
E> => — =. F. => O'E> => = 5 @ .224) te e-2 
zt) aes Figure 1.49 Force on a line 
charge above a conducting 
(the distance between the original and the image is 2h). The force is attractive. plane; for Example 1.30. 


Problems: 1.87-1.89; Conceptual Questions (on Companion Website): 1.28—1.30; 
MATLAB Exercises (on Companion Website). 


Problems 
1.1. Three unequal charges in a triangle. Repeat this system are in the electrostatic equilibrium, 
Example 1.1 but assuming that one of the three 1.e., that the resultant Coulomb force on each 
charges in Fig. 1.3(a) amounts to (a) 3Q and (b) charge is zero. 
—3Q, respectively. 
1.2. Three charges in equilibrium. The distance Q) Q3 Qo 


between point charges Q; = 36 pC and Q2 = << 
9 pC is D=3 cm. If the third charge, Q3, is a pe es | 
placed at the line connecting Q; and Qo, ata 

distance d from Q), as shown in Fig. 1.50, find Figure 1.50 Three point charges along a 
Q3 and d which ensure that all the charges in line; for Problem 1.2. 
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1.3. 


1.4. 


is. 


1.6. 


17s 


1.8. 


1:9; 


1.10. 
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Four charges at rectangle vertices. Four small 
charged bodies of equal charges Q = —1 nC 
are placed at four vertices of a rectangle with 
sides a=4cm and b=2cm. Determine the 
direction and magnitude of the electric force on 
each of the bodies. 


Five charges in equilibrium. Four small 
charged balls of equal charges Q; = 5 pC are 
positioned at four vertices of a square, whereas 
the fifth ball of unknown charge Q) is at the 
square center. Find Q> such that all the balls 
are in the electrostatic equilibrium. 


Three point charges in space. (a) For the three 
charges from Example 1.3, find the resultant 
electric force on the charge Q2 (Fez). (b) 
Determine the force F.3 (on Q3). (c) What is 
the sum of all the three forces, Fe, + Fe2 + Fe3? 


Five charges at pyramid vertices. Four point 
charges Q are positioned in air at the corners 
of the square base of a pyramid. A fifth charge 
—Q is positioned at the top vertex of the pyra- 
mid. All sides of the pyramid have the same 
length, a. Compute the electric force on the top 
charge. 


Eight charges at cube vertices. Eight small 
charged bodies of equal charges Q exist at the 
vertices of a cube with sides of length a, in free 
space. Find the magnitude and direction of the 
electric force on one of the charges. 


Electric field due to three point charges in 
space. For the three charges from Example 1.3, 
determine the magnitude and direction of the 
electric field intensity vector at (a) the coor- 
dinate origin and (b) the point at the z-axis 
defined by z = 100 m. 


Nonuniform volume charge in a cylinder. An 
infinitely long cylinder of radius a in free space 
is charged with a volume charge density p(r) = 
po(a —r)/a (0 <r <a), where pg is a constant 
and r the radial distance from the cylinder axis. 
Find the charge per unit length of the cylinder. 


Nonuniform volume charge in a cube. A cube 
of edge length a in free space is charged 
over its volume with a charge density p(x) = 
po sin(zx/a), 0 < x < a, where po is a constant 
and x is the normal distance from one of 
the cube sides. Compute the total charge of 
the cube. 


1.11. 


1.12: 


1.13. 


1.14. 


1.15. 


1.16. 


Nonuniform surface charge on a disk. A sur- 
face charge is distributed in free space over a 
circular disk of radius a. The charge density 
is p,(r) = psor?/a* (0 <r <a), where r is the 
radial distance from the disk center, and pgg is 
a constant. Obtain the total charge of the disk. 


Nonuniform line charge along a rod. A rod of 
length / in air is charged with a line charge of 
density Q’(x) = Qj[1 — sin(zx/l)] O<x<J), 
where Q) is a constant and x is the length coor- 
dinate along the rod. Calculate the total charge 
of the rod. 


Field maximum at the axis of a ring. (a) For 
the charged ring in Fig. 1.11, assume Q > 0, and 
find z for which the electric field intensity along 
the z-axis is maximum. (b) Plot the function 
E,(Z), ~~ < Z < &. 


Point charge equivalent to a charged semi- 
circle. Show that far away along the z-axis, 
the semicircular line charge in Fig. 1.12(a) is 
equivalent to a point charge with the same 
amount of charge located at the coordinate 
origin. 

Charged contour of complex shape. Fig. 1.51 
shows a contour consisting of two semicircular 
parts, of radii a and b (a < b), and two lin- 
ear parts, each of length b — a. The contour is 
situated in air and carries a charge Q uniformly 
distributed along its length. Compute the elec- 
tric field intensity vector at the contour center 
(point O). 


Figure 1.51 Uniformly charged 
contour with two semicircular and 
two linear parts; for Problem 1.15. 


Nonuniform line charge along a semicircle. 
Consider the geometry in Fig. 1.12(a), and 
assume that the charge along the semicir- 
cle is nonuniform, given by Q’(¢) = Qosing 
(—x/2< $< 7/2), where Qo is a constant. 
(a) Find the total charge of the semicircle. 


1.17. 


1.18. 


Led 


1.20. 


a2 2. 


23. 


1.24. 


(b) Prove that the electric field intensity vector 
along the z-axis equals E = -Q)a’ ¥/[8e0(z* + 
a*)3/2}, 

Line charge along three-quarters of a circle. A 
uniform line charge in the form of an arc that 
is 3/4 of a circle of radius a is situated in air. 
The total charge of the arc is Q. Calculate the 
electric field intensity vector at the arc center. 


Line charge along a quarter of a circle. A 
charge of density Q’ in free space is distributed 
uniformly along an arc representing a quarter 
of a circle of radius a. Determine the elec- 
tric field intensity vector at an arbitrary point 
along the axis that contains the arc center and 
is normal to the arc plane. 


Semi-infinite line charge. A line charge of 
uniform charge density Q’ is distributed in 
free space along the negative part of the 
x-axis in the Cartesian coordinate system 
(—co <x <0). Find the expression for the 
electric field intensity vector at an arbitrary 
point in the xy-plane. 


Half-positive, half-negative infinite line charge. 
A line charge in free space is distributed along 
the x-axis in the Cartesian coordinate system. 
The line charge density is Q’ (Q’ >0) for 
—oo <x <0 and —Q’ for 0 <x < oo. Derive 
the expression for the electric field intensity 
vector at a point M with coordinates (0, d, 0), 
where d > 0. 


. Charged square contour. A line charge of uni- 


form charge density Q’ is distributed along a 
square contour a on a side. The medium is air. 
Find the electric field intensity vector at a point 
that is at a distance a from each of the square 
vertices. 


Point charge equivalent to a charged disk. 
Consider the charged disk in Fig. 1.14, and 
show that for |z| > a, the E field in Eq. (1.63) 
is equivalent to the field of a point charge Q = 
psa’ placed at the disk center. 


Field due to a nonuniformly charged disk. 
Consider the disk with a nonuniform charge 
distribution from Problem 1.11, and find the 
electric field intensity vector along the disk axis 
normal to its plane. 


Nonuniformly charged spherical surface. A 
sphere of radius a in free space is nonuniformly 


i235; 


£27, 


1.28. 
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charged over its surface such that the charge 
density is given by p.(@) = po sin20, where pgp 
is a constant and the angle 6 (0 <0 <z) is 
defined as in Fig. 1.10 or 1.16. Compute (a) the 
total charge of the sphere and (b) the electric 
field intensity vector at the sphere center. 


Infinite charged sheet with a circular hole. An 
infinite sheet of charge with a constant den- 
sity ps has a hole of radius a in it. The sheet 
is in the xy-plane of the Cartesian coordi- 
nate system and the center of the hole is at 
the coordinate origin. The ambient medium 
is air. Under these circumstances, determine 
the electric field intensity vector at an arbi- 
trary point along the z-axis — in the following 
two ways, respectively: (a) integrating the fields 
due to elementary rings as in Fig. 1.14 and (b) 
combining the results of Examples 1.11 (infi- 
nite sheet of charge, with no hole) and 1.10 
(charged disk). 


. Force on a charged semicylinder due to a line 


charge. For the structure composed from a line 
charge and a charged semicylinder shown in 
Fig. 1.17(a) and described in Example 1.13, find 
the force per unit length on the semicylinder. 


Charged strip. Consider an infinitely long uni- 
formly charged strip of width a and surface 
charge density ps in air. Using the geometri- 
cal representation of the cross section of the 
problem as in Fig. 4.11 in Chapter 4 (also see 
Fig. 1.13) and change of integration variables 
given by Eqs. (4.43) and (4.44), obtain the 
expression for the E field at an arbitrary point 
in space due to this charge. 


Two parallel oppositely charged strips. Two 
parallel, very long strips are uniformly charged 
with charge densities p,; and —p,, respectively 
(ps > 0). The cross section of the structure is 
shown in Fig. 1.52. The width of the strips is 
the same as the distance between them (a = d), 
and the medium is air. Find the electric field 


a 
Ps 
eA d __ Figure 1.52 Cross section 
of two parallel, very long 
-p charged strips; for 
s 


Problem 1.28. 
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intensity vector at the center of the cross sec- 
tion (point A). 

Work in an electrostatic field. What is the work 
done by electric forces in moving a charge QO = 
1 nC from the coordinate origin to the point 
(1 m,1m,1m) in the electrostatic field given 
by E(x, y,z) =(x&+y?9 — 2) V/m (x,y,z in 
m) in the Cartesian coordinate system along 
the straight line joining the two points? 


Work in the field of a point charge. A point 
charge Q; = 10nC is positioned at the cen- 
ter of a square contour a= 10cm on a side, 
as shown in Fig. 1.53. Find the work done by 
electric forces in carrying a charge Q2 = —1 nC 
from the point M, to the point Mz marked in 
the figure. 


Figure 1.53 Movement 
of a charge Q> in the 
field of a charge Q; 
positioned at the center 
of a square contour; for 
Problem 1.30. 


Electric potential due to three point charges in 
space. For the three charges from Example 1.3, 
calculate the electric potential at points defined 
by (a) (0,0,2m) and (b) (1m,1m,1m), 
respectively. 

Point charge and an arbitrary reference point. 
Derive the expression for the potential at a dis- 
tance r from a point charge Q in free space 
with respect to the reference point which is 
an arbitrary (finite) distance rr away from the 
charge. 


Potential due to a semicircular line charge. 
Prove that the electric scalar potential at 
an arbitrary point along the z-axis in the 
field of the semicircular line charge shown in 
Fig. 1.12(a) and described in Example 1.7 is 


V = O'a/(4e9V 22 + a). 


Potential due to a charged disk. For the 
charged disk from Example 1.10, derive the 
following expression for the electric scalar 
potential along the z-axis (—oo < z < oo): V= 


ps(V a2 + 22 — |z|)/(2e). 


1.35. 


1.36. 


1.37, 


1.38. 


1.39. 


1.40. 


1.41. 


Potential due to a hemispherical surface 
charge. Consider the hemispherical surface 
charge from Example 1.12, and find the elec- 
tric scalar potential at the hemisphere center 
(Co) 

Potential due to a nonuniform spherical surface 
charge. Determine the electric potential at the 
center of the nonuniformly charged spherical 
surface from Problem 1.24. 


Voltage due to two point charges. Two point 
charges, Q;} =7uC and Q2=-—3 uC, are 
located at the two nonadjacent vertices of a 
square contour a = 15 cm on a side. Find the 
voltage between any of the remaining two ver- 
tices of the square and the square center. 


Sketch field from potential. The electrostatic 
potential V in a region is a function of a sin- 
gle rectangular coordinate x, and V(x) is shown 
in Fig. 1.54. Sketch the electric field intensity 
E(x) in this region. 


Figure 1.54 1-D potential distribution; for 
Problem 1.38. 


Field from potential, point charge. For a point 
charge in free space, obtain the expression for 
E in Eq. (1.24) from the expression for V in 
Eq. (1.80). 

Field from potential, charged semicircle. For 
the semicircular line charge from Example 1.7, 
(a) obtain the expression for E, in Eq. (1.50) 
from the expression for V given in Problem 
1.33 and (b) explain why it is impossible to 
obtain the expression for E, in Eq. (1.48) from 
this same expression for V. 


Field from potential, charged disk. For the 
charged disk from Example 1.10, obtain 
the expression for E in Eq. (1.63) from the 
expression for V given in Problem 1.34. 


1.42 


1.43. 


1.44. 


1.45. 


1.46. 


1.47. 


1.48. 


Field from potential, charged hemisphere. 
For the hemispherical surface charge from 
Example 1.12, explain why we cannot obtain 
the expression for E at the hemisphere center 
(z =0), given in Eq. (1.67), from the expres- 
sion for V computed in Problem 1.35. 


Angle between field lines and equipotential 
surfaces. Using the concept of gradient, prove 
that in an arbitrary electrostatic field, field lines 
are perpendicular to equipotential surfaces (as 
in Fig. 1.22). 

Direction of the steepest ascent. The terrain 
elevation in a region is given by a function 
h(x, y) = 100x In y [m] (x, yinkm), where x and 
y are coordinates in the horizontal plane and 
1 km < x, y < 10 km. (a) What is the direction 
of the steepest ascent at (3 km, 3 km)? (b) How 
steep, in degrees, is the ascent in (a)? 


Maximum increase in electrostatic potential. 
The electrostatic field intensity vector in a 
region is given by E(x, y, z) = (4% —279+ 
2yzz) V/m (x,y,z in m). Find the direction 
of the maximum increase in the electric scalar 
potential at a point (1 m, 1 m, —1 m). 


Large and small electric dipole. Two point 
charges, Qj; = 1 nC and Q2 = -1NC, are sit- 
uated in free space at points along the z-axis 
defined by z = 1 m and z = —1 m, respectively. 
Compute the electric potential and field inten- 
sity vector at the point defined by Cartesian 
coordinates (a) (0, 0, 0), (b) (0, 1 m, 0), and (c) 
(100 m, 100 m, 100 m), respectively. 


Potential and field due to a small electric 
dipole. An electric dipole with a moment 
p = 1 pCm zis located at the origin of a spheri- 
cal coordinate system. The length of the dipole 
is d=1cm. Find V and E at the following 
points defined by spherical coordinates: (a) 
(1 m, 0,0), (b) (1 m, 7/2, 7/2), (c) (1m, z, 0), 
(d) (1m,7/4,0), (e) (0Om,7/4,0), and 
(f) (100 m, 2/4, 0). 


Dipole equivalent to a nonuniform line 
charge. Consider the nonuniform line charge 
distribution along the semicircle from Problem 
1.16, and show that far away along the z- 
axis (|z| >> a) this charge distribution can 
be replaced by an equivalent electric dipole 
located at the coordinate origin. Find the 
moment, p, of the equivalent dipole. 


1.49. 


1.50. 


Lie 


1.52. 


1.53; 


1.54. 


1.56. 
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Expression for the electric field due to a line 
dipole. For the line dipole in Fig. 1.29, obtain 
the expression for E from the expression for V 
ied. (et). 

Near and far potential and field due to a line 
dipole. Two infinite line charges, with densi- 
ties QO = 100 pC/m and Q4, = —100 pC/m, are 
positioned along lines defined by (1 m, 0, z) and 
(—1m,0,z), —co < z< ©, in the Cartesian 
coordinate system. The medium is_ air. 
Calculate V and E at the point defined by 
Cartesian coordinates (a) (2m,0,0) and (b) 
(100 m, 100 m, 0), respectively. 


Flux of the electric field vector through a cube 
side. A point charge Q is located at the center 
of a cube in free space. The cube edges are a 
long. Find the outward flux of the electric field 
intensity vector due to this charge through each 
of the cube sides. 


Flux for a different placement of the point 
charge. If the point charge Q from the previ- 
ous problem is placed at the center of a side 
of the cube, determine the total outward flux 
of the electric field vector due to the charge 
through the surface composed of the remaining 
five sides of the cube. 


Field of a point charge from Gauss’ law. Using 
Gauss’ law, derive the expression for the elec- 
tric field intensity vector of a point charge in 
free space [Eq. (1.24)]. 

Uniformly charged thin spherical shell. An 
infinitely thin spherical shell of radius a in free 
space is uniformly charged over its surface with 
a total charge Q. Determine: (a) the electric 
field intensity vector inside and outside the 
shell, (b) the potential of the shell, and (c) the 
potential at the shell center. 


. Sphere with a nonuniform volume charge. Find 


the distribution of the electric scalar potential 
inside and outside the sphere with the volume 
charge density given by Eq. (1.32). 

Field of an infinite line charge from Gauss’ law. 
Using Gauss’ law, derive the expression for the 
electric field intensity vector of an infinite line 
charge in free space [Eq. (1.57)]. 


. Uniformly charged thin cylindrical shell. An 


infinitely long and infinitely thin cylindrical 
shell of radius a is situated in free space. The 
shell is charged over its surface with a uniform 


58 


1.60. 


1.61. 


1.62. 


1.63. 


1.64. 


1265. 


. Cylinder 


Chapter 1 Electrostatic Field in Free Space 


charge density ps. Find the electric field inten- 
sity vector inside and outside the shell. 


with uniform volume charge. 
Compute the voltage between the surface and 
the axis of a uniformly charged infinite cylinder 
of radius a in free space, if the volume charge 
density in the cylinder is p. 


. Field of an infinite sheet of charge from Gauss’ 


law. Using Gauss’ law, derive the expression for 
the electric field intensity vector of an infinite 
sheet of charge in free space [Eq. (1.64)]. 


Two parallel oppositely charged sheets. Two 
parallel infinite sheets of charge with densities 
ps and —p, are situated in free space. (a) Find 
the electric field intensity vector inside and out- 
side the space between the sheets. (b) What is 
the voltage between the sheets? 


Equivalent sheet of charge. An infinitely large 
layer of charge in free space has a uniform 
volume charge density p and thickness d. (a) 
Compute the electric field vector inside the 
layer. (b) Show that, as far as the field out- 
side the layer is concerned, the layer can be 
replaced by an equivalent infinite sheet of 
charge, and find the surface charge density, ps, 
of this sheet. 


Layer with a cosine volume charge distribution. 
The density of a volume charge in free space 
depends on the Cartesian coordinate x only 
and is given by p(x) = pocos(zx/a) (|x| < a) 
and p(x) = 0 (|x| > a), where po and a (a > 0) 
are constants. (a) Determine the electric field 
intensity vector in the entire space. (b) Find the 
voltage between planes x = —a and x =a. 


Layer with a sine charge distribution. Repeat 
the previous problem but for the following 
charge density function: p(x) = po sin(2x/a) 
for |x| <a (there is no charge outside the 
layer). 

Exponential charge distribution in the entire 
space. A volume charge distribution in free 
space is described in the rectangular coordi- 
nate system as p(x) = poe*/4 for x < 0, p(0) = 
0, and p(x) = —pge7*/4 for x > 0, with pp anda 
being positive constants. Calculate the electric 
field intensity vector for —00 < x < 00. 
Uniform electric field. In a certain region, there 
is a uniform electric field, Eg. What is the 
volume charge density in that region? 


1.66. 


1.67. 


1.68. 


1.69. 


1.70. 


1.71. 


1.72. 


Ey3: 


1.74. 


Charge distribution from 1-D field distribu- 
tion. Find the volume charge density p(x) in 
the electrostatic system from Example 1.16, 
assuming that the permittivity of the medium 
1S €9. 

Charge from field, planar symmetry. From the 
field expressions in Egs. (1.150)-(1.152), obtain 
the corresponding charge distribution in free 
space [Eq. (1.147)]. 

Charge from field, cylindrical symmetry. From 
the field with a radial cylindrical component 
only given by Eqs. (1.145) and (1.146), obtain 
the corresponding charge distribution in free 
space [Eq. (1.143)]. 

Charge from field, spherical symmetry. Using 
Gauss’ law in differential form, show that the 
field with a radial spherical component only 
given by Eq. (1.140) is produced by a uniformly 
charged sphere of radius a and charge density 
p in free space. 


Nonuniformly charged sphere using differen- 
tial Gauss’ law. For the nonuniform volume 
charge distribution in a sphere defined by 
Eq. (1.32) and analyzed in Problem 1.55 (based 
on Gauss’ law in integral form), compute the 
electric field intensity vector everywhere using 
the differential Gauss’ law. 


Problem with cylindrical symmetry by differen- 
tial Gauss’ law. Redo Example 1.19 but with the 
use of Gauss’ law in differential form. 


Problem with planar symmetry using differen- 
tial Gauss’ law. Redo Problem 1.61 employing 
differential Gauss’ law. 


Antisymmetrical charge, differential Gauss’ 
law. Redo Example 1.21 applying differential 
Gauss’ law. 


Gauss’ law in differential and integral form. In 
a certain region, the electric field is given by 
E = (4xyX+2x?9+ 2 V/m (x,y in m). The 
medium is air. (a) Calculate the charge density. 
(b) From the result in (a), find the total charge 
enclosed in a cube situated in the first coor- 
dinate octant (x, y, z > 0), with one vertex at 
the coordinate origin, and the edges, of length 
1 m, parallel to coordinate axes. (c) Confirm 
the validity of Gauss’ law in integral form and 
the divergence theorem by evaluating the net 
outward flux of E through the surface of the 
cube defined in (b). 


175. 


1.76. 


177. 


1.78. 


1.79. 


Excentric charged sphere inside an unchar- 
ged shell. Consider the structure from 
Example 1.27, and assume that the sphere is 
moved toward the shell wall so that the centers 
of the sphere and the shell are separated by a 
distance d. Find the potential of the shell in the 
new electrostatic state if (a) d= (b — a)/2 and 
(b) d = b — a (the sphere is pressed against the 
shell wall). 


Point charge inside a charged shell. A point 
charge 2Q is placed at the center of an air- 
filled spherical metallic shell, charged with Q 
and situated in air. The inner and outer radii 
of the shell are a and b (a < b). (a) What is 
the total charge on the inner and on the outer 
surface of the shell, respectively? (b) Find the 
potential of the shell. 


Three concentric shells, one uncharged. Three 
concentric spherical metallic shells are situ- 
ated in air. The outer radius of the inner shell 
is a= 30 mm, and its charge Q = 10 nC. The 
inner and outer radii of the middle shell are 
b =50mm and c = 60 mm, and its potential 
V =1 kV with respect to the reference point at 
infinity. The inner and outer radii of the outer 
shell are d = 90 mm and e = 100 mm, and it is 
uncharged. Calculate (a) the charge of the mid- 
dle shell and (b) the voltage between the inner 
and the outer shell. 


Three concentric shells, two at the same poten- 
tial. Consider a structure with the same geom- 
etry as in the previous problem, and assume 
that the charges of the inner and outer shells 
are Q; =2nC and Q3 = —2 nC, respectively, 
as well as that their potentials are the same 
(V; = V3). Under these circumstances, com- 
pute (a) the charge of the middle shell (Q2) and 
(b) the potentials of the inner and the middle 
shells (V; and V2) with respect to the reference 
point at infinity. 

Four coaxial cylindrical conductors. Four very 
long conductors, each in the form of a cylin- 
drical shell with thickness d = 1 cm, are posi- 
tioned in air coaxially with respect to each 
other, as indicated in Fig. 1.55, which shows a 
detail of the cross section of the system. The 
first and the fourth conductor are grounded, 
and the potential of the third conductor with 
respect to the ground is V3 = 1 kV. The second 
conductor is uncharged. Find the charges per 


Problems 59 


unit length of the first and the third conductor, 
Q' and Q3. 


Figure 1.55 Detail of the cross section of a system 
of four cylindrical conductors; for Problem 1.79. 


1.80. Three concentric conductors, one grounded. 


Shown in Fig. 1.56 is a system consisting 
of three concentric spherical conductors (the 
inner conductor is a solid sphere, while the 
remaining two are spherical shells). The radius 
of the inner conductor is a = 2 mm. The inner 
radius of the middle conductor is b = 5 mm, 
and outer c=6mm. The inner radius of 
the outer conductor is d= 8mm. The space 
between the conductors is air-filled. The outer 
conductor is grounded, and the potentials of 
the inner and middle conductors with respect 
to the ground are V; = 15 V and V2 = 10 V, 
respectively. Determine total charges of the 
inner and middle conductors, Q; and Qp. 


Figure 1.56 System 
of three concentric 
spherical 
conductors; for 
Problem 1.80. 


1.81. Charged metallic foil. An infinitely large flat 


metallic foil is situated in air and charged uni- 
formly with the surface charge density p; = 
1 nC/m7?. Find the electric field intensity vector 
everywhere. 
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1.83. 


1.84. 


1.85. 
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Two metallic slabs. An infinitely large metallic 
slab of thickness d = 1 cm is situated in air and 
charged such that the surface charge density 
at each of the slab surfaces is ps = 1 wC/m*?. 
Another metallic slab of the same thickness, 
which is uncharged, is then introduced and 
placed parallel to the charged slab such that the 
distance between the surfaces of the two slabs 
facing each other is D = 3 cm. In the new elec- 
trostatic state, calculate (a) the surface charge 
densities at all four surfaces of the slabs, (b) 
electric field intensity vector everywhere, and 
(c) the voltage between the slabs. 


Two metallic spheres at the same potential. 
Consider the system in Fig. 1.45, and assume 
that a=5cm, b=1cm, and d=1mM, as well 
as that the total charge of the two spheres 
is Q = 600 pC. Find (a) the potential of the 
spheres and (b) the electric field intensities Eg 
and E, near the surfaces of the spheres. 


MoM-based computer program for a charged 
plate. Using the method of moments as pre- 
sented in Section 1.20, write a computer pro- 
gram to determine the charge distribution on a 
very thin charged square plate of edge length a 
at a potential Vo, in free space. Subdivide the 
plate into N square patches, and assume that 
a=1m and Vg = 1 V. (a) Tabulate and plot 
the results for the surface charge density (ps) 
of the patches, taking N = 100 (ten partitions in 
each dimension). (b) Compute the total charge 
of the plate, taking (i) N = 9, (ii) N = 25, (iii) 
N = 49, and (iv) N = 100, respectively. 

MoM computation for a charged cube. Write a 
computer program for the method-of-moments 
analysis of a charged metallic cube, Fig. 1.46, 
with edge length a=1m, and compute the 
total charge of the cube for Vp = 1 V and ten, 
or as many as possible (given available com- 
putational resources), subdivisions per cube 
edge (N = 600 if ten subdivisions per edge are 
adopted). 


1.86. 


1.87. 


1.88. 


1.89. 


Approximate integral expression for the elec- 
tric field vector. (a) Write the approximate inte- 
gral expression for the evaluation of the electric 
field intensity vector at an arbitrary point in 
space due to a charged body (e.g., the cube in 
Fig. 1.46), whose charge distribution is approx- 
imately described by Eq. (1.212). (b) Using the 
expression in (a) and the associated computer 
program, compute the electric field along the 
axis of the plate from Problem 1.84 perpen- 
dicular to its plane at points that are a/2, 2a, 
and 100a, respectively, distant from the plate 
surface (for N = 100). (c) Also compute the 
electric field inside the cube from the previ- 
ous problem (Problem 1.85), at a quarter of 
its space diagonal (body diagonal) and at its 
center. 


Force on a point charge due to its image. Find 
the electric force on the point charge Q in 
Fig. 1.48(a). 

Imaging a line charge. For the structure defined 
in Example 1.30, determine the distribution 
of induced surface charges on the conducting 
plane. 


Charged wire parallel to a corner screen. 
Fig. 1.57 shows a cross section of the structure 
consisting of a metallic wire of radius a and a 
90° corner metallic screen in air. The distance 
of the wire from both the horizontal and ver- 
tical half-planes constituting the screen is A, 
where ht > a. If the wire is charged with Q’ per 
unit length, calculate the voltage between the 
wire and the screen. 


Figure 1.57 Cross 
section of a charged 
metallic wire parallel to a 
metallic corner screen; 
for Problem 1.89. 
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Introduction: 


n this chapter, we shall analyze electrostatic 

fields in the presence of dielectrics and study 
several important related topics. Dielectrics or insu- 
lators are nonconducting materials, having very 
little free charges inside them (theoretically, per- 
fect dielectrics have no free charges). In addition, 
redistribution of any free charges (e.g., electrons) 
deposited inside the material lasts much longer 
than in metallic conductors, a typical example, as 
already indicated in Section 1.16, being the charge 
rearrangement time of ~ 50 days for fused quartz 
compared to ~ 107!9s for copper. We shall see, 
however, that another type of charges, called bound 
or polarization charges, exist in a polarized dielec- 
tric. We shall first investigate the mechanisms of 
the polarization of dielectrics, caused by an exter- 
nal electric field. By introducing the macroscopic 
quantities such as the polarization vector, and the 
volume and surface density of bound charges, it 
is possible to evaluate the electric field intensity 


vector and the electric potential due to polarized 
dielectrics using free-space formulas and techniques 
from the previous chapter. Gauss’ law will be gen- 
eralized for an electrostatic system that includes 
arbitrary media (conductors and dielectrics), and 
characterization of dielectric materials in terms 
of their linearity, homogeneity, and isotropy will 
be presented. Dielectric-dielectric boundary condi- 
tions will be derived and used. The chapter will also 
introduce Poisson’s and Laplace’s second-order 
differential equations for the potential and their 
solution. 

Having both conductors and dielectrics, we 
shall then put them together to form capacitors and 
related electrostatic systems. The capacitor is a fun- 
damental element in electrical engineering. Its basic 
property is its capacitance. We shall analyze capac- 
itors with electrodes of different shapes and with 
different types of dielectrics, and evaluate capac- 
itance per unit length of various two-conductor 
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transmission lines as well. In addition, we shall 
evaluate the electric energy contained in charged 
capacitors, transmission lines, and other systems 
of conducting bodies, and introduce the elec- 
tric energy density to help us find and quantify 
the localization and distribution of the energy in 
such systems. Dielectric breakdown, occurring for 
exceedingly strong electric fields in a dielectric 
material causing it to become conducting, will also 
be discussed for various electrostatic structures. We 
shall analyze structures with electric fields close to 
breakdown levels in order to predict critical val- 
ues of voltages and other circuit quantities for the 
structure at breakdown. Such parameters (e.g., the 


line) define maximal permissible extents of quanti- 
ties for the safe operation of the structure prior to 
an eventual breakdown. 

The electrostatic analysis of capacitors and 
transmission lines, to determine their capacitance, 
energy, and breakdown characteristics, represents 
a culmination of the theory of the electrostatic 
field. It represents, on the other hand, a gateway to 
many practical applications of this theory. Finally, 
a clear understanding of concepts that will be pre- 
sented in this chapter is essential for many similar, 
dual, and analogous concepts in other areas of elec- 
tromagnetics, which are to be introduced later in 
the text. 


breakdown voltage of a capacitor or a transmission 


2.1 POLARIZATION OF DIELECTRICS 


Each atom or molecule in a dielectric is electrically neutral. For most dielectrics, 
centers of “gravity” of the positive and negative charges in an atom or molecule 
coincide — in the absence of the external electric field. When a dielectric is placed in 
an external field, of intensity Egy, however, the positive and negative charges shift 
in opposite directions against their mutual attraction, and produce a small electric 
dipole (Fig. 1.28), which is aligned with the electric field lines. The moment of this 
equivalent dipole is given by p = Qd [Eq. (1.116)], where Q is the positive charge of 
the atom or molecule (—Q is the negative charge), and d is the vector displacement 
of Q with respect to —Q. The charges are displaced from their equilibrium positions 


by forces 
Fey = QEext and Feo = —QEext, (2) 


respectively, and thus Q shifts in the direction of Eex:, while -Q moves in the oppo- 
site direction, so that p and Ee, are collinear and have the same direction. The 
displacement d is very small, smaller than the dimensions of atoms and molecules. 
The charges Q and —Q are bound in place by atomic and molecular forces and can 
only shift positions slightly in response to the external field. So, the two charges in 
an equivalent small dipole cannot separate one from the other and migrate across 
the material in opposite directions run by the electric field. Hence, these charges are 
called bound charges (in contrast to free charges). 

Some dielectrics, such as water, have molecules with a permanent displace- 
ment between the centers of the positive and negative charge, so that they act as 
small electric dipoles even with no applied electric field. Such molecules are known 
as polar molecules, and the dielectrics are called polar dielectrics (those with no 
built-in dipoles are nonpolar dielectrics). In the absence of the electric field, all the 
dipoles are oriented in a random way. If a polar molecule, which we model by an 
electric dipole, is brought into an electric field, however, the forces on the two dipole 
charges, given in Eq. (2.1), act as indicated in Fig. 2.1. The torques (moments) of 
forces with respect to the center of the dipole (point O) are 


Tin Ba and To =1r x F.2, (2.2) 
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with r; and rz denoting the position vectors of Q and —Q with respect to the dipole 
center. We notice that rj — r2 = d, and hence the resultant torque on the dipole 
turns out to be 


Ton dipole = Ty + T2 = Q(m — 2) x Eext = Od x Eext = p X Eext, 


(2.3) 


where we assume that E,x; is practically uniform along the dipole. Vector Ton dipole 
is normal to the plane of p and E,y (the plane of drawing in Fig. 2.1), and its 
magnitude amounts to 


Ton dipole = \p x Eext| = p Eex sina. (24) 


We see that the torque given by Eq. (2.3) tends to rotate the dipole about the 
axis passing through the dipole center and being normal to the dipole and the plane 
of drawing, i.e., about the vector Ton dipole. The action of such torques in the dielec- 
tric is against random intermolecular thermic forces, and is to align the dipoles, to 
some extent, in the same direction — toward the field lines. We also see that the 
stronger the field, the larger Ton dipole, and the larger the component of the resultant 
dipole moment of all the molecules, }° p, along the direction of Ee x. A sufficiently 
strong field may even produce an additional displacement between the positive and 
negative charges in a polar molecule, resulting in a larger p. 

We conclude that both an unpolar and polar dielectric in an electric field 
can be viewed as an arrangement of (more or less) oriented microscopic electric 
dipoles. The process of making atoms and molecules in a dielectric behave as dipoles 
and orienting the dipoles toward the direction of the external field is termed the 
polarization of the dielectric, and bound charges are sometimes referred to as polar- 
ization charges. This process is extremely fast, practically instantaneous, and the 
dielectric in the new electrostatic state is said to be polarized or in the polarized 
state. For almost all materials, the removal of the external electric field results in 
the return to their normal, unpolarized, state. A very few dielectrics, called elec- 
trets, remain permanently polarized in the absence of an applied electric field (an 
example is a strained piezoelectric crystal). 


Conceptual Questions (on Companion Website): 2.1 and 2.2. 


2.2 POLARIZATION VECTOR 


When polarized (by an external electric field), a dielectric is a source of its own 
electric field, and the total field at an arbitrary point in space (inside or outside the 
dielectric) is a sum of the external (primary) field and the field due to the polarized 
dielectric (secondary field). To determine the secondary field, we replace the dielec- 
tric by a collection of equivalent small dipoles, which can be considered to be in a 
vacuum, as the rest of the material does not produce any field. 

Theoretically, we could use the expression for the electric field due to an electric 
dipole, Eq. (1.117), and obtain the field due to a polarized dielectric by super- 
position. However, as many atoms or molecules in a dielectric body that many 
equivalent small dipoles in it, and, with the “microscopic” approach to the evalu- 
ation of the field due to the polarized dielectric, we would need to consider every 
single dipole, which is practically impossible [there is on the order of as many as 
10° atoms per unit volume (1 m*) in solid and liquid dielectrics]. 

We rather adopt a “macroscopic” approach, and introduce a macroscopic quan- 
tity called the polarization vector to describe the polarized state of a dielectric and 


torque on an electric dipole in 
an external electric field 


Feo <Q 


Figure 2.1 Polarization of 
polar dielectrics: model of 
a polar molecule in an 
external electric field. 
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average dipole moment in 
an elementary volume of a 
polarized dielectric 


polarization vector (unit: 
C/m? ) 


Xe - electric susceptibility of a 
linear dielectric 


the resulting field. We first average dipole moments in an elementary volume dv, 


(2.5) 


and then multiply this average by the concentration of dipoles (i.e., concentration 
of atoms or molecules in the dielectric), which equals 


N; 
Ne oie (2.6) 
What we get is, by definition, the polarization vector: 
dP); 
P = N, Pav => win (2,7) 


Note that P would represent the resultant dipole moment in a unit volume (1 m°) if 
it were polarized uniformly (equally) throughout the volume. Note also that 


Lhe (> P) dy Ce 


is the dipole moment of an electric dipole equivalent to an element dv of the polar- 
ized dielectric, i.e., to all the dipoles within it.! The unit for P is C/m?. 

In any dielectric material, the polarization vector at a point is a function of the 
(total) electric field intensity vector at that point, 


P = P(E). (2.9) 


For linear (in the electrical sense) materials, this relationship is linear, i.e., 


2.10) 


where xe is the electric susceptibility of the dielectric. It is a pure number, Le., a 
dimensionless quantity, obtained by measurements on individual materials, and is 
always nonnegative (xe > 0). For a vacuum, xe = 0, whereas xe © 0 for air. 


2.3 BOUND VOLUME AND SURFACE CHARGE DENSITIES 


We shall now derive the expressions for calculating the macroscopic distribution 
of excess bound charges in a polarized dielectric body from a given distribution of 
the polarization vector, P, which, in turn, is obtained by averaging the microscopic 
dipoles in the dielectric material. These expressions will be used in the next section 
for free-space evaluations of the electric field due to polarized dielectrics. 

Let us first find the total bound (polarization) charge Qps enclosed by an 
arbitrary imaginary closed surface § situated (totally or partly) inside a polarized 
dielectric body, as shown in Fig. 2.2. Knowing that bound charge actually consists 
of a vast collection of small electric dipoles, each dipole being composed from a 


' An elementary volume dv, as we use it in macroscopic electromagnetic theory, is small in a physical 
sense, and cannot be infinitely small in a mathematical sense. Within the definition of the polarization 
vector, for instance, that means that dv is large enough to contain many small dipoles to be treated 
“on average,” but yet sufficiently small so that P can be considered constant in dv from the macroscopic 
point of view. Such dy still contains a vast number (millions) of atoms or molecules. 
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dielectric 


positive Q and a negative —Q, we realize that all the dipoles that appear inside S$ 
with both their ends, Q and —Q, as well as dipoles that are totally outside S, con- 
tribute with zero net charge to Qps. Only dipoles whose one end is inside S (and the 
other end outside S) contribute actually to the total bound charge in S. (We notice 
right away that Ops = 0 when S encloses the entire dielectric body.) To evaluate 
Qps (in the general case), we therefore count the dipoles that cross the surface S. 
In doing that, we count the contribution of such dipoles as either Q or —Q (note that 
Q, generally, differ from dipole to dipole), by inspecting which end of the dipole is 
inside S. 

Consider an element dS of S and the case when the angle a between the vector 
P (or vector pay) and vector dS, which is oriented from S outward, is less than 90°, 
as depicted in Fig. 2.3(a). Note that negative ends of dipoles that extend across dS 
with one (negative) end inside S are in a cylinder with bases dS and height 


=. GCOS; CA) 


so that the number of these dipoles equals the concentration of dipoles, Ny, times 
the volume of the cylinder, dv = dSh. The dipole ends on the inner side of dS 
being all negative, and with an assumption that all dipoles in dv are with the same 
moments and charge, the corresponding bound charge is given by 


dQp = NydSdcosa(—Q) (O<a < 90°). 2) 
In the case when a > 90°, portrayed in Fig. 2.3(b), 
h=d cos(x — a) = d(— cosa), (2:13) 


and, because the ends of dipoles on the inner side of dS are all positive, 
dQp =NydSd(—cosa)Q (90° <a < 180°), (2.14) 


which turns out to be the same result as in Eq. (2.12). 


Figure 2.2 Closed surface S in 
a polarized dielectric body. 
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Figure 2.3 Element of surface S$ 


in Fig. 2.2, in two cases with 


regards to the angle a between 
P and dS: (a) 0 < @ < 90° and 


(b) 90° < a < 180°. 


total bound (polarization) 
charge enclosed by a closed 
surface S 


bound volume charge density 


no volume bound charge in a 
uniformly polarized dielectric 


(a) (b) 


For unpolar dielectrics, pay = p, and P = Nyp = N,Qd. For polar dielectrics, 
where not all dipole moments are mutually parallel, we can consider the dipoles in 
small cylinders in Figs. 2.3(a) and (b) to be equivalent dipoles with moments pay = 
Qd, so that P = Nypay = NyQd. Hence, for an arbitrary a (0 < a < 180°), we have 


dQ, = —N,QddS cosa = —PdS cosa = —P- dS (2:15) 


(note that the boundary case, a = 90° and dQ, = 0, is also properly included in 
this formula). Finally, by integrating the result for dQ, over the entire surface S, 
we obtain 


Qps = — pr - dS. (2.16) 


This is an integral equation similar in form to Gauss’ law, Eq. (1.133). It tells us that 
the outward flux of the polarization vector through an arbitrary closed surface in 
an electrostatic system that includes dielectric materials is equal to the total bound 
(polarization) charge enclosed by that surface, multiplied by —1. 
Eq. (2.16) is true for any closed surface S. Let us now apply it to the surface $ 

enclosing an elementary volume Av inside a polarized dielectric: 

(Qp)in Av = $5 P-dS 

ia (Av > 0), (2.17) 
with both sides of the equation being also divided by Av. The expression on the 
left-hand side of Eq. (2.17) represents the density of excess volume bound charge, 


=e (Qp)in Av 
Pp — Av ’ 


while the expression on its right-hand side is, by definition [Eq. (1.172)], the negative 
of the divergence of the polarization vector. Hence, 


(2.18) 


(2.19) 


If P =const inside the dielectric (uniformly polarized dielectric), all spatial 
derivatives of P are zero, and using Eq. (2.19), 


P=const —> pp=0. (2.20) 
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free space 


Figure 2.4 Elementary closed 
surface used for deriving the 
boundary condition for the 
vector P on a surface 
dielectric-free space, Eq. (2.23). 


dielectric 


If P 4 const, however, then excess volume bound charge exists only if the polariza- 
tion vector varies throughout the volume of the dielectric (nonuniformly polarized 
dielectric) in a way that its divergence is nonzero, otherwise pp = 0. 

On the surface of a polarized dielectric, there always exists excess surface bound 
charge (there are ends of dipoles pressed onto the surface that cannot be compen- 
sated by oppositely charged ends of neighboring dipoles), except on parts of the 
surface where P and the dipoles are tangential to the surface. To determine the 
associated bound (or polarization) surface charge density, ops, we apply Eq. (2.16) 
to a small pillbox surface, with bases AS and height Ah (Ah — 0), shown in Fig. 2.4. 
There is no polarization in free space (a vacuum or air), 


(2.21) no polarization in a vacuum 


so that the flux of vector P in Eq. (2.16) is reduced to P - AS over the lower side of So 
S, and we have [also see the similar derivation in Eq. (1.188)] 


ppsAS = —P - AS. (2.22) 


With ng denoting the normal unit vector oriented from the dielectric body outward, 


AS = —ASnq, which yields bound surface charge density; 


Pps = hig - P. (2.23) tig outward normal on a 


ee e ; ; dielectric surface 
This is the boundary condition for the vector P on a surface dielectric-free space, 


connecting the polarization vector in the dielectric near the boundary surface 
and the bound surface charge density on the surface. Note that only the normal 
component of P contributes to pps. 


Sele Nonuniformly Polarized Dielectric Cube 


The polarization vector in a dielectric cube shown in Fig. 2.5 is given by 


xy . 
P(x, y) = Pom %, (2.24) 


where Pp is a constant. The surrounding medium is air. Find the distribution of bound charges 
of the cube. 


Solution Using Eqs. (2.19) and (1.167), the bound volume charge density inside the cube is 


ey (2.25) 


whereas Eq. (2.23) tells us that bound surface charge exists on the front side of the cube only, 
and its density amounts to 


Figure 2.5 Dielectric cube 
oy with polarization P(x, y); for 


- 7 P 
Pps = X-P(a’, y) = ree (2.26) Example 2.1. 
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with P(a~, y) denoting the polarization vector in the dielectric very close to the boundary 
surface at x = a. On the back side, pps = 0 since P(0*, y) = 0, while on the remaining four 
sides pps = 0 because ng and P are mutually perpendicular. 

Note that, with v designating the volume of the cube and S its boundary surface, 


a P. a P, 
Op = f rp dv+ f opsas = [ (-=B) Pays f ey dy = 0. (2:24 
v S y=0 a y=0 4 


as expected (the total bound charge of a dielectric body is always zero), where, in accordance 
with our general integration strategy explained in Section 1.4, dv is adopted to be a slice of 
the cube of thickness dy, and dS a strip of width dy on the front cube side. 


Problems: 2.1. 


2.4 EVALUATION OF THE ELECTRIC FIELD AND POTENTIAL 
DUE TO POLARIZED DIELECTRICS 


In this section, we shall evaluate the electric field intensity vector and electric 
scalar potential due to polarized dielectric bodies in several characteristic cases. We 
assume that the state of polarization of a dielectric body is described by a given dis- 
tribution of the polarization vector, P, inside the body. From P, using Eqs. (2.19) and 
(2.23), we first find the distribution of volume and surface bound charge densities, 
Pp and pps, throughout the body volume and over its surface, respectively. Then, 
we calculate the field E and potential V (and any other related quantity of inter- 
est) using the appropriate free-space formulas and equations [Eqs. (1.37), (1.38), 
(1.82), (1.83), (1.133), etc.] and solution techniques suitable to specific geometries 
and source distributions. 


Example 2.2 Uniformly Polarized Dielectric Disk 


A dielectric disk of radius a and thickness d is situated in free space. The disk is uniformly 
polarized throughout its volume, the polarization vector being normal to the disk bases and 
its magnitude being P. Find (a) the distribution of bound charges of the disk and (b) the 
electric field intensity vector at the disk center. 


Solution 


(a) Eq. (2.20) tells us that there is no bound volume charge inside the disk. According to 
Eq. (2.23) and Fig. 2.6, the bound surface charge densities on the upper and lower disk 
bases are 

Pps1 = igi =P and Pps2 = Nig? -P=-P, (2.28) 


respectively, while on the side disk surface, pp.3 = fg3 - P = 0. 

(b) The electric field due to the polarized disk equals the field due to two circular sheets 
of charge with densities pp,; and ps2 in free space. We use the expression for the field 
due to a circular sheet of charge (thin charged disk) in Eq. (1.63) and the superposition 
principle to add up the fields due to two sheets, Ej and E2. The charge densities are 
ps; = +P and the distance from each sheet at the disk center (point O) is d/2, so the two 
fields are the same, and the total field comes out to be 


Iv 
E = E; + E2 = 2E; = -— 


d , 
1-—————— |? 
£0 2/a? + ad , 


(2.29) 
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Figure 2.6 Bound surface 
charge on a uniformly polarized 
dielectric disk; for Example 2.2. 


Selly waeme Uniformly Polarized Dielectric Sphere ; 


A dielectric sphere of radius a, in free space, is uniformly polarized, and the polarization 
vector is P. Compute (a) the distribution of bound charge of the sphere, (b) the electric 
scalar potential at the sphere center, and (c) the electric field intensity vector at the sphere 
center. 


Solution 


(a) Let us adopt a spherical coordinate system with the origin at the sphere center and the 
z-axis parallel to the vector P, as shown in Fig. 2.7. The bound volume charge density is 
Pp = 0. The bound surface charge density at a point M on the sphere surface, defined by 
the angle @, is 


Pps = Nig - P = Pcos (fig, P) = Pcos6, O<@<nz. (2.30) 


We now replace the polarized sphere by a nonuniform spherical sheet of charge in free 
space, whose charge density is the function of @ given in Eq. (2.30), and compute V and 
E at the sphere center (point O) using free-space concepts and equations. 


From Eq. (1.83) and Fig. 2.7, the potential at the point O turns out to be 


1 Pps dS’ 1 ; 1 
V= = ———_ ay = —— = (0), 35| 
41 & $ a 4m ena § Pe » An ega Qp=0 |) 


because the total bound charge of the sphere, Qp, is zero. 


(c) Due to symmetry, vector E at the point O in Fig. 2.7 has a (negative) z-component only, 
which is computed essentially in the same way as in Fig. 1.16, subdividing the sphere 
surface into thin rings and integrating the fields dE due to individual rings, the only two 
differences being that the surface charge density is now a function of 6, Eq. (2.30), and 


(b 


—_— 


Figure 2.7 Dielectric sphere 
with a uniform polarization; for 
Example 2.3. 
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electric field inside a uniformly 
polarized dielectric sphere 


Gauss’ law for a system with 
conductors and dielectrics 


that the upper limit in the integration is now 6 = z. With this, Eq. (1.67) becomes 


i i : R jes i ti : x 
E= ¢ dE=->~ [ pps(6) sin 8 cos 0 40% = —>— [ cos? @sin6 dé z 
S 20 Jo=0 20.) 
u2 —du 
Ie P 


2225) ee 


= So (2.32) 


where the substitution given by u = cos@ is used to solve the integral in @. It can be 
shown that E has this same (constant) value at any point inside the polarized sphere. 


Sele (wa ee Nonuniformly Polarized Dielectric Sphere 


A nonuniformly polarized dielectric sphere, of radius a, is situated in free space. In a spheri- 
cal coordinate system whose origin coincides with the sphere center, the polarization vector 
is given by the expression 


P(r) = P,(r)t = Po - A (2.33) 


(Po is a constant). Determine (a) the bound volume and surface charge densities of the sphere 
and (b) the electric scalar potential inside and outside the sphere. 


Solution 


(a) Using the expression for the divergence in spherical coordinates, Eq. (1.171), the bound 
volume charge density of the sphere amounts to 


1 a 3Po 
pp = -V-P=-5 = (PP) =-= (2.34) 
(it is the same at all points inside the sphere). The bound surface charge density is 
Pps =F - P(a~) = Po. (235) 


(b) The field outside the sphere (for r > a) is zero, because it is identical to the field of the 
equivalent point charge Qp = 0 (total charge of the sphere) placed at the sphere center. 
Hence, the potential outside the sphere is also zero, 


Vi)=0, a<r<o. (2.36) 
From Eq. (1.140), the electric field inside the sphere is given by 
Ppr ___ Por 


ja jeer <2: 37} 
3€9 £9a 
The potential inside the sphere is thus 
a P v2 
vin=|] E@ya’=-—“ (1-5), osrsa. (2.38) 
Y=r 2e9 a? 


Problems: 2.2-2.6; Conceptual Questions (on Companion Website): 2.3 and 2.4; 
MATLAB Exercises (on Companion Website). 


2.5 GENERALIZED GAUSS’ LAW 


We now consider the most general electrostatic system containing both conductors 
and dielectrics. The equivalent field sources are now both free and bound charges, 
in free space, and Gauss’ law, Eq. (1.133), becomes 


pe ae Qs + 2ps- (2.39) 
5 £0 
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where Qs and Qps are the total free charge and the total bound charge, respectively, 
enclosed by an arbitrary closed surface S. Multiplying this equation by e9, moving 
Qps to the left-hand side of the equation, then substituting it by the negative of 
the flux of the polarization vector, P, from Eq. (2.16), and finally joining the two 
integrals over S into a single integral, we obtain the equivalent integral equation: 


§ (e9E + P)-dS = Os. (2.40) 
S 


To shorten the writing, we define a new vector quantity, 


D = eE+P, (2.41) 


which is called the electric flux density vector (also known as the electric displace- 
ment vector or electric induction vector). Accordingly, the flux of D is termed the 
electric flux (symbolized by W), 


w=] D-ds, (2.42) 
AY, 


where S’ is any designated surface (open or closed). In place of Eq. (2.40), 


$d Soe (2.43) 
AY 


This is an equivalent form of Gauss’ law for electrostatic fields in arbitrary media, 
which is more convenient than the form in Eq. (2.39) because it has only free charges 
on the right-hand side of the integral equation, and not the bound charges, and thus 
is simpler to use. It is referred to as the generalized Gauss’ law, and, in words, it 
states that the outward electric flux through any closed surface in any electrostatic 
system including conductors and dielectrics equals the total free charge enclosed by 
the surface. From Eq. (2.43), the unit for the electric flux is C, so that the unit for its 
density, D, is C/m?. 

In the general case, free charge is represented by means of the volume charge 


density, p, yielding 
gp -dS = [ea (2.44) 
S v 


with v denoting the volume bounded by S. Since this integral relation is true regard- 
less of the choice of v, the divergence theorem, Eq. (1.173), gives the differential 


form of the generalized Gauss’ law: 
2.45) 


Problems: 2.7-2.11; Conceptual Questions (on Companion Website): 2.5. 


2.6 CHARACTERIZATION OF DIELECTRIC MATERIALS 


The polarization properties of materials can be described by the relationship 
between the polarization vector, P, and the electric field intensity vector, E, 
Eq. (2.9). We now employ the electric flux density vector, D, and substituting 
Eq. (2.9) into Eq. (2.41), obtain the equivalent relationship 


D = e9E + P(E) = D(B), (2.46) 


electric flux density vector 
(unit: C/m2) 


electric flux (unit: C) 


generalized Gauss’ law 


generalized Gauss’ law in 
terms of the volume charge 
density 


generalized differential 
Gauss’ law 


constitutive equation of an 
arbitrary (nonlinear) dielectric 
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constitutive equation 
of a linear dielectric 


permittivity of a linear 
dielectric (unit: F/m) 


constitutive equation for free 
space 


{e] — permittivity tensor of an 
anisotropic dielectric 


which is more often used for characterization of dielectric materials and is termed 
a constitutive equation of the material. For linear dielectrics, Eq. (2.10) applies, and 
Eq. (2.46) becomes 


D= (yet DegQ9E=éeg9E or D=eck, (2.47) 


where ¢ is the permittivity and e, the relative permittivity of the medium (¢; is some- 
times referred to as the dielectric constant of the material). The unit for ¢ is farad 
per meter (F/m), while ¢; is dimensionless, obtained as 


&r = Xe +1, (2.48) 
and hence 
ey Z 1. (2.49) 
The value of ¢, shows how much the permittivity of a dielectric material, 


2.50) 


is higher than the permittivity of free space (vacuum), given in Eq. (1.2). For free 
space and nondielectric materials (such as metals), e, = 1 and 


2.51) 


Table 2.1 shows values of the relative permittivity of a number of selected materi- 
als, for electrostatic or low-frequency time-varying (time-harmonic) applied electric 
fields,* at room temperature (20°C). 

For nonlinear dielectrics, the constitutive relation between D and E, Eq. (2.46), 
is nonlinear. This also means that the polarization properties of the material depend 
on the electric field intensity, E (for linear dielectrics, xe and ¢ are constants, 
independent of £). 

In so-called ferroelectric materials, Eq. (2.46) is not only nonlinear, but also 
shows hysteresis effects. The function D(E£) has multiple branches, so that D is 
not uniquely determined by a value of EF, but it depends also on the history of 
polarization of the material, i.e., on its previous states. A notable example is bar- 
ium titanate (BaTiO3), used in ceramic capacitors and various microwave devices 
(e.g., ceramic filters and multiplexers). 

Another concept in characterization of materials is homogeneity. A material 
is said to be homogeneous when its properties do not change from point to point 
in the region being considered. In a linear homogeneous dielectric, ¢ is a constant 
independent of spatial coordinates. Otherwise, the material is inhomogeneous [e.g., 
€ = &(x, y, Z) in the region]. 

Finally, we introduce the concept of isotropy in classifying dielectric materials. 
Generally, properties of isotropic media are independent of direction. In a linear 
isotropic dielectric, ¢ is a scalar quantity, and hence D and E are always collinear and 
in the same direction, regardless of the orientation of E. In an anisotropic medium, 
however, individual components of D depend differently on different components 
of E, so that Eq. (2.47) becomes a matrix equation, 


Dy Exx Exy Exz 


Eyx Eyy Eyz . (2.52) 
Ezx Ezy Ezz 


2At higher frequencies, when viewed over very wide frequency ranges, the permittivity generally 
(for most materials) is not a constant, but depends on the operating frequency of electromagnetic 
waves propagating through the material. 
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Table 2.1. Relative permittivity of selected materials* 


Material er Material Ey 
Vacuum 1 Quartz 5 
Freon 1 Diamond 5-6 
Air 1.0005 Wet soil 5-15 
Styrofoam 1.03 Mica (ruby) 5.4 
Polyurethane foam ilk Steatite 58 
Paper 13-3 Sodium chloride (NaCl) SH) 
Wood 2-5 Porcelain 6 
Dry soil 2-6 Neoprene 6.6 
Paraffin zy Silicon nitride (Si3N4) 72 
Teflon Pall Marble 8 
Vaseline 2.16 Alumina (Al,O3) 8.8 
Polyethylene 2.25 Animal and human muscle 10 
Oil 8) Silicon (Si) 1.9 
Rubber 2.4-3 Gallium arsenide 13 
Polystyrene 2.56 Germanium 16 
PVC pag Ammonia (liquid) a2 
Amber 24 Alcohol (ethyl) Z5 
Plexiglass 3.4 Tantalum pentoxide 25 
Nylon 3.6-4.5 Glycerin 50 
Fused silica (SiO?) 3.8 Ice 75 
Sulfur 4 Water 81 
Glass 4-10 Rutile (TiO2) 89-173 
Bakelite 4.74 Barium titanate (BaTiO3) 1,200 


* For static or low-frequency applied electric fields, at room temperature. 


Thus, instead of a single scalar ¢, we have a tensor [e€] (permittivity tensor), i.e., 
nine (generally different) scalars corresponding to different pairs of spatial compo- 
nents of D and E. Crystalline dielectric materials, in general, are anisotropic; the 
periodic nature of crystals causes dipole moments to be formed and oriented by 
means of the applied electric field much more easily along the crystal axes than in 
other directions. An example is rutile (TiO2), whose relative permittivity is e, = 173 
in the direction parallel to a crystal axis and ¢, = 89 at right angles. For many 
crystals the change in permittivity with direction is small. For example, quartz has 
€y = 4.7 — 5.1, and it is customary to adopt a rounded value ¢,; = 5 for its average 
relative permittivity and treat the material as isotropic. 

The theory of dielectrics we have discussed so far assumes normal designed 
regimes of operation of electrical systems — when the electric field intensity, E, in 
individual dielectric parts of a system is below a certain “breakdown” level. Namely, 
the intensity E in a dielectric cannot be increased indefinitely: if a certain value is 
exceeded, the dielectric becomes conducting. It temporarily or permanently loses 
its insulating property, and is said to break down. The breaking field value, i.e., the 
maximum electric field intensity that an individual dielectric material can withstand 
without breakdown, is termed the dielectric strength of the material. We denote it 
by Ec, (critical field intensity). The values of E,, for different materials are obtained 


by measurement. For air, 
Ecro = 3 MV/m. (2.53) — dielectric strength of air 
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In gaseous dielectrics, like air, because of a very strong applied electric field, the 
free electrons and ions are accelerated, by Coulomb forces [see Eq. (1.23)], to veloc- 
ities high enough that in collisions with neutral molecules, they are able to knock 
electrons out of the molecule (so-called impact ionization). The newly created free 
electrons and positively charged ions are also accelerated by the field, they collide 
with molecules, liberate more electrons, and the result is an avalanche process of 
impact ionization and very rapid generation of a vast number of free electrons that 
constitute a substantial electric current in the gas (usually sparking occurs as well). 
In other words, the gas, normally a very good insulator, is suddenly transformed 
into an excellent conductor. Note that many air breakdowns occur at any instant of 
time in thunderstorms all over the earth. Basically, they are caused by large atmo- 
spheric electric fields (fields due to charged clouds), reaching the breakdown value 
in Eq. (2.53), and their most obvious manifestation is, of course, lightning. 

Similar avalanche processes occur at high enough electric field intensities in 
liquid and solid dielectrics. For solids, these processes are enhanced and the value 
of the dielectric strength (E¢r) of the particular piece of a dielectric is lowered by 
impurities and structural defects in the material, by certain ways the material is 
manufactured, and even by microscopic air-filled cracks and voids in the material. 
In addition, when, under the influence of a strong electric field, the local heat due to 
leakage currents flowing in lossy (low-loss) dielectrics is generated faster than it can 
be dissipated in the material, the resulting rise of temperature may cause a change 
in the material (melting) and lead to a so-called thermal breakdown of the dielec- 
tric. Such breakdown processes depend on the duration of the applied strong field 
and the ambient temperature. Breakdowns in solid dielectrics most often cause a 
permanent damage to the material (e.g., formation of highly conductive channels of 
molten material, sometimes including carbonized matter, that irreversibly damage 
the texture of the dielectric). 

The values of F,, for some selected dielectric materials are presented in 
Table 2.2. Dielectric strengths of dielectrics other than air are larger than the value 
in Eq. (2.53). Note that, by definition, the dielectric strength of a vacuum is infinite. 


Conceptual Questions (on Companion Website): 2.6. 


Table 2.2. Dielectric strength of selected materials* 


Material Egy (MV/m) Material Egy (MV /m) 
Air (atmospheric pressure) 3 Bakelite 25 
Barium titanate (BaTiO3) iD Glass (plate) 30 
Freon ~8 Paraffin ~30 
Germanium ~10 Silicon (Si) ~30 
Wood (douglas fir) = 10) Alumina CBE 
Porcelain DI Gallium arsenide ~40 
Oil (mineral) 15 Polyethylene 47 
Paper (impregnated) 15 Mica 200 
Polystyrene 20 Fused quartz (SiO?) ~1000 
Teflon 20 Silicon nitride (Si3N4) ~1000 
Rubber (hard) 25 Vacuum ore) 


* At room temperature. 
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2.7 MAXWELL’S EQUATIONS FOR THE ELECTROSTATIC 
FIELD 


We note that Maxwell’s first equation for the electrostatic field, Eq. (1.75), does not 
depend on the material properties, and is the same in all kinds of dielectrics as it 
is in free space. Eq. (2.44) is Maxwell’s third equation, and we now write down the 
full set of Maxwell’s equations for the electrostatic field in an arbitrary medium, 
together with the constitutive equation, Eq. (2.46) or (2.47): 


fcoE- dl =0 


f;D-dS=f,pdv . (2.54) 
D = D(E) [D = cE] 


We shall see later in this text that these equations represent a subset of the full 
set of Maxwell’s equations for the electromagnetic field, specialized for the electro- 
static case. In the general case, the set contains four Maxwell’s equations and three 
constitutive equations. As we shall see, the third equation (generalized Gauss’ law) 
retains this same form also under nonstatic conditions. Constitutive equations are 
not Maxwell’s equations, but are associated with them and are needed to supply the 
information about the materials involved. 


2.8 ELECTROSTATIC FIELD IN LINEAR, ISOTROPIC, AND 
HOMOGENEOUS MEDIA 


Most often we deal with linear, isotropic, and homogeneous dielectrics, in which 
Eq. (2.47) applies, and the permittivity « is independent of the intensity of the 
applied field, is the same for all directions, and does not change from point to point. 
For such media, we can bring ¢ outside the integral sign in the integral form of the 
generalized Gauss’ law, Eq. (2.43), 


pe .dS = Qs (2.55) 
S é 


or outside the operator (div) sign in the differential generalized Gauss’ law, 
Eq. (2.45), 
wb = =. (2.56) 


We notice that Eqs. (2.55) and (2.56) are identical to the corresponding free-space 
laws, Eqs. (1.133) and (1.165), except for e9 being substituted by ¢. Recall that the 
expression for the electric field intensity vector due to a point charge in free space, 
and with it also Coulomb’s law, can be derived from Gauss’ law (see Problem 1.53). 
Based on this, we can now reconsider all charge distributions in free space we have 
considered so far, and all structures with conductors in free space we have ana- 
lyzed, and by merely replacing ¢9 with ¢ in all the equations, obtain the solutions 
for the same (free) charge distributions and the same conducting structures situ- 
ated in a homogeneous dielectric of permittivity ¢.? This is the power of the concept 


31n what follows (in this entire text), we shall always assume linear and isotropic media, except when we 
explicitly specify that the medium under consideration is nonlinear and/or anisotropic. 


Maxwell’s first equation in 
electrostatics 
Maxwell's third equation 


constitutive equation for D 


Gauss’ law for a 
homogeneous dielectric 
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Figure 2.8 Detail of a 
conductor-linear dielectric 
surface. 


of dielectric permittivity. We emphasize again that, with using the electric flux den- 
sity vector and the dielectric permittivity, we are left to deal with free charges in 
the system only, while the contribution of bound charges to the field is properly 
added through e. Thus, for example, Eq. (1.82) implies that the potential due to a 
free volume charge distribution in a homogeneous dielectric with permittivity e is 
given by 

1 pdv 

dre J, R 

Also, the free surface charge density on the surface of a conductor surrounded by a 
dielectric with permittivity e is [from Eq. (1.190)] 


: (a7) 


ps=en-E (2.58) 


(boundary condition for the normal component of E), and so on. Note, however, 
that the boundary condition for the tangential component of E near a conductor 
surface, Eq. (1.186), is always the same, irrespective of the properties (€) of the 
surrounding dielectric. 

Once we find the electric field in a structure filled with a homogeneous dielec- 
tric, we can calculate the polarization vector in the dielectric as [Eqs. (2.41) 
and (2.47)] 


P =D -— eé9E = (e — €0)E, (2.59) 


and then the distribution of volume and surface bound charges of the dielectric — 
using Eqs. (2.19) and (2.23). 

Note that, from Eqs. (2.19), (2.59), (2.56), and (2.50), the bound volume charge 
density, p, at a point in the dielectric can be obtained directly from the free volume 
charge density, o, at that point as 


—— & 


it! 
Pp = —-V-P=—-(e—-€9)V-E=— p. (2.60) 


Er 
In an analogous manner, we derive the relationship between the bound and free 
surface charge densities on the surface of a conductor surrounded by a dielectric 
with relative permittivity e,. Shown in Fig. 2.8 is a detail of the surface. Combining 
Eqs. (2.23), (2.59), (2.58), and (2.50), and noting that ng = —n [in Eq. (2.23), nig is 
directed from the dielectric outward; in Eq. (2.58), nis directed from the conductor 
outward], we obtain 


er —1 


Pps = fg: P = —(e —e9)n- E=— Ds- (2.61) 


éy 
Although the free surface charge density, p,, is actually localized on the conductor 
side of the boundary surface and the bound surface charge density, ps, is localized 
on the dielectric side of the surface, they can be treated as a single sheet of charge 
with the total density 


és —1 pr 
Pato = Bs + bps = (1 - : Ja=&. 


Er 


Example 2.5 Dielectric Sphere with Free Volume Charge : 


A homogeneous dielectric sphere, of radius a and relative permittivity e;, is situated in 
air. There is a free volume charge density p(r) = por/a (0 < r < a) throughout the sphere 
volume, where r is the distance from the sphere center (spherical radial coordinate) and po 
is a constant. Determine (a) the electric scalar potential for 0 < r < oo and (b) the bound 
charge distribution of the sphere. 


(2.62) 


Section 2.8 Electrostatic Field in Linear, Isotropic, and Homogeneous Media 


Solution 


(a) Because of spherical symmetry of the problem, the electric flux density vector, D, is 
purely radial and depends only on r. From the generalized Gauss’ law [Eq. (2.44)], 
applied in a similar fashion to that in Example 1.19 accommodated for spherical 
symmetry (see also Example 1.18), the magnitude of D is found to be 


por?/(4a) forr<a 
2 — : (2.63) 
poa? /(4r*) forr>a 
The electric field intensity vector is of the same form, and its magnitude is given by 


D r€0) forr < 
ae | (r)/(€reo) for r <a 0.64) 
D(r)/éo forr>a 


The potential at a distance r from the sphere center is hence: 


fore) 3 
Vn= i D(r) dr = aa forr>a, (2.65) 
€0 Jr=r 4eor 
and [also see Eq. (1.142)] 
a 2 
Vin = Bed Va)= 14 i ee (2.66) 
SreoW por 4e0 3e, a 


(b) According to Eq. (2.60), the bound volume charge density inside the sphere amounts to 


ér—1 potér ~ 1)r 
20) 

Er ra 
Using Eqs. (2.23), (2.59), (2.47), and (2.63), the bound surface charge density on the 
sphere surface comes out to be 


pp(r) = — (2.67) 


= ér—1 - €y — La 
Pps = P(a~) = —— Da y= ME 
T T 


Sey wame Model of a pn junction a a a 


Sketched in Fig. 2.9(a) is a pn junction between two semiconducting half-spaces, doped 
p-type and n-type, respectively. The volume charge distribution in the semiconductor can be 
approximated by the following function: 


(2.68) 


—poe*/* for x <0 
pxyy=40 forx=0, (2.69) 
poe */* forx > 0 


where pp and a are positive constants. The permittivity of the semiconductor is ¢. Find (a) 
the electric field intensity vector in the semiconductor, (b) the electric scalar potential in the 
semiconductor, and (c) the voltage between the ends of the semiconductor, from the end on 
the n-type side to the end on the p-type side of the junction. 


Solution 


(a) This is a problem with planar symmetry (see Examples 1.20, 1.21, and 1.23), and the 
electric field intensity vector in the semiconductor is given by E = E,(x) x [Eq. (1.148)]. 
The differential generalized Gauss’ law, Eq. (2.56), becomes 


dEx(x) _ p(x) 


ae : (2.70) 
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Figure 2.9 Model of a pn 
junction: (a) volume charge 
density, (b) electric field 
intensity, and (c) electric scalar 
potential; for Example 2.6. (c) 


This is a first-order differential equation in x, and we solve it by integrating with respect 
to x [as in Eq. (1.178)]: 


E,(x) = al p(x’) dx’ + C, 270) 
x 


'=—90 


where C is the constant of integration, which represents the field E, in the plane 
x — —oo. We note that 


i Beane (2.72) 


—0o 


meaning that the total charge of the semiconductor is zero. This means, in turn, that no 
field can exist far from the junction [see also Eq. (1.154)], 


E,(x — oo) = 0, (2:73) 


(b) 


(c) 


Section 2.9 Dielectric-Dielectric Boundary Conditions 


and hence C = 0. Substituting Eq. (2.69), the integration for the field points in the p-type 
region of the semiconductor yields 
E,(x) = ae : ex /a dx’ = = er/4 


—0o 


(-—co <x <0). (2.74) 


In the n-type region, we have to break the integration up into two parts: 
0 x 
E,(x) = “ (- | etleay’ + f ele) = -= ert (Oc x< Co), (2.75) 
—co 0 


Fig. 2.9(b) shows the electric field intensity E(x) in the semiconductor. We see that the 
field is oriented from the n-type doped region to the p-type doped region. This field is 
called the built-in field of a pn junction, as it exists in the junction even when an external 
voltage is not applied (e.g., when the terminals of a pn diode are not connected to an 
external voltage source). In the equilibrium state established after the pn junction is 
formed, the built-in field prevents further diffusion of positive charges (holes) to the 
right and negative charges (electrons) to the left across the junction.4 


Let us arbitrarily adopt our reference point for potential (72) at the center of the junction, 
x = 0, so that the potential at points in the p-type region is [Eq. (1.74)] 


E i poa f° 
V(x) =| E-d= [ Exide’ = —8 f e* /4 ay! 
P x’=x € 


iz 
= a (e!* 1), -o <x <0. (2.76) 


In the n-type region, we reverse the direction of integration for convenience, 


R P x 
ve) =f E-d=- [ E-a=- [ Ey(x’) dx’ 
P R 0 


x 2 
0 


The distribution of the potential, V(x), along the semiconductor is shown in Fig. 2.9(c). 


The voltage between the n-type and p-type ends of the semiconductor turns out to be 


2pya2 


V(x > 00) —- V(x > -00) = (2.78) 


This voltage is called the built-in voltage of a pn junction (diode). 


Problems: 2.12~-2.15; MATLAB Exercises (on Companion Website). 


2.9 DIELECTRIC-DIELECTRIC BOUNDARY CONDITIONS 


So 


far, we have considered boundary surfaces conductor-free space (Fig. 1.39), 


dielectric-free space (Fig. 2.4), and conductor-dielectric (Fig. 2.8), and analyzed the 
fields close to surfaces and surface charge densities on the surfaces [Eqs. (1.186), 
(1.189), (2.23), and (2.58)]. Let us now consider a dielectric-dielectric boundary 


4Note that initially there are excess holes to the left of the plane x = 0 (p-type semiconductor is positively 
charged over its entire volume) and excess electrons to the right (n-type semiconductor is negatively 
charged by doping). In a brief transient, a diffusion of holes occurs from the p-region into the n-region 
and electrons diffuse in the opposite direction, until an electric field is built up in such a direction that 
the diffusion current drops to zero. 
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dielectric | 


ii 


dielectric | Di, Dd : 


(b) 


Figure 2.10 Dielectric-dielectric boundary surface: deriving boundary conditions for (a) tangential components of E and 
(b) normal components of D. 


continuity of the tangential 
component of E 


continuity of the normal 
component of D, charge-free 
surface 


surface, shown in Fig. 2.10, and derive the boundary conditions for field components 
near the surface. We apply the same technique as in deriving the corresponding 
boundary conditions for the conductor-free space case, Eqs. (1.186) and (1.189). 
The main difference is that now the field exists at both sides of the boundary. Let 
E, and D, be, respectively, the electric field intensity vector and electric flux density 
vector close to the boundary in medium 1, whereas Ey and Dp» stand for the same 
quantities in medium 2. 

Applying Eq. (1.75) to a narrow rectangular elementary contour C, Fig. 2.10(a), 


we obtain 
7% ] 1 l 2 l 1 2t- ( * ) 
pe d Ey, A Ex A 0 | Ei = Ex. | En 272 


This boundary condition tells us that the tangential components of E are the same 
on the two sides of the boundary, i.e., that E; is continuous across the boundary. 

On the other hand, an application of Eq. (2.43) to a pillbox Gaussian elemen- 
tary surface, Fig. 2.10(b), gives 


fo -dS = Dip AS = Ds, AS=p, AS ee (2.80) 
Ss 


(we employ vector D to avoid dealing with bound charges), where the normal com- 
ponents of D are defined with respect to the unit normal n directed from region 2 
to region 1, and p, is the free surface charge density that may exist on the surface. 
In the absence of charge, 


Dh = Dy Me, =O (2.81) 


This boundary condition enforces that the normal components of D be the same 
on the two sides of a boundary with no free charge on it. In other words, Dy is 
continuous across the boundary free of charge. 

Relationships in Eqs. (2.79) and (2.80) represent two primary boundary condi- 
tions for the electrostatic field at the interface between two arbitrary media. When 
the dielectrics 1 and 2 are linear, D; = €;E, and D2 = €2E, so we obtain an addi- 
tional pair of (secondary) boundary conditions — for the tangential components of D 
and normal components of E. From Eq. (2.79), the boundary condition for D, reads 


Dit _ D2 
E £2’ 


(2.82) 
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Figure 2.11 Refraction 
of electric field lines ata 
dielectric-dielectric interface. 


and we see that D, is discontinuous across the boundary. Similarly, Eq. (2.81) yields 
the boundary condition for E, (if o; = 0 at the interface): 
€1Ein = €2E2n, (2.83) 


which shows that E, is also discontinuous across the boundary. ; 
Note that the boundary conditions for E and D, that is, for E; and Dp, in 
Eqs. (2.79) and (2.80) can be written in vector form: 
h x E, —nx E, = 0, (2.84) 
(2.85) 


(n directed from region 2 to region 1), 


n-D; —n- D2 = ps, 


which is often more convenient for use in analyzing complex structures. 

Let us consider again the interface between two dielectric media and the angles 
a, and az that field lines in region 1 and region 2 make with the normal to the 
interface, as depicted in Fig. 2.11. The tangents of these angles can be expressed as 


Ext Ft 
tana; = —— and = tana) = y (2.86) 
Pan Fon 
We divide the tangents and use Eqs. (2.79) and (2.83) to get 
t 
le (2.87) 
tan a &2 


This is the law of refraction of the electric field lines at a dielectric-dielectric bound- 
ary that is free of charge (p; = 0). Bending of field lines is, essentially, a result of 
unequal bound charges on the two sides of the boundary. 

Finally, let us find the distribution of bound surface charges on a dielectric- 
dielectric interface (Fig. 2.10). From Eq. (2.23), the bound charge densities that 
accumulate on the two sides of the interface are 


Ppsi =Ma, Py and — ppgr = Nig? - Po, (2.88) 


where fig; = —n and ng? = ni [ng in Eq. (2.23) is directed from the dielectric out- 
ward]. Hence, by adding pps; and pp together, the total bound surface charge 
density at the interface is given by 


This is the boundary condition for the normal components of vector P at a dielectric- 
dielectric boundary. 


Problems: 2.16—2.18; Conceptual Questions (on Companion Website): 2.7 and 2.8; 
MATLAB Exercises (on Companion Website). 


boundary condition for E, 


boundary condition for D,, 


law of refraction of electric 
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Poisson’s equation 


Laplacian in Cartesian 
coordinates 


Laplace’s equation 


Laplacian in cylindrical 
coordinates 


2.10 POISSON’S AND LAPLACE’S EQUATIONS 


Consider the electric field intensity vector, E, and scalar potential, V, in a homoge- 
neous dielectric region of permittivity ¢. The spatial derivatives of E at a point in 
the region are related to the free volume charge density, p, that may exist at that 
point by Eq. (2.56), which is a first-order differential equation. E, in turn, is related 
to the spatial derivatives of V through Eq. (1.101). It is obvious, then, that the 
second-order spatial derivatives of V are related to p by means of a second-order 
differential equation. This equation is Poisson’s equation, which is easily derived by 
substituting Eq. (1.101) into Eq. (2.56): 
p 


V(t (2.90) 


The double-V operation in Poisson’s equation is performed by evaluating first the 
gradient of V, and then the divergence of the result. In the Cartesian coordi- 
nate system, gradient and divergence are calculated using Eqs. (1.102) and (1.167), 
respectively, and we have 


aV aV aV 
V-(VV) =div(gradV) = V- (= at oe a i) 


a(aV\ a/(aVv\ a /faV\ av av av So) 
-5(S)+a(S)+e(S)-et ata Cy 
We note that the same result would have been obtained by applying formally the 
formula for the dot product in the Cartesian coordinate system, Eq. (1.164), to the 
dot product of two identical vectors (V) in (V-V)V, where V is expressed as in 
Eq. (1.100). Hence, we can write 


V-(VV) =(V-V)V. (2.92) 
The operator V-V is abbreviated V? (“del squared”), and Poisson’s equation 


becomes 


VV= -£, (2.93) 


where 
a2V ri a2V R a2V 
ax? ay2 Az? 


which is known as Laplace’s equation. The V2 operator is called the Laplacian. We 
see that the Laplacian operates on a scalar (e.g., V), and the result is another scalar 
(e.g., —p/e or 0). 

The expressions for V’V in the cylindrical coordinate system (Fig. 1.25) and the 
spherical coordinate system (Fig. 1.26) can be obtained in the same manner, i.e., by 
first taking the gradient of V [Eqs. (1.105) and (1.108)], and then the divergence 
[Eqs. (1.170) and (1.171)] of the result. In cylindrical coordinates, the Laplacian of 
V = V(r, ¢, z) thus comes out to be 

)+ 


v= ai 
r or or 


(2.94) 


In a charge-free region (p = 0), 


1 a2Vv a a*V 
r2 ag2 az?’ 


(2.96) 
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HISTORICAL ASIDE 


Siméon Denis Poisson (1781-1840), French math- 
ematician, was a student of Laplace (1749- 
1827) and Lagrange (1736-1813), and successor 
of Fourier (1768-1830) as a professor, at Ecole 
Polytechnique, Paris. He is best known for his work 
on probability (Poisson’s distribution), and his con- 
tributions to mathematics as applied to electricity 


Pierre Simon de Laplace (1749-1827), French 
mathematician and astronomer, was President of 
Académie des Sciences (French Academy). His 
work in mathematical astronomy was summed 
up in a monumental five-volume book on celes- 
tial mechanics (Mécanique Céleste), published 
between 1799 and 1825, in which the second-order 


and magnetism. In 1813, he published a general- 
ization of Laplace’s differential equation for the 
potential theory, valid for a nonzero mass density, 
so inside a solid, in mechanics or for a nonzero 
charge density, so inside a charge distribution, in 
electromagnetics. 


partial differential equation for potential that 
we now name after him, Laplace’s equation, 
appeared. He also wrote a treatise on the the- 
ory of probability, and worked on specific heats 
of substances. Laplace was a minister and senator 
under Napoleon, and was made a marquis by Louis 
XVII. 


and that of V = V(r, 6, ¢) in spherical coordinates 


(2.97) 


Laplacian in spherical 
coordinates 


(Px). 3 (sinos) + omy” 
r2sin@ 30 00 r-sin? 6 9¢2— 


| Example 2.7 | Application of a 1-D Poisson's Equation 


A free volume charge of a uniform density p exists in a homogeneous dielectric, of permittiv- 
ity €, between two flat metallic electrodes, as shown in Fig. 2.12. The electrodes are connected 
to a voltage Vo, and the distance between them is d. Neglecting the fringing effects, find (a) 
the electric potential and (b) the electric field intensity vector in the dielectric. 


Solution 


(a) Neglecting the fringing effects is equivalent to assuming that the electrodes are infinitely 
large, in which case the potential in the dielectric varies with the distance from the elec- 
trodes only. Let x be the normal distance from the left electrode (Fig. 2.12). Poisson’s 
equation, given by Eqs. (2.93) and (2.94), becomes 


dV(x) sp 
=-— ; 2.98 
a2 - (0<x<d) ( ) 
By integrating it twice, we get 
px? 
VQ) = —Z> + Cart Co, (2.99) + Vo 


Figure 2.12 Uniform 
volume charge between 
metallic plates: application 
of a 1-D Poisson’s equation 
(fringing neglected); for 
Example 2.7. 


where C; and C> are the constants of integration. The boundary condition V(0) = Vo 
results in Cz = Vg, and the condition on the other boundary, V(d) =0, gives C = 
pd/(2e) — Vo/d. Hence, 


Vee Be) We (1-2). (2.100) 
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(b) Using Eqs. (1.101) and (1.102), we obtain the electric field vector from the potential: 


= VV = ee eee 
E(x) = -VV = Ti a= |? (x 5) + ole (2.101) 


Problems: 2.19-2.22; Conceptual Questions (on Companion Website): 2.9. 


2.11 FINITE-DIFFERENCE METHOD FOR NUMERICAL 
SOLUTION OF LAPLACE’S EQUATION 


In many practical cases, Poisson’s or Laplace’s equation cannot be solved analyt- 
ically, but only numerically. The most popular and perhaps the simplest numerical 
method for solving these equations (and other types of differential equations 
generally) is the finite-difference (FD) method. It consists of replacing the deriva- 
tives in the differential equation by their finite-difference approximations and 
solving the resulting algebraic equations. To illustrate this, consider an air-filled 
coaxial cable with conductors of square cross section, shown in Fig. 2.13(a). Let the 
cross-sectional dimensions of the cable be a and b (a < b). The cable is charged by 
time-invariant charges, and the potentials of the conductors, V, and Vp, are known. 
Our goal is to determine the distribution of the potential V in the space between 
the cable conductors. 

This is a two-dimensional electrostatic problem for which, according to 
Fig. 2.13(b), Laplace’s equation, Eqs. (2.95) and (2.94), is given by 

eV av 

* op = ay? = 0. (2.102) 
We discretize the region between the conductors by introducing a grid with cells 
of sides d [Fig. 2.13(b)], and employ the FD method in order to approximately 
compute the potentials at the grid points (nodes). Obviously, the accuracy of the 
computation depends on the grid resolution, i.e., the smaller the spacing of the grid, 
d, the more accurate (but computationally slower) the solution. 


VV 


(a) (b) (c) 


Figure 2.13 Finite-difference analysis of a coaxial cable of square cross section: (a) structure geometry, (b) nodes with 
discrete potential values as unknowns, and (c) detail of the grid for approximating Laplace’s equation in terms of finite 
differences. 
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Fig. 2.13(c) shows a detail of the grid in Fig. 2.13(b). At the node 1, the 
backward-difference approximation for the first partial derivative of V with respect 
to the x-coordinate turns out to be 


av 
Ox 


ei Vo 
1 d 


(2.103) 


which, combined with the forward-difference approximation for the second partial 
derivative with respect to x, yields 


cae] ey (eo _ have 
ax? |, ax axJ|, d\ ax], ax|,J d d d 
V¥2+ V3 -2V; 
= >. 2.104 
p ( ) 
Analogously, 
a°V) — V4t+V5—2V 
sa eee el (2.105) 
ay d2 


so that the FD approximation for Laplace’s differential equation at point 1 in 
Fig. 2.13(c) is 


V¥2+V34+V4+ Vs —4Vj = 


vv ew 
1 d2 


il 
0 — Va, rae Vat Vs)h 


(2.106) 
The simplest technique to solve the above finite-difference equation with the 
aid of a computer is an iterative technique expressed as 


1 
Ve as VP + VP + VP +VP|, k=0,1,... (2.107) 


When some of the nodes 2, 3, 4, and 5 belong to one of the surfaces of conduc- 
tors, the potential at such nodes is in all iteration steps equal to the respective 
given potential of the conductor (V, or V;). For the initial solution, at the zeroth 
(k = 0) iteration step, we can adopt V = 0 at all nodes between the conductors. 
By traversing the grid in a systematic manner, node by node, the average of the four 
neighboring potentials is computed at the (k + 1)th step for each node and is used to 
replace the potential at that node, Eq. (2.107), and thus improve the solution from 
the kth step. This procedure is repeated until the changes of the solution (residuals) 
with respect to the previous iteration at all nodes are small enough, i.e., until a final 
set of values for the unknown potentials consistent with the criterion 


ae =| = by (2.108) 


is obtained, where dy stands for the specified tolerance of the potential. 

Once the approximate solution for the potential distribution is known, numeri- 
cal results for the electric field intensity vector, E, at the grid nodes can be obtained 
by approximating the gradient operator involved in Eqs. (1.101) and (1.102) in 
terms of finite differences. For example, E at the node 1 in Fig. 2.13(c) is computed 
approximately as 


w= 3 


tal 
ws x 


eC 
Ni 


F 7 (2.109) 


finite-difference (FD) 
approximation of a derivative 


FD approximation of Laplace’s 
equation 


iterative solution to the FD 
Laplace’s equation 


FD approximation of the 
electric field vector 
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(central-difference approximation). Additionally, the surface charge density, pe, 
on the conducting surfaces can be found by means of the boundary condition in 
Eq. (1.190). For example, assuming that the node 4 in Fig. 2.13(c) belongs to the 
surface of the inner conductor in Fig. 2.13(a), p; at that point can be approximately 
evaluated as 

aV 


Psa = 60), 9 Ey — eG Ea — ee 


Mia Vs | Va= V1 
ay = ’ 


0 E0 
4 d d 
Finally, the total charge per unit length of each of the conductors, Eq. (1.31), can 
be found by numerically integrating ps, that is, summing p,, along the individ- 


ual conductor contours. Thus, the per-unit-length charge of the inner conductor is 
given by 


MN 


(2.110) 


O,=$ dl Yaad (2.111) 


where N, denotes the total number of nodes along the contour C, of the conductor, 
and similarly for the outer conductor. 


Problems: 2.23 and 2.24; MATLAB Exercises (on Companion Website). 


2.12 DEFINITION OF THE CAPACITANCE OF A CAPACITOR 


Fig. 2.14 shows a system consisting of two metallic bodies (electrodes) embedded in 
a dielectric, and charged with equal charges of opposite polarities, Q and —Q. This 
system is referred to as a capacitor. The principal property of a capacitor is its capa- 
bility to store the charge. The potential difference between the electrode carrying 
Q and the one with —Q is called the capacitor voltage. The capacitor is linear if its 
dielectric is linear. The dielectric can be homogeneous or inhomogeneous. 

In linear capacitors, the capacitor charge, Q, is linearly proportional to the 
capacitor voltage, V, i.e., Q x V. To prove this, assume for the moment that the 
capacitor charge is changed to 2Q. The surface charge density, ps, will remain 
distributed in the same way over the surfaces of electrodes, and its magnitude will 


dielectric 


Figure 2.14 Capacitor. 
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double everywhere. The electric field intensity vector at an arbitrary point in the 
dielectric also becomes twice its previous value; for homogeneous dielectrics this is 
obvious from Eq. (1.38) with e9 replaced by ¢, while for inhomogeneous dielectrics 
we first note that the vector D doubles [e.g., generalized Gauss’ law, Eq. (2.43)], 
and then, since E « D at any point of the dielectric [Eq. (2.47)], we find the same 
for the vector E. Finally, because the capacitor voltage equals the line integral of 
E (along any path) between the electrodes [Eq. (1.90)], we conclude that the volt- 
age doubles as well. Summarily, V doubles because Q is doubled, meaning that Q 
and V are linearly proportional to each other. This proportionality is customarily 
written as 


QO=CV, (2.112) 


from which the constant C, termed the capacitance of the capacitor, is defined as 


Cr= (2.113) 


The capacitance is a measure of the ability of a capacitor to hold the charge — per 
a volt of the applied voltage between the electrodes. It depends on the shape, size, 
and mutual position of the electrodes, and on the properties of the dielectric of the 
capacitor. For nonlinear capacitors, however, the capacitance depends also on the 


applied voltage, 
C=C(V), (2.114) 


and a notable example is a varactor diode. The capacitance of a capacitor is always 
positive (C > 0), and the unit is the farad (F). For two-conductor transmission lines 
(two-body systems with very long conductors of uniform cross section), we define 
the capacitance per unit length of the line, that is, the capacitance for one meter 
(unit length) of the structure divided by 1 m, 


(271/15) 


where C, /, and Q’ are the total capacitance, length, and charge per unit length of 
the structure [see Eq. (1.31)]. The unit for C’ is F/m. 

Shown in Fig. 2.15 is the circuit-theory representation of a capacitor. In circuit 
theory, it is assumed that the charge is stored only in the capacitors in a circuit 
(i.e., on the capacitor electrodes), while the connecting conductors are considered as 
ideal short-circuiting elements with zero capacitance (and also with zero resistance 
and inductance, as we shall see in later chapters). 

Finally, let us introduce another related concept, the capacitance of an isolated 
metallic body situated in a linear dielectric. It is defined as 


Q 


=.=, 
Visolated body 


(25116) 


where Q is the charge of the body and Visolated body 1S its potential with respect to the 
reference point at infinity. Note that this definition can also be regarded as a special 
case of the definition in Eq. (2.113), for the capacitance of a two-body system, with 
the assumption that the second body, carrying —Q, is at infinity. 


+ 


= 


Figure 2.15 Circuit-theory 
representation of a 
capacitor. 


capacitance of a capacitor 
(unit: F) 


nonlinear capacitor 


capacitance p.u.l. of a 
transmission line (unit: F/m) 


capacitance of an isolated 
metallic body 
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capacitance of a spherical 
capacitor 


2.13 ANALYSIS OF CAPACITORS WITH HOMOGENEOUS 
DIELECTRICS 


We now consider various examples of the analysis of capacitors with homogeneous 
dielectrics. The examples cover several characteristic types of capacitors and trans- 
mission lines of both theoretical and practical importance. The analysis of capacitors 
and transmission lines with different types of inhomogeneous dielectrics will be 
presented in the next section. 


Series Spherical Capacitor 


Consider a spherical capacitor, which consists of two concentric spherical conductors, as 
shown in Fig. 2.16. Let the radius of the inner conductor be a and the inner radius of the 
outer conductor be b (b > a). Find the capacitance of the capacitor if it is filled with a 
homogeneous dielectric of permittivity ¢. 


Solution Assume that the capacitor is charged with a charge Q (the inner electrode carries 
+Q). Due to spherical symmetry, the electric field in the dielectric is radial and has the form 
given by Eq. (1.136). Applying the generalized Gauss’ law in Eq. (2.55) to the spherical sur- 
face S of radius r (a < r < b) positioned concentrically with the capacitor electrodes [see the 
flux computation in Eq. (1.138)], we obtain 


E(r) = (a<r<b). (2.107) 
Aner? 
The capacitor voltage is [Eq. (1.90)] 
b Olas 
= = —|---— 2.14 
V i E(r) dr = 7 (; 5): (2.118) 
so that the capacitance comes out to be 
Q 4neab 
=== : 2A 
c VV b-a ( ) 


Selly wame Capacitance of an Isolated Spherical Conductor 


Determine the expression for the capacitance of a metallic sphere of radius a situated in air. 


Figure 2.16 Spherical capacitor 
with a homogeneous dielectric; 
for Example 2.8. 
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Solution We use the definition of the capacitance of an isolated body, Eq. (2.116). The 
potential of the sphere if it carries a charge Q is (see Example 1.25) 


V sphere = 4nea’ Call 20) 
Its capacitance is hence 
Ce Q = 4re9a. (2.121) 
V sphere 


Note that an isolated sphere can be regarded as the inner electrode of a spherical capac- 
itor whose outer electrode has an infinite radius, and that the same result for the sphere 
capacitance is obtained from Eq. (2.119) with b — oo. 


Seu wate Coaxial Cable - : — — 


A coaxial cable is a transmission line consisting of an inner cylindrical conductor (a wire) 
and an outer hollow cylindrical (tubular) conductor, with the conductors being coaxial with 
respect to each other, as depicted in Fig. 2.17. Note that this structure is sometimes referred 
to as a cylindrical capacitor. The inner conductor has a radius a, and the outer conductor has 
an inner radius b (b > a). The cable is filled with a homogeneous dielectric of permittivity e. 
Find the capacitance per unit length, C’, of the cable. 


Solution This is a problem with cylindrical symmetry. The electric field is radial with respect 
to the cable axis (Fig. 2.17). By means of the generalized Gauss’ law applied to a cylindrical 
surface S positioned in the dielectric coaxially with the cable conductors (see Example 1.26), 
we obtain the field intensity, and from it the voltage between the conductors, 


/ 


b 7 
— eS v=/ EQdre een. (2.122) 
2mer a 2mée a 


where Q’ is the charge per unit length of the cable. Hence, the capacitance per unit length of 
the cable, Eq. (2.115), equals 
C! Q’ 2me 


(2.123) 


V In(b/a) 


capacitance of an isolated 
metallic sphere in air 


capacitance p.u.l. of a coaxial 
cable 


Figure 2.17 Coaxial cable 
(cylindrical capacitor) with a 
homogeneous dielectric; for 
Example 2.10. 
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electric field in a coaxial cable 


SGauss 
 caeee USS iy ce eens 
| om. 
Ye a ara aa ae 
ll § ae 
| 
Lees oi =F 
on fe 
=e) 
(a) 
d ol 
Q 
Ftte+ +++ ttt 


(b) 


Figure 2.18 (a) 
Parallel-plate capacitor with 
a homogeneous dielectric 
and (b) fringing field for 

€r = 1; for Example 2.11. 


capacitance of a parallel-plate 
capacitor, fringing neglected 


E 


Figure 2.19 Evaluation of 
the electric force on the 
lower electrode of an 
air-filled parallel-plate 
capacitor; for Example 2.12. 


We note that, combining together Eqs. (2.122), 


E() (2.124) 


¥ V 
~ rin(b/a)’ 


which is a very useful expression for the field intensity (in terms of the voltage) in a coaxial 
cable. 


Example 2.11 Parallel-Plate Capacitor 


Consider a parallel-plate capacitor, which consists of two parallel metallic plates, each of 
area S, charged with Q and —Q. Let the space between the plates be filled with a homoge- 
neous dielectric of permittivity ¢, as shown in Fig. 2.18(a). Assume that the plate separation, 
d, is very small compared to the dimensions of the plates, so that the fringing effects can be 
neglected. Calculate the capacitance of the capacitor. 


Solution Under given assumptions, the electric field in the dielectric is uniform, and there 
is no field outside the dielectric. Applying the generalized Gauss’ law to a rectangular 
closed surface that encloses the upper plate [Fig. 2.18(a)], we get [see the left-hand side of 
Eq. (1.155)] 

Q 


Ea 
E 


(2.025) 


and hence E = Q/(eS). The voltage between the plates is 


_ Qd 
Y— fo -5° (2.126) 
and the capacitance of the capacitor 
a Om 29 
C= ee. (2.127 


For arbitrary capacitor dimensions, there is a considerable fringing field extending far 
outside the capacitor and the field between the capacitor plates close to plate edges is not uni- 
form (edge effects), as illustrated in Fig. 2.18(b) for e, = 1. With this, the actual capacitance 
is larger than the value obtained from Eq. (2.127). 


Example 2.12 Electric Forces on Capacitor Plates - 


Electrodes of an air-filled capacitor are parallel square plates of edge lengths a. The distance 
between the plates is d, where d < a. The capacitor voltage is V. Find the electric forces on | 
electrodes. 


Solution To find the net electric force on the lower plate (Fig. 2.19), we subdivide it into 
differentially small patches of surface areas dS, and add up (integrate) the forces on individ- 
ual patches that are due to the electric field of the other charged plate (the upper plate). Each 
charged patch can be considered as a point charge and the force dF,2 on it can be calculated 


using Eq. (1.23), so that 
Fe2 =| dF 2 =) ps2 dS Ej. 
5S Sy dom 


2 


(2.128) 


Here, p.2 is the surface charge density of the lower plate and E; is the electric field intensity | 
vector due to the charge of the upper plate. Since d < a, the fringing effects can be neglected, 
and these quantities are 


(S =a’). (2.129) 


Q Om 
Ps2 5 an 1 Dan x 
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We realize that E; equals a half of the total electric field intensity between the plates (the 
other half is due to the charge of the lower plate) and can also be obtained as the field of an 
infinite sheet of charge, Eq. (1.64). Q is the charge of the capacitor, 


SV 
Q=cv=>—, (2.130) 
and C is its capacitance. The force on the lower plate is hence 
ega’V? , 
Fe, -— 7 * (2.131) 
The force on the upper electrode is opposite. The forces are attractive. 
Note that, from Eq. (2.131), 
Fe2 Eo y2 
—_— = ‘ 2.132 
Se lee) 


By definition, this is the pressure of the force F.2 on the surface of the plate. We term it 
the electric pressure. The unit for pressure is Pa (pascal), where Pa = N/m’. By introduc- 
ing the total electric field intensity of the capacitor, E = V/d, the electric pressure can be 
expressed as 


1 
pa 580k. (2.133) 
This expression is valid for any conducting surface, with E standing for the local electric field 
intensity in the dielectric (air) near the surface. The pressure acts from the conductor toward 
the dielectric. 


Microstrip Transmission Line 


Consider the transmission line shown in Fig. 2.20. It consists of a conducting strip of width w, 
resting on a dielectric substrate of permittivity « and thickness h, and a ground plane beneath 
the substrate, and is called a microstrip line. Neglecting the fringing effects, determine the 
capacitance per unit length of this line. 


Solution Without taking into account the fringing effects, the electric field of the line is 
uniform and localized in the dielectric below the strip only. The capacitance of the part of the 
line with length / is, from Eq. (2.127), 

wl 


Cae, (2.134) 


and the capacitance per unit length of the line comes out to be 


———— 


7 =e. (2.135) 


Note, however, that this expression is accurate only for h < w. Namely, as pointed out in 
Example 2.11, the actual electric field distribution in the structure with an arbitrary ratio w/h 
is quite different from that in Fig. 2.20. In a later chapter (on field analysis of transmission 


2.13. 


electric pressure (unit: Pa) 


capacitance p.u.!. of a 
microstrip line, fringing 
neglected 


Figure 2.20 Microstrip 
transmission line; for Example 
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Figure 2.21 Strip transmission 


line; for Example 2.14. 


capacitance p.u.l. of a strip 
line, fringing neglected 


lines), we shall present accurate empirical formulas for the electrostatic analysis of microstrip 
lines for all values of w/h. 


Se wae me strip Transmission Line 


The transmission line consisting of a strip conductor between two conducting planes (large 
plates) at the same potential, as depicted in Fig. 2.21, is called a strip line. Let the width of 
the strip be w and its distance from each of the planes be h. The permittivity of the dielectric 
is e. Assuming that h < w, find the capacitance per unit length of the line. 


Solution Neglecting the fringing fields (as h < w) and applying the generalized Gauss’ law 
to a rectangular closed surface of length / (along the line) that encloses the strip (Fig. 2.21), 
we have [see the left-hand side of Eq. (1.149)] 


in ae (2.136) 


where E is the electric field intensity between the line conductors and Q’ the charge per unit 
length of the line. The voltage between the conductors is V = Eh, from which the per-unit- 
length capacitance of the line amounts to 


=—. (2.137) 
Accurate analysis for an arbitrary ratio w/h will be presented in a later chapter. 


Sell waeee Phin Symmetrical Two-Wire Transmission Line : 


Fig. 2.22 shows a thin symmetrical two-wire transmission line in air. The charge per unit 
length of the line is Q’, and the radii of the wire conductors, a, are much smaller than the 
distance between the conductor axes, d. Under these circumstances, compute the capacitance 
per unit length of the line. 


Solution By superposition, the total electric field intensity vector in air is given by 
E=E,+E, (2.138) 


Figure 2.22 Two-wire 
transmission line with d > ain 
air; for Example 2.15. 


Section 2.13 Analysis of Capacitors with Homogeneous Dielectrics 


where E, and E are the fields due to the individual charged conductors. Since d > a, these 
fields can be evaluated independently from each other, so we use the expression for the field 
of an isolated charged wire conductor in air, Eq. (1.196). At a point M in the plane containing 
the axes of conductors, Fig. 2.22, vectors E; and Ep are collinear, and thus the resultant field 
intensity turns out to be 


1 
B=B+h= (2+ i (2.139) 
2még \x d-x 


where x stands for the coordinate defining the position of the point M. 
The voltage between the conductors is 


d-a / d—a d-—a an 
v=/ Ede = | <- | Ge) 2) 
=7 2&9 | Ja x 7 d-x 


. 2 [imaig-# — ind — 91d] = <2 (in —* — In ) 
0 


27 & ~ re a d-a 
yd rid 
Bee ee (2.140) 
EQ a Mé a 


where the use is made of the approximate relation d — a * d. The capacitance per unit length 


of the line is 
oa _ Teo (2.141) 
V~ in(d/a) 


Let us now obtain the same result in a different way, using the expression for the 
potential due to an isolated charged wire conductor in air, Eq. (1.197) for r >a, and the 
superposition principle. We adopt a point M2 on the surface of the nght conductor (Fig. 2.22) 
to be the reference point for potential (Vm, = 0). The potential at a point M; on the surface 
of the other conductor (with respect to the reference point) amounts to 

Oo d-a -Q a 
Qe so a vy 2&0 ea’ 


VM, (2.142) 
with the two terms representing the potentials [Eq. (1.197)] due to the conductors with per- 
unit-length charges Q’ and —Q’, respectively. The capacitance per unit length of the line is 
, ee ee 
Vo, = Vo VM, s 


which yields the same expression as in Eq. (2.141). 


Sei watme Phree Parallel Equidistant Wires 


Three parallel thin wire conductors are situated in air, as depicted in Fig. 2.23. The wire radii 
are a= 1mm and the distance between the axes of conductors is d = 50 mm. Two wires 
are galvanically connected to each other. Determine the capacitance per unit length of this 
system. 


OS 


(2.143) 


Solution This is a two-conductor transmission line, which we analyze as a capacitor of infi- 
nite length. The first electrode of the capacitor (the first conductor of the transmission line) 
is the isolated (free) wire (wire 1), while the other electrode (the other line conductor) con- 
sists of the two short-circuited wires (wires 2 and 3), which are at the same potential. Let the 
electrodes be charged by Q’ and —Q’ per unit of their length, respectively. Because of sym- 
metry, the charge —Q’ of the second electrode is distributed equally between wires 2 and 3, 
as indicated in Fig. 2.23. We assume that there is no charge on the short-circuiting conductor. 

Let us proclaim the second electrode of the capacitor to be at a zero potential. The 
potential of the first electrode, i.e., the potential at the point M; on the surface of wire 1 
(Fig. 2.23), with respect to the reference point M2 taken on the surface of wire 3 (VM, = 0) 


capacitance p.u./. of a thin 
two-wire line 
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ooo: Door neon 
| 
| 


Figure 2.24 (a) Thin 
wire conductor above a 
grounded conducting 
plane in air and (b) 
equivalent two-wire line; 
for Example 2.17. 


Figure 2.23 Transmission line 
consisting of an isolated (free) 
wire and two galvanically 
interconnected wires in air; 
for Example 2.16. 


is the sum of the corresponding potentials due to wires 1, 2, and 3, respectively. By means of 
Eq. (1.197) for r > a, 


QW  d -Q/2, d -Q/2, a 3Q' ad 
Vm, = =—In- In — In- = ——In-. .144 
Mi T onee ae 2 2m £9 "4 2m £9 "a Ane "a @ ) 
The capacitance per unit length of the line (capacitor) is 
Q’ Ar eg 
‘= S— = ——— = 9.48 pF/m. 2.14 
Vm, 3In(d/a) Pye Ci 


Seriya eae Thin Wire Conductor above a Ground Plane 


Consider a transmission line that consists of a thin wire conductor and a grounded conduct- 
ing plane, as shown in Fig. 2.24(a). The medium is air, the wire is parallel to the plane, the 
height of the wire axis with respect to the plane is h, and the wire radius is a (a < h). Find 
the capacitance per unit length of this line. 


Solution Assume that the charge per unit length of the line is Q’, namely, that the wire is 
charged by Q’ and the plane by —Q’ per unit length. By image theory (Figs. 1.47 and 1.49), 
we can replace the conducting plane by a negative image of the charged wire and obtain the 
equivalent thin two-wire line in Fig. 2.24(b), with the distance between the conductor axes 
d = 2h. Of course, the two systems are equivalent only in the upper half-space. The voltage 
between the conductors in the original system (wire-plane) equals a half of the voltage in 
the equivalent system (wire-wire). Hence, the capacitance per unit length of the wire-plane 
transmission line comes out to be (see Fig. 2.24) 

C= Oe Q ; 27 £0 (2.146) 


a 2.9 = 30 
V5 Vio ce In(2h/a) 


where C, is the capacitance per unit length of the equivalent two-wire line, which is computed 
from Eq. (2.141). 


Problems: 2.25-2.41; Conceptual Questions (on Companion Website): 2.10-2.18; 
MATLAB Exercises (on Companion Website). 
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2.14 ANALYSIS OF CAPACITORS WITH INHOMOGENEOUS 
DIELECTRICS 


In this section, we deal with systems (capacitors) containing inhomogeneous 
dielectrics, and, specifically, with two basic classes of systems with dielectric inho- 
mogeneity. The first class includes systems in which the dielectric permittivity varies 
(abruptly or continuously’) in the direction of the electric field lines of the same 
system if air-filled. In the second class of systems, the dielectric permittivity varies 
in the direction normal to the electric field lines of the air-filled system. As we shall 
see, the way in which the electric flux density vector, D, varies in the first class of 
dielectrics is the same as in the corresponding air-filled system, while in the second 
class of dielectrics this is true for the electric field intensity vector, E. Hence, the 
two classes of systems are referred to as D- and E-systems, respectively. 

To illustrate these concepts, consider the two parallel-plate capacitors with 
piece-wise homogeneous dielectrics shown in Fig. 2.25. The permittivities of dielec- 
tric pieces are €; and €2. Assume that the fringing effects are negligible, and that the 
field in each dielectric piece is uniform. 

The capacitor in Fig. 2.25(a) belongs to the first class of systems with dielectric 
inhomogeneity — the dielectric permittivity (abruptly) changes in the direction of 
the field lines, perpendicularly to the capacitor plates, so it is a D-system. From the 
generalized Gauss’ law, Eq. (2.43), applied to a rectangular closed surface enclosing 
the plate charged with Q, with the right-hand side positioned in either one of the 


dielectrics, we have 
Di =D,=D=%, (2.147) 


where S is the surface area of the plates. That D; = D2 is also obvious from the 
boundary condition for the normal components of D, Eq. (2.81), applied to the 
interface between the two dielectrics. The electric field intensities in the dielectrics 
are not the same, 


D D 
pee eS and eg (2.148) 
& 9S &2  &2 
The voltage of the capacitor comes out to be 
ad, a 
SF tT A (2 =f =), (2.149) 
S €1 &2 
with d; and d2 standing for thicknesses of the layers. The capacitance is 
2) 
(2 Eee (2.150) 


Vaal é2d1 + €4d2 
In the capacitor in Fig. 2.25(b), the change of dielectric characteristics is in the 
direction normal to the field lines — this is an E-system (the second class of sys- 
tems). By means of Eq. (1.90) applied to a straight path between the capacitor 
plates, positioned in either one of the dielectrics, 


V 
) = (2.151) 


Q 


SInhomogeneous dielectrics composed of a number of homogeneous pieces of different permittivities 
are called piece-wise homogeneous dielectrics; continuously inhomogeneous dielectrics, on the other 
side, are characterized by continuous spatial variations of permittivity. 


D =const, capacitor in 
Fig. 2.25(a) 


E = const, capacitor in 
Fig. 2.25(b) 
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Figure 2.25 Capacitors 
with two-layer dielectrics 
representing a D-system 
(a) and E-system (b). 


(b) 


Figure 2.26 Equivalent 
circuits for two capacitors in 
series (a) and parallel (b). 


equivalent capacitance of two 
capacitors in series 


where V is the capacitor voltage and d the separation between plates [E; = E> 
is also obtained from the boundary condition for tangential components of E, 
Eq. (2.79), applied to the dielectric-dielectric interface]. The electric flux density 
is discontinuous across the interface, 


V V 
and — (2.152) 


Di = en — 
Applying the generalized Gauss’ law to a rectangular surface positioned about the 
plate with the charge Q yields 


V 
QO = D,S; + D282 = (€1S1 + €2S2) 7 (2.153) 


with S; and Sz being surface areas of the parts of the plate interfacing the individual 
dielectric layers, and the capacitance is 
Q_ aS; + £25) 
(Ce ans 7 : (2.154) 

The systems in Fig. 2.25 can be explained also from the circuit-theory point of 
view. Such a view is usually much simpler than the full field-theory view, and is 
sufficient for some evaluations. Let us compute the capacitances of capacitors in 
Fig. 2.25 using the associated equivalent circuits. 

Note that the interface between the dielectric layers of the capacitor in 
Fig. 2.25(a) is equipotential, and nothing will change in the system if we metalize 
this surface, i.e., insert a metallic foil between the layers. We thus obtain two capac- 
itors in series, as indicated in the equivalent circuit in Fig. 2.26(a). The charges of 
both capacitors are the same, and therefore 


1 1 
ventn=24+2-0(7 42), (2.155) 
2 


= (2.156) 
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With the use of Eq. (2.127), the capacitances of individual capacitors are 


S 
C7 — ele and (,;= e275 
resulting in the same expression for C as in Eq. (2.150). 
On the other hand, the system in Fig. 2.25(b) represents two capacitors in par- 
allel, the equivalent circuit of which is shown in Fig. 2.26(b). The voltages of both 
capacitors are the same, so that 


(25157) 


Q=Q0,;4+02=CiV+O.V =(C(i + OC) V. (2.158) 
The total capacitance of the system is 
ece 
.— V = Cie C2, (22159) 
where, 5 6 
e.— “ils, and (C= ci (2.160) 


which gives the same result as in Eq. (2.154). 


Se wate Spherical Capacitor with Two Concentric Dielectric Layers —— 


A spherical capacitor is filled with two concentric dielectric layers. The relative permittivity 
of the layer near the inner electrode of the capacitor is ¢,, = 4, and that of the other layer 
&;2 = 2. The radius of the inner electrode is a = 10 mm, the radius of the boundary surface 
between the layers is b = 25 mm, and the inner radius of the outer electrode is c = 35 mm. 
If the voltage between the inner and outer electrode is V = 10 V, what are (a) the charge of 
the capacitor and (b) the total bound charge on the interface between the layers? 


Solution 


(a) This is a D-system, and the electric flux density vector is of the form 


D =D(ni, (2.161) 


where r and f are the radial coordinate and the radial unit vector in the spherical coordi- 
nate system with the origin at the capacitor center, as shown in Fig. 2.27. The generalized 
Gauss’ law applied to a spherical surface placed in either the first or the second layer tells 
us that 

D(r) = a<r<c, 


(2.162) 


An 2’ 
where Q is the capacitor charge — to be determined. 

The electric field intensity vector is Ey = D/e, in the first layer and Ey = D/e2 in 
the second one. The capacitor voltage is given by 


b c 
2 eae | ae! 
v=/ Eynar+ [ E2(”) dr = 7 E (- stz G al (2.163) 


from which 
—a c—b 


b —1 
Q = Arey ( ) V =CV =53.7 pC, 


i (2.164) 


€:2bc 
where C = 5.37 pF is the capacitance of the capacitor. 

Note that the capacitor charge can also be found by computing C as the equivalent 
total capacitance of a series connection of two spherical capacitors with homogeneous 
dielectrics, Eq. (2.156), where, using Eq. (2.119), 


4m é,1€9ab 
pa 


4m é2€9bc 


C= =74pF and C,= = 19:5 ph: (2.165) 


equivalent capacitance of two 
capacitors in parallel 
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Figure 2.27 Spherical 
capacitor with two concentric 
homogeneous dielectric layers; 
for Example 2.18. 


(b) From Eqs. (2.59) and (2.47), the intensities of the polarization vector in the dielectric 
layers with respect to the positive (outward) radial direction (Fig. 2.27) are 


-1 -1 
Pi) = == pu) fand) a) = ae (2.166) 
Er Er2 
By means of Eq. (2.89), the bound surface charge density on the boundary surface S, 
between the layers turns out to be 


ev lh Meo = 1 


Pox = 8: Po = it Py = ~Pa(B4) + PLO) = ( ) De), 2.167) 


€r1 €12 


and hence the total bound charge on the surface 
-1 -1 
Op = PpsSb = Pps4b? = (A 2 aa. | Q = 13.43 pC. (2.168) 
12 


Exh ie 


Sen wabeme Spherical Capacitor with a Continuously Inhomogeneous Dielectric 


A spherical capacitor is filled with a continuously inhomogeneous dielectric, whose per- 
mittivity depends on the distance r from the capacitor center and is given by the function 
e(r) = 3e9b/r, a < r < b, where a and b are radii of the inner and outer capacitor electrode, 
respectively. The outer electrode is grounded and the potential of the inner electrode is 
V. Find (a) the capacitance of the capacitor and (b) the bound charge distribution of the 
dielectric. (c) By integrating the charge densities in (b), prove that the total bound charge of 
the dielectric is zero. 


Solution 


(a) Let us subdivide the dielectric into thin spherical concentric layers of radii r and thick- 
nesses dr, a < r < b, as shown in Fig. 2.28. Each thin layer can be considered as being 
homogeneous, of permittivity e(r). It is now obvious that this capacitor represents a gen- 
eralization of that in Fig. 2.27, which has only two such layers. Therefore, the electric flux 
density vector in the two capacitors is the same, given by Eqs. (2.161) and (2.162). Here, 
E = D/e(r), and the potential of the inner electrode with respect to the ground (outer 
electrode) and the capacitance of the capacitor can be obtained as 


b O 7? dr Q ele s 
Va | ra ee > Cabaa i _ (2ales; 
a a 


4n Jq re(r) re(r) 


Specifically, for the given function e(r), C = 127 e9b/In(b/a). 
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e(r) 


Figure 2.28 Spherical capacitor 
with a continuously 
inhomogeneous dielectric of 
permittivity e(r), subdivided 
into differentially thin 
homogeneous layers; 

for Example 2.19. 


(b) The polarization vector in the dielectric is radial, with intensity [Eqs. (2.59) and (2.47)]} 


_ e93b—1n)V 
e(r) 2 In(b/a) ” 


By means of Eqs. (2.19) and (1.171), the bound volume charge density inside the 
dielectric amounts to 


pp =—-V-P= -5 = (7P0] = 


a e(r) — €0 


Aa = (2.170) 


egV 
r2\n(b/a)’ 


while, from Eq. (2.23), the bound surface charge densities on the surfaces of the dielectric 
near the inner and outer capacitor electrodes are 


(Za 7 1\) 


£9(3b — a)V - 2eoV 
=a) = — d = P(b-) = ———., Zal7Z 
Ppsa (a") einen) an Ppsb (b-) bin(b/a) ( ) 
respectively. 
(c) To verify that the total bound charge of the dielectric is zero, we write 
: D 2 
Qp = i Pp(r) 4x °° dr +Ppsa 41a“ +Ppsp 470 b 
dv Sa Sp 
4 —ayV 4 3b—a)V  8regbV 
4 Eo(b — a) & 7 €9(3b — a) mn IE EQ =o. (2.173) 
In(b/a) In(b/a) In(b/a) 


where dv is the volume of the thin layer of radius r in Fig. 2.28, while Sg and Sp are the 
areas of surfaces of inner and outer capacitor electrodes, respectively. 


SCE SLE Spherical Capacitor Half Filled with a Liquid Dielectric 


A spherical capacitor has a liquid dielectric occupying a half of the space between the elec- 
trodes. The radii of electrodes are a and b (a < b), and the permittivity of the dielectric is e. 
Determine the capacitance of the capacitor. 


Solution Assume that the capacitor is charged by Q, as indicated in Fig. 2.29. This is an 
E-system, and the electric field intensity vector, E, is entirely radial. From the boundary con- 
dition for tangential components of the electric field intensity vector, Eq. (2.79), its magnitude 
depends on the radial spherical coordinate, r, only, i.e., it is the same at all points of a sphere 
of radius r (a < r < b), shown in Fig. 2.29. 

The electric flux density vector is D; = ¢;e9E in the dielectric and D2 = eoEF in air. 
Applying the generalized Gauss’ law to the sphere of radius r (Fig. 2.29), we obtain 


Di2nr +D22rP° =O — (er+DeqE(2rr =O, (2.174) 


Figure 2.29 Analysis of a 
spherical capacitor half filled 
with a liquid dielectric; for 
Example 2.20. 
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and hence 


Q 


0 —— 
) 2 (Er + l)eqr2 


(2.175) 


The capacitor voltage and capacitance then come out to be 


2 OQ tl Q  2n(er + legab 


We note that this expression for C represents the equivalent total capacitance of a parallel 
connection of two hemispherical capacitors with homogeneous dielectrics, Eq. (2.159), where 
C; = 2me,e9ab/(b — a) and C2 = 2megab/(b — a). 


Coaxial Cable with a Continuously Inhomogeneous Dielectric 
Shown in Fig. 2.30(a) is a cross section of a coaxial cable with a continuously inhomogeneous 
dielectric, the permittivity of which is given by a function e(¢) = (3 + sing)eéo, ¢ € [0, 277]. 
The voltage between the inner and outer conductor of the cable is V. Compute (a) the 
capacitance per unit length of the cable and (b) the distribution of free charges on the cable 
conductors. 


Solution 


(a) Let us subdivide the dielectric into thin sectors (slices) defined by elemental azimuthal 
angles d¢, as depicted in Fig. 2.30(b). Each such sector can be considered as being 
homogeneous, of permittivity ¢(¢). This way it becomes obvious that dielectric inho- 
mogeneities in the systems in Figs. 2.29 and 2.30 are of the same type. 

Because of symmetry, the electric field intensity vector in the dielectric is radial, 
and, based on the boundary condition in Eq. (2.79), E; = Ey, E2 = E3, E3 = Eg, . 
[Fig. 2.30(b)]. This means that E is constant on a cylindrical surface of radius r (a <r < 
b), i.e., it is a function of the radial cylindrical coordinate, r, only. The electric flux density 
vector is D(r, ¢) = €(¢)E(r). Generalized Gauss’ law applied to a cylinder of radius r and 


height (length) A gives 
2n Q’ 
i e@E(rdgh=Qh —> Er)=—~——, (2.177) 
0 ee ee r fo” e(b) do 
D ds Qs 


where dS is the area of an elemental strip of width rd@ and height h, and Q’ is the 
charge per unit length of the cable. The voltage between the cable conductors and the 


Figure 2.30 Analysis of 

a coaxial cable with a 
continuously inhomogeneous 
dielectric of permittivity ¢(): 
(a) cross-sectional view of the 
structure and (b) subdivision of 
the dielectric into differentially 
thin homogeneous sectors; for 
Example 2.21. 
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capacitance per unit length are then obtained as 


b ! 1 27 
Q'In(b/a) , QO fo e(d)dd bre 
v= E(r)dr = —————_- -—>-— C= tS oO = ‘ 
r=a a Te e(¢) do V In(b/a) In(b/a) 


(2.178) 


(b) From Egs. (2.177) and (2.178), the electric field intensity, E(r), is the same as in the air- 
filled coaxial cable, Eq. (2.124), which is expected, because this is an E-system. Using 
Eq. (2.58), the free surface charge density on the inner conductor of the cable is 


ge Bere voc ele (2.179) 
a aln(b/a) p 
while on the outer conductor, 
“—e 7 _ _&3+sing)V 
Psp(d) = —e(P)E(D) = Ca (2.180) 


| Example 2.22 | Two-Wire Line with Dielectrically Coated Conductors 


Each conductor of a thin symmetrical two-wire transmission line, with the distance between 
the conductor axes d and conductor radii a (d > a), is coated by a coaxial dielectric layer of 
permittivity e and thickness a. Find the expression for the capacitance per unit length of this 
line if situated in air. 


Solution Let the line be charged by Q’ per unit of its length, as shown in Fig. 2.31. Similarly 
to the analysis of a thin-wire line with bare conductors in Fig. 2.22, the electric fields due to 
the individual charged conductors can be evaluated independently from each other, because 
the line is thin. Thus, the electric flux densities due to the conductors 1 and 2 evaluated at the 
point M in Fig. 2.31 are 
oF Q' 

D,= oe and D z= EC =ae 
respectively. The total electric flux density is D = D; + D2. To simplify the computation, 
however, we take that D ~ D, in the first dielectric coating (the second conductor is far 
away) and D ~ D>» in the second coating. Having in mind that the electric field intensity in 
dielectric coatings is E = D/e, while E = D/e9 in air, the voltage between the conductors is 
given by 


(2.181) 


d—a 1 2a 1 d—2a 1 d—a 
a a 0 


2a € Jd—2a 
Peo il d—2a 2a ao fl d 
= zina+ = In a —h_a, +2In2 = tn2+ 2 In aa 
(2162) 
[see the integration in Eq. (2.140)]. The capacitance per unit length of the line is 
1 ligt dua! 
c= F =2(* nd+ = Ins) : (2.183) 


Example 2.22. 


x Figure 2.31 Cross section 
of a thin two-wire line with 
dielectric coatings over 
conductors, in air; for 
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Figure 2.32 Nonlinear 
spherical capacitor with 
short-circuited electrodes 
and remanent polarization; 
for Example 2.23. 


Seu waweme opherical Capacitor with a Nonlinear Dielectric 


Consider a spherical capacitor with radii of electrodes a and b (a < b), filled with a fer- 
roelectric. After being connected to a voltage generator, the capacitor electrodes are 
short-circuited, and there is a remanent (residual) polarization in the dielectric in the new 
steady state (Fig. 2.32). The polarization vector is radial, with magnitude P(r) = Pob/r, 
where Po is a constant and r is the distance from the capacitor center. Calculate the electric 
field intensity vector in the dielectric. 


Solution Since this is a nonlinear capacitor (ferroelectrics are nonlinear materials), rela- 
tionship in Eq. (2.112) does not hold, and there is a charge, Q and —Q, on the capacitor 
electrodes although the voltage between them is zero in the new state. From spherical sym- 
metry and the given form of the vector P in the dielectric, the electric flux density vector in 
the dielectric, D, has that same form (radial vector that depends on r only), as in Eq. (2.161). 
This means that the capacitor in Fig. 2.32 represents a D-system. Then, using the generalized 
Gauss’ law, Eq. (2.43), which is true for arbitrary (including nonlinear) media, the magnitude 
of the vector D is found to be that in Eq. (2.162). 

To determine the electric field intensity vector, E, from D, however, we cannot use the 
relationship in Eq. (2.47), as the dielectric is not linear, but we can use the definition of the 


vector D in Eq. (2.41), which yields — 


c= ; (2.184) 
£0 
From the condition V = 0, 
b 1 b 

| E(r) dr = = i {[D(r) — P(r)] dr = 0, (2.185) 

r=a 0 Ja 
that is, 

Q Pob a Opel oe 

i (% . *) ar= 2 (; 3) Pobin = =0. (2.186) 


Hence, QO = 47 Pg In(b/a) ab*/(b — a) and 


po eee — ile 


= ace (2.187) 


Problems: 2.42-2.56; Conceptual Questions (on Companion Website): 2.19-2.26; 
MATLAB Exercises (on Companion Website). 


2.15 ENERGY OF AN ELECTROSTATIC SYSTEM 


Every charged capacitor and every system of charged conducting bodies contain a 
certain amount of energy, which, by the principle of conservation of energy, equals 
the work done in the process of charging the system. This energy is called the elec- 
tric energy and is related to the charges and potentials of the conducting bodies in 
the system. To find this relationship, we perform a numerical experiment in which 
a system that was initially uncharged is being gradually charged, by bringing ele- 
mentary charges to the conducting bodies by an external agent. We evaluate the 
net work done against the electric forces while the charges of the bodies are being 
changed from zero to their final values. 

Consider first a linear capacitor of capacitance C. Let the charges of the elec- 
trodes of the capacitor be Q and —Q, and their potentials with respect to a reference 
point be V; and V2, respectively. The capacitor voltage is 


V2 g. (2.188) 
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If we add an elementary positive charge dQ to the first electrode and — dQ to the 
second one, the change of the energy of the capacitor is equal to the work done 
against the electric forces in moving dQ from the reference point (i.e., from the 
zero potential level) to the first electrode (which is at the potential V;) and ~dQ 
to the second electrode (at the potential V2). By the definition of the electric scalar 
potential, the potential of a point on either one of the electrodes equals the work 
done by the electric field in moving a charge from the electrode to the reference 
point, or, conversely, the work done against the electric field in moving a charge 
from the reference point to the electrode, divided by the charge [Eq. (1.74)]. This is 
exactly what we have in our experiment, so the elementary work done while moving 
dQ and — dQ is given by 


dWe= dOV; + (-dQ) V2, (2.189) 


or, equivalently, 


dW. = dQ(V; — V2) = dQ@V = dQ Z. (2.190) 


When uncharged, the capacitor has no energy. The total energy stored in the 
capacitor when it is charged with Q is therefore equal to the net work done in 
changing the capacitor charge from q = 0 to g = Q, and is obtained by adding up 
all elementary works dW, in Eq. (2.190): 


q=Q tore 1 O02 
We= | dWe = = | a —— 21) 


Hence, the equivalent expressions for the energy of a capacitor are 


oil 1 
we - 2 =5OV=—CV". (2.192) 


"RC WZ 
The unit for the electric energy is the joule (J). As a special case, the electric energy 
of an isolated charged metallic body in a linear dielectric is 


Lp 
We= 7 Oy olated body (2.193) 


where C here is the capacitance of the single body, given by Eq. 2.116, Visolated body 
is its potential with respect to the reference point at infinity, and two additional 
equivalent expressions, like in Eq. 2.192, can be written as well. 

Note that the energy of a capacitor can also be expressed in terms of the charges 
and potentials of individual electrodes as 


1 1 il 
WwW. = 5 QV= 5 QV; —V2) = 5 (Q1V1 + Q2V2). (2.194) 


Generally, for a linear multibody system with N charged conducting bodies, 


N 
1 
We=5 d O;V;. (2.195) 
— 


Finally, if a system also includes a volume charge distributed throughout the dielec- 
tric between the conductors, in addition to surface charges over the conductors, the 


energy of a capacitor (unit: J) 


energy of an isolated metallic 
body 


energy of a multibody 
electrostatic system 
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energy of a multibody system 
with volume charge in the 
dielectric 


electric energy density (unit: 
J,m*) 


total electric energy of the system is 


——— 
1 l 
We = 5 2, OV; 5 (2.196) 


where p is the charge density and V the electric scalar potential in the dielectric, 
and energy (p dv) V/2 of an elemental charge dQ = pdV is integrated throughout 
the volume v of the dielectric. 


2.16 ELECTRIC ENERGY DENSITY 


Expression in Eq. (2.196) enables us to find the total energy associated with the 
charge distribution of an electrostatic system. As the charges are sources of the 
electric field, it turns out that the energy of the system can be expressed also in 
terms of the electric field intensity throughout the system. This leads to an assump- 
tion that the electric energy is actually localized in the electric field, and therefore 
in the dielectric (which can be air and a vacuum) between the conductors of an 
electrostatic system. Quantitatively, as we shall see, the concentration (density) of 
energy at specific locations in the dielectric is proportional to the local electric field 
intensity squared. 

Let us consider first a simple case of a homogeneous electric field in the 
dielectric of a parallel-plate capacitor, with plate areas S, plate separation d (d 
is small compared to the dimensions of the plates), and dielectric permittivity ¢ 
[Fig. 2.18(a)]. From Eqs. (2.192), (2.127), and (2.126), the energy of the capacitor is 

lo es ae 
where F is the electric field intensity in the dielectric and v = Sd is the volume of the 
dielectric, i.e., the volume of the domain where the electric field exists. We define 
the electric energy density as 


1 
E’Sd= 5 cE*v, (2.197) 


We. 1 
We = — = ~6E’, (2.198) 
Vv 2 


or, by employing Eq. (2.47), 


(225028) 


The unit is J/m? (volume density). The energy of the capacitor can now be written 


in the form 
We = Wev. (2.200) 


We shall now generalize this result to obtain a field-based expression for the 
energy contained in an arbitrary capacitor (Fig. 2.14) and an arbitrary electrostatic 
system. Let us subdivide the domain between the conducting bodies of a system 
into elementary flux tubes containing the lines of vector D, that start and termi- 
nate at surfaces of the bodies. We then cut each tube along its length into small 
cells of volume dv, such that the interfaces between the neighboring cells are per- 
pendicular to the field lines. We can metalize these interfaces, without changing the 
field, and get an array of small parallel-plate capacitors along the tube. The entire 
space between the conducting bodies of the system, i.e., the domain with the electric 
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field, is thus partitioned into volume cells, and each cell represents an elementary 
parallel-plate capacitor with a homogeneous dielectric and uniform electric field 
between the plates. The energy contained in each capacitor is 


dw. = We dv, (2.201) 


where the energy density is given by Eq. (2.199). Summing the energies contained 
in all capacitors, that is, integrating the energy dW, throughout the entire dielectric 
between the conducting bodies of the system (volume v), we obtain the electric 
energy of the entire system: 


il 
YW. = [we dv = ; | EDav. (2.202) 
Vv Z Vv 


The expressions for the electric energy in Eqs. (2.196) and (2.202) are equiva- 
lent, namely, they give the same result for the total energy of an electrostatic system. 
The latter expression, however, implies that the actual localization of electric energy 
is throughout the electric field, that is, in the dielectric between the conductors of 
the system (even if the dielectric is a vacuum), and not in the conductors, nor on 
their surfaces. It also provides us with a means, the energy density in Eq. (2.199), for 
evaluating and analyzing the exact distribution of energy throughout the dielectric. 

On the other hand, reconsidering Eq. (2.196) and reinspecting its terms, we 
might now come up with an alternative viewpoint on the actual energy localization 
in electrostatics, which implies that the stored electric energy of a system resides 
in the system charge, and not the field. Accordingly, oV/2 might be considered 
to be the volume energy density at points where p ¢ 0 throughout the volume of 
the dielectric [from the second term of the energy expression in Eq. (2.196)]. The 
corresponding surface energy density, equal to p;5V/2, would then quantify energy 
localization in the surface charge distribution over the surfaces of the conductors in 
the system [constituting the first term of the energy expression in Eq. (2.196)]. Both 
viewpoints have merit and are equally “correct.” Nevertheless, the assumption that 
the energy is actually “contained” in the field, and not in the charge producing it, 
turns out to be much better suited for energy considerations in the analysis of elec- 
tromagnetic waves (to be done in a later chapter). Namely, an electromagnetic wave 
consists of time-varying electric and magnetic fields which travel through space 
(even in a vacuum) and carry energy independent of the sources (charges and cur- 
rents) that produced them (the sources might not even exist any more). Therefore, 
it is much simpler and more natural to describe the energy distribution of a system 
with traveling waves in terms of the fields, which change in time and travel in space, 
than to associate it with the stationary distribution of sources at previous instants 
of time. This is why we have adopted the field-based energy localization approach 
in the first place and the associated energy density expressions, those in Eq. (2.199), 
to quantify the energy distribution in an arbitrary (linear) system (with static or 
time-varying charges and fields). 


Example 2.24 Energy of Parallel-Plate Capacitors with Two Dielectric Layers 


Find the energy of each of the capacitors in Fig. 2.25, neglecting the fringing effects. Express 
the energy in terms of the capacitor charge in case (a) and the capacitor voltage in case (b). 


Solution Based on Eqs. (2.202), (2.147), (2.192), (2.157), and (2.150), the energy of the 
capacitor in Fig. 2.25(a) can be found using either (1) the electric flux density in the dielectric, 
or (2) the capacitances of two capacitors corresponding to individual dielectric layers, or 


electric energy of an 
electromagnetic system, via 
the energy density 
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electric energy per unit length 
of a transmission line (unit: 
J/m) 


p.u.l. electric energy via p.u.l. 
capacitance 


(3) the equivalent total capacitance of a series connection of capacitors with homogeneous 
dielectrics: 


D? D2 Q Q@ = @ (ed) +6142)Q? 
We = — Sdi\+ Shp = ee eee 
o- 35 | * 2p ee 2G) oe ne PRES Ca 


(1) (2) (3) 


Similarly, the energy of the capacitor in Fig. 2.25(b) can be computed by employing 
either (1) the electric field intensity in the dielectric, or (2) the capacitances of the two capac- 
itors with homogeneous dielectrics, or (3) the total capacitance of a parallel connection of 
capacitors: 


£)E2 6) E? CiV2CoV2_— CV? (€) Sy + £2.82) V" 
> Sa —— = FS 
We 5 Sid+ 5 Sod 5 + 5 5 ‘i (2.204) 
— > —_—__—_. ———————" —— 


(1) (2) (3) 
[see Eqs. (2.151), (2.160), and (2.154)]. 


Example 2.25 Energy Per Unit Length of a Coaxial Cable — = 


Determine (a) the energy density and (b) the energy per unit length of a coaxial cable, with 
conductor radii a and b (a < b) and dielectric permittivity ¢, if the voltage between the cable 
conductors is V. 


Solution 


(a) The electric field intensity in the dielectric of the cable is given by Eq. (2.124), and hence 
the electric energy density at a distance r from the cable axis is 


eV2 


= b). 2.205 
2r2 In? (b/a) Sa ( 


1 
We = 5 FEU)” = 


(b) The electric energy per unit length of the cable can be evaluated as 


WwW 1 
We = (We)pul. = i = 7 [we ast = [we ds, (2.206) 
dv 


where W, is the energy contained in a part of the cable of length /, S is the cross-sectional 

area of the dielectric between the cable conductors, and dv = dS/. The unit for W¢ is 

J/m. Because the energy density is a function of the coordinate r only, we adopt dS in the 

form of an elementary ring of radius r and width dr, Eq. (1.60), and obtain 
Z meV? Pdr _ WE We 


W= we(r) 2xrdr = ———— == ; 
o= fm ae In2(b/a) Ja = ~~ In(b/a) 


(2.207) 


This result is, of course, in agreement with the expression 


| Wi = ; cv, (2.208) 


where C’ is the capacitance per unit length of the cable, given in Eq. (2.123). 


Sei wawome Energy in a Coaxial Cable with a Dielectric Spacer 


Shown in Fig. 2.33 is a cross section of a coaxial cable that is partly filled with a dielectric 
of relative permittivity e,. The dielectric is in the form of a spacer between the cable 
conductors defined by an angle a. The remaining space between the conductors is air-filled. 
The conductor radii are a and b (a < b), and the voltage between the conductors is V. Find 
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Figure 2.33 Coaxial cable with 
a dielectric spacer; for Example 
2.26. 


a for which the electric energy contained in the dielectric equals a half of the total energy in 
the cable. 


Solution Electric energy densities in the dielectric and air part of the cable interior are 
1 1 
Wel = 5 ere0E and We2 = 50k”, (2,209) 


respectively, where the electric field intensity E in the cable is continuous across the interface 
between the dielectric and air. This is an E-system (see Example 2.21), and E is the same as 
in the air-filled coaxial cable, Eq. (2.124). 

By the requirement in the statement of the example, the energy per unit length of the 
cable contained in the dielectric spacer and that in the air are stipulated to be the same, 
Wi, = We, which means that (Fig. 2.33) 


a | 2 ih 
if ~ 6,9 E(n)* ar dr = / =e E(r)* (20 — a)rdr. (2210) 
r=a @ Se r=a 2 —— {SS 
— a dS; a dS> 


Here, dS; and dS are surface areas of the parts of a thin ring of radius r and width dr 
determined by angles a and 27 — a, respectively. Even without any integration, Eq. (2.210) 
gives 

20 


a 


Selly (-waveae Energy of a System with Volume Charges 


Calculate the electric energy of the system from Example 2.5. 


ea =2m7 -a —> a= 


(2.211) 


Solution This system does not contain conductors. The electric energy densities in the 
dielectric sphere and air are 


a Dr? 
~ 2eze9 


(O<r<a) and we= 


(a <r< oo), (2.212) 


We 


respectively, where the electric flux density, D, is given in Eq. (2.63). Hence, the electric 
energy of the system is 


a fore) pena? 1 
W.= i, we(r) 4x7 dr + weo(r) 4x7 dr = 2 7+—), 215) 
0 a 56€9 Er 


where dv is adopted in the form of a thin spherical shell of radius r and thickness dr, 
a. (1.33). 
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The above result can also be obtained employing the expression in Eq. (2.196), 


a 2a 9 
We = 5 [ ever= >/ p(nV(n) 4nr dr = POA" (7+ -). (2.214) 
v 0 


2 56€0 er 


with v being the volume of the sphere, p the volume charge density given in Example 2.5, and 
V the electric scalar potential in Eq. (2.66). 

Note that the integration in Eq. (2.213) is over both the dielectric sphere and the air, 
while that in Eq. (2.214) is over the sphere only. This is because the electric field exists in the 
entire space, whereas the volume charge occupies the volume of the sphere only. 


Problems: 2.57-2.68; Conceptual Questions (on Companion Website): 2.27-2.31; 
MATLAB Exercises (on Companion Website). 


2.17 DIELECTRIC BREAKDOWN IN ELECTROSTATIC 
SYSTEMS 


We shall now analyze electrostatic systems in high-voltage applications, i.e., in sit- 
uations where the electric field in the dielectric is so strong that there is a danger 
of dielectric breakdown in the system. As discussed in Section 2.6, dielectric break- 
down occurs when the largest field intensity in the dielectric reaches the critical 
value for that particular material — dielectric strength of the material, E,,. Under 
the influence of such strong electric fields, a dielectric material is suddenly trans- 
formed from an insulator into a very good conductor, causing an intense current 
to flow. While systems with gaseous and liquid dielectrics can completely recover 
after a breakdown, those with solid dielectrics are most often permanently dam- 
aged by breakdown fields, as insulating properties of the dielectric are irreversibly 
degraded. In this section, our goal is not to analyze local breakdown processes in 
materials nor the overall behavior of systems resulting from these processes (these 
phenomena are largely nonlinear and are not electrostatic), but to evaluate the sys- 
tems and their performance in linear electrostatic states close to the breakdown 
occurrences. In fact, our goal here is basically to determine the maximum extent of 
values of various quantities in a system (or device) that are “permitted” for its safe 
operation prior to an eventual breakdown. 

In systems (devices) with nonuniform electric field distributions, the principal 
task is to identify the most vulnerable spot for dielectric breakdown, and to relate 
the corresponding largest electric field intensity to the charges or potentials of 
conducting bodies in the system. In the case of a capacitor or a two-conductor 
transmission line, the voltage that corresponds to the critical field in the dielectric 
is called the breakdown voltage of the capacitor or line. This is the highest possible 
voltage that can be applied to the system (before it breaks down), and is sometimes 
also referred to as the voltage rating of the system.® In some applications, we 
optimize individual parameters of a system (e.g., the radius of the inner conductor 


®Since the dielectric strength of a given material may vary considerably depending on the actual con- 
ditions under which the material is used, as well as the way the particular piece of a solid dielectric 
is manufactured, the voltage rating and critical values of other quantities for a system in practice are 
always defined with a certain safety factor included. For example, with a safety factor of 10, the voltage 
rating of a given capacitor equals a tenth of the voltage that would lead to a breakdown under ideal 
conditions and assumptions. 
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of a coaxial cable) such that the breakdown voltage is maximum. It is also of 
interest to evaluate the critical (breakdown) values for the capacitor charge and 
energy, and the corresponding values for forces on conductors (charge, energy, 
and forces per unit length for transmission lines), as these are the largest possible 
charge, energy, and forces for that particular system. 

For systems filled with a homogeneous dielectric, the strongest electric field in 
the dielectric is most frequently right next to one of the conducting bodies of the 
system. In addition, this is most likely in the vicinity of sharp parts of a conducting 
surface [see Eq. (1.210)]. In systems with heterogeneous dielectrics, on the other 
side, the most vulnerable spots can be close to a boundary surface between dielectric 
parts with different permittivities, where the normal component of the electric field 
intensity is discontinuous. In such systems, furthermore, the largest field intensity in 
a given dielectric part is not necessarily the breakdown field, because the dielectric 
strength vary from material to material, and only an electrostatic analysis (or an 
experiment) can tell which of the dielectric parts would break down first after a 
voltage of critical value is applied to the system. 

For a system of conducting bodies situated in air (or any other gas), the 
breakdown region, where the air is ionized by an avalanche breakdown mechanism 
(see Section 2.6) and behaves like a conducting material, is usually localized only 
in the immediate vicinity of “hot” spots on conductor surfaces, as the field farther 
away from the conductor is not sufficiently strong to sustain the breakdown. Due to 
an avalanche of impact ionization of air molecules, vast numbers of free electrons 
and positive ions are created, so that the air near the conductor becomes more 
and more conducting. The ionized air might even glow (at night), appearing as a 
luminous “crown” around the conductor, and hence such a local discharge close 
to a conductor surface is referred to as a corona discharge. A corona discharge 
on a conductor is equivalent to an enlargement of the conductor, since a layer of 
conducting material (ionized air) is added over the conductor surface. It substan- 
tially increases losses on power transmission lines and also emits electromagnetic 
waves that can interfere with nearby communication devices and systems. On some 
occasions, the field intensities in the system are so high that breakdowns occur 
even away from the conductors. A continuously ionized path is formed from a 
part of a conductor surface with an exceedingly high charge density to the nearest 
conductor with opposite charge polarity. This path is apparent as a bright luminous 
arc carrying a current of a very large intensity (typically hundreds to thousands 
of amperes, sometimes as large as 100 kA). As a result, a very rapid and violent 
discharge of the conductors occurs, known as arc discharge. The most apparent 
and spectacular arc discharges certainly are intense cloud-to-ground lightning 
discharges in the form of giant sparks in thunderstorms. Lightning strikes are, as we 
know, a frequent cause of loss of human lives and property. 

Analysis of electrostatic systems with fields close to breakdown levels and 
predicting critical values of voltages, charges, and other quantities at breakdown 
require no new theory, and is just a matter of applying what we already know in an 
appropriate way and order, having in mind the above general comments. The rest 
of this section consists therefore of a number of characteristic examples. 


Example 2.28 Breakdown in a Parallel-Plate Capacitor 


Consider the capacitor in Fig. 2.19 for a = 1 m and d = 2 cm, and determine its breakdown 
voltage and the corresponding charge and energy, as well as the electric pressure and forces 
on capacitor electrodes at breakdown. 
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maximum electric field of a 
coaxial cable 


coaxial cable radii ratio for a 
maximum breakdown voltage 


Solution The electric field between the capacitor plates is approximately uniform, and its 
breakdown intensity is 
E= Ego =3MV/m (2725) 


{dielectric strength of air, Eq. (2.53)], from which the breakdown voltage of the capacitor, 
Eq. (2.126), charge of the capacitor, Eq. (2.125), and capacitor energy, Eq. (2.192), come out 
to be 


1 
V =Ecod =60kV, QO =£007Eco = 26.56 uC, and We = ; QV=08J, (2.216) 


respectively. According to Eqs. (2.133) and (2.132), the electric pressure and electric forces 
on electrodes at breakdown amount to 


1 
Pe = 5 80 Eero = 39.84 Pa and F, = pea” = 39.84N. (2.217) 
Note that the above values for energy and force are quite small compared to energies and 
forces of nonelectrical origin, and these are the largest possible values for this (quite large) 
capacitor. 


Seri wwe Maximum Breakdown Voltage ofaCoaxialCable 


Conductor radii of a coaxial cable are a and b=7mm (a <b). The cable is filled 
with a homogeneous dielectric of relative permittivity ¢, = 2.56 and dielectric strength 
Er = 20 MV/m (polystyrene). (a) Find a for which the breakdown voltage of the cable is 
maximum. (b) What is the maximum breakdown voltage of the cable? 


Solution 


(a) Assume that the voltage between the cable conductors is V. The electric field intensity 
in the cable is given by Eq. (2.124). Obviously, the field is the strongest right next to the 
inner conductor of the cable, 


E(at) = (2.218) 


aln(b/a)’ 


meaning that dielectric breakdown occurs when this field intensity reaches the critical 


value — dielectric strength, 
E(at) = Eg. (227i) 


For a given radius a, the breakdown voltage, i.e., the largest voltage that the cable can 
withstand, is therefore 


b 
Vo;(a) = Ec, ain 7 (2:220) 
To find the optimal radius a, for which the voltage Vc, is the largest, we impose the 
condition a fs 
—*=0 — Ex, (n= —1) =0. (2.221) 
da a 


The solution is 


| ; b 
g =e€=2/18| =) Go — oa 2.57 mm. (22222) 
a 


Because the second derivative of Vcr(a) for a = dop: is negative (equals — E¢r/dopi), the 
function V,;(a) has indeed a maximum (and not a minimum) at that point. 


(b) The maximum breakdown voltage of the cable is 


(Wen) ax = Ver (dopt) => Ee Gopt = 51.5 kV. (27223) 
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HISTORICAL ASIDE 


The lightning rod was Stream chart, etc.). Franklin speculated that light- 


invented around the mid- ning was electricity, and proposed that upright 
dle of the eighteenth sharp-pointed iron rods be mounted on roofs 
century by Benjamin of buildings and connected by conducting wires 
Franklin (1706-1790), an to the iron bars buried in the earth (grounding 
American statesman and electrodes). One of the first lightning rods with 
scientist, a prolific inven- grounding conductors based on his design was 
tor in the area of elec- that installed in 1752 on the Pennsylvania State 
tricity (e.g., principle of House (now Independence Hall), in Philadelphia. 
conservation of charge, With several improvements by Franklin and oth- 
labeling positive and ers in decades to follow, grounded lightning rods 
negative charges, inves- soon proved to be an efficient way of protecting 
tigation of lightning, etc.), as well as in numerous buildings from lightning damage. (Portrait: Library of 
other areas of scientific inquiry (e.g., bifocal gla- Congress) 


sses, Franklin stove, improved printing press, Gulf 


Sell waeiiee Breakdown Voltage of a Thin Two-Wire Line 


Consider a symmetrical two-wire line with conductor radii a = 1mm and the distance 
between conductor axes d = 0.5 m. The line is situated in air. Compute (a) the breakdown 
voltage of the line and (b) the largest possible forces on line conductors per unit length. 


Solution 


(a) Let Q’ > 0 and —Q’ be the charges per unit length of the line conductors, as in Fig. 2.22. 
The electric field intensity of the line is the largest very close to the surface of each 
of the conductors. At these points, the total field (due to both charged conductors), 
Eq. (2.138), can approximately be evaluated as the field due to a single isolated charged 
wire conductor, because the other conductor is far away (d > a). Thus, by means of 
Eq. (1.196), 


(2.224) maximum electric field of a 
thin two-wire line 


and, at breakdown, the critical charge per unit length of the line turns out to be 


Emax = Exo =3MV/m —> Qj, = 2me€9aEqo = 167 nC/m. (27225) 
The breakdown voltage of the line amounts to 
Qe _ Qa) 4 d 
Vo = SS = — In- = 2aE go In — = 37.29 kV, 12-226) 
a weg a a 


where C’ is the capacitance per unit length of the line [Eq. (2.141)]. 


(b) Since a < d, the corresponding intensity of electric forces on line conductors per unit 
length can be computed as in Eqs. (1.223) and (1.224), and the result is 
Fea 28 =i mNym (2.227) 
°  2nEqd ‘ ; 


which is the largest possible force for this line. 


Example 2.31 Grounded Wire Conductor as a Lightning Arrester 


A wire conductor, of radius a = 5 mm, is positioned horizontally above the surface of the 
earth, at a height A = 6m, as shown in Fig. 2.34. The conductor is grounded. A uniform 


112 Chapter 2 Dielectrics, Capacitance, and Electric Energy 


Figure 2.34 Grounded wire 
conductor in a uniform 
atmospheric electric field; 
for Example 2.31. 


atmospheric electric field of intensity E 9, due to a large charged cloud, exists above the 
earth’s surface. The vector Epo is vertical and directed upward.’ Assuming that Eo is known 
(Eo > 0), find (a) the charge induced in the conductor per unit of its length and (b) the 
electric field intensity on the surface of the conductor. (c) Consider a cloud discharge 
to the ground and discuss the protection that the wire conductor provides to the space 
below it. 


Solution 


(a) 


(b) 


(c) 


The earth’s surface represents a conducting plane. Let the potential of the plane be zero. 
Since the wire conductor is connected to the earth, a charge of opposite polarity to that of 
the lower part of the cloud, that is, of positive polarity, is induced in the conductor (pulled 
out from the earth) under the influence of the atmospheric field. Let Q’ designate this 
charge per unit length of the conductor (Q’ > 0), as indicated in Fig. 2.34. The potential 
of the conductor, V;, can be expressed as the sum of the potential due to charge Q’ and 
the potential produced by the external field Eo. This first component can be obtained as 
the potential at the surface of the wire due to both Q’ and its image in the conducting 
plane, as in Fig. 1.49, and thus using Eq. (1.119) with r; =a (distance of the point at 
which the potential is computed form the axis of the original wire equals the wire radius) 
and ry = 2h (since 2h > a). The other component of the potential can be found from 
Eq. (1.90), by integrating the field Ep from the conductor to the earth’s surface along the 
straight, vertical path. As this field is uniform, the voltage is simply — Ep times the length 
of the path, and the total potential of the conductor is given by 
i 
a —- In flies Eoh. (2.228) 
2m £9 a 

From the condition that the conductor is grounded, we now have 


be 2m egEoh 
~ In(2h/a) 


The electric field intensity on the surface of the wire conductor (point 1 in Fig. 2.34) is 
approximately [Eq. (2.224)] 


(ASO == a (2.229) 


joe QO’ mt Eoh 
a 2neja aln(2h/a) 
On the other hand, having in mind Eq. (2.139), the electric field intensity below the 


conductor at a height H = 2 m, for instance, with respect to the ground level (point 2 in 
Fig. 2.34) amounts to 


= 154Ep. (2.230) 


= (C+ a) += one (2.231) 
2me9 \r 2h—-r 
(E> is directed upward), where r = h — H = 4 m. Similarly, the field intensity below the 
conductor close to the earth’s surface (point 3) turns out to be £3 = —Q'/(ze9h) + Ey = 
0.743Ep (r = h). 
As the atmospheric field becomes stronger and stronger, in a thunderstorm, the field 
intensity E, reaches the breakdown value [Eq. (2.225)] 


Ze (2.232) 


The air ionizes and becomes conductive, so that a portion of the negative charge of the 
cloud flows through this conducting air channel to the wire conductor and down to the 


TIn eold clouds, that contain water and ice, and cause eventual lightning discharges, there is a positive 
charge buildup at the top of a cloud and a negative onc in its base. The bottom buildup induces another 
positively charged area at the earth's surface, and these two charge layers, like a giant eharged capacitor, 
gcnerate an elcctric field above the earth that is direeted vertically upward, as in Fig. 2.34. 
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ground. The field intensities E2 and £3, however, are much lower than critical, 


0.71 Ecro 0.743 Ecro 

= 0. = —— Ff, = d £3=0.743E9 = —— £, = ——, 
NSE aT eh Die 154, ~ e207 

meaning that a structure or a person that may be underneath the conductor is safe from 

breakdown and cloud discharge (or lightning strike). The grounded conductor protects 


therefore the space below it and serves principally as a lightning arrester.® 


(2233) 


Example 2.32 Breakdown ina Spherical Capacitor with Two Dielectrics 


The dielectric of a spherical capacitor consists of two concentric layers. The relative permit- 
tivity of the inner layer is ¢,; = 2.5 and its dielectric strength E.,j = 50 MV/m. For the outer 
layer, €;2 =5 and E_2 = 30 MV/m. Electrode radii are a=3 cm and c=8cm, and the 
radius of the boundary surface between the layers is b = 5 cm. Calculate (a) the breakdown 
voltage and (b) the corresponding energy of the capacitor. 


Solution 


(a) Let Q be the charge of the capacitor. The electric flux density in the dielectric is given 
by Eq. (2.162). With reference to Fig. 2.35, the electric field intensities in individual 


layers are 
Q ae 
Ey(r”) = — 75 =E\@)s, a<r<b, (2.234) 
Ar ey €9r2 r2 
b Figure 2.35 Evaluation of 
E,() = z= E(b*) =. b<re<c, (2.235) the breakdown voltage of a 
Am &€,2€0r r spherical capacitor with a 


two-layer dielectric; for 


; : ; , rie : : 
where r is the radial spherical coordinate. Note that £)(a™) is the largest field inten = ese oe 


sity in the inner layer, while E2(b*) represents the strongest field in the outer layer. 
Combining Eqs. (2.234) and (2.235), we arrive to the following relationship between 
these field intensities: 

6:10" Ey (a+) = €:2b7E2(b*). (2.236) 


We do not know in advance which dielectric layer would break down first after a 
voltage of critical value is applied across the capacitor electrodes. Let us first check the 
possibility of a breakdown in the inner layer, which implies that 


At the same time, from Eq. (2.236), 


Ey a~ 
6,252 
As E2(b*) < Eoy2, we conclude that the electric field intensity at all points in the outer 


dielectric layer is lower than the critical value for that dielectric. This means that the 
assumption of a breakdown occurring in the inner dielectric layer is correct. 


E2(bt) = Eo =9 MV/m. (2.238) 


8Note that this is the principle of operation of lightning arresters, in general. Grounded lightning rods, 
placed as high as possible, protect exposed objects (buildings or other structures, as well as humans and 
animals) and their immediate surroundings from violent atmospheric electrical discharges by enforcing 
that an eventual dielectric breakdown leading to a lightning strike is “induced” near the surface of the 
rod, and not at some other part of the object. Then, the rod routes the lightning discharge through an 
insulated wire conductor to a grounding electrode, rather than through the object. In addition to simple 
vertical metallic rods with pointed ends, designs of lightning arresters include rods with spherical metallic 
tops or umbrella-like wire extensions, which have capacity for carrying much larger amounts of induced 
charge. 
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The other possibility, which assumes that an eventual breakdown occurs in the outer 
layer, gives 
Eo(b*) = Een, (2.239) 
and E;(at) = Eq2€2b7/(e,a”) = 166.7 MV/m. This is impossible, as E, cannot be 
larger than E.;1 under the assumption that the inner layer is in a normal regime, while 
the outer layer breaks down. 


With the field-intensity values in Eqs. (2.237) and (2.238), the breakdown voltage of 
the capacitor is 


b-a c—b 
€,1ab Eybc 


b 
dr 
Vor = Ei aya f + E,(b+) ef Ss — = 07 E cr (= ) = 769 kV. 


(2.240) 
This voltage can also be obtained by considering the critical value of the capac- 


itor charge for breakdown. Let us denote by Qf) and o®) the charge in the case of | 

an eventual breakdown in the inner and outer dielectric layer, respectively. Based on 

Egs. (2.234), (2.235), (2.237), and (2.239), | 
OW? =4nene0@Eet and QY = 4reyeqb? Een. (2.241) 


As Q becomes larger and larger, the breakdown occurs when it reaches the smaller of 
the two charges in Eqs. (2.241). The critical charge of the capacitor is thus 


Qer = min {OOP}. (2.242) 


For the given numerical data, gw < g®) (oa = 0.30%}, meaning that the breakdown 
occurs in the inner dielectric layer. Hence, 


Ocr = OW = 12.52 pC. (2.243) 
The corresponding voltage is 
ae oe = = 769 kV, (2.244) 


where C = 16.28 pF is the capacitance of the capacitor [Eq. (2.164)]. 
(b) The largest possible energy of the capacitor is 


We. = ; CV2, = 481]. (2.245) 


Problems: 2.69-2.81: Conceptual Questions (on Companion Website): 2.32-2.34; 
MATLAB Exercises (on Companion Website). 


Problems 

2.1. Nonuniformly polarized dielectric __ paral- (z/c)z], where Pg is a constant. (a) Find the © 
lelepiped. A rectangular dielectric paral- densities of volume and surface bound charge 
lelepiped is situated in air in the first octant of of the parallelepiped. (b) Show that the total 
the Cartesian coordinate system (x, y, z > 0), bound charge of the parallelepiped is zero. / 
with one vertex at the coordinate origin, and 2.2. Uniformly polarized disk on a conducting | 
the edges, of lengths a, b, and c, parallel plane. A uniformly polarized dielectric disk 
to coordinate axes x, y, and z, respectively. surrounded by air is lying at a conducting plane, 
The polarization vector in the parallelepiped as shown in Fig. 2.36. The polarization vector 


is given by P(x. y, z) = Pol(x/a) x + (y/b)y + 


2.5. 


2.4. 


Je 


in the disk is P = Pz, the disk radius is a, and 
thickness d. Calculate the electric field intensity 
vector along the disk axis normal to the con- 
ducting plane (z-axis). 


conducting plane 


Figure 2.36 Dielectric disk with a uniform polarization 
lying at a conducting plane; for Problem 2.2. 


Uniformly polarized hollow dielectric cylinder. 
A hollow dielectric cylinder of radii a and b, 
and height 2A, is uniformly polarized and situ- 
ated in free space. The polarization vector, of 
magnitude P, is parallel to the cylinder axis, 
as shown in Fig. 2.37. Find the electric field 
intensity vector at the center of the cylinder 
(point O). 


Figure 2.37 Hollow 
dielectric cylinder 
with a uniform 
polarization; for 
Problem 2.3. 


Nonuniformly polarized thin dielectric disk. 
A very thin dielectric disk, of radius a and 
thickness d (d « a), is polarized throughout its 
volume. In the cylindrical coordinate system 
shown in Fig. 2.38, the polarization vector is 
defined by the expression P = Porf/a, where 
Po is a constant. The medium around the disk 
is air. Determine (a) the distribution of bound 
charge and (b) the electric field intensity vector 
along the z-axis. 


Uniformly polarized dielectric hemisphere. A 
dielectric hemisphere of radius a is situated in 


2.6. 


aol 


2.8. 
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Figure 2.38 Very thin 
dielectric disk with a 
nonuniform 
polarization; for 
Problem 2.4. 


free space and is lying at a conducting plane. 
The polarization vector is P, and it is normal 
to the plane, as depicted in Fig. 2.39. Find (a) 
the bound surface charge density at the flat and 
spherical surfaces of the hemisphere and (b) 
the electric field intensity vector at the center of 
the flat surface (point O in the figure), assuming 
that it is on the dielectric side of the boundary 
surface (dielectric-conductor), very close to the 
surface. 


conducting plane 


Figure 2.39 Dielectric hemisphere with a uniform 
polarization lying at a conducting plane; for 
Problem 2.5. 


Nonuniformly polarized large dielectric slab. 
An infinitely large dielectric slab of thickness 
d = 2a, shown in Fig. 2.40, is polarized such that 
the polarization vector is P = Pox* X/a*, where 
Po is a constant. The medium outside the slab 
is air. Compute (a) the distribution of volume 
and surface bound charge of the slab, (b) the 
electric field intensity vector everywhere, and 
(c) the voltage between the boundary surfaces 
of the slab. 


Electric flux density vector. Find the electric 
flux density vector, D, (a) at the center of the 
polarized dielectric sphere in Fig. 2.7 and (b) 
along the axis of the polarized dielectric disk 
(z-axis) in Fig. 2.36. 

Total (free plus bound) volume charge den- 
sity. The electric field intensity vector in a 
dielectric, E, is a known function of spatial 
coordinates. (a) Prove that the total (free plus 
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Figure 2.40 Infinitely 
large dielectric slab 
with a nonuniform 
polarization; for 
Problem 2.6. 


bound) volume charge density in the dielec- 
tric, Prot = P + Pp, can be obtained as prot = 
egV - E. (b) Specifically, find pio for E given 
as the following function of Cartesian coor- 
dinates: E(x, y, z) = [4xyz& + (2x*z —y>)¥ + 
(2x*y + z3) 2] V/m (x, y, z in m). 

Uniform field in a dielectric. There is a uniform 
electric field in a certain dielectric region. The 
free volume charge density is p. Determine the 
bound volume charge density, pp. 


. Closed surface in a uniform field. Consider- 


ing an arbitrary closed surface in a uniform 
electric field, in a charge-free (ptor = 0) region 
(Fig. 2.41), prove the following vector identity: 
fs dS = 0. 


Figure 2.41 Closed surface in a region with a uniform 
electric field and no volume charge; for Problem 2.10. 


2.11. 


Flux of the electric field intensity vector. The 
polarization vector, P, and free volume charge 
density, o, are known at every point of a dielec- 
tric body. Find the expression for the flux of 
the electric field intensity vector, Vr, through 


2.14. 


2.15. 


a closed surface § situated entirely inside the 
body. 


. Total enclosed bound and free charge. Con- 


sider an imaginary closed surface S inside a 
homogeneous dielectric of permittivity e. The 
total free charge enclosed by S is Qs. What is 
the total bound charge Qps enclosed by S? 


. Charge-free homogeneous medium. Prove that 


in a homogeneous linear medium with no 
free volume charge, there is no bound volume 
charge either. 


Dielectric cylinder with free volume charge. A 
very long homogeneous dielectric cylinder, of 
radius a and relative permittivity ¢,, is charged 
uniformly with free charge density p through- 
out its volume. The cylinder is surrounded by 
air. (a) Calculate the voltage between the axis 
and the surface of the cylinder. (b) Find the 
bound charge distribution of the cylinder. 


Linear-exponential volume charge distribution. 
Repeat Example 2.6 but for a model of a pn 
junction given by the volume charge density 
p(x) = po(x/a) e—*'/4, where po and a are posi- 
tive constants, as shown in Fig. 2.42. 


x/a 


Figure 2.42 Model of a pn junction with a 
linear-exponential charge distribution; for Problem 2.15. 


2.16. 


Dielectric-dielectric boundary conditions. 
Assume that the plane z = 0 separates medium 
1 (z > 0) and medium 2 (z < 0), with relative 
permittivities e,; = 4 and e,2 = 2, respectively. 
The electric field intensity vector in medium 
1 near the boundary (for z=0*) is E; = 
(4x -—2y+5z) V/m. Find the electric field 
intensity vector in medium 2 near the bound- 
ary (for z = 0~ ), Ey, if (a) no free charge exists 
on the boundary (p, = 0) and (b) there is a sur- 
face charge of density p, = 53.12 pC/m? on the 
boundary. 


27. 


2.18. 


2.19. 


2.20. 


Z.21., 


Conductor-dielectric boundary conditions. 
Obtain conductor-dielectric and conductor- 
free space boundary conditions, Eqs. (1.186), 
(2.58), and (1.190), from Eqs. (2.84) and (2.85). 


Water-air boundary. Sketch the field lines 
emerging from water (€; = 80) into air, if the 
“incident” angle (in water) is a = 45°. 
Poisson’s equation for inhomogeneous media. 
(a) Derive Poisson’s equation for an inhomo- 
geneous medium. (b) Write Laplace’s equation 
for an inhomogeneous medium. 


Vacuum diode. Fig. 2.43 shows a vacuum 
diode, which consists of two flat electrodes, 
the cathode and the anode, and a charge 
distribution in a vacuum between them. Let 
the potential of the cathode be zero and the 
potential of the anode Vp (Vo > 0). The dis- 
tribution of the potential in the diode can 
be described as V(x) = Vo(x/d)*/?, 0< x <d, 
where d is the distance between the electrodes. 
Find (a) the volume charge density in the diode, 
(b) the surface charge density on the cathode, 
(c) the surface charge density on the anode, and 
(d) the total charge of the diode. 


v=0 V=Vo 


cathode anode 


P(x) 


£0 Figure 2.43 Vacuum 
diode; for Problem 


2.20. 


0 d 


Application of Poisson’s equation in spherical 
coordinates. Consider a system of two spherical 
concentric metallic electrodes (a solid sphere 
enclosed by a shell) as the one in Fig. 1.41, 
with a = 1cm and b =5 cm, and assume that 
a nonuniform free volume charge whose den- 
sity is the function p(r) given in Eq. (1.32), with 
py = 3 C/m3, exists between the electrodes, for 
a <r<_b, where the permittivity is e9. In addi- 
tion, let the potential of the inner electrode 
(sphere) with respect to the outer one (shell) be 
Vo =10V. Under these circumstances, com- 
pute (a) the electric potential and (b) the elec- 
tric field vector at an arbitrary point between 
the electrodes. 


. Application of Laplace’s equation in spherical 


coordinates. Repeat the previous problem but 


2.24, 


2.25 


2.26. 
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Problems 


for p(r) = 0 (no volume charge) between the 
electrodes (for a <r <b). 


. FD computer program — iterative solution. 


Write a computer program for the finite- 
difference analysis of a coaxial cable of square 
cross section (Fig. 2.13) based on Eq. (2.107). 
Assume that a=1cm, b=3cm, V,=1V, 
and V, =—1 V. (a) Plot the results for the 
distribution of the potential and the electric 
field intensity in the space between the con- 
ductors, and the surface charge density on 
the surfaces of conductors, taking the grid 
spacing to be d=a/10 and the tolerance of 
the potential 5y = 0.01 V. (b) Compute the 
total charge per unit length of the inner and 
the outer conductor, taking d=a/N and N= 
2, 3,5, 7,9, 10, and 12, respectively. 


FD computer program — direct solution. As 
an alternative to the iterative technique based 
on Eq. (2.107), write a computer program for 
the FD analysis of a square coaxial cable by 
directly solving the system of linear algebraic 
equations with the potentials at interior grid 
nodes in Fig. 2.13(b) as unknowns [applying 
Eq. (2.106) to each interior grid node, we get 
a set of simultaneous equations the number of 
which equals the number of unknown poten- 
tials]. The system of equations, in which known 
potentials at nodes on the surface of conduc- 
tors appear on the right-hand side of equations, 
should be solved by the Gaussian elimination 
method (or by matrix inversion). Compute and 
plot the same quantities as in the previous 
problem, and compare the results obtained by 
the two programs. 


Capacitance of the earth. Find the capacitance 
of the earth assuming that it is a conducting 
sphere of radius R = 6378 km (grounds and 
waters are conducting media). 


Capacitance of a person. [t can be shown 
that the capacitance C of an arbitrary con- 
ducting body is in between the capacitance of 
the sphere inscribed in the body and that of 
the sphere overscribed about the body, that 
is [Eq. (2.121)], 42regRnin < C < 42e0Rmax, 
where Rmin and Rmax are the radii of the two 
spheres. Based on that, estimate the capaci- 
tance of an average human body (human tis- 
sues are conducting media). 
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2.296 
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Capacitance of a metallic cube, computed by 
the MoM. Find the capacitance of the metal- 
lic cube numerically analyzed by the method 
of moments in Problem 1.85, and compare 
the result with capacitances of the following 
metallic spheres, respectively: (a) the sphere 
inscribed in the cube, (b) the sphere over- 
scribed about the cube, (c) the sphere whose 
radius is the arithmetic mean of the radii of 
spheres in (a) and (b), (d) the sphere having 
the same surface as the cube, and (e) the sphere 
with the same volume as the cube. 


. RG-55/U_ coaxial cable. A RG-55/U coax- 


ial cable has conductor radii a = 0.5 mm and 
b =3 mm. The dielectric is polyethylene (¢, = 
2.25). Determine the capacitance per unit 
length of the cable. 


Capacitance p.u.l. of a square coaxial cable, 
FD analysis. Compute the capacitance per unit 
length of the coaxial cable of square cross sec- 
tion numerically analyzed by a finite-difference 
technique in Problems 2.23 and 2.24, and com- 
pare the result (using the grid spacing of d= 
a/10) with the per-unit-length capacitance of 
a (standard) coaxial cable (of circular cross 
section) having the same ratio of conductor 
radii (b/a = 3) and dielectric (air) as the square 
cable. 


Parallel-plate capacitor model of a thunder- 
cloud. A thundercloud can be approximately 
represented, as far as its electrical properties 
are concerned, as a parallel-plate capacitor 
with horizontal plates of area S = 15 km? and 
vertical separation d = 1 km. Assume that the 
upper plate has a total charge Q = 300 C and 
the lower plate an equal amount of negative 
charge. Neglecting the fringing effects, find (a) 
the capacitance of this capacitor, (b) the volt- 
age between the top and bottom of the cloud, 
and (c) the electric field intensity in the cloud. 


MoM numerical analysis of a parallel-plate 
capacitor. Consider the parallel-plate capaci- 
tor in Fig. 2.19, and write a computer program 
based on the method of moments to evaluate 
its capacitance (C). In specific, subdivide each 
of the plates into N = 10 x 10 = 100 square 
patches, and assume constant charge densi- 
ties on individual patches (as in Fig. 1.46). 
Additionally, assume that the upper and lower 
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plates in Fig. 2.19 are at potentials V;} = 1 V 
and V2 = —1 V, respectively, as well as that 
the charge densities of pairs of corresponding 
patches that are right above/below each other 
on the two plates are equal in magnitude and 
opposite in polarity. With this, the unknowns 
in the procedure are charge densities p.), (0.2, 
..+; PsN ON the upper plate only, and matching 
points, at which the potentials are computed, 
are centers of the same patches; however, these 
potentials are due to pairs of patches on both 
plates, with charge densities p,; and —p,; (i= 
1,2,...,N). Using the MoM program, find C 
fora = 1 mand the following d/a ratios: (i) 0.1, 
(ii) 0.5, (iii) 1, (iv) 2, and (v) 10, and compare 
the results with the corresponding C values 
obtained from Eq. (2.127), which neglects the 
fringing effects. 


Nonsymmetrical thin two-wire line. Derive the 
expression for the capacitance per unit length 
of a nonsymmetrical thin two-wire transmis- 
sion line in air. The radii of the conductors are 
a and b (a #5), and the distance between the 
axes of conductors is d (d > a, b). 


Thick symmetrical two-wire line. Consider a 
symmetrical two-wire line with conductors of 
arbitrary thickness (radius of wires, a, is not 
necessarily small compared to the distance 
between wire axes, d) in air. Using a ver- 
sion of image theory for line charges in the 
vicinity of conducting cylinders, it can be 
shown that the capacitance per unit length 
of this line is given by C’ = ze/In{d/(2a) + 
JV[d/(2a)]* — 1}. Take d/a to be 3, 5, 10, 20, and 
100, and calculate C’ using this expression and — 
the expression in Eq. (2.141), obtained for thin | 
two-wire lines. Compare the two sets of results 
and evaluate the error due to thin-wire approx- { 
imation of the line for individual distance to ,|) 
radius ratios. 


Two small metallic spheres in air. A capacitor 
consists of two small metallic spheres of equal 
radii, a, placed in air at a center-to-center dis- 
tance d (d >> a). Find the capacitance of this 
capacitor. 


Four parallel wires in air. The transmission line 
shown in Fig. 2.44 consists of two pairs of gal- 
vanically interconnected thin wire conductors, 
situated in air. The distance between the axes 
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of adjacent wires is d = 200 mm and the wire 
radii are a= 1 mm. Compute the capacitance 
per unit length of the line. 


Figure 2.44 Cross section 
of a transmission line 
consisting of two pairs of 
short-circuited wires in 
air; for Problem 2.35. 


Two wires at the same potential and a foil. 
A short-circuited two-wire line is parallel to a 
large flat metallic foil, as portrayed in Fig. 2.45. 
The geometry parameters are a= 1mm, h= 
20 mm, and d = 30 mm, and the medium is air. 
(a) What is the capacitance per unit length of 
a two-conductor transmission line whose one 
conductor is the two-wire line and the other 
conductor is the foil? (b) If the voltage between 
the line and the foil is V=20V, find the 
induced surface charge density at the central 
point O on the foil. 


Figure 2.45 
Short-circuited 
horizontal two-wire 
line over a large 
metallic foil; for 
Problem 2.36. 


Capacitance per unit length of a wire-corner 
line. Consider the system composed of a 
wire parallel to a corner screen in Fig. 1.57, 
and assume that a=2mm and h=10cm. 
Calculate the capacitance per unit length of this 
system (transmission line). 


Equivalent circuit with two spherical capac- 
itors. (a) Consider the system described in 
Example 1.27, and show that it can be replaced 
by the equivalent circuit given in Fig. 2.46. 
(b) What are the capacitances of the capaci- 
tors in this schematic diagram? (c) Obtain the 
expression for the potential at the center of the 
structure in Fig. 1.41, Eq. (1.202), that is, repeat 
Example 1.27, by solving this circuit. 


Equivalent circuit with three spherical capac- 
itors. (a) Repeat Problem 1.77 by generating 
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Figure 2.46 
Equivalent circuit for 
the system in 

Fig. 1.41; for 
Problem 2.38. 


and solving an equivalent circuit with three 
capacitors. (b) Repeat Problem 1.78 using the 
same circuit and the corresponding set of con- 
ditions. 


Equivalent circuit with parallel-plate capaci- 
tors. Repeat Example 1.28 by solving the equiv- 
alent circuit shown in Fig. 2.47. 


Q 


(a 
me a 
3 
C2 C3 
V 


-2; 2) 


Figure 2.47 Equivalent circuit for the system in 
Fig. 1.42; for Problem 2.40. 


Equivalent circuit with cylindrical capacitors. 
Repeat Problem 1.79 by generating and solving 
an equivalent circuit with capacitors. 


Spherical capacitor with a solid and liquid 
dielectric. Consider the spherical capacitor in 
Fig. 2.27 and assume that the inner dielectric 
layer is made from mica (¢€,; = 5.4), whereas 
the outer layer is oil (€,2 = 2.3). The geometri- 
cal parameters are a = 2 cm, b = 8 cm, andc = 
16 cm. The capacitor is connected to a source 
of voltage V = 100 V. The source is then dis- 
connected, and the oil is drained from the 
capacitor. Find the voltage between the elec- 
trodes of the capacitor in the new electrostatic 
state. 


Oil drain without disconnecting the source. 
If the oil in the capacitor from the previous 
problem is drained without disconnecting the 
voltage source, determine the flow of electricity 
through the source circuit (that is, the differ- 
ence in the charge of the capacitor) between 
the two electrostatic states. 


Metallic sphere with dielectric coating. A 
metallic sphere of radius a = 1 cm is covered 
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with a concentric dielectric layer of relative per- 
mittivity ¢, = 4 and thickness b — a = 2 cm and 
situated in air, as shown in Fig. 2.48. The poten- 
tial of the sphere with respect to the reference 
point at infinity is V = 1 kV. Compute (a) the 
capacitance of the sphere, (b) the free surface 
charge density on the sphere surface, (c) the 
bound volume charge density in the dielectric, 
and (d) the bound surface charge densities on 


dielectric interfaces. 
Figure 2.48 Metallic sphere 


with a dielectric coating in air; 


£0 for Problem 2.44. 


Charge densities in a half-filled spherical capac- 
itor. Consider the half-filled spherical capacitor 
from Fig. 2.29, and assume that a=2cm, b= 
10 cm, ey = 3, and Q = 10 nC. Find the distri- 
butions of (a) free surface charges on metal- 
lic surfaces and (b) bound surface charges on 
dielectric surfaces. 


Empty and half-filled spherical capacitor. An 
air-filled spherical capacitor with conductor 
radii a=3cm and b= 15cm is connected to 
a source of voltage V = 15 kV. After an elec- 
trostatic state is established, the source is dis- 
connected. The capacitor is then half filled 
with a liquid dielectric of relative permittivity 
£; = 2.5. What is the new voltage between the 
electrodes of the capacitor? 


Metallic sphere half embedded in a dielectric. 
A metallic sphere of radius a is pressed into a 
dielectric half-space of permittivity « up to a 
half of its volume, as shown in Fig. 2.49. The 
medium in the upper half-space is air. (a) Find 
the capacitance of the sphere. (b) If the sphere 
is charged with Q, determine what portion of 
this charge is located on the upper half of the 
sphere surface. 


Q Figure 2.49 Charged 
£0 metallic sphere half 
embedded in a dielectric 
half-space; for Problem 
2.47. 


E 


Coaxial cable with two coaxial dielectric lay- 
ers. Fig. 2.50 shows a cross section of a coaxial 
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cable with two coaxial dielectric layers. The 
geometry parameters area = 1 mm,b = 2 mm, 
and c=4mm. The dielectric parameters are 
€r] = 5 and &,2 = 2. Calculate the capacitance 
per unit length of the cable. 


Figure 2.50 Cross 
section of a coaxial 


— cable with two 
coaxial cable dielectric layers; for 
Problem 2.48. 


Coaxial cable with a radial variation of permit- 
tivity. Consider a coaxial cable with a continu- 
ously inhomogeneous dielectric, whose relative 
permittivity is given by the following function 
of the radial distance r from the cable axis: 
€x(r) = r/a(a <r <b), where a and b = Sa are 
the cable conductor radii. If the potential dif- 
ference between the cable conductors is V, find 
(a) the capacitance per unit length of the cable 
and (b) the bound charge distribution of the 
dielectric. 


Coaxial cable with four dielectric sectors. A 
coaxial cable is filled with a piece-wise homoge- 
neous dielectric composed of four 90° sectoral 
parts with different permittivities, as shown in 
Fig. 2.51. Let the relative permittivities of the 
sectors be ¢,; = 6, €,2 =2, &3 =1, anda p= 
10, the radii of the cable conductors a = 2 mm 
and b =7 mm, and the potential of the outer 
conductor with respect to the inner conduc- 
tor V = 25 V. Compute (a) the capacitance per 
unit length of the cable and (b) the free charge 
density at an arbitrary point on the surface of 
the inner conductor. 


Figure 2.51 
Cross section 
of a coaxial 
cable with 
four 90° 
dielectric 
sectors; for 
Problem 2.50. 


coaxial 
cable 
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Charge distribution for two coated wires. 
Consider the two-wire line with dielectric coat- 
ings in Fig. 2.31, and assume that a = 1 mm, 
a=25 mm, e->—4, and V = 10 V. Under these 
circumstances, find the distribution of (a) free 
charge and (b) bound charge in the system. 


Two metallic spheres with dielectric coating. If 
two identical metallic spheres with dielectric 
coating as the one described in Problem 2.44 
are placed in air so that the distance between 
their centers is d = 1 m, determine the capaci- 
tance of such a capacitor. 


Two metallic spheres half embedded in a 
dielectric. Two metallic spheres of radii a = 
5 mm are half embedded in a dielectric half- 
space of relative permittivity ¢, = 4, as shown 
in Fig. 2.52. The distance between the centers 
of the spheres is d = 30 cm. The upper medium 
is air. The spheres are charged with charges 
of equal magnitudes and opposite polarities. 
The potential difference between the spheres 
is V = 200 V. For such a capacitor, find (a) the 
capacitance, (b) the distribution of free charges 
over conductors, and (c) distribution of bound 
charges in the dielectric. 


Figure 2.52 Two charged metallic spheres 
pressed into a dielectric half-space; for 
Problem 2.53. 


Permittivity gradient normal to capacitor 
plates. Fig. 2.53 shows a parallel-plate capaci- 
tor with rectangular plates of dimensions a and 


Figure 2.53 
Parallel-plate 
capacitor with a 
continuously 
inhomogeneous 
dielectric; for 
Problem 2.54. 


255s 


2.56. 


PLO 


2.58. 


Problems 121 


b and continuously inhomogeneous dielectric 
of thickness d. The permittivity of the dielec- 
tric is given by the following function of the 
x-coordinate: e(x) = 2(1 + 3x/d)eg (0 < x < d). 
Neglecting fringing, calculate the capacitance 
of this capacitor. 


Permittivity gradient parallel to capacitor 
plates. Assume that the permittivity of the 
dielectric in Fig. 2.53 is a function of the 
y-coordinate, e(y) = 2[1+ 3sin(zy/b)Jeg (0 < 
y <b), and find the capacitance of the capac- 
itor. Neglect fringing. 

Capacitor with a nonlinear dielectric layer. 
Fig. 2.54 shows a parallel-plate capacitor that 
is half filled with a ferroelectric. The other 
part of the capacitor is air-filled. The capaci- 
tor is charged by being connected to a voltage 
source. The source is then disconnected, and 
the capacitor electrodes are short-circuited. In 
the new electrostatic state, there is a remanent 
uniform polarization throughout the volume 
of the dielectric, with the polarization vector 
being normal to the capacitor plates and its 
magnitude being P. Determine the electric field 
intensity vector between the capacitor plates 
in (a) air and (b) dielectric. Fringing can be 
neglected. 


Figure 2.54 
Short-circuited 
parallel-plate 
capacitor containing 
a nonlinear dielectric 
layer with a uniform 
remanent 
polarization; for 
Problem 2.56. 


Energy of a spherical capacitor with two layers. 
For the spherical capacitor with two concentric 
dielectric layers from Example 2.18, compute 
the electric energy stored in each of the layers 
by (a) integrating the electric energy density 
over the volume of each layer and (b) rep- 
resenting the capacitor as a series connection 
of two spherical capacitors with homogeneous 
dielectrics. 


Change in energy of a spherical capacitor. For 
the spherical capacitor with solid and liquid 
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dielectric layers from Problem 2.42, find the 
change in energy of the capacitor between the 
electrostatic state with the capacitor connected 
to the voltage source and the final electrostatic 
state. 


. Energy of a coated metallic sphere. For the 


charged metallic sphere with a dielectric coat- 
ing from Problem 2.44, determine the radius b 
such that 1/2 of the total energy of the system is 
stored in the coating. 


Energy of a coaxial cable with two coaxial 
layers. For the coaxial cable with two coax- 
ial dielectric layers from Problem 2.48, assume 
that the voltage between the cable conductors 
is V = 100 V and find the per-unit-length elec- 
tric energy contained in each of the layers by 
(a) integrating the electric energy density over 
the cross section of each layer and (b) rep- 
resenting the cable as a series connection of 
two coaxial cylindrical capacitors with homoge- 
neous dielectrics. 


Energy of a half-filled spherical capacitor. For 
the spherical capacitor half filled with a liq- 
uid dielectric from Example 2.20, calculate the 
electric energy stored in the liquid, if the charge 
of the capacitor is Q. 


Energy of a coaxial cable with four sectors. 
For the coaxial cable with four dielectric sec- 
tors from Problem 2.50, find the per-unit-length 
electric energy contained in each of the sectors. 


Energy of a capacitor with a variable permittiv- 
ity. Consider the parallel-plate capacitor with 
a permittivity variation normal to plates from 
Problem 2.54. Determine what percentage of 
the total electric energy of the capacitor, when 
charged, is contained in the first half of the 
diglectnc trom + = 0100. — a / 2 


Energy of a capacitor with an inhomogeneous 
dielectric. For the parallel-plate capacitor with 
a permittivity variation parallel to plates from 
Problem 2.55, find what percentage of the total 
electric energy of the capacitor, if charged, is 
stored in the lower half of the dielectric, from 
y=010) =D 

Energy of a system of spherical conductors. 
Calculate the energy of the system of three 
spherical conductors from Problem 1.80. 


Energy of a system of flat electrodes. Compute 
the electric energy stored in the system of five 
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parallel large flat electrodes from Example 1.28 
in the following two ways: (a) using the elec- 
tric field intensities between electrodes (found 
in Example 1.28) and the corresponding energy 
densities and (b) using the equivalent circuit in 
Fig. 2.47 and the involved capacitances, respec- 
tively. 

Energy of a system with free volume charge. 
Find the electric energy per unit length of the 
system with a volume free charge distribution 
from Problem 2.14. 


Energy of a pn junction. Calculate the elec- 
tric energy contained in the pn junction from 
Example 2.6, assuming that the area of the 
junction cross section perpendicular to the x- 
axis is S. 


Breakdown charge and energy of the earth. 
Determine the maximum possible charge and 
electric energy that could be stored on the 
earth, as described in Problem 2.25, and in the 
electric field around it, limited by an eventual 
dielectric breakdown of air near the earth’s 
surface. 


Maximum breakdown voltage of a spherical 
capacitor. A spherical capacitor has electrodes 
of radii a and b= 10cm (a < Dd). It is filled 
with a homogeneous dielectric of relative per- 
mittivity ¢, =5 and dielectric strength Ey = 
25 MV/m. (a) Find a for which the break- 
down voltage of the capacitor is maximum. (b) 
What is the maximum breakdown voltage of 
the capacitor? (c) What is the energy of the 
capacitor at breakdown? 


Breakdown in a wire-plane transmission line. 
(a) Compute the breakdown voltage of the 
wire-plane transmission line in Fig. 2.24(a), 
assuming that a = 1 cm and = 1 m. (b) What 
is the maximum energy per unit length of this 
line? (c) Determine the largest possible elec- 
tric force on the wire conductor per unit of its 
length. 


Grounded metallic sphere as a_ lightning 
arrester. Repeat Example 2.31 but for a 
grounded small metallic sphere (instead of the 
wire) in a uniform atmospheric electric field 
above the surface of the earth. Adopt the same 
radius and the same height of the conductor. 


. Parallel-plate capacitor with two dielectric lay- 


ers. Consider the parallel-plate capacitor with 
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two dielectric layers in Fig. 2.25(a), and assume 
that dj =2mm, d2=4mm, ¢; =3, and 
£72 = 5, as well as that the dielectric strengths 
for the layers are FEyQy=20MV/m and 
Eq2 = 11 MV/m, respectively. Find the break- 
down voltage of the capacitor. Neglect fringing. 


Parallel-plate capacitor with two dielectric sec- 
tors. Repeat the previous problem but for the 
parallel-plate capacitor with two dielectric sec- 
tors from Fig. 2.25(b) and d = d, + dp. 


Breakdown in a spherical capacitor with two 
layers. Find the breakdown voltage of the 
spherical capacitor with two concentric dielec- 
tric layers from Problem 2.42 in (a) the first 
state (outer layer is oil) and (b) the second state 
(outer layer is air). The dielectric strengths for 
mica and oil are Eg, = 200 MV/m and Eg. = 
15 MV/m, respectively. 


Breakdown potential of a coated metallic 
sphere. (a) Determine the breakdown potential 
of the metallic sphere with a dielectric coating 
from Problem 2.44 if the dielectric strength for 
the coating is Eg, = 30 MV/m. (b) What is the 
maximum energy of this structure? 


Breakdown in a coaxial cable with two layers. 
(a) Find the breakdown voltage of the coax- 
ial cable with two coaxial dielectric layers from 
Problem 2.48. The dielectric strengths of the 
inner and outer layer are Ey = 40 MV/m and 
Eo =20MV/m, respectively. (b) Calculate 
the maximum energy that this cable can store 
per unit of its length. 
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Simultaneous breakdown in two spherical 
layers. Consider the spherical capacitor with 
two concentric dielectric layers in Fig. 2.27. 
Let the dielectric strengths of the inner and 
outer layer be E,,; and Fo,2, respectively. Find 
the relationship between the parameters of 
this capacitor (a, b, c, &1, €2, Ecry, and Eor2) 
such that, for sufficiently large capacitor volt- 
age, dielectric breakdown will occur in both 
dielectric layers simultaneously. 


. Simultaneous breakdown in two coaxial lay- 


ers. Repeat the previous problem but for a 
coaxial cable with two coaxial dielectric layers 
(Fig. 2.50). 

Metallic sphere half immersed in a liquid 
dielectric. A metallic sphere of radius a = 2 cm 
is half immersed in a liquid dielectric, as in 
Fig. 2.49. The relative permittivity of the dielec- 
tric is €; = 3 and its dielectric strength is Eg, = 
20 MV/m. The upper medium is air. Calculate 
the maximum potential of this sphere such that 
dielectric breakdown will not occur after it is 
removed from the liquid and raised high above 
the interface. 


Breakdown in a coaxial cable with a dielectric 
spacer. Consider the coaxial cable with a dielec- 
tric spacer in Fig. 2.33, and assume that a= 
2mm, b=6mm, a = 60°, and ¢, = 5, as well 
as that the dielectric strength for the spacer is 
Egy = 200 MV /m. Find (a) the breakdown volt- 
age of the cable and (b) the electric energy per 
unit length of the cable at breakdown. 


Introduction: 


S o far, we have dealt with electrostatic fields, 
associated with time-invariant charges at rest. 
We now consider the charges in an organized 
macroscopic motion, which constitute an electric 
current. Our focus in this chapter is on the steady 
flow of free charges in conducting materials, i.e., 
on steady (time-invariant) electric currents, whose 
macroscopic characteristics (like the amount of 
current through a wire conductor) do not vary 
with time. Steady currents are also called direct 
currents, abbreviated dc. The subject of steady 
electric currents links field theory to several impor- 
tant concepts of circuit theory, such as Ohm’s law, 
Kirchhoff’s current and voltage laws, Joule’s law, 
resistance, conductance, voltage and current gener- 
ators, and power balance in a circuit. Discussions 
of steady electric currents will bring us to the field 
and circuit analysis of transmission lines with losses 
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in a time-invariant (dc) regime, and help us further 
develop and understand the concept of a transmis- 
sion line as a circuit with distributed parameters. 

We shall derive and discuss integral and dif- 
ferential field equations for steady electric currents 
and their electric field, along with the correspond- 
ing boundary conditions. We shall also study the 
mechanism of conduction for various materials, 
introduce models of energy sources, and derive 
expressions for power and energy calculations. 
These equations and concepts will enable us to 
develop and demonstrate techniques for analysis 
of several general configurations with steady cur- 
rents, such as resistors of various composition and 
shapes, capacitors with imperfect inhomogeneous 
dielectrics, transmission lines with imperfect con- 
ductors and imperfect inhomogeneous dielectrics, 
and grounding electrodes buried in the earth. 
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3.1 CURRENT DENSITY VECTOR AND CURRENT INTENSITY 


In the absence of an externally applied electric field, free charges in a conduc- 
tor are in a state of random (chaotic) motion due to their thermal energy. This 
is so-called thermal motion of charges. The corresponding velocity is the thermal 
velocity, denoted as v;. Generally, v; is rather large. In metallic conductors, free elec- 
trons move at thermal velocities on the order of v; ~ 10° m/s at room temperature, 
between collisions with the atoms and with one another.! Because of the entirely 
random nature of thermal motion of charges (without any external electric field 
applied), there is no net macroscopic motion in any given direction, i.e., the macro- 
scopic average vectorial resultant of thermal velocities of individual charges at any 
point in the conductor is zero. For an electric current, defined as a macroscopic net 
flow of free charges, to exist, there must be a nonzero macroscopic average velocity 
of microscopic velocities of charges in some direction in a conductor. This can be 
achieved, as we shall see, by establishing and maintaining an external (i.e., externally 
applied) electric field within a conductor. 

Consider a conducting body whose two ends are connected to a generator 
of voltage V, as shown in Fig. 3.1. Because a potential difference is maintained 
between the conductor ends, there is an electric field of intensity E inside the con- 
ductor [the line integral of E, Eq. (1.90), through the conductor is nonzero]. Note 
that this situation is essentially different from the situation in Fig. 1.38, where the 
transient redistribution of charge occurred and electrostatic equilibrium with zero 
field inside the conductor was established. Here, the conductor is not isolated but 
wired to a source of electromotive force (generator), providing a mechanism that 
forces the free charges to move and prevents them from piling up, which would tend 
to reduce the field in the conductor. Assume, for simplicity, that the free charge car- 
riers in the conductor are electrons only (as in metallic conductors). The electric 
force on each charge is thus [Eq. (1.23)| 


F, = —éE, (301) 


where the charge amount e (e > 0) is given in Eq. (1.3). This force compels the 
electrons to move through the conductor, between its ends. However, since the elec- 
trons are not in free space, they cannot accelerate indefinitely under the influence 
of the electric field. Before they can acquire any appreciable speed, the elec- 
trons collide with the atomic lattice and acquire new random velocities v;. Since 
the field E essentially has to start accelerating the electrons all over again every 
At, ~ 10-"* s (typical average time interval between collisions at room tempera- 
ture), it can change the random thermal velocities of the electrons only slightly, but 
in a systematic manner. This relatively slight systematic drift of the free electrons 
is the basis of electric conduction (current). After a brief initial transient, the elec- 
trons acquire a steady-state average velocity, determined by the balance between 
the accelerating force of the applied field, F., and the scattering effect of the col- 
lisions with the lattice. This velocity is termed the drift velocity and symbolized 
by Va. 


'The free electrons in a metallic conductor are so-called conduction-band electrons (or valence elec- 
trons), which are very loosely bound to their atoms and are essentially free to move about the crystalline 
structure of the metal. For example, each atom of copper has 29 electrons, 28 of which are bound 
electrons (tightly bound in their shells), while the outermost one is a free electron. 


conductor 


V 


Figure 3.1 Conductor 
whose two ends are 
maintained at a potential 
difference. 
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drift velocity 


current density vector (unit: 


A/m?) 


current intensity or, simply, 
current (unit: A) 


current density vs. intensity 


Figure 3.2 (a) Definition of the 
current density by means of the 
current intensity. (b) Evaluation 
of the total current through a 


surface. 


In general, vg < vy, since the electric field makes only a slight change in the 
velocity distribution that existed before the field was applied, and vg is a macro- 
scopic resultant of microscopic velocities of free charges in a direction along the 
electric field lines. In most cases, its magnitude is not larger than vg ~ 10~4 m/s in 
metals, for reasonable amounts of current carried (as we shall see in an example). 
The drift velocity is linearly proportional to the electric field intensity vector, 
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where the constant fle is the so-called mobility of electrons in the given material. 
The mobility is measured in the units of m2/(Vs) and is positive by definition. 
For electrons, the direction of vg, as well as the direction of Fe, is opposite to the 
direction of E. Good conductors have high mobility. 

We can now say that charge carriers in the conductor move through its volume 
with the macroscopic average velocity vg. This is an organized, directive motion of 
charges, which constitute an electric current throughout the conductor volume. We 
introduce then a new field quantity, to describe the current at a point: the current 


density vector, J. By definition, 
J = N\(—e)va, (333) 


where Ny is the concentration of charge carriers, 1.e., their number per unit volume 
or per 1 m? (the unit is m~).? 

The current density can alternatively be defined by means of the current inten- 
sity, 7, which, in turn, is defined as a rate of movement of charge passing through a 
surface (e.g., cross section of a cylindrical conductor). That is, 


_ se 
dt’ 
In other words, J equals the total amount of charge that flows through the surface 
during an elementary time df, divided by dt. The unit for current intensity, which is 
usually referred to as, simply, current, is ampere or amp (A), equal to C/s. The cur- 
rent density vector is directed along the macroscopic motion of charges, 1.e., along 
the current lines. If we set an elementary surface of area dS perpendicular to the 
current lines, as in Fig. 3.2(a), the magnitude of the current density vector is given by 


I (3.4) 


piss (3.5) 


where d/ is the current flowing through dS. We see that the unit for J is A/m?, 
which means that it actually represents a surface density of a volume current. 


(b) 


2For example, the concentration of conduction electrons in copper is Ny = 8.45 x 1078 m~3. It equals 
the number of copper atoms per unit volume, since copper has one conduction-band electron per atom. 
The number of atoms per unit volume is approximately the same for all solids. 
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To show that the definitions of current density, J, in Eqs. (3.3) and (3.5) are 
equivalent, we realize that the total amount of charge that crosses dS during the 
time interval df is 

dQ = N, dSvq dt (—e) (3.6) 
Av 


(in the time interval dt, a charge moves a distance vq dt, and all charges in the 
volume Av = dSvgq dt, the number of which is the concentration Ny, times Av, pass 
through dS). Using the definition of J in Eq. (3.3), this becomes 


dQ =JdSdt. (3-7) 
Dividing by dt, we obtain the current intensity d/ through dS in terms of J: 
die J ds; (3.8) 


which indeed is the same as in Eq. (3.5). 
In the case where the current density vector is not perpendicular to the surface 
element, the current through the element is 


dJ =J dS, =J dScosa =J-dS, (3.9) 


where dS, is the projection of dS on the plane normal to J and a is the angle 
between J and dS (see Fig. 1.30). Hence, the total current through an arbitrary 
surface S, Fig. 3.2(b), equals the flux of the current density vector through the 
surface, 


r= [s-as. (3.10) 
Ss 


If there are several types of free charge carriers in a conductor drifting with 
different average velocities, the resultant current density vector is a vector sum of 
current densities in Eq. (3.3), 


M 
I=) Nudivai (3.11) 
il 
that correspond to individual types of carriers (e.g., electrons and holes in a semi- 
conductor). Equivalently, the net charge flow is taken in evaluating the resultant 
current intensity in Eq. (3.4). Positive charges move in the direction of E, negative 
charges in the opposite direction, but both add to the total current. Eqs. (3.4), (3.5), 
and (3.10) are therefore valid for any conductor and any combination of charge 
carriers. 
In many situations, current flow is localized in a very thin (theoretically 
infinitely thin) film over a surface, as shown in Fig. 3.3. This is so-called surface 
current, described by the surface current density vector, J;, which is defined as 


12) 


where WN, is the surface concentration of charge carriers (number of carriers per 
unit surface area, in m~*). Note that the surface current density vector is some- 
times denoted as K. In terms of the current intensity, the surface current density is 
given by 

di 


Is= 


(3.13) 


total current through 
a surface 


dl 


Figure 3.3 Surface current 
density vector (Js). 


surface current density vector 
(unit: A/m) 


surface current density vs. 
current intensity 
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current density in a metallic 
conductor 


Ohm's law in local form 


conductivity of metallic 
conductors (unit: S/m) 


where d/ is the current flowing across a line element d/ set normal to the current 
flow (Fig. 3.3). The unit for J;, which represents a line density of a surface current, 
is A/m. For example, the surface current density of a very thin aluminum strip (foil) 
with a current / that is uniformly distributed across the strip width, w, equals J; = 
I/w, and J, is directed parallel to the strip axis. 


Stull emee Electron Drift along a 1-km Copper Wire : i —— 


A copper wire of length / = 1 km and radius a = 3 mm carries a steady current of intensity 
J =10A. The current is uniformly distributed across the wire cross section. Find the time in 
which the electrons drift along the wire. 


Solution As the current is distributed uniformly across the cross section (S) of the wire, the 


current density in the wire is [Eq. (3.10)] 
I I 
J= == —, =3.54x 10° A/m?. (3.14) 
S na 


From Eq. (3.3), the drift velocity of electrons is 


= 2.62 x 107° m/s, (3.15) 


Va= 
¢ Nye 


where Ny = 8.45 x 1078 m-? is the concentration of conduction electrons in copper and e is 
the absolute value of the charge of an electron, Eq. (1.3). The time it takes for an electron to 
drift along the wire is hence 


rel = 3.82 x 10’ s, (3.16) 
Vd 


which is approximately 442 days. 


3.2 CONDUCTIVITY AND OHM’S LAW IN LOCAL FORM 


Consider again a metallic conductor (the charge is carried by electrons), with the 
current density J. Substituting Eq. (3.2) into Eq. (3.3), we obtain 


an 
This equation can be rewritten as 
(3.18) 
where the proportionality constant, 
a= Nvéites| ar 
is a macroscopic parameter of the medium called conductivity. It is always positive, 
and represents, in general, a measure of the ability of materials to conduct electric 


current. The unit for conductivity is siemens per meter (S/m). The reciprocal of o 
is denoted by the symbol p and termed resistivity. The unit is ohm x meter (Qm). 


3We know that, of course, we do not need to wait 442 days to receive a communication signal sent via 
a 1-km long transmission line. We shall see in a later chapter that time-varying signals traveling along 
transmission lines propagate as electromagnetic waves outside the conductors that constitute the line, 
and not via the drifting motion of electrons within the conductors. The conductors actually serve as 
guides for the waves along the line. That is why signals travel at the velocity of electromagnetic waves in 
the medium surrounding the line conductors. If the medium is air, the velocity is 3 x 10° m/s (speed of 
light in a vacuum), and the travel time is only 3.33 ys for a 1-km line. 
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Using resistivity, Eq. (3.18) becomes 


1 


Both Eqs. (3.18) and (3.20) are known as Ohm’s law in local or point form. 
Note that Eq. (3.18) is one of the three general electromagnetic constitutive 
equations for characterization of materials [another one being Eq. (2.46)]. It can be 


written in the following form: 
J=J(E), G21) 


to encompass all possible conducting properties of materials. However, in terms of 
their conductivity, most conducting materials are linear and isotropic, 1.e., J(E) = 
cE, where o is independent of electric field intensity and current density (the prop- 
erty of linearity), and is the same for all directions (isotropy). In homogeneous 
conductors, 0 does not change from point to point in the region being consid- 
ered. For inhomogeneous conductors, on the other hand, o is a function of spatial 
coordinates [e.g.,0 = a(x, y, Z) in the region]. 

Almost always, the conductivity is a function of temperature, T. One of the 
few exceptions is an alloy called constantan (55% copper, 45% nickel), whose 
conductivity is practically constant in a temperature range 0—100°C. For metallic 
conductors, the mobility of electrons decreases with an increase in temperature 
(because the average time interval between collisions with vibrating atoms, Af, 
decreases). Hence, the conductivity decreases and resistivity increases with a tem- 
perature rise. Around a room temperature of Ty = 293 K (20°C), the resistivity 
varies almost linearly with 7, and we can write 


p(T) = po [1 +a (T — To)], (3,22) 


where po = p(T). For most metals (copper, aluminum, silver, etc.), the temperature 
coefficient of resistivity, a, is approximately 0.4% per Kelvin. 

For some materials the resistivity drops abruptly to zero below a certain 
temperature: 


pin) = ON for TF = Te, (723) 


where T,, is called the critical temperature of the material. This property, discovered 
by Kamerlingh Onnes in 1911, is called superconductivity, and the materials are 
said to behave like superconductors. Most superconductors are metallic elements 
that exhibit transition into superconducting states at a temperature of a few kelvin. 
Examples are aluminum (7; = 1.2 K), lead (Tor = 7.2 K), and niobium (7, = 
9.2 K), as well as their alloys and compounds. More recently, new ceramic mate- 
rials were discovered that become superconducting at considerably higher (and 
thus less expensive to produce and maintain) temperatures. For example, yttrium- 
barium-copper oxide (YBazCu307), discovered in 1986, has T,, = 80K, so its 
superconductivity can be utilized by cooling with liquid nitrogen. Interestingly, 
some of the best of the normal conductors, such as silver and copper, cannot become 
superconducting at any temperature, while the ceramic superconductors are nor- 
mally good insulators — when they are not at low enough temperatures to be in a 
superconducting state. 

Ohm’s law in local form holds also for conductors with more than one type of 
charge carriers [see Eq. (3.11)]. In plasmas and gases, the charge carriers are elec- 
trons and positive ions (electron-deficient atoms or molecules). In liquid conductors, 
called electrolytes, the charge is carried by positive and negative ions. In all cases, 


p — resistivity (unit: Qm) 


constitutive equation for J, for 
an arbitrary material 


superconductors 
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conductivity of 
semiconductors 


conductivity of copper, at 
AVE 


perfect electric conductor 
(PEC) 


no electric field inside a PEC 
body 


both positively and negatively charged particles (ions and electrons) contribute to 
the conductivity. 

In semiconductors (e.g., silicon and germanium), vacancies in the atomic crys- 
tal lattice left by electrons, called holes, can move from atom to atom and behave 
like positive charge carriers, each hole carrying charge e. The conductivity of a 
semiconductor is therefore 


[o = Nveeite + Nein | 3.24) 


where the first term represents the contribution to the conductivity from electrons, 
moving opposite to the field E, while the second term represents the contribution 
from holes, which move with E. The concentrations Nye and Nyy rapidly increase 
with an increase in temperature (temperature rise accelerates generation of free 
electrons and holes). Consequently, the conductivity of semiconductors increases 
with increasing the temperature, which is opposite to the temperature behavior of 
metallic conductors. 

By adding very small amounts of impurities to pure (intrinsic) semiconduc- 
tors, the conductivity may be increased dramatically. Impurities called donors (e.g., 
phosphorus) provide additional electrons and form n-type semiconductors, while 
acceptors (e.g., boron) introduce extra holes, forming p-type semiconductors. This 
procedure is known as doping of semiconductors. Note that the boundary between 
p-type and n-type parts of a single semiconductor crystal forms a junction region, 
called pn junction (see Fig. 2.9), which is utilized in semiconductor devices (diodes 
and transistors). 

Unlike the relative permittivity (e,), shown in Table 2.1, the conductivity of 
materials varies over an extremely wide range of values, as we go from the best 
insulators to semiconductors, to the finest conductors. In S/m, o (at room temper- 
ature) ranges from around 107!” for fused quartz, 10~° for bakelite, 10~? for fresh 
water, and 2.2 for germanium to 6.17 x 10’ for silver. We see that the range in con- 
ductivity from quartz to silver is as large as 25 orders of magnitude (107), and then 
it goes to infinity for superconductors. Table 3.1 lists values of the conductivity of 
selected materials. 

Copper (Cu), the most commonly used metallic conductor, has a conductivity of 


oc, = 58 MS/m. (3.25) 


In many applications, we consider copper and other metallic conductors as perfect 
electric conductors (PEC), with 


o — OO. (3.26) 


Of course, superconductors also fall under this category. From Eqs. (3.18) and 


(3.26), we conclude that 
c _- 4 3.27) 
a c= 


4 Generally, the current density in semiconductor devices is composed of two components: a drift current 
density, J = oE, and a diffusion current density, Jgir, which depends on the gradient of the concentration 
of charge carricrs in a material and, therefore, docs not satisfy Ohm’s law in local form. Consequently, 
the rclationship between the total current density vector and the electric field intensity vector, Eq. (3.21), 
in semiconductor devices is, in gencral, nonlinear. 
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Table 3.1. Conductivity of selected materials* 


Material o (S/m) Material o (S/m) 
Quartz (fused) 10"! Carbon (graphite) 7.14 x 104 
Wax ~ 10-17 Bismuth 8.70 x 10° 
Polystyrene ~ 10-16 Cast iron ~ 10° 
Sulfur ~ 10-5 Nichrome 10° 

Mica ~ 10-4 Mercury (liquid) 1.04 x 10° 
Paraffin ~ 10-5 Stainless steel 1.1 x 10° 
Rubber (hard) ~10-' Silicon steel 2 x 10° 
Porcelain ~ 10-14 Titanium 2.09 x 10° 
Carbon (diamond) Om Constantan (45% Ni) 2.26 x 10° 
Glass =~ 10-1 German silver 3 x 10° 
Polyethylene 15 10m Lead 4.56 x 10° 
Wood 1051) =3105° Solder 7 x 10° 
Bakelite ~10~-° Niobium 8.06 x 10° 
Marble 10-8 Tin 8.7 x 10° 
Granite Ome Platinum 9.52 x 10° 
Dry soil 10+ Bronze 10’ 
Distilled water 2x 10ne Iron 1.03 x 107 
Silicon (intrinsic) 4.4 x 10-+ Nickel 1.45 x 10’ 
Clay 5x 10-3 Brass (30% Zn) 1.5 x 10’ 
Fresh water 10-? Zinc 1.67 x 10’ 
Wet soil ~ 10-7 Tungsten 1.83 x 107 
Animal fat** Ose ihe Sodium 2.17 x 10’ 
Animal muscle (-L to fiber)** Se 1052 Magnesium 2.24 x 107 
Animal, body (average)** 0:22 Duralumin 3 x 10’ 
Animal muscle (|| to fiber)** 0.4 Aluminum 3510! 
Animal blood** 0.7 Gold 4.1 x 10’ 
Germanium (intrinsic) Zee Copper 5.8 x 10’ 
Seawater 255 Silver 6.17 x 10’ 
Ferrite 10? Mercury (at <4.1 K) ore) 
Tellurium ~5 x 10? Niobium (at <9.2 K) oe) 

Silicon (doped) 1.18 x 10° YBa7Cu3 07 (at <80 K) ore) 


* For dc or low-frequency currents, at room temperature. 
** Also for humans. 


i.e., the electric field is always zero in perfect conductors. This, in turn, implies that 
the voltage between any two points of a perfect conductor [Eq. (1.90)] is zero. 
Finally, so-called convection currents, which are the result of the motion of pos- 
itively or negatively charged particles in a vacuum or rarefied gas (where o = 0), 
are not governed by Ohm’s law. Examples are electron beams in a cathode ray tube 
and a violent motion of charged particles in a thunderstorm. The convection current 


density is given by 
628 


where vis the velocity of particles and p is the volume density of charges (charge per 
unit volume) in the vacuum or rarefied gas. Noting that o = N,q, N, being the con- 
centration of particles and g an elementary charge, we observe the equivalency of 
the definitions of convection and conduction current densities given by Eqs. (3.28) 


convection current density 
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and (3.3), respectively. However, the velocity v in Eq. (3.28) is not a drift velocity 
(vq) of charges and Eq. (3.2) is not satisfied. 


Conceptual Questions (on Companion Website): 3.1 and 3.2. 


HISTORICAL ASIDE 


Heike Kamerlingh Onnes (1853-1926), Dutch 
physicist and professor at the University of 
Leyden, was awarded a Nobel Prize in Physics 
in 1913 for his investigations of the properties 
of matter at extremely low temperatures. His 
experiments led him as close to absolute zero as 


The SI unit of power, the watt, was named in honor 
of James Watt (1736-1819), a Scottish mechanical 
engineer and inventor, who is famous for his rev- 
olutionary improvements of the steam engine in 


0.9 K, which was a fascinating result at that time. 
He was the first to produce liquid helium (in 1908). 
Onnes demonstrated in 1911 that the resistivity 
of mercury absolutely disappears at temperatures 
below about 4 K, and thus discovered supercon- 
ductivity. 


the 1760s, which led to great advancements in the 
Industrial Revolution, and is also known for devis- 
ing the “horsepower” — to measure the power of 
his steam engines. 


Joule 


‘S law ir 


local form; py 


ohmic power density (unit 


Wem 


) 


3.3. LOSSES IN CONDUCTORS AND JOULE’S LAW IN LOCAL 
FORM 


Let us now consider the current flow in a conductor from the energy point of 
view. As we know, free charge carriers (e.g., electrons) are accelerated on their 
paths between collisions with vibrating atoms, and at every collision they lose 
their acquired kinetic energy. Energy is thus transmitted from the electric field, E, 
via charge carriers to the atoms, enhancing their thermal vibration and ultimately 
resulting in a higher temperature of the conductor. This means that in a conductor 
with electric current, electric energy is constantly converted into heat. We wish to 
derive the expression for the rate (power) of this energy transformation. 

We start with the electric force on a charge dQ given in Eq. (3.7), which equals 
dQ E. The work done by this force in moving dQ a distance d/ along the field lines 
is (Eq:.{1.72))]| 

dW. = dQEdl=JdSdteEdi =JEdvd (dv = asa (3329) 
where dv is an elementary volume in the conductor. This work is converted (lost) 
to heat, known as Joule’s heat. The rate of this conversion, dWe/ dt (J/s), is power, 


called the power of Joule’s losses or ohmic losses. Thus, the power of Joule’s losses 
in the volume dv is 


dW 
dP) = —~ =JEdv. (3.30) 
The volume density of this power is 
oe Pp 
| dv oa 


and this is known as Joule’s law in local (point) form. The unit for power is watt 
(W), and hence the unit for power density is W/m?. 


Section 3.4 Continuity Equation 


The total power of Joule’s losses (the electric power that is lost to heat) in a 
domain of volume v (e.g., in the entire conducting body) is obtained by integration 
of power dP; throughout v: 


(3.32) 


Conceptual Questions (on Companion Website): 3.3. 


3.4 CONTINUITY EQUATION 


We now consider one of the fundamental principles of electromagnetics — the 
continuity equation, which is the mathematical expression of the principle of con- 
servation of charge. Charge is indestructible, and cannot be lost or created. It can 
move from place to place, but can never appear from nowhere nor disappear. Let 
an arbitrary closed surface, S, enclosing volume v, be situated in a region with time- 
varying currents, as shown in Fig. 3.4(a), and let Qs and Qs + dQs denote the net 
charges in v at instants of time ¢and t+ dt, respectively. The change in charge, dQs, 
cannot be created in v, but only brought in from the domain outside the surface S, 
and it is brought by the current flowing through S. So, the charge dQs passes the 
surface S during the time df, and this is exactly what we have in the definition of 
current intensity in Eq. (3.4). Therefore, 


dQs 
dt 
is the intensity of the current flowing across the surface S into the region v. The 


current crossing the surface in the opposite direction, i.e., the current leaving the 
region, is hence 


Fee (3.33) 


(3.34) 


On the other hand, by virtue of Eq. (3.10), the current leaving v across S equals 
the total outward flux of the current density vector through S (which is a closed 
surface), that is, 


Tout = fs - dS. (3.35) 
S 
Combining the two preceding equations, we obtain 
dQs 
J-dS = —-—— 2.36 
f © (3.36) 


This is the continuity equation (in integral form). It tells us that the outward flux of 
the current density vector through any closed surface is equal to the negative of the 
derivative in time of the total charge enclosed by that surface. 

By expressing the charge in terms of the volume charge density, p, the 
continuity equation becomes 


d 
J-dS = —— : 
§ S aa 


(3.37) 
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power of Joule’s (ohmic) 
losses (unit: W) 


(b) 


Figure 3.4 Arbitrary closed 
surface in a region with 
currents: (a) general case 
and (b) current flow 
through wires meeting at a 
node. 


continuity equation, for 
currents of any time 
dependence 
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cantinuity equation in terms 
af the valume charge density 


cantinuity equatian in 
differential farm 


cantinuity equatian far steady 
currents, integral farm 


differential cantinuity 
equatian far steady currents 


Kirchhoff’s current law 


anservative nature of E in 
steady current field 


If the surface S does not change in time, the time derivative can be moved inside 
the volume integral, yielding 


yal ce 
fres- ey | (3.38) 


The ordinary derivative is replaced by a partial derivative because p, generally, is a 
multivariable function of time and space coordinates. 

By applying the divergence theorem, Eq. (1.173), to Eq. (3.38) or simply by 
analogy to the differential form of the generalized Gauss’ law, Eq. (2.45), we get the 
differential form of the continuity equation: 


Vy J=—— (3.39) 


It tells us that the divergence of J at a given point equals the negative of the time 
rate of variation in charge density at that point, and is also called the continuity 
equation at a point. 

For steady (time-invariant) currents, the charge density is constant in time, 
dp /dt = 0, and the integral form of the continuity equation reduces to 


$3 dS = 0. (3.40) 
R) 


The differential equation of continuity of steady currents is given by 


(3.41) 


Thus, time-invariant current density vector has zero divergence everywhere, and 
under all circumstances. We say that steady electric currents are divergenceless or 
solenoidal. The zero divergence of a vector field indicates that there are no sources 
or sinks in the field for the lines of flux to originate from or terminate on. This means 
that the streamlines of steady currents close upon themselves (steady currents must 
flow in closed loops), unlike the streamlines of the electrostatic field intensity, which 
originate and end on charges. 

If the steady current is carried into and out of the volume v by a number (JN) 
of wire conductors meeting at a point, as indicated in Fig. 3.4(b), then Eq. (3.40) 
implies that the algebraic sum of all the currents leaving the junction is zero, 


(3.42) 


For the situation and notation in Fig. 3.4(b), 4) —-»-1 +14 =0. Eq. (3.42), if 
applied to a node in a de circuit, represents Kirchhoff’s circuital law for currents. 
Like Kirchhoff’s voltage law, Eq. (1.92), Kirchhoff’s current law in the above form 
also applies to time-varying situations and ac circuits, with certain restrictions and 
assumptions, which will be discussed later in this text. 

In studying steady current fields, we always have in mind that time-invariant 
currents in a conductor are produced by a static electric field, which is a conservative 
field, meaning that the line integral (circulation) of the electric field intensity vector, 
E, along an arbitrary contour (closed path) is zero, 


fra = (3.43) 
Ve 
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We also have in mind that J and E are related at any point in the conductor by 
the constitutive equation for the current density, Eq. (3.21) [or Eq. (3.18) for linear 
media]. 


Example 3.2 Element Law for a Capacitor 


Prove that the current through a capacitor equals the product of the capacitor capacitance 
and the time rate of change of the voltage drop across the capacitor. 


Solution Fig. 3.5 shows a capacitor of capacitance C connected to a time-varying voltage* 
v. We assume that the capacitor is ideal, i.e., its dielectric is perfect (nonconducting), as well 
as that there is no excess charge along the connecting conductors in the circuit (charge is 
localized only on the capacitor electrodes). To relate the current through the capacitor, i, 
to the capacitor charge, Q, we apply the continuity equation for time-varying currents in 
integral form, Eq. (3.36), to a surface S enclosing completely only the upper electrode of 
the capacitor (Fig. 3.5). The total current leaving the enclosed domain (left-hand side of the 
equation) equals —i, whereas the total enclosed charge (appearing on the right-hand side of 
the equation) equals the charge of the upper electrode, i.e., the capacitor charge: Qs = Q. 
Thus, Eq. (3.36) becomes 


dQ 
aS (3.44) 
Substituting Q = Cv [Eq. (2.112)] yields 
dv 
j= C—. 4 
Se rr (3.45) 


We see that i is linearly proportional to the rate of change of v in time, with C as the 
proportionality constant. This is the element law (current-voltage characteristic) for a capac- 
itor, which is widely used in circuit theory, in conjunction with Kirchhoff’s laws and other 
element laws. 


Example 3.3 Spherical Capacitor with an Imperfect Dielectric , 


A spherical capacitor is filled with an imperfect homogeneous dielectric of conductivity o. 
The radius of the inner electrode is a and the inner radius of the outer electrode is b (b > a). 
The electrodes have a conductivity that is much larger than o, so that they can be considered 
as perfect conductors. The capacitor is connected to a generator of time-invariant voltage V. 
Find (a) the current density vector in the dielectric and (b) the power of Joule’s losses in the 
capacitor. 


Solution 


(a) Since o #0, there exists a steady current of intensity J in the capacitor circuit, as indi- 
cated in Fig. 3.6. To determine the current density vector in the dielectric, we apply the 
continuity equation for steady currents in integral form, Eq. (3.40). In general, appli- 
cation of the continuity equation is analogous to application of the generalized Gauss’ 
law, Eq. 2.43. This problem is one with spherical symmetry (see Example 1.18), and the 


current density vector is of the form 
N— V(r) Tr, (3.46) 


where r is the radial coordinate in the spherical coordinate system and f is the radial unit 
vector (Fig. 3.6). The surface S for applying the continuity equation is a spherical surface 


>We use lowercase (small letter) symbols for the voltage and current here to emphasize that those are 
time-varying quantities. 


Figure 3.5 Capacitor with a 
time-varying current; for 
Example 3.2. 


element law (current-voltage 
characteristic) for a capacitor 
with a time-varying current 


volume current distribution 
with spherical symmetry 
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Figure 3.6 Spherical capacitor 
with an imperfect 
homogeneous dielectric and 
time-invariant current; for 
Example 3.3. 


of radius r (a < r < b) centered at the origin (the same as the corresponding Gaussian 
surface in electrostatics, e.g., that in Fig. 2.16). The total current flowing through S in the 
outward direction is zero, that is, 


J(n4ar -1=0. (3.47) 


This means that the outward flux of J through S equals the current / through the capacitor 
terminals. Hence, 


I 
I(n= a (a b). (3.48) 
4nr 
From Eq. 3.18, the electric field intensity in the dielectric is 
I 
Ba (3.49) 
o Anor? 


The voltage between the electrodes is given by 


b 
V=Ve-V= | Edr= 7 —(2-5), (3.50) 


— 4no \a 5b 


where V, and V, are the potentials of the electrodes (each electrode is equipotential 
because electrodes >> &). Combining Eqs. (3.48) and (3.50), we get 


aabV 
Ho Bye) | 
= (3.51) 
(b) Using Eq. (3.32), the power of Joule’s losses in the dielectric is 


(b—a)? Jaq Pr b— 


peed tae 4naa’b?V? f° dr 4acabV? 
Py= [> dv= / sa dn? dp = ee eee (3:32) 
v t=q) OC) ome a 

dv 
with dv adopted in the form of a thin spherical shell of radius r and thickness dr 
[Egq. (1.33)]. There are no losses in the electrodes (perfect conductors), so this is the 
overall loss power in the capacitor. 


Conceptual Questions (on Companion Website): 3.4-3.6, MATLAB Exercises (on 
Companion Website). 


Section 3.5 Boundary Conditions for Steady Currents 


3.5 BOUNDARY CONDITIONS FOR STEADY CURRENTS 


Applications of steady current fields involve considerations of interfaces between 
conducting media of different conductivity. In this section, we shall formulate the 
boundary conditions that govern the manner in which the current density vector, J, 
and the electric field intensity vector, E, behave across such interfaces. 

Comparing the integral form of the continuity equation for time-varying cur- 
rents, Eq. (3.38), to the integral form of the generalized Gauss’ law, Eq. (2.44), we 
conclude that the boundary condition for normal components of the vector J is of 
the same form as the boundary condition for normal components of the vector D, 
Eq. (2.85). The only difference is on the right-hand side of the equation, where p, 
(the surface charge density that may exist on the surface) is replaced by —dps/dt. 
With this, 


(3,53) 


where ni is the normal unit vector on the surface, directed from region 2 to region 1. 
For steady currents, —d9,/dt = 0 in Eq. (3.53), and the boundary condition that 

corresponds to Eq. (3.43) is that in Eq. (2.84) [Eq. (3.43) is the same as for the 

electrostatic field], so the complete set of boundary conditions for steady currents is 

given by 

(3.54) 


(355) 


nx EK; —nx E, =0 Or ip — Eo, 


n-J;—n-Jo=0 or Jip =Jop. 


We see that in the steady current field, the tangential component of the electric field 
intensity vector and the normal component of the current density vector, E; and Jn, 
are both continuous across the boundary. As we shall see in a later chapter, the 
boundary condition for E; in Eq. (3.54) has this same form for fields of any time 
variation. 

By analogy to the procedure of deriving Eq. (2.87) for the electrostatic field, we 
obtain the law of refraction of the current density lines at a boundary between two 
linear conducting media of conductivities o, and o9: 


tan ay el (3.56) 


tan a> es 0? : 


where a; and a are the angles that current lines in region 1 and region 2 make with 
the normal to the interface, as shown in Fig. 3.7. 

Note that if medium 2 is a good conductor and medium 1 is a low-loss dielectric, 
then 02 > 04, Le., 01/02 © 0, and Eq. (3.56) gives tana, ¥ 0 for any a2. Therefore, 


a, 0 (02 > 01), (3.57) 


meaning that the current lines always leave (or enter) a good conductor at a right 
angle to the boundary (zero angle to the normal on the boundary). 
Note also that if medium 1 is a perfect dielectric (e.g., air), then oj = 0, and 
tan a2 — oo, from which 
a2 = 90° 


(a, = 0). (3.58) 


This means that the lines of current flow are always parallel to the surface of a 
conductor surrounded by a nonconducting medium. 


Conceptual Questions (on Companion Website): 3.7 and 3.8. 
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boundary condition for Jp, 
time-varying currents 


boundary condition for E, 


boundary condition for Jy, dc 
regime 


law of refraction of current 
streamlines 


Figure 3.7 Refraction of 
steady current lines at a 
conductor-conductor 


interface. 
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Maxwell's first equation for 
static fields 


dc continuity equation 


constitutive equation for J 


Maxwell’s third equation 


constitutive equation for D 


duality of D and J 


volume charge in a steady 
current field 


surface charge in a steady 
current field 


3.6 DISTRIBUTION OF CHARGE IN A STEADY CURRENT 
FIELD 


The electric field intensity vector, E, in a steady current field is produced by station- 
ary excess charges in the system. In the general case, these charges exist not only 
on the surfaces of conductors, but also inside their volume. Distribution of charges 
in the system is conditioned by the distribution of currents, and can be determined 
only after the current distribution is determined first. 

The distribution of the current density vector, J, inside conductors can be 
obtained by solving the basic equations that govern steady current fields, which we 
summarize here: 


foE-dl=0 
fgS dS =0 (3.59) 
J=J(E) (J= oB) 


Once the solution for J is known, the charge distribution can be obtained from the 
generalized Gauss’ law in conjunction with the constitutive equation for the electric 
flux density vector, D: 


f,D-dS=Qs _ 
D = D(E) [D = cE] 


(3.60) 


Note that, assuming that the medium is linear, both D and J are linearly 
proportional to E. As a result, we have a linear relationship between D and J: 


(3.61) 


This duality relationship will be used on many occasions. 
Starting from the differential form of the generalized Gauss’ law, Eq. (2.45), 
and using Eggs. (3.61) and (3.41), the volume charge density in the conductor is® 


p= ED = ites) =|v (=) ut Ew Wear v(2),| (3.62) 


We see that V - J = 0 does not imply that p = 0. Volume charge density is nonzero 
in inhomogeneous conducting media where ¢/o 4 const, and its magnitude is pro- 
portional to the gradient of ¢/o. On the other hand, we also conclude that there 
cannot be volume excess charges (p = 0) inside homogeneous media (o and ¢ do 
not vary with position) with steady currents. 

The corresponding boundary condition for D, Eq. (2.85), in combination with 
Eqs. (3.61) and (3.55), gives the surface charge density on the interface between 
medium | (with parameters o; and ¢;) and medium 2 (with o2 and €2): 


n-J2= & = = \ Jn (3.63) 


A A Gil a ei 
po =n-D,; -—n- D2 =—n- J - 
O| 


® Having in mind the rule for calculating the derivative of a product of two functions, we apply the diver- 
gence operator, which is a differential operator, to a product of a scalar and a vector function, and get 
V (fa) =(Vf)-a+f(V-a). 


Section 3.7. Relaxation Time 


where J, = n- Jj =N- Jz is the normal component of the current density vector 
across the boundary (nis directed as in Figs. 2.10 and 3.7). Note that ; = 0 only for 
the special case of €1/0, = €2/02. If both media are metallic conductors, we have 
approximately ¢; = €2 = €9, so that Eq. (3.63) becomes 


Ps = &0 (= — =) Jn. (3.64) 
O7 02 
Finally, the distribution of bound (polarization) charge in the dielectric can 
be found by computing first the polarization vector, P, from Eq. (2.59), and then 
bound volume and surface charge densities, pp and pps, using Eqs. (2.19) and (2.89), 
respectively. 


Problems: 3.1; Conceptual Questions (on Companion Website): 3.9 and 3.10; 
MATLAB Exercises (on Companion Website). 


3.7 RELAXATION TIME 


We know from electrostatics that charge placed in the interior of a conductor will 
move to the conductor surface and redistribute itself in such a way that E = Oin the 
conductor under electrostatic equilibrium conditions. With the continuity equation 
(for time-varying currents) now in hand, we can quantitatively analyze this nonelec- 
trostatic transitional process and calculate the time it takes to reach an equilibrium. 

Consider a homogeneous conducting medium of conductivity o and permittiv- 
ity e. The current density vector, J, and electric flux density vector, D, in the medium 
are interconnected by the duality relationship in Eq. (3.61). Combining the differ- 
ential form of the generalized Gauss’ law, Eq. (2.45), and that of the continuity 
equation, Eq. (3.39), we can write 

€& 00 


E é 
p=V-D=V-(—J)=—V-J=-——, (3.65) 


where the ratio ¢/o can be brought outside the divergence sign because it is a con- 
stant (the medium is homogeneous). Rewriting, we have that the charge density, p, 
in the medium satisfies the equation 


at (3.66) 
which is a first-order partial differential equation in time, f. Its solution is given by 


p= pyen Ua Pye, (3.67) 


where po is the initial value of the charge density at t= 0. In general, p is a 
function of the space coordinates as well, e.g., 9 = p(x, y, z, ft). Eq. (3.67) tells 
us that the charge density at a given location in the conductor decreases with 
time exponentially, completely independent of any applied electric field. The time 
constant 

t= (3.68) 

o 

is referred to as the relaxation time (the unit is s) and it equals the time required 
for the charge density at any point to decay to 1/e (36.8%) of its initial value. It 
can easily be shown that p decreases to 1% of oo after approximately 4.67, while at 
t=10t, p ~4.5 x 107° pp, ie, p © 0. 


redistribution of charge 


relaxation time 
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For metallic conductors, t is so short that it can hardly be measured or observed. 
For example, copper has tcy ~ 107!” s. Even much poorer conductors than metals 
have very short relaxation times (e.g., tH,0 © 10-> s for distilled water). On the 
other hand, the relaxation time for good dielectrics (insulators) is relatively long 
(€.g., Tglass * 1 minute, tmica © 15 hours, and tguartz © 50 days). 

While this chapter is devoted to time-invariant currents and fields, we note 
here that the concept of relaxation time is also used to determine the electrical 
nature (in terms of conducting and dielectric properties) of materials for time- 
varying currents and fields. Namely, whether a material of parameters o and ¢ 
is considered a good conductor or a good dielectric is decided on the basis of 
the relaxation time, as compared to times of interest in a given application. Thus, 
for a time-harmonic (sinusoidal) field of frequency f, the relaxation time, given 
by Eq. (3.68), is compared to the time period,’ T = 1/f. If t < T, the medium 
is classified as a good conductor. In particular, if t = 0 (0 — oo), the material is 
said to be a perfect electric conductor (PEC). On the other hand, the material is 
considered a good dielectric (insulator) if t >> 7. In a limit, t - oo for perfect 
(lossless) dielectrics (o = 0). For all other (intermediate) values of t, the mate- 
rial is classified as a quasi-conductor. We can now understand that some materials 
that are considered as good conductors at certain frequencies may behave like 
good dielectrics at sufficiently higher frequencies (i.e., shorter time periods). For 
example, at frequencies f; = 1 kHz, fp = 10 MHz, and f; = 30 GHz, average rural 
ground (e, = 14 and o = 1072 S/m, assuming no change in the parameters as a 
function of frequency) behaves like (1) a good conductor, (2) a quasi-conductor, 
and (3) a good dielectric, respectively. Further discussions of conducting and 
dielectric properties of materials at different frequencies, in a context of general 
Maxwell’s equations and electromagnetic wave propagation, are provided in later 
chapters. 


3.8 RESISTANCE, OHM’S LAW, AND JOULE’S LAW 


Consider an arbitrarily shaped conductor made from a linear (generally inhomoge- 
neous) material of conductivity 0, as shown in Fig. 3.8. Let the end surfaces Sa and 
Sg of the conductor be coated with perfectly conducting material (or with mate- 
rial of conductivity much greater than o). If the voltage V is applied between the 
conductor ends, the current, of density J, in the conductor flows normal to the end 
surfaces [Eq. (3.57)] and parallel to the sides of the resistor [Eq. (3.58)]. By virtue 
of the continuity equation, the same total current must pass through every cross 
section of the conductor. This current is given by 


r= [s-as= [ ob-as, (3.69) 
S S 


where E is the electric field intensity vector in the conductor. On the other hand, 
the voltage between Sa and Sp equals the line integral of the same vector, E, along 
any path in the conductor connecting these surfaces [Eq. (1.90)], that is, 


B 
V= E - dl. 3.70 
[ (3.70) 


The time period (T) is defined as an interval after which a time-harmonic (or other time-periodic) 
function repeats itself over time, whereas the frequency (f) is the number of repetitions of the function 
per unit time (one second), so that f times T equals unity. 
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Figure 3.8 Arbitrarily shaped 
conductor — resistor. 


Now, we note that if V is increased (for some reason), the electric field lines do 


141 


not change shape, but E proportionally increases everywhere within the conductor, 
and, by means of Eq. (3.69), so does the current J. The ratio of V and J is thus a 
constant, 


i 7 (3.71) resistance (unit: Q) 
called the resistance of the conductor. A conductor with two terminals and a (sub- 
stantial) resistance R is usually referred to as a resistor. The relation between the 


voltage, current, and resistance of a resistor is known as Ohm’s law: 


The resistance is always nonnegative (R > 0), and the unit is the ohm (), equal to 
V/A. The value of R depends on the shape and size of the conductor (resistor), and 
on the conductivity o (or resistivity 0) of the material. 


HISTORICAL ASIDE 


Ohm's law 


(3.72) 


Georg Simon Ohm 
(1789-1854), a German 
physicist and mathemati- 
cian, was a_ professor 
at the University of 
Munich. As a child, Ohm 
received a fine mathe- 
matical and _ scien- 
tific education from his 
father, who was a lock- 
smith and an entirely 
self-taught man. In 1811, he received a doctorate 
in mathematics from the University of Erlangen. 
He was also interested in physics, where he studied 


analogies between the flow of electricity and flow 
of heat. In a series of papers in 1825 and 1826, he 
gave a mathematical description of conduction in 
electric circuits modeled after Fourier’s study of 
heat conduction. He assumed that, just as the rate 
at which heat flowed between two points depended 
on the temperature difference between the points 
and on the ease with which heat was conducted 
by the material between the points, the electric 
current between two points should depend on the 
difference in electric potential between the points 
and on the electric conductivity of the material 
between the points. By experimenting with wires 
of different lengths and thicknesses, he found that 
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the current intensity through a wire, for a given 
potential difference between the wire ends, was 
inversely proportional to the length and directly 
proportional to the cross-sectional area of the wire. 
As very knowledgeable of both mathematics and 
physics, Ohm was able to deduce mathematical 
relationships based on the experimental evidence 
that he had tabulated. He defined the resistance of 
a wire and showed, in 1827, that a simple relation 
existed among the resistance, potential difference 
(voltage), and current intensity of a wire. This is 
now known as Ohm’s law. The fully developed 
presentation of his theory of electric conduction 
appeared in his famous book “Die Galvanische 
Kette, Mathematisch Bearbeitet” (The Galvanic 


The siemens is adopted as the SI unit for 
conductance in honor of brothers Werner and 
Wilhelm von Siemens, German engineers and 
inventors. Ernst Werner von Siemens (1816-1892) 
contributed to then new discipline of electrical 
engineering with several inventions in telegra- 
phy (needle telegraph), cable transmission (large 
undersea cables), and energy generation, and was 
one of the first great entrepreneurs in electri- 
cal industry. In 1847, he founded, together with 


Circuit, Analyzed Mathematically), published in 
1827 in Berlin. At first, Ohm’s work was received 
with little enthusiasm, and a full acknowledgement 
and recognition of his results, including Ohm’s law, 
did not come until 1841, when he was awarded the 
Copley Medal of the Royal Society and soon after 
became member of several European academies. 
Only in 1852, two years before his death, Ohm 
achieved his lifelong ambition of being appointed 
to the chair of physics at the University of Munich. 
Ohm’s name was further immortalized in 1881, 
when the International Electrical Congress estab- 
lished the ohm as the unit of resistance. (Portrait: 
Edgar Fahs Smith Collection, University of Pennsylvania 
Libraries) 


the mechanic Johann Georg Halske (1814-1890), 
the “Siemens & Halske Telegraph Construction 
Company” in Berlin, later known as “Siemens.” 
Karl Wilhelm von Siemens (1823-1883) was a 
mechanical engineer by training and successful 
businessman. His most important inventions are 
the regenerative furnace and electric pyrome- 
ter. He later became British subject, Sir Charles 
William Siemens. 


conductance (unit: S) 


Figure 3.9 Circuit-theory 


representation of a resistor. 


nonlinear resistor 


The reciprocal of resistance is called the conductance and symbolized by G. 
From Ohm’s law, 

— 

RV 

Its unit is the siemens (S), where S = Q-! = A/V. Note that sometimes the mho 
(ohm spelled backwards) is used instead of the siemens. 

Fig. 3.9 shows the circuit-theory representation of a resistor. In circuit theory, 
it is assumed that the resistances are located only in the resistors in a circuit, while 
the interconnecting conductors are considered as perfectly conducting. Each con- 
necting conductor has therefore zero resistance and is equipotential (acts as a short 
circuit). The only voltage drops in the circuit occur across circuit elements. Note 
that Ohm’s law, Eq. (3.72), is valid also for time-varying voltage (v) and current (7) 
of a resistor (v = Ri). It represents the element law for a resistor, as one of the basic 
elements in circuit theory [another element law being Eq. (3.45) for a capacitor]. 

For linear resistors, R remains constant for different voltages and currents, V 
and /. For nonlinear resistors, however, the conductivity of the material depends 
on the applied electric field, E, and R therefore depends on the applied voltage (or 
current), 


(33735 


[R= RV), ar 
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Figure 3.10 Evaluation of the 
power of Joule’s (ohmic) losses 
in a resistor of general shape. 


Examples are semiconductor (pn) diodes, whose current-voltage characteristics, J = 
I(V), are nonlinear functions. 

The total power of Joule’s or ohmic losses in the resistor in Fig. 3.8 is given by 
Eq. (3.32), where v is the volume of the resistor. To carry out the volume integration, 
we first cut v into thin slices with bases chosen to be equipotential surfaces (perpen- 
dicular to current lines). We then subdivide each slice along the current lines into 
small tubular cells of volume dv = dS di, as depicted in Fig. 3.10, and write 


B 
Py= | sEdv= [ fue dS dl. (3.75) 
v Aas: — 


Note that Edi equals the voltage dV between the bases of the cell, which is the 
same for all cells within a slice (because of the equipotentiality of interfaces between 
adjacent slices). Therefore, dV is a constant for cross-sectional integration over S, 
and can be taken out of that integral. We have thus separated the overall integration 
throughout v into two independent integrals: 


B B 
Py= [ [essen (1 eal) ( [ sas) = v1 (3.76) 
A JS ea A S 


dV 


which equal, respectively, the voltage V [Eq. (3.70)] and the current J [Eq. (3.69)] 
of the resistor. Employing Eqs. (3.72) and (3.73), the equivalent expressions for the 
power of Joule’s losses in a resistor are 


(3.77) 


This is known as Joule’s law. 


Example 3.4 Current Uniformity in Conductors with Uniform Cross Section 


A steady current is flowing through a long conductor made of a homogeneous material and 
having a uniform cross section of an arbitrary shape. Prove that the current density is the 
same in the entire conductor. 


Solution With reference to Fig. 3.11, the current density vector in the conductor has a 
z-component only, J = Jz(x, y, z) Zz. From the continuity equation for steady currents in differ- 
ential form, Eq. (3.41), and the expression for divergence in the Cartesian coordinate system, 


Eq. (1.167), we have 


y jott=o (3.78) 
OZ ; 


which means that J; is not a function of z, i.e., it does not vary along the conductor. 


Figure 3.11 Steady current 
in a homogeneous 
conductor of a uniform cross 


section; for Example 3.4. 


Joule’s law 
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HISTORICAL ASIDE 


~ James Prescott Joule 
(1818-1889), an English 
scientist, was a mem- 
ber of the Royal Society. 
As a son of a wealthy 
Salford brewer, Joule 
was educated by private 
, tutors, including the fam- 
* ous English chemist and 
| physicist John Dalton 
> (1766-1844). Later, while 

. working in the family 
brewery, he studied in his spare time the subject 
of electricity (new at that time) and was especially 
interested in the efficiency of electric motors. After 
several attempts to design a superefficient electric 
motor that would produce infinite power (this pos- 
sibility had been suggested in previous papers) and 
thus offer an ideal alternative to steam engines, 
he realized that this goal was not achievable and 
became interested in studying the heat gener- 
ated by electricity. Joule lacked in mathematical 
rigor, but was a fanatic experimentalist. Based on 
extensive measurements of heat in electric motors 
and other electric circuitry, he discovered, in 1840, 


that the heat produced by a current in an elec- 
tric circuit Over a certain interval of time equals 
the square of the current intensity multiplied by 
the resistance of the circuit and time. This came 
to be called Joule’s law. He measured the heat 
produced by every process he could think of, and 
studied the relationship between the amount of 
work entering the system and the amount of heat 
exiting the system. In his famous “paddle wheel” 
experiment in 1847, he used a falling weight to 
spin a paddle wheel in an insulated barrel of water 
and measured very precisely the increase in the 
water temperature produced by the friction of the 
wheel — to determine the mechanical equivalent 
of the heat dissipated in the water. His general 
conclusion was that heat was only one of many 
forms of energy, which can be converted from one 
form to another but the total energy of a closed 
system remains constant. With this, he contributed 
fundamentally to the discovery and recognition of 
the principle of conservation of energy. We honor 
Joule also by using joule as the unit for work and 
energy. (Portrait: National Bureau of Standards Archives, 
courtesy AIP Emilio Segré Visual Archives, E. Scott Barr 
Collection) 
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To prove that J does not change in a cross section of the conductor either, we apply 
Eq. (3.43) to a rectangular contour C placed inside the conductor, with sides of length a set 
parallel to current lines (Fig. 3.11). Using also Eq. (3.18), we can write 


1 
fed=$ = -dl=—f3-d=0, 
Cc ce a JC 


where o is the conductivity of the medium, and 1/o can be taken out of the integral because 
the medium is homogeneous (o = const). Hence, 


(3.79) 


§ $-dl=Ja—Jpa=0, (3.80) 
G 

with J; and J> standing for the current densities along the two sides of the contour parallel to 
J. We conclude that these current densities are the same: 


hee, (3.81) 


Note that C can be translated to any position in the conductor, so that J; and J2 can be associ- 
ated to any pair of points in the conductor cross section. This implies that J does not depend 
on x and y, namely, it is the same in the entire cross section of the conductor. Combined with 
our previous conclusion about the current uniformity in the z-direction, we have that 


J = const | (3.82) 


everywhere inside the conductor. 
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Resistance of a Resistor of a Uniform Cross Section = 


Determine the resistance of a homogeneous resistor with a uniform cross section of an 
arbitrary shape and surface area S. The length of the resistor is / and the conductivity of the 
material is o. 


Solution Eq. (3.82) tells us that the current is distributed uniformly in the resistor. The 
current density in the resistor is thus 


I 

f= . (3.83) 
where J is the current intensity through the resistor, Eq. (3.69). Using Eq. (3.70), the voltage 

across the resistor is J Il 
2 (3.84) 

o oS 

Hence, the resistance of the resistor comes out to be 
V I 

R= 7 a (3.85) 


| Example 3.6 | ER we Two Resistors in Series 


Fig. 3.12(a) shows a cylindrical resistor of radius a consisting of two parts of lengths /; and Jp. 
Conductivities of the parts are 0; and 02 (01 4 02). The voltage across the resistor is V. Find 
the current through the resistor. 


Solution The current through the two parts of the resistor is the same, and they can be 
represented as two homogeneous resistors connected in series, as shown in Fig. 3.12(b). The 
total resistance of the connection is 


R=R,+R, (3.86) 
where, using Eq. (3.85), the resistances of individual resistors amount to 
I 
Ry el (3.87) 
O17 ae O27 a 
respectively. The current through the resistor in Fig. 3.12(a) is hence 
4 Vi 
1 = 0102a (3.88) 


= Ri, + Ro i only + o4ln 


Example 3.7 BA ResistorsinParallel = $& | 


A cylindrical resistor of length / consists of two coaxial layers of different conductivities, o1 
and 02, as shown in Fig. 3.13(a). The cross-sectional surface areas of the layers are S; and S>. 
The current through the resistor is 7. Compute (a) the current density in the resistor and (b) 
the voltage across the resistor. 


Solution 


(a) Eq. (3.54) tells us that the electric field intensities in the two layers are the same: 
15) S/By = 8, (3.89) 


Hence, the current densities in the layers are not the same, as Jy = 0, E and Jy = 02 E. 
The total current through the resistor is given by 


T=J1S; + JoS2 = (01S + 0252) E, (3.90) 


from which I 
E= —_ 3.9] 
01S; + 0282 ( ) 
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resistance of a homogeneous 
resistor with a uniform cross 
section 


equivalent resistance of two 
resistors in series 


(b) 


Figure 3.12 Cylindrical 
resistor with two parts of 
different conductivities: 

(a) geometry and 

(b) network representation; 
for Example 3.6. 
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and 


oil o21 
J, = ———_ d J) = ———_.. : 
1 @S1 +025) a Mg oS; + 0252 Cz 
(b) The voltage across the resistor is 
Il 
V=E= ————_.. 3.93 
015) +0252 ( ) 


Note that V can also be found using the equivalent circuit shown in Fig. 3.13(b). Namely, 
since the voltage across the two layers of the resistor is the same, they can be repre- 
sented as two homogeneous resistors connected in parallel. The total conductance of the 
connection turns out to be 


equivalent conductance of G=G) + G2, (3.94) 


two resistors in parallel 


Figure 3.13 Resistor with 
two coaxial layers (a), which 
can be represented as two 
homogeneous resistors 


that is [Eq. (3.85)], 
(3.95) 


The voltage of the resistors is V = //G. 


Example 3.8 Conductance of a Spherical Capacitor 


Find the conductance of the spherical capacitor with an imperfect (conducting) dielectric (of 
conductivity o) from Fig. 3.6. 


Solution Using Eqs. (3.73) and (3.50), the conductance of the nonideal spherical capacitor 
is, by definition, 


I 4nxoab 
leakage conductance of a CSsse 


nonideal spherical capacitor 


y (3.96) 


This, actually, is the so-called leakage conductance of the capacitor. (An ideal capacitor has 
a perfect dielectric and zero leakage conductance.) Note, however, that the system in Fig. 3.6 
may also represent a spherical resistor, with resistance 


eres (3.97) 


where p = 1/c is the resistivity of a (resistive) material between the electrodes. 
Note also that, employing the conductance (or resistance) and Joule’s law, Eq. (3.77), 
the power of Joule’s losses in the capacitor (resistor) can now easily be found as 


V2 4naabV* 
(a) which, of course, is the same result as in Eq. (3.52). 


Problems: 3.2-3.9; Conceptual Questions (on Companion Website): 3.1 1-—3.17; 
MATLAB Exercises (on Companion Website). 


3.9 DUALITY BETWEEN CONDUCTANCE AND 
CAPACITANCE 


(b) 


Consider a pair of metallic bodies (electrodes) placed in a homogeneous conducting 
medium of conductivity o and permittivity ¢, as shown in Fig. 3.14. The conductivity 
of electrodes is much larger than o. Let the voltage between the electrodes be V. 
From Eq. (3.62), there is no volume charges (p = 0) in the medium (o and « are 


connected in parallel (b); constants). Having in mind Eq. (3.57), the current (and field) lines are normal to 
for Example 3.7. the surfaces of electrodes. We now use the duality relationship between the current 
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electrode 2 


Figure 3.14 Two metallic 


o,€ electrodes in a homogeneous 
conducting medium. 


density vector, J, and electric flux density vector, D, in the medium, Eq. (3.61), to 
relate the conductance, G, and capacitance, C, between the electrodes. 

Applying the continuity equation for steady currents, Eq. (3.40), and gener- 
alized Gauss’ law, Eqs. (3.60), to an arbitrary surface S completely enclosing the 
positive electrode (Fig. 3.14) gives 


1= [s-as=* [ -as-“9, (3.99) 
S EJS é 


where J is the total current leaving the positive electrode through the conducting 
medium (and entering the negative electrode), Q is the total charge of the positive 
electrode (the total charge of the negative electrode is —Q), and o/e can be brought 
outside the integral sign because it is a constant, i.e., the medium is homogeneous.® 
By dividing this equation by V, we obtain 


Legend (3.100) 


which, by means of Eqs. (3.73) and (2.113), yields the following duality relationship 


between G and C: 
c 


Note that, since the definition of C, Eq. (2.113), depends on the existence of 
charges Q and —Q on the electrodes and is independent of whether or not a cur- 
rent also exists in the dielectric medium (of permittivity e), G and C in Eq. (3.101) 
do not necessarily represent the conductance and capacitance of a system with 
an imperfect dielectric of parameters o and e. They can also be associated with 
two independent dual systems, representing the capacitance (C) between a pair of 
electrodes when placed in a perfect dielectric (of permittivity ¢, including the case 
€ = €9, and zero conductivity) and the conductance (G) between the same elec- 
trodes when placed in a conducting medium (of conductivity o and totally arbitrary 
permittivity), respectively. 


8Note, however, that this is true also for inhomogeneous media for which functions o and ¢ are such that 
o/é = const. 


duality of G and C 
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R-C analogy 
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Figure 3.15 Network 
representation of the system 
in Fig. 3.14. 


self-discharging of a capacitor 
with an imperfect dielectric 


In terms of the resistance, R, between the electrodes, Eq. (3.101) can be 
rewritten as 


RG = ee (3.102) 
Oo 


where T, given by Eq. (3.68), is the relaxation time of the material between the elec- 
trodes. Fig. 3.15 shows the circuit-theory representation of the system in Fig. 3.14. 
This is a first-order capacitive circuit, whose time constant (tc = RC) is equal, by 
virtue of Eq. (3.102), to the relaxation time of the material (t = ¢/c). 

The relations in Eqs. (3.101) and (3.102) are very useful in deriving expressions 
for conductance and resistance of electrode configurations for which we already 
have the capacitance, or vice versa. For example, from the expression for the capac- 
itance of a spherical capacitor with dielectric permittivity e (and zero conductivity) 
and electrode radii a and b (a < b), given in Eq. (2.119), we can immediately deter- 
mine the expression for the conductance of the same capacitor if filled with a 
conducting medium of conductivity a: 


(3.103) 


[the same as in Eq. (3.96)]. 


Example 3.9 Self-Discharging of a Nonideal Capacitor —— 


A parallel-plate capacitor is filled with an imperfect dielectric of relative permittivity e, = 6 
and conductivity o = 10-4 S/m. The capacitor was connected to an ideal battery and fully 
charged to a voltage of 20 V between its plates, and then disconnected from the battery. Find 
the time after which the voltage of the capacitor decays to 1 V. 


Solution The capacitor can be represented by the equivalent network in Fig. 3.15, where C 
and R are the capacitance and resistance between the capacitor plates, respectively. With no 
battery in the circuit, the current discharging C is also the current across R, which, with help 
of Egs. (3.45) and (3.72), gives 
dv ov dv ov 
-C— =— —+—=0, 3.104 
dik = | Names Ce 


where the time constant tc = RC is found from Eq. (3.102). The solution of this differential 


equations eee _ 
Eo = v(0) eo /RO = wy eo /2", (3.105) 


Finally, we take the natural logarithms of both sides of the equation, and obtain the time 
we seek: 
po ee = eorinmtes (3.106) 
ror v(0) 
where v(0) = 20 V and v(t) = 1 V. 

We realize that discharging of a charged capacitor with homogeneous imperfect dielec- 
tric that is left to itself (open-circuited) is completely independent of its shape (geometry) 
and size, and completely analogous to redistribution of charge in a conductor described by 
Eq. (3.67). The capacitor voltage, v(t), and charge, Q(t) = Cv(t), decrease exponentially with 
time, at a rate that is set by the relaxation time of the lossy dielectric filling the space between 
the capacitor electrodes. 


Conceptual Questions (on CD): 3.18-3.21; MATLAB Exercises (on Companion 
Website). 
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3.10 EXTERNAL ELECTRIC ENERGY VOLUME SOURCES 
AND GENERATORS 


We observed in connection with Fig. 3.1 that an external voltage source (e.g., a 
chemical battery) is required to maintain a steady current in a conductor. This 
source creates a rise in potential in the circuit and a potential difference between 
the ends of the conductor. From the energy standpoint, an external source of 
energy is necessary to maintain steady electric current flow through the circuit 
by continuously supplying the energy that is then dissipated in the conductor as 
Joule’s heat. In concrete situations, various forms of the external energy (chem- 
ical energy, mechanical energy, thermal energy, light energy, etc.) are converted 
to the energy of the electric field in conductors and ultimately lost to heat. 
Generally, in analogy to circuit-theory generators, we use two field-theory mod- 
els of volume-distributed energy sources capable of transmitting energy to electric 
charges: sources analogous to voltage generators and sources analogous to current 
generators. 

Consider a source region of volume v shown in Fig. 3.16(a) in which a non- 
electric external force, F;, termed the impressed force, acts on charge carriers (e.g., 
electrons) and separates positive and negative excess charges. An example is the 
force on electrons in a metallic wire moving in a magnetic field (as we shall see in 
a later chapter). We can formally divide F; by the charge of a carrier, g (q = —e for 
electrons), and what we get is a quantity expressed in V/m: 

|S rg (3.107) 
q 
which we call the impressed electric field intensity vector. This field, however, 
although of the same dimension and unit as E, is not a true electric field (a field 
due to charges). Since there is also a field due to charges in the domain v, the total 
force on q is 
Fiot = Fi + gE = q(Ej + E), (3.108) 


and this is the force that compels the charges to move through the region. The 
current density vector in the region is, therefore, given by 


J=o(E-+ Ej), (3.109) 


where o is the conductivity of the material in v. It is very important to note that E; 
does not depend on J. 

The model with a volume distribution (throughout v) of energy sources mod- 
eled by an impressed electric field, of intensity Ej, can be used in many different 
electromagnetic situations, as we shall see later in this text. However, we note here 
that the particular situation in Fig. 3.16(a) actually represents a voltage generator in 
circuit theory. The generator is connected to a resistor of resistance R. Combining 
Eas. (1.90) and (3.109), the voltage between the ends B and A of the source region 
(generator), can be written as 


A A J 
Vea = | E-dl= [ (-Ei+2)-a (3.110) 


B B 
Reversing the order of integration limits, we have 


B Bg 
Vea = | E-al- [ —-di. Cll 1) 
A A @ 


lew 
+ 
VBA 
R 
eB 
- + 
Ree 
oc Vpa _R 
+ 
2 
_ 
(b) 


Figure 3.16 (a) External 
electric energy sources 
modeled by an impressed 
electric field, of intensity Kj. 
(b) Voltage generator in 
circuit theory. 


E; — impressed electric field 
intensity vector (unit: V/m) 
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electromotive force — emf 
(unit: VN’) 


voltage generator 


ideal voltage generator 


Kirchhoff’s voltage law in 
terms of emf’s and voltage 
drops RI 


The first term on the right-hand side of this equation is, by definition, the electro- 
motive force (emf) of the generator: 


—— 
f= 7) (3a 
A 


Note that € equals the work done by the external force, Fj, in moving the charge q 
through the generator, from its negative terminal (A) to its positive terminal (B), 
divided by q. The unit for emf is V. The second integral in Eq. (3.111) is linearly 
proportional to the current / in the circuit: 


Be 
—-di=R,/, : 
i - g (3.193) 
where the constant of proportionality, Rg, is called the internal resistance of the 
generator. Hence, Eq. (3.111) becomes 


Vea = E— Rel. (3.114) 


Fig. 3.16(b) shows the equivalent circuit-theory representation of the generator. 
Note that if the generator terminals A and B are open-circuited (R > oo), no 
current flows through the generator (/ = 0), and we can write [Fig. 3.16(b)] 


(VBA )open-circuited =Vca=E (1=0). (3.115) 


Thus, the emf of the generator also equals its voltage when open-circuited. 

An ideal voltage generator is one with a zero internal resistance (Rg = 0), ie., 
no internal losses, implying that the voltage of such a generator is always equal to 
its emf, irrespective of the current flowing through it. That is, 


Vea =E (3.116) 


for all values of J and all values of R. This, essentially, is a consequence of the 
impressed electric field intensity, E;, being completely independent of the current 
density, J, in the generator. 
By Ohm’s law, Eq. (3.72), on the other hand, the voltage Vga in Fig. 3.16 can 
be written as 
Vaa = RI, (3.117) 


which, combined with Eq. (3.114), gives 
e — Rol Ri, (3.118) 


In general, for a closed path in a circuit with many emf sources and resistors 
(including the internal resistances of the sources), we have 


M N | 
Y= (3.119) 
j=l k=1 | 


This equation is an expression of Kirchhoff’s voltage law, Eq. (1.92). It states that 

the algebraic sum of the emf’s (voltage rises) around a closed path in a circuit equals 

the algebraic sum of the voltage drops (R/) across the resistances around the path. 
Multiplying both sides of Eq. (3.118) by /, we obtain 


El = Rel? + RP. (3.120) 
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By Joule’s law, Eq. (3.77), the expressions appearing on the right-hand side of this 
equation represent the power of Joule’s losses in the generator and that in the resis- 
tor of resistance R, respectively. Both these powers are lost to heat. Therefore, by 
the principle of conservation of energy, the expression on the left-hand side of the 
equation, 

Pi = €1, (3.121) 
must be the power generated by the emf of the generator. In local form, the volume 
density (in W/m?) of the power of the impressed electric field of intensity E; is [see 
Eq. (3.31)] 
qPi 
ae 


The total power of sources in the domain v is thus [see Eq. (3.32)] 


= Ej - J. (3.122) 


P; =} .Jdv. (3.123) 
vV 


Let now the charges in a source region be carried by an impressed nonconduc- 
tion current of density Jj, as depicted in Fig. 3.17(a), independent of the electric 
field intensity, E. This is the second general model of energy sources we use in 
electromagnetics.’ The current density J; does not enter Ohm’s law in local form, 
and the total current density vector in the region is given by 


J=cE+Ji, (3.124) 


which, in scalar notation [for the situation in Fig. 3.17(a)], becomes 
J=-cE+ Jj. (3.125) 


This is analogous to a current generator in circuit theory, shown in Fig. 3.17(b) and 


described by 
I= —G,gV + Jy, (3.126) 


where J, and Gg are the current intensity and internal conductance of the generator, 
respectively. Note that /, equals the current of the generator with its terminals short- 
circuited (V = 0). An ideal current generator has a zero internal conductance (Gz = 
0), or an infinite internal resistance. This means that the current of such a generator 


is always constant, 
ean 


i.e., it is independent of the generator terminal voltage (and of the conductance G). 


9A classical example is so-called Van de Graaff generator, where the impressed current consists of 
charges transported mechanically on a moving dielectric belt, so that the velocity at which the belt 
moves actually represents an equivalent drift velocity (vq) of charges. Here, however, the velocity of 
charges (i.e., the velocity of the belt) obviously does not depend on the electric field intensity vector, 
E, and Eq. (3.2) does not make sense. 


10Note that both Eq. (3.109), for a region with energy sources modeled by an impressed electric field, and 
Eq. (3.124), for a region with an impressed current, can be regarded as versions of the general constitutive 
equation for the current density, Eq. (3.21). In other words, Eq. (3.21) generally includes models of vol- 
ume energy sources based on impressed fields and impressed currents, along with conduction properties 
of materials. 


power generated by 
impressed field 


Jj — impressed current density 


vector (unit: A/ m? ) 


current generator 


ideal current generator 
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power generated by 
impressed current 


(b) 


Figure 3.17 (a) External 
electric energy sources 
modeled by an impressed 
electric current, of density 
J;. (0) Current generator in 
circuit theory. 


The power density of sources represented by an impressed current of density Jj 
amounts to 
pi= —-E- Jj, (3.23) 
where the minus sign is necessary because vectors E (the electric field intensity 
vector, due to positive and negative charges) and J; (the impressed current density 
vector, which, like any other current density vector, carries positive charges in its 
direction and negative charges in the opposite direction) are directed oppositely. 
For the situation in Fig. 3.17(a), pj = EJ;. The total power of sources in v is 


= -fE-s dv. (3.129) 
Vv 


Note that the power generated by /, in Fig. 3.17(b) is given by 
ei Vvin (3.130) 


This power is delivered to the rest of the circuit and dissipated to heat in the two 
resistors, the total power of Joule’s losses being GgV? + GV. 


3.11 ANALYSIS OF CAPACITORS WITH IMPERFECT 
INHOMOGENEOUS DIELECTRICS 


We now deal with steady current fields in capacitors containing piece-wise homo- 
geneous and continuously inhomogeneous imperfect (lossy) dielectrics. Generally, 
charges in these systems exist not only on the surfaces of capacitor electrodes, but 
also on the boundary surfaces between homogeneous dielectric layers and over 
the volume of continuously inhomogeneous dielectrics. The analysis starts with the 
evaluation of the current distribution, i.e., the computation of the current density 
vector, J, in the dielectric. The electric field intensity vector, E, is then determined 
by Ohm’s law in local form. By integrating E through the dielectric, we find the 
voltage between the electrodes and the conductance (and resistance) of the capac- 
itor. Finally, the distribution of charge in the system can be found from the electric 
flux density vector, D, using the generalized Gauss’ law in differential form and the 
corresponding boundary condition. 

As an illustration, consider a parallel-plate capacitor with two imperfect dielec- 
tric layers shown in Fig. 3.18(a). Let the permittivities of the layers be €; and &2, 
their conductivities 0; and 02, and thicknesses d; and dp, respectively. The surface 
area of each of the plates is S. The plates can be considered as perfect conductors. 
Let us analyze this capacitor, assuming that it is connected to an ideal generator of 
time-invariant voltage V. 

The current density vector in the dielectric is normal to the plates [Eq. (3.57)] 
and uniform in each dielectric layer [Eq. (3.82)]. From the boundary condition 
for the normal components of J, Eq. (3.55), applied to the interface between the 
two dielectrics and the continuity equation for steady currents in integral form, 
Eq. (3.40), applied to a rectangular closed surface enclosing the positive plate 
[Fig. 3.18(a)], with the right-hand side positioned in either one of the dielectrics, 
we have 


I 
heh=l=5, (3.180) 
where / is the current through the capacitor. The electric field intensities in the 
dielectrics are 
fi M3 if 
Ey =—=—= and F,=—=— (3.132) 


Oo; a a2 02S 
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The voltage across the capacitor is given by 


ifd d 
V = £\d, + Erod2 = 5(t+2), (3.133) 
S O1 02 
so that the conductance of the capacitor! comes out to be 
i 0102S 
G= = = ——_.. 3.134 
Vs ondy +0442 ( ) 
The electric flux densities in the layers are'” 
V GV 
dD, = 6, F4 = ane and Dy = £2 Ey = a ‘Sua ol 35) 
02 


Eq. (3.62) tells us that, since the dielectric layers are homogeneous, there is no vol- 
ume charge in them. Using Eq. (3.63), the surface charge on the boundary surface 
between the layers amounts to 


_ (€201 — £102)V 


=e, — bea | : 3.136 
Ps12 2 1 ( ) aCe ( ) 


where we take J, = —J in Eq. (3.63) because the unit vector n in the corresponding 

boundary condition 1s directed from medium 2 to medium 1. Note that if ¢,/o, = 

£2/02, Ps12 = 0. From Eq. (2.58), the surface charge densities on the plates are 
£102V £201V 


psi = Dj = —~—— and pp = —D2 = - 


——__——_—_., Balls 
o1d7 + 02d, 01 d72 + 02d, ( ) 


The system in Fig. 3.18(a) can be explained and analyzed also invoking the 
circuit-theory point of view and concepts. The interface between the dielectric layers 
is equipotential, and can, therefore, be metalized. We thus get two nonideal capac- 
itors in series, each of them being represented by a parallel connection of an ideal 


' Note that the current field in the resistor of Fig. 3.12(a) can be analyzed in the same way. 


!2Note that Dy # Do, contrary to Eq. (2.147) for the same capacitor with two perfect dielectric layers, 
shown in Fig. 2.25(a). The capacitor with a perfect dielectric represents an electrostatic system (with 
no current), and the analysis starts with the generalized Gauss’ law. The capacitor with an imperfect 
dielectric represents a system with steady current, and the analysis starts with the continuity equation. 


| Figure 3.18 Analysis of a 


2] tO Oe] |e 
4, a 
vr’ G C ca 
L—/\ a : 8 /' \/ es capacitor with a two-layer 
2. is imperfect dielectric: (a) 


geometry of the structure 
with vectors J, E, and D in 
individual layers and (b) 
equivalent circuit of the 
(b) system. 
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capacitor and an ideal resistor, as shown in the equivalent circuit in Fig. 3.18(b). The 
characteristics of the elements in the circuit are: 
any 
q=+, G==—, 2 = a (3.138) 
dy 2 o| or 
where the resistances R; and R2 can be obtained either from the corresponding 
capacitances, C; and C> [also see Eqs. (2.157)], using the relationship in Eq. (3.102), 
or from Eq. (3.85). 
Using the expression for the equivalent total resistance of a series connection 
of resistors, Eq. (3.86), the conductance of the system is 


_ 1 _ 9402S (3.139) 
RY +R2 02d, +02" 
The charges of the capacitors in Fig. 3.18(b) are computed as 
0. = CVi= 6 Rl Somer = GV. (3.140) 
1 
0-6 OR ae = GW (3.141) 
2 


with V; and V2 standing for the voltages across individual dielectric layers.’ Finally, 
the surface charge densities in Fig. 3.18(a) are given by the expressions 


Q (pe me 
ps1 = ra Psi2 = a and py = = (3.142) 


which give the same results as in Eqs. (3.136) and (3.137). 


Serie mime Spherical Capacitor with a Continuously Inhomogeneous Imperfect 
Dielectric 


A spherical capacitor is filled with a continuously inhomogeneous imperfect dielectric. The 
permittivity and conductivity of the dielectric depend on the distance r from the capacitor 
center and are given by the expressions ¢(r) = 3eyb/r and o(r) = ogb?/r (a < r < b), where 
a and b are radii of the inner and outer capacitor electrodes, and o9 is a (positive) constant. 
The capacitor is connected to a time-invariant voltage V. Find: (a) the conductance of the 
capacitor, (b) the free charge distribution of the capacitor, (c) the bound charge distribution 
of the dielectric, and (d) the total free charge in the capacitor. 


Solution 


(a) Because of spherical symmetry, the current density vector in the dielectric is of the form 
given by Eq. (3.46). From the continuity equation, /(r) is the same as in Eq. (3.48), so 
that the electric field intensity vector in the dielectric is (Fig. 3.19) 

J yf! I 


E = — = ———_=r 


o(r)  4za(r)r? 4nayb2 


Il 


f= Ei (3.143) 


with / being the current intensity of the capacitor. We note that the electric field intensity 
turns out to be the same in the entire dielectric (E = const). The voltage betwecn the 


13Note that the voltages of the elements in Fig. 3.18(b) are determined by the resistors: Vj = VR1/(Ri + 
R2) and V2 = VR2/(R, + R2) - resistive voltage divider. In the case of the same system with perfeet 
diclectric layers {Figs. 2.25(a) and 2.26(a)], which is an electrostatic system, the voltages are determined 
by the capacitors: V; = VC2/(C, + C2) and V2 = VC; /(C, + C2) - capacitive voltage divider. 
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Figure 3.19 Spherical 
capacitor with a continuously 
inhomogeneous 

dielectric with losses; for 
Example 3.10. 


electrodes and the capacitor conductance amount to! 


b I 4moob? 
v=f Edr=E(b-a) — Ga 0D (3.144) 
a V b-a 
(b) The electric flux density vector in the dielectric is given by 
D =e(nErt, (3.145) 


where E = V/(b—a). By means of Eqs. (3.62) and (1.171), the free volume charge 
density inside the dielectric is 


Ed ( )= 3e9bV 
r2 dr ~ (b-a)r" 
The free surface charge density on the surfaces of the inner and outer capacitor 
electrodes are 


1d 
p=V-D= 2 [PDO] = (3.146) 


V 
psa = D(a) = o(atyE= = and py = -D(b~) = -0(b-)E= - >, 
a(b — a) b-a 
(3.147) 


respectively. 
(c) From Eq. (2.59), the polarization vector in the dielectric is given by 


P = [e(r) — e0]ErF. (3.148) 
Using Eq. (2.19), the bound volume charge density over the volume of the dielectric is 
ied &9V (3b — 2r) 
S27 se = |) 224) ee .149 
ay 2 dr | 0] P(b—a)” oi) 
while Eq. (2.23) gives us the bound surface charge density on the surfaces of the 
dielectric: 
£9(3b — a)V = 269V 
Bes = EO) a aye and Ppsb = P(b — =. (3.150) 


(d) The total free charge Q in the capacitor is zero. To prove that, we write 
12mepabV =: 1277 e9b*V 
a =|), 
b-a b-a 
3.151) 


b 
Q =) p(r) = dr +PsaSa + psp Sb = 12mebV + 
v 


14Note that, since é(r)/o(r) # const, G is not proportional to C, i.e., Eq. (3.101) is not satisfied. The 
capacitance C is found in Example 2.19. 
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current leakage in a 
transmission line with an 
imperfect dielectric 


Figure 3.20 Coaxial cable with 
imperfect conductors and 
dielectric in a dc regime. 


where dv is adopted to be the volume of a spherical shell of radius r and thickness dr [see 
Fig. 1.9 and Eq. (1.33)], Sa = 4a? (surface area of the inner electrode), and S, = 4b? 
(surface area of the outer electrode). 


Problems: 3.10-3.16; Conceptual Questions (on Companion Website): 3.22 and 
3.23: MATLAB Exercises (on Companion Website). 


3.12 ANALYSIS OF LOSSY TRANSMISSION LINES WITH 
STEADY CURRENTS 


In this section, we analyze transmission lines with losses in a time-invariant (dc) 
regime. Consider, as an example, a coaxial cable with imperfect conductors of 
(finite) conductivity o, and an imperfect dielectric of (nonzero) conductivity og. The 
radius of the inner conductor of the cable is a, the inner and outer radii of the outer 
conductor are b and c, respectively (a < b < c), and the length of the cable is /. The 
cable is fed by a time-invariant (dc) voltage generator of electromotive force € and 
internal resistance Rg, as shown in Fig. 3.20. A load of resistance Ry is connected to 
the other end of the cable. 

Let / designate the current flowing through the inner conductor of the cable. 
The same current returns through the outer conductor. Since the dielectric in the 
cable is imperfect, there is a leakage (stray) current through the dielectric, between 
the cable conductors. Due to cylindrical symmetry of the structure, this current is 
radial with respect to the cable axis and its density, J, depends only on the radial 
distance r from the axis. The current leakage, in turn, causes a continual decrease 
of the current intensity 7 along the cable, meaning that / is a function of the coordi- 
nate z along the cable, 7 = /(z). Applying the continuity equation, Eq. (3.40), to a 
cylindrical closed surface S of radius r and length Az (Fig. 3.20) gives 


1(z + Az) — 1(z)+J2xr Az =0 (3.152) 
Al i 


[currents /(z + Az) and [Az leave S, while /(z) enters it], where A/ is the change 
in current J along a distance Az, and /;, is the leakage current per unit length (p.u.l.) 
of the cable (in A/m). Hence, 


(3.153) 


LS EE ———— SSS 
ae 
bicstea rf Po a} 
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and ? 
Pads 
Der 
Using Ohm’s law in local form, Eq. (3.18), the electric field intensity vector in 
the dielectric is computed as 


(3.154) 


J ae 
E=—=—‘ j, (3.155) 
Gq 2 O¢gr 


so that the voltage between the inner and outer conductor of the cable amounts to 


b U 
v= ecb ae ee (3.156) 
a 


2t0qg a 


By definition, the conductance per unit length of a transmission line, ie., the 
conductance for one meter (unit length) of the line divided by 1 m, is 


(3.157) 


It is also referred to as the p.u.l. leakage conductance. The unit is S/m. For a coaxial 
cable, from Eq. (3.156), 


2N Od 
C= ; .158 
In(b/a) Co) 
The drop of the current / along a distance Az equals AJ = AGV, where 
KG Ghz (35159) 


is the conductance through the dielectric at the length Az. 

As Az approaches zero, the expression on the left-hand side of Eq. (3.153) 
becomes the derivative of J with respect to z. Therefore, combining Eqs. (3.153) 
and (3.157), we have 


beet =-G'V. (3.160) 
dz 
This is a first-order differential equation in z for the current and voltage of a trans- 
mission line with a lossy dielectric. It tells us that the rate of change of the current 
along the line is proportional to the negative of the line voltage, with the conduc- 
tance per unit length of the line as the proportionality constant. In the case of a 
transmission line with a perfect dielectric (no losses in the dielectric), G’ = 0, so 


that d//dz = 0, yielding 
2.161) 


Because of losses in the conductors (1/0, # 0), the voltage between conductors 
varies along the cable, i.e., V = V(z). From Eq. (3.85), the total resistance (for time- 
invariant currents) of the cable turns out to be 


l l 


R=R,+R= —, 
aa 82 OcoS1  —- Oe'S2 


(3.162) 


where R, and R2 are the resistances of the inner and outer conductor, respectively, 
and $; and S> are cross-sectional surface areas of the conductors. The resistance per 
unit length of the line is given by 


i Rou. = 163) 


conductance per unit length 
of a transmission line (unit: 
S/m) 


conductance p.u.l. of a 
coaxial cable 


transmission line with a lossy 
dielectric 


transmission line with a 
perfect dielectric 


resistance per unit length of a 
transmission line (unit: Q/m) 


dc resistance p.u.l. afa 
coaxial cable 
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(the unit is Q/m), so that 


(3.164) 
The resistance along the length Az of the line is 
AR = R’Az, (3.165) 
and the voltage drop across that resistance 
V(z) — V(z + Az) = ARI. (3.166) 
This equation can be rewritten as 
V(z + Az) — V(z) = —R’ Adi, (3.167) 
AV 
which, as Az approaches zero, becomes 
transmission line with lossy S = —R’]. (3.168) 


We see that the rate of change of the voltage along a transmission line with lossy 
conductors is proportional to the negative of the line current, with the resistance 
per unit length of the line being the proportionality constant. For a transmission 
line with perfect electric conductors (PEC), R’ = 0 and dV/dz = 0, so that 


transmission line with perfect (3.169) 


Eqs. (3.167), (3.153), and (3.157) tell us that each section of a transmission line 
of length Az can be represented by a circuit cell consisting of a series resistor of 
resistance R’Az and a shunt (parallel) resistor of conductance G’ Az, and the entire 
transmission line can be replaced by many cascaded equal small cells, as indicated 
in Fig. 3.21. Thus, a transmission line is said to be a circuit with distributed parame- 
ters (parameters per unit length), and Eqs. (3.160) and (3.168) are in fact based on 
Kirchhoff’s laws and Ohm’s law for the cells of the circuit. 

Eqs. (3.160) and (3.168) are called transmission-line equations or telegrapher’s 
equations for time-invariant currents and voltages on transmission lines. For a 
transmission line with both R’ 4 0 and G’ # 0, these two equations are coupled dif- 
ferential equations in two unknowns: /(z) and V(z). By taking the derivative with 
respect to z of one equation and substituting its right-hand side by the correspond- 
ing expression from the other equation, we can eliminate one unknown (current 


—Az) _ 1) Kz+Az) 


(z 


WW ; 
+f R'Az +f mae Pe al 


“|| a 
Figure 3.21 Circuit-theory 


representation of a transmission z~Az Zz z+Az 


line with losses in conductors | Ag | 
and dielectric in a dc regime. - 
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or voltage) and obtain the following second-order differential equations with only 
voltage and only current as unknowns: 
2 2 
Le iden and aT _RGI=0 (Re eG = 0). (3.170) 
dz? dz? 

Their solutions are exponential functions for the voltage and current along the line. 
If R’=0 and G’ £0, V = const along the line [Eq. (3.169)], and the solution to 
Eq. (3.160) is a linear function for the current along the line. Conversely, if G’ = 0 
and R’ # 0, J = const along the line [Eq. (3.161)], and the solution to Eq. (3.168) is 
a linear function for the voltage along the line. Finally, if both G’ = 0 and R’ = 0, 
both current and voltage do not vary along the line. 

Note that using the duality relationship in Eq. (3.101), the leakage conductance 
per unit length of a transmission line with homogeneous imperfect dielectric can be 
found from the capacitance per unit length of the line as 


é 


where €¢ is the permittivity of the dielectric [for a coaxial cable, see Eqs. (3.158) and 
(2.123)]. Note also that R’ 4 1/G’ in Eqs. (3.170). 

The power of Joule’s losses per unit length of a transmission line, P;, can be 
obtained as the power of Joule’s losses in one cell in Fig. 3.21, divided by Az. The 
unit is W/m. Specifically, in conductors of the line (series resistor in Fig. 3.21), 


ARIZ 
(2a = = R’I’. (3.172) 


In the dielectric (shunt resistor in Fig. 3.21), 


AGV? 
Celene =Gv’. (3.173) 


The total power of Joule’s losses per unit length of the line is hence 


Pi =RP+GV’. (3.174) 


| Example 3.11 | Transmission Line with Perfect Conductors and Imperfect Dielectric 


A transmission line of length / and conductance per unit length G’ is connected to an ideal 
voltage generator of time-invariant emf €. The other end of the line is terminated in a load 
of resistance Ry. The losses in the conductors of the line can be neglected. Find: (a) the 
distribution of current along the line conductors, (b) the total power of Joule’s losses in the 
line, and (c) the power of the generator. 


Solution 


(a) With reference to Fig. 3.22,) since there are no losses in the line conductors, R’ = 0, the 
voltage along the line is [Eq. (3.169)] 


VizZy=E O<z<l). (3ri75) 


15 Although resembles a two-wire line, a pair of parallel horizontal lines in Fig. 3.22 is a symbolic repre- 
sentation of an arbitrary two-conductor transmission line, with conductors of completely arbitrary cross 
section and generally inhomogeneous dielectric. 


duality of G’ and C’ 


Joule’s or ohmic losses p.u.t. in 
line conductors (unit: W/m) 


Joule’s (ohmic) losses p.u.!. in 
line dielectric (unit: W/m) 
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KO) Kz) 
& + [10 
+ 
£ V=const Ry 
Figure 3.22 Transmission line 
with lossless conductors and 7a 
ae I(z) z 
lossy dielectric in a dc regime; 
for Example 3.11. 0 l 
Eq. (3.160) becomes 
di 
—=-GE, : 
FY (3.176) 


Ic resistance p.u.l. of a thin 
two-wire line 


and by integrating it, we obtain 
I(z2)=-GEz+lp O<z<J. (3.177) 
From the condition /(/) = V/R, = E/Ry (the line current at z =/ equals the current 
through the load), the integration constant is found to be Jy) = G’El + E/Ry [Jo = 1(0) is 
the current of the generator], so that 
a 
I(z) = GEC —z) + a (Rh =07G 0) (3.178) 
L 


(b 


—_— 


Based on Eq. (3.173), the power of Joule’s losses per unit length of the line is given by 
Pi =(P) = GV SG 6 = cons Oe (3.179) 


As P; does not vary along the line, the total power of Joule’s losses in the line, including 
the losses in the load, comes out to be 


= i 
Py= Pil + — = (G+ 5 )e. 3.180 
3 wee, Ry Ry. ( ) 
line “~~ 
load 
(c) Eq. (3.121) tells us that the power of the generator is 
e 
p= E10) = (Gel+ =). Garsiy) 
Ri 
Note that 
Pi = Pj, (Gy lites) 


which, of course, is in agreement with the principle of conservation of energy and power; 
namely, the power generated by the generator is delivered to the rest of the circuit, 
and dissipated to heat in the lossy dielectric of the transmission line and in the resistive 
load. 


Seam pam Chin Two-Wire Line with Losses ————— 


Determine the resistance and conductance per unit length of a thin symmetrical two-wire 
line with lossy conductors and a lossy dielectric. The conductivities of both conductors and of 
the dielectric are o, and og, respectively. The conductor radii are a and the distance between 
their axes is d (d > a). 


Solution The resistance per unit length of the line is twice that of a single wire: 


Ro la (3.183) 


on ae 


[see also Eq. (3.164)]. 
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Figure 3.23 Cross section of a 
thin symmetrical two-wire line 
with imperfect dielectric 
coatings immersed in a 
conducting liquid; 

for Example 3.13. 


From Eqs. (3.171) and (2.141), the conductance per unit length of the line is 


y _ Od _. Od 
Cao = mary (3.184) 


Sct Mm bee !woO-Wire Line with Imperfect Coatings ina Conducting Liquid 


Conductors of a thin two-wire line are coated with thin coaxial layers of imperfect dielectric 
of conductivity o,. The radius of each wire is a, the thickness of coatings is also a, and the 
distance between wire axes is d (d >> a). The line is immersed in a liquid of conductivity 02. 
What is the conductance per unit length of this line? 


Solution The evaluation of the (leakage) conductance per unit length of the line, whose 
cross section is shown in Fig. 3.23, can be performed completely in parallel to the evaluation 
of the capacitance per unit length of the line in Fig. 2.31. Here, instead of Q’ we have I, — the 
current that leaks from conductor 1 of the line through the coatings and the liquid to con- 
ductor 2 of the line, per unit of its length. The leakage current densities due to the individual 
conductors, i.e., the current density due to the leakage from conductor 1 and that due to the 
leakage into conductor 2, evaluated at the point M in Fig. 3.23, are 
I I 
Jy = oy and Jp = Ta 
respectively. The total current density along the x-axis between the conductors is J = J; + J2. 
The electric field intensity is E = J/o; in the coatings and E = J/oz in the liquid. The voltage 
between the conductors, V, is calculated as in Eq. (2.182), and the conductance per unit length 
of the line comes out to be 


(3.185) 


/ -1 

G's ban (5 n24— mz) ‘ (3.186) 

V C1 02 2a 

Note that this expression for G’ can be obtained also by substituting the permittivities in the 
expression for C’ in Eq. (2.183) by the corresponding conductivities. Namely, the inhomo- 
geneity in terms of o in the system in Fig. 3.23 is of the same form as the inhomogeneity 
in terms of ¢ in the system in Fig. 2.31, and a sort of duality between the conductance and 
capacitance of the two systems can be exploited. 


Senne emcee Planar Line with Two Imperfect Dielectric Layers 


Fig. 3.24 shows a planar transmission line consisting of two parallel metallic strips of width 
w and a two-layer dielectric between the strips. The strips are perfectly conducting, whereas 
both dielectric layers are imperfect, with conductivities 0, and o2. The thicknesses of layers 
are d; and do, and the length of the line is /. The line is connected at one end to an ideal 
voltage generator of time-invariant emf €. The other end of the line is open. Calculate (a) 
the conductance per unit length of the line and (b) the current along the strips. 


Solution 


(a) An application of the continuity equation to a rectangular closed surface S portrayed in 
Fig. 3.24, much like that in Eq. (3.152), yields 


JwAz = I(z) —1(z + Az) = lGAz (3.187) 


conductance p.u./. of a thin 
two-wire line 
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Figure 3.24 Planar 
transmission line with a 


two-layer imperfect dielectric; 


for Example 3.14. 


(J; is the leakage current per unit length of the line), from which, the current density in 
both dielectric layers is 
I; 
J=— (3.188) 


wo 


Having in mind Egs. (3.133) and (3.157), the voltage between the strips and the 
conductance per unit length of the line are obtained as 


J J i, (ape it - 
vatattan 8 (4+) = G'= baw (442) (3.189) 
02 


(ony 02 W\ oO) o2 
(b) The current along the line is given by Eq. (3.178) with Ry. — oo (the line is open): 


ae > wet 2) 
(iz) =GEVI-z= TGR ees [aes (3.190) 


Problems: 3.17-3.22; Conceptual Questions (on Companion Website): 3.24—3.26: 
MATLAB Exercises (on Companion Website). 


3.13 GROUNDING ELECTRODES 


Consider a metallic body (electrode) of arbitrary shape buried under the flat surface 
of the earth. This body may represent a grounding electrode for some electrical or 
electronic device (residing on the earth’s surface).!° Assume that the conductivity 
of the earth is the same, o, in the entire lower half-space. Let a time-invariant cur- 
rent of intensity 7 flow from the electrode into the earth (this current is supplied to 
the electrode through a thin insulated wire), as shown in Fig. 3.25(a). As the con- 
ductivity of the electrode is much larger than o, Eq. (3.57) tells us that the current 
lines leaving the electrode are perpendicular to its surface. From Eq. (3.58), on the 
other side, the current lines in the earth near to its boundary with air are tangential 
(parallel) to the boundary surface. 


!6Grounding electrodes, in general, arc used for draining static clectricity induced on parts of a device, 
for equalizing the clectric potential of a device housing with the ncighboring conducting objects, for 
reducing the so-called conduction interference (undcsired currents induced in a device, interfering with 
“regular” currents in the device and with neighboring devices), for routing (togcthcr with lightning rods) 
the charge flow in lightning to the ground, etc. 
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Figure 3.25 Grounding 
electrode with a steady current 
(a) and the equivalent system 
with the earth-air boundary 
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removed (b) — image theory for 


(a) (b) steady currents. 


Consider now the system shown in Fig. 3.25(b), obtained by taking an image 
of the lower half-space of Fig. 3.25(a) in the earth-air boundary plane. Namely, the 
grounding electrode in the lower half-space is the same as in the original system 
and a symmetrical electrode (image electrode) with respect to the boundary plane 
is introduced in the upper half-space, while the entire space around the electrodes is 
filled with the medium of conductivity o. The current of the image electrode is the 
same as that of the original one (J), and it flows also out of the electrode (positive 
image). By symmetry, the total current density vector (due to both electrodes) at 
an arbitrary point of the plane of symmetry in the system in Fig. 3.25(b) has a hor- 
izontal component only. This means that the resultant current lines are tangential 
to the plane of symmetry, and this plane corresponds to the ground-air interface 
in the system in Fig. 3.25(a). We conclude that the distributions of current in the 
lower half-space in the systems in Figs. 3.25(a) and (b) are the same. This is the so- 
called image theory (or theorem) for steady currents, which states that an arbitrary 
steady-current source (e.g., a grounding electrode with a steady current flowing into 
the ground) situated in a conducting half-space near a flat boundary surface with a 
nonconducting medium (e.g., earth-air interface) can be replaced by a new system 
of sources in an infinite conducting medium. The new system consists of the orig- 
inal source configuration itself and its positive image in the boundary plane. The 
image electrode (i.e., the charge on its surface) actually represents an equivalent 
for the surface charge on the boundary between two half-spaces in the original sys- 
tem. There is no direct way to determine this charge and take its contribution to the 
total electric field into account in the original system, and that is why the equivalent 
(homogenized) system, with the boundary removed, is generally much simpler for 
analysis. 

After the current density vector, J, in the earth for a given current / of a ground- 
ing electrode is determined by analyzing the equivalent system in Fig. 3.25(b), all 
other quantities of interest for a specific application can be found - in the original 
system in Fig. 3.25(a). The electric field intensity vector in the ground and on its sur- 
face is E = J/o. An important parameter of a grounding electrode is its grounding 
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resistance, defined as 


: ; = Vor 
grounding resistance Rer = TT (3.191) 


where Vo, is the potential of the electrode with respect to the reference point at 
infinity. According to Eq. (1.74), this potential is given by 


infinity 
potential of a grounding Vor = ‘| E - dl. (3.192) 
electrode (reference point at electrode 
infinity) 


By integrating E along the field lines on the earth’s surface between two points 
that are a distance equal to an average person’s step apart, we get the so-called 
voltage of astep, Vstep, around the grounding electrode. This voltage corresponds to 
the potential difference between the feet of a person walking in the direction along 
the field lines on the earth’s surface. The maximum voltage of a step in the region 
above a grounding electrode is a parameter important for applications where a large 
current intensity of the electrode may cause exceedingly large values of Vetep, with 
even fatal consequences. 


Example 3.15 Hemispherical Grounding Electrode Vr i — 


A hemispherical grounding electrode of radius a = 1 mis buried in the earth of conductivity 
o = 1073 S/m, with its base up, as shown in Fig. 3.26(a). The current of the electrode is 
7 = 1000 A. Find (a) the grounding resistance of the electrode and (b) the voltage of a 
step between points on the earth’s surface that are r} = 2 m and r2 = 7, +b away from the 
electrode center, where b = 0.75 m (average person’s step). 


Solution 


(a) Using the image theory for steady currents, Fig. 3.25, we get the equivalent system 
shown in Fig. 3.26(b), which consists of two hemispherical electrodes pressed onto each 
other, forming thus a spherical electrode with current 2/ flowing into a homogeneous 
medium of conductivity 0. Due to spherical symmetry, the current density vector, J, in 
the medium is radial. Consequently, J in the original system is also radial and of the form 
given by Eq. (3.46). Applying the continuity equation to a spherical surface S of radius r 


Figure 3.26 (a) Hemispherical 
grounding electrode and (b) 
equivalent spherical electrode 
in a homogeneous medium; for 
Example 3.15. (a) (b) 
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positioned around the electrode gives 
ie ae 
4xr2 nr? 
Note that the same result is obtained by applying the continuity equation to a hemispher- 
ical surface of radius r in the original system — in Fig. 3.26(a). 
Combining Eqs. (3.18) and (3.193), the electric field intensity in the earth is 


J(r) I 
LQ) = — : 
o 2nor- 
With the use of Eqs. (3.192) and (3.191), the potential of the electrode with respect to 
the reference point at infinity and its grounding resistance come out to be 


Le (a<r<oo). (37193) 


(3.194) 


a a yl ed 
Ve= | Borax (3.195) 
(b) The voltage of a step is as large as 
"2 I Lee li Ib 
Vaeo = | Ear= = (—- =) = Sl KV (bl=a% — t).| (3.196) 
n 2mo \r fr 2noryr2 


Selly em we |wo Hemispherical Grounding Electrodes 


The electric circuit shown in Fig. 3.27 consists of an ideal voltage generator of emf € = 100 V, 
a wire of negligible resistance, and two hemispherical grounding electrodes. The radius of 
each electrode is a = 2 m, the conductivity of the earth is o = 10 mS/m, and the distance 
between the electrode centers is d = 100 m. Compute the current in the circuit. 


Solution Since d >> a, the potentials with respect to the reference point at infinity of the 
individual electrodes can be evaluated independently from each other, that is, as for a single 
isolated grounding electrode. The equivalent resistance seen by the generator equals there- 
fore 2Rg, where the expression for Rg, is given in Eqs. (3.195). As the resistance of the wire 
is negligible, the current in the circuit is 


are 
"OR, 


Seem eae Hemispherical Grounding Electrode in a Two-Layer Earth 


Conductivity of a layer of earth around a hemispherical grounding electrode shown in 
Fig. 3.28 is 0 = 5 x 10-7 S/m and that of the rest of the earth 0) = 10-3 S/m. The radii 
of the electrode and the boundary surface between the earth layers are a= 1m and 
b =2 m, respectively. The current intensity of the electrode is J = 100 A. Determine (a) the 
grounding resistance of the electrode and (b) the power of Joule’s losses in the earth. 


I = moaE = 6.28 A. GA97) 


grounding resistance of a 
hemispherical electrode 


voltage of a step; b is an 
average person's step 


Figure 3.27 Two hemispherical 


ee grounding electrodes in a dc 
circuit; for Example 3.16. 
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power of Joule’s losses in the 
earth surrounding a 
grounding electrode 


Figure 3.28 Hemispherical 
grounding electrode in an earth 
consisting of two concentric 
layers; for Example 3.17. 


Solution 


(a) Because of symmetry, the current flow in both layers of earth is radial. Applying the 
continuity equation to the closed surface S shown in Fig. 3.28, we obtain the same expres- 
sion for the current density J in the earth as in Eq. (3.193). The electric field intensity 
vector in the earth is E; = J/o; fora <r < band E2 = J/o2 for b < r < oo. By means of 
Eq. (3.192), the potential of the electrode with respect to the reference point at infinity 
is given by 


V, =[-eer=['6 art fe d= ie =) + (3.198) 
ark a 7 a } b ( On o a b o2b ; : 


from which the grounding resistance, Eq. (3.191), is 


Rye = = ( a =) = 05.5) (3.199) 


(b 


— 


Using Eq. (3.32), and combining it with Eq. (3.193), the power of Joule’s losses in the 
earth turns out to be 


fo.) T oO 
Py = | Bau} sag Ear ar=1 f Edr, (3.200) 
, eB Qnr2 ae fa 


where dv is the volume of a hemispherical shell of radius r and thickness dr (portrayed in 
Fig. 3.28). Noting that the last integral in this equation equals Vp, [Eq. (3.198)], we have 


|Pi = Vi =e | (3.201) 


and Py = 955 kW for given numerical data.!’ 


SeCEREEE Spherical Grounding Electrode Deepinthe Earth == 


A spherical grounding electrode of radius a = 30 cm is buried in a homogeneous earth of con- 
ductivity ¢ = 10-2 S/m such that its center is at a depth d = 6 m with respect to the ground 
surface, as shown in Fig. 3.29(a). There is a steady current flowing through the electrode, 
and its potential with respect to the reference point at infinity is Vpr = 15 kV. Calculate the 
maximum tangential component of the electric field intensity vector on the earth’s surface. 


17 Although derived for a specific grounding electrode, that in Fig. 3.28, the expression for the power 
of Joule’s losses in the earth in Eq. (3.201) is true for an arbitrary grounding electrode, with grounding 
resistance Ry, and current /. Note that this is actually an expression of Joule’s law, Eq. (3.77). 
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J original 


~ 
~ 
. 
~ 
~ 


original 


(a) (b) 


Solution Since d > a, the influence of the boundary with air on the grounding resistance 
of the electrode can be neglected, meaning that Rg, can be evaluated as for an electrode 
in the infinite homogeneous medium of conductivity o. Invoking the duality relationship in 
Eq. (3.102), we can further relate Rg to the capacitance (C) of the same metallic sphere 
situated in an infinite dielectric medium of permittivity ¢. Eq. (2.121) gives this capacitance 
for € = &, so that 


a F965 9. (3.202) 


BoC 4noa 


Hence, the current of the electrode is 7 = Vg,/Rgr = 565.5 A. 

Applying the image theory for steady currents (Fig. 3.25) and the superposition principle, 
the resultant current density vector at a point M in Fig. 3.29(b), the position of which is 
determined by a radial distance r from the projection of the electrode centers on the plane of 
symmetry (point O), can be obtained as 


J= Joriginal oP Jimage: (3.203) 


where Joriginal and Jimage are the current density vectors due to the current flow from indi- 
vidual electrodes. Making use of the fact that d >> a, these current densities can be evaluated 
independently from each other, which results in 


T Ir 
“gu ees Re => /= 2Joriginal cosa = 5 RS 


(cosa =r/Rand R= 7? 4d). 
The tangential component of the electric field intensity vector on the earth’s surface in 
the original system, Fig. 3.29(a), is 


(3.204) 


J Ir 
E =] 25 SS. 3.205 
(7) ao 2na(r2 + d*)3/2 ( ) 
From the condition 
mec =0, (3.206) 


we get that the field intensity £; is maximum on a circle of radius rmax = d/J/2 = 4,24 m, 
centered at the point O. This maximum field is 


1V3 
(Es) max = Et (rmax) = aaa 


Note that the maximum voltage of a step, taking b = 0.75 m as an average person’s step, 
is approximately 


= 96 V/m. (3.207) 


(Vstep) max © (Et)max b = 72 V, (3.208) 


Figure 3.29 (a) Spherical 
grounding electrode buried 
deep in the earth and (b) 
equivalent system — by virtue 
of the image theory for steady 
currents; for Example 3.18. 


grounding resistance of a 
spherical electrode buried 
deep in the earth 
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which is much less than the voltage found in Eq. (3.196), for instance. This is expected, 
because the electrode in Fig. 3.29(a) is buried deep in the earth. 


Problems: 3.23~3.29; Conceptual Questions (on Companion Website): 3.27-3.30; 
MATLAB Exercises (on Companion Website). 


Problems 


oF |: 


BPs, 


SESH 


3.4. 


Charge density in terms of the conductivity 
gradient. In a region with steady currents, the 
conductivity of the material varies with spa- 
tial coordinates, o 4 const, whereas permittiv- 
ity does not, ¢ = const. If the electric potential 
in the region is V, show that the volume charge 
density is given by p = (€/0)Vo- VV. 

Various computations for a copper wire with 
steady current. For a copper wire with a steady 
current described in Example 3.1, compute: (a) 
the number of electrons that pass through a 
cross section of the wire during one hour, (b) 
the electric field intensity in the wire, (c) the 
voltage between the wire ends, (d) the volume 
density of the power of Joule’s losses in the wire 
material, (e) the total power of ohmic losses in 
the wire, (f) the resistance of the wire at room 
temperature, and (g) the wire resistance at the 
temperature of 100°C (acy = 0.0039 K~'). 


Parallel-plate capacitor with an imperfect 
dielectric. A parallel-plate capacitor has a 
homogeneous imperfect dielectric of permit- 
tivity « and conductivity o. The separation 
between plates is d and the plate area is S. 
If the voltage between the plates is V (time- 
invariant), find (a) the current distribution 
in the dielectric, (b) the current through the 
capacitor terminals, (c) the conductance of 
the capacitor, (d) the power of Joule’s losses 
in the capacitor, (e) the free charge distribu- 
tion in the capacitor, and (f) the bound charge 
distribution in the capacitor. 


Spherical capacitor half filled with a conduct- 


o3: 


3.6. 


Hollow steel-reinforced aluminum wire con- 
ductor. Consider a hollow steel-reinforced alu- 
minum wire conductor of length / = 100 m. The 
radius of the cylindrical hole in the central part 
of the conductor is a= 5mm, the thickness 
of the stainless-steel (Gsteey = 1.1 MS/m) rein- 
forcement is b — a = 5 mm, and the rest of the 
conductor, whose overall radius is c = 2 cm, is 
aluminum (oa) = 35 MS/m). What is the resis- 
tance of this wire, and what is the ratio of 
current intensities /a)/Jstee) in the two materi- 
als for a given dc voltage drop between the two 
ends of the wire? 


Resistor with two cuboidal parts. A resistor is 
formed from two rectangular cuboids of the 
same size, with sides a = 8 mm, b = 2 mm, and 
c =4mm. The cuboids are made out from dif- 
ferent resistive materials, with conductivities 
a, = 10° S/m and 07 = 4 x 10° S/m. The volt- 
age between the resistor terminals is V = 50 V. 
Find the electric field intensity, current density, 
current intensity, and power of Joule’s losses in 
each of the two cuboids if they are connected 
as in (a) Fig. 3.30(a) and (b) Fig. 3.30(b). 


Figure 3.30 Two rectangular cuboids made out from 
different resistive materials connected in (a) series and (b) 
parallel; for Problem 3.6. 


ing liquid. A spherical capacitor has a poorly 
conducting liquid dielectric occupying a half of 
the space between the electrodes. The radii of 
electrodes are a and b (a < b), and the con- 
ductivity of the dielectric is 0. Determine the 
conductance of this capacitor. 


3.7. Conductivity gradient along the resistor cur- 
rent. Fig. 3.31 shows a right-angled cuboidal 
resistor of dimensions a, b, and c, made out 


3.8. 


3.9 


3.10. 


from a continuously inhomogeneous resistive 
material. The conductivity of the material is 
given by the following function of the x- 
coordinate: a(x) = 09/(1+ 9x/a) (0<x <a), 
where oo is a constant. Calculate the resistance 
of this resistor. 


Figure 3.31 Right-angled cuboidal resistor 
made out from a continuously 
inhomogeneous resistive material; for 
Problems 3.7-3.9. 


Conductivity gradient normal to the resistor 
current. Assume that the conductivity of the 
material in Fig. 3.31 is a function of the 
y-coordinate, o(y) = oo[1 + 9sin(zy/b)] (0 < 
y <b, 09 = const), and find the resistance of 
the resistor. 


Integrated-circuit resistor with exponential 
conductivity profile. An integrated-circuit 
(IC) resistor is built by diffusing a layer of p- 
type impurity into an n-type background mate- 
rial. As a consequence of the diffusion process, 
the concentration of impurity is not uniform 
across the treated region, so that the obtained 
IC resistor can essentially be represented by 
the structure in Fig. 3.31 with the conductivity 
varying as o =o(y). In specific, o(y) expo- 
nentially decreases from o; = 100 S/m at the 
air-resistor surface to 02 = 0.1 S/m at the inter- 
face with the n-type background, which is con- 
sidered to be nonconducting, and the length, 
thickness, and width of the p-type region are 
a=4yum, b=1 yum, and c=2 pm, respec- 
tively. Determine the resistance of the IC 
resistor. 


Spherical capacitor with two lossy dielectric 
layers. The dielectric of a spherical capacitor 
with electrode radii a = 5 cm and c = 15 cm is 
composed of two concentric imperfect dielec- 
tric layers, where the radius of the boundary 
surface between the layers is b= 10cm. The 


3.11. 


3.12. 


3.13. 
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relative permittivity and conductivity of the 
layer near the inner electrode are ¢,; = 12 
and oj =4~x 10-4 S/m, and those of the 
other layer ¢2 =7 and o7 =5x10-°S/m. 
The capacitor is connected to a time-invariant 
voltage V = 100 V. (a) Find the current distri- 
bution in the dielectric. Using this result and 
integration (field-theory approach), compute 
(b) the conductance of the capacitor, (c) the 
power of Joule’s losses in each of the layers, and 
(d) the free charge on each of the boundaries 
of radii a, b, and c. 


Solution using equivalent circuit with ideal ele- 
ments. Repeat parts (b)-(d) of the previous 
problem but using the equivalent circuit with 
two ideal capacitors and two ideal resistors in 
Fig. 3.18(b) (circuit-theory approach). 


Continuously inhomogeneous imperfect 
dielectric. Fig. 3.32 shows a parallel-plate 
capacitor with circular plates of radius a and a 
continuously inhomogeneous imperfect dielec- 
tric. The permittivity and conductivity of the 
dielectric are the following functions of the 
z-coordinate: e(z) = 2(1 + 3z/d)e9 and o(z) = 
o0/(1 + 3z/d),0 < z < d, where og isa constant 
and d is the separation between the plates. The 
capacitor is connected to a time-constant volt- 
age V. Find (a) the current distribution in the 
dielectric, (b) the conductance of the capacitor, 
(c) the power of Joule’s losses in the capacitor, 
(d) the free charge distribution in the capac- 
itor, and (e) the bound charge distribution in 
the capacitor. 


Figure 3.32 
Parallel-plate capacitor 
with a continuously 
inhomogeneous lossy 
dielectric; for 

Problem 3.12. 


Parallel-plate capacitor with two lossy 
dielectrics. Consider a parallel-plate capaci- 
tor with a piece-wise homogeneous dielectric 
shown in Fig. 3.33. The permittivities of the 
dielectric parts are ¢, and ¢2. Both parts 
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are lossy, with conductivities 0; and o2. The 
separation between the plates is d and the 
cross-sectional areas of the dielectric parts are 
S; and S3. The voltage between the electrodes 
is V. By employing a field-theory approach 
(based on determining the current and field 
distribution in the dielectric), calculate (a) the 
current through the capacitor terminals, (b) the 
conductance of the capacitor, (c) the power of 
Joule’s losses in each of the dielectric parts, and 
(d) the free charge distribution in the capacitor. 


Figure 3.33 
Parallel-plate 
capacitor with 
two imperfect 
dielectric 
parts; for 
Problem 3.13. 


. Equivalent circuit with ideal capacitors and 


resistors. Repeat the previous problem but 
employing a circuit-theory approach, 1.e., gen- 
erating and solving an equivalent circuit with 
ideal capacitors and resistors. 


Current distribution through circular plates. 
Find the distribution of current through 
the upper and lower plate of the parallel- 
plate capacitor with imperfect dielectric from 
Problem 3.12. Assume that the plates are thin 
enough so that the current through them can 
be described using the surface current density 
vector. 


Current distribution through a thin spherical 
electrode. Consider the spherical capacitor 
with imperfect dielectric from Example 3.3, 
and assume that the inner electrode is hollow, 
with a very thin wall. With this assumption, 
determine the distribution of current through 
the inner electrode. Represent this current 
using the surface current density vector. 


Coaxial cable with two lossy dielectric layers. 
Fig. 3.34 shows a longitudinal cross section of a 
coaxial cable with two coaxial layers of imper- 
fect dielectric. The conductors are perfectly 
conducting, and their radii are a=3mm, 
c=10mm, and d=12mm. The radius of 
the boundary surface between the dielec- 
tric layers is b= 7 mm and the length of the 


cable is /= 100m. The relative permittivities 
of the layers are ¢,,=4 and é. =8, and 
the conductivities are o, =107!2S/m and 
o2 = 5 x 107!2 S/m. The cable is connected at 
one end to an ideal voltage generator of time- 
invariant emf € = 30 V, and the other end of 
the cable is terminated in a load of resistance 
Ry, =1kQ. Compute (a) the current density 
in the dielectric, (b) the conductance per unit 
length of the cable, (c) the current intensity 
along the conductors, (d) the current density in 
each of the conductors, (e) the power of Joule’s 
losses in the cable and in the load, (f) the power 
of the generator, and (g) the free surface charge 
density on the boundary between the dielectric 
layers. 


Figure 3.34 Coaxial cable with two coaxial imperfect 
dielectric layers in a dc regime; for Problem 3.17. 


3.18. 


Joie 


Coaxial cable with an inhomogeneous imper- 
fect dielectric. A coaxial cable with perfect 
conductors is filled with an inhomogeneous 
imperfect dielectric of parameters ¢ = eg(1 + 
r-/a*) and og =o9/1+r/a*) (a<r<b), 
where a and b are the radius of the inner 
cable conductor and the inner radius of the 
outer conductor, and og is a constant. The volt- 
age between the cable conductors is V (dc). 
Calculate (a) the conductance per unit length 
of the cable and (b) the density of volume free 
charges in the dielectric. 


Coaxial cable partly filled with a lossy dielec- 
tric. A coaxial cable with perfect conductors 
is partly filled with an imperfect dielectric of 
conductivity o, as shown in Fig. 3.35. The con- 
ductor radii are a and b, the cable length is /, 
and the length of the air-filled part of the cable 
is c. The cable is fed by an ideal de voltage gen- 
erator of emf €, and the other end of the cable 
is open. Find the expression for the current 
intensity through the cable conductors. 


Sem, 


3.20. 


3.21. 


3.22. 


Figure 3.35 Coaxial cable partly filled with a con- 
ducting dielectric in a dc regime; for Problem 3.19. 


Coaxial cable with a poorly conducting spacer. 
Shown in Fig. 3.36 is a cross section of an 
air-filled coaxial cable with a spacer between 
the conductors. The spacer is made out of 
an imperfect dielectric of conductivity o and 
its cross section is defined by an angle a. 
The conductor radii are a and b. What is the 
conductance per unit length of this cable? 


\/ 


Figure 3.36 Cross 
section of a coaxial 
cable with a poorly 
conducting spacer 
between conductors; 
for Problem 3.20. 


Planar line with imperfect conductors. If the 
strips of the planar transmission line in Fig. 3.24 
are not perfectly conducting, but have a finite 
conductivity o¢, find the dc resistance per unit 
length of the line. Assume that the thickness of 
each of the strips is ¢. 


Planar line with an inhomogeneous lossy 
dielectric. Consider a planar (two-strip) trans- 
mission line shown in Fig. 3.37. The strips 
are perfectly conducting, very thin, w wide, 
1 long, and d apart from each other. The 
dielectric between the strips is imperfect and 
continuously inhomogeneous, with parameters 
e(x) = (44+ 3x/d)eg and o(x) = o9/(1 + 9x/d), 
0 <x <d, where op is a constant. The line is 
connected to an ideal dc voltage generator of 
emf €, and is open-circuited at the other end. 
Calculate the distributions of (a) volume cur- 
rent in the dielectric, (b) surface current over 


171 


Problems 


the strips, and (c) volume free charge in the 
dielectric. 


Figure 3.37 Planar line with a continuously inhomogeneous 
imperfect dielectric in a dc regime; for Problem 3.22. 


3°29: 


3.24. 
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Grounding electrode in an inhomogeneous 
earth. Conductivity of the earth around a 
hemispherical grounding electrode shown in 
Fig. 3.38 can be described as the following func- 
tion of the radial coordinate r: o(r) = 09./a/r 
(a < r < 00), where a is the radius of the elec- 
trode and oo is a constant. The current intensity 
of the electrode is 7. Find (a) the grounding 
resistance of the electrode, (b) the total power 
of Joule’s losses in the earth, and (c) the power 
of Joule’s losses in a layer with thickness a 
around the electrode (a < r < 2a). 


Figure 3.38 
Hemispherical 
grounding electrode 
in a continuously 
inhomogeneous 
earth; for 

Problem 3.23. 


Grounding electrode in a two-sector earth. 
The earth around a hemispherical grounding 
electrode of radius a=1m can be repre- 
sented as two sectors with conductivities 
o, =2 x 10-3 S/m and o2 = 8 x 10-7 S/m, as 
shown in Fig. 3.39. The current intensity of the 
electrode amounts to J = 50 A. Compute (a) 
the grounding resistance of the electrode and 
(b) the power of Joule’s losses in each of the 
two earth sectors. 


Two short-circuited grounding electrodes. Two 
identical hemispherical grounding electrodes 
of radii a are galvanically connected to each 
other by a wire of negligible resistance, as 
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3.27. Two deep spherical grounding electrodes. 
Consider two identical spherical grounding 
metallic electrodes of radii a in a homogeneous 
earth of conductivity o. Both the distance 


eae between the sphere centers and their depth 
grounding electrode with respect to the ground surface equal d, 
in a two-sector earth; where d > a. What is the resistance between 
for Problem 3.24. the two electrodes? 
shown in Fig. 3.40. The conductivity of the 3.28. Cylindrical grounding electrode deep in the 
earth is o and the distance between the elec- earth. A cylindrical grounding electrode of 
trode centers is d (d>>a). Determine the radius a = 20cm and length /=5m Is buried 
grounding resistance of such a system of pe homogeneous earth of conductivity o = 
picciradent 10-* S/m such that its axis is at a depth 


d = 4m below the ground surface, as depicted 
in Fig. 3.42. If a steady current of intensity 
I = 200 A flows through the electrode, find the 
maximum voltage of a step on the earth’s sur- 
face. Adopt b = 0.75 m as an average person’s 
step. Neglect end effects due to the finite length 


“WF - WwW of the cylinder. 


Figure 3.40 Two short-circuited hemispherical grounding 
electrodes; for Problem 3.25. 


3.26. Two grounding electrodes in a layered earth. 
The electric circuit shown in Fig. 3.41 consists 
of an ideal current generator of current inten- 
sity / = 100 A, a wire of negligible resistance, 
and two identical hemispherical grounding Figure 3.42 Cylindrical grounding electrode buried deep in 
electrodes of radii a= 2m. The conductivity the earth; for Problem 3.28. 
of the earth near the electrodes, within the 
radius b = 4 m, is 0; = 10-2 S/m. The conduc- 
tivity elsewhere is 07 = 10-9 S/m. The distance 
between the electrode centers is d = 80m. 
What is the voltage between the electrodes? 


3.29. Two deep parallel cylindrical electrodes. Two 
identical cylindrical grounding electrodes as 
the one in Fig. 3.42 are placed parallel to each 
other (at the same depth with respect to the 
earth’s surface) so that the distance between 
their axes is D =6m. If they are connected 
together in a circuit with an ideal current gen- 
erator as in Fig. 3.41 (with / = 200 A), compute 
(for the numerical data given in the previous 
problem) the voltage between the electrodes. 


Figure 3.41 Two hemispherical grounding electrodes in a 
layered earth; for Problem 3.26. 


Magnetostatic Field 


in Free Space 


Introduction: 


n our studies of steady electric currents in 

the preceding chapter, we introduced and dis- 
cussed physical laws and mathematical techniques 
for determining the distribution of currents for 
given geometry, material properties, and excitation 
of various structures. We now introduce a series of 
new phenomena associated with steady electric cur- 
rents, which are essentially the consequence of a 
new simple experimental fact — that conductors with 
currents exert forces on one another. These forces 
are called magnetic forces, and the field due to one 
current conductor in which the other conductor is 
situated and which causes the force on it is called 
the magnetic field. Any motion of electric charges 
and any electric current are followed by the mag- 
netic field. The magnetic field due to steady electric 
currents is termed the steady (static) magnetic field 
or magnetostatic field. The theory of the magneto- 
Static field, the magnetostatics, restricted to a vac- 
uum and nonmagnetic media is the subject of this 
chapter. The magnetic materials will be discussed 
in the following chapter. 


Starting from the experimental law of the mag- 
netic force between two point charges that move 
in free space (a vacuum or air) — Coulomb’s law 
for the magnetic field, we shall derive the Biot- 
Savart law, which, in turn, will serve as a starting 
point for the derivation of Ampére’s law. Both 
laws represent a means for evaluating the mag- 
netic field due to given steady-current distributions, 
and we shall apply them to many theoretically 
and practically important configurations that do not 
include magnetic materials. The differential form 
of Ampére’s law will introduce a new differential 
operator, the curl. We shall derive the law of con- 
servation of magnetic flux (Gauss’ law for the mag- 
netic field), and complete the full set of Maxwell’s 
equations for the magnetostatic field in nonmag- 
netic media. The magnetic vector potential will be 
introduced as a counterpart of the electric scalar 
potential and the magnetic dipole as the equiv- 
alent of the electric dipole. Examples involving 
evaluation of magnetic forces and torques will also 
be presented. 
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definition of B (unit: T) 
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Figure 4.1 Magnetic force 
between two moving point 
charges in a vacuum, given 
by Eq. (4.2). 
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4.1 MAGNETIC FORCE AND MAGNETIC FLUX DENSITY 
VECTOR 


The magnetic field is a special physical state existing in a space around moving 
electric charges and, thus, electric currents in conductors. Its fundamental property 
is that there is a force acting on any electric charge placed in the space, provided that 
the charge is moving. That wires carrying electric currents produce magnetic fields 
was first discovered by Oersted in 1820. To quantitatively describe this field, we 
introduce a vector quantity called the magnetic flux density vector, B. It is defined 
through the force on a small probe point charge Qp moving at a velocity v in the 
field, which equals the cross product! of vectors Qpv and B, 


Fn =QpvxB (Qp > 0). (4.1) 


This force is called the magnetic force. The unit for B is tesla (abbreviated T). We 
note that the magnetic flux density vector, which is also referred to as the magnetic 
induction vector, is defined analogously to the electric field intensity vector, E, in 
electrostatics [Eq. (1.23)]. 

The basis for determining the magnetic flux density vector due to steady cur- 
rents is an experimental law describing the magnetic force between two point 
charges that move in a vacuum. This law represents the equivalent of Coulomb’s 
law, Eq. (1.1), of electrostatics, and is an underpinning for the entire magnetostatic 
theory. With reference to Fig. 4.1, it states that the magnetic force on a point charge 
Q> that moves at a velocity vz in the magnetic field due to a point charge Q; moving 
with a velocity v; in a vacuum (or air) is given by 


fig Q2v2 x (Qiv1 x Riv) 
4n R2 


where the notation of vectors is the same as for Coulomb’s law in Fig. 1.1, and jo is 
the permeability of a vacuum (free space), 


uo = 4 x 1077 H/m (4.3) 


(H is henry, the unit for inductance, which will be studied in a later chapter). 
Eq. (4.2), as mentioned, is the result of experiments, but it can also be derived 
from Coulomb’s law using the special theory of relativity. Note that it is sometimes 
referred to as Ampére’s law of force. 

Although of the similar form, the magnetic force law in Eq. (4.2) is mathemati- 
cally more complicated than Coulomb’s law, because two vector cross products are 
implied in the equation. We first need to determine the vector resulting from the 
cross product Q)v; x Rp, and then the cross product of Q2v2 and that vector [and, 
of course, multiply the result by z9/(47 R2)]. Let us apply this rule to the situation 
shown in Fig. 4.2, where vectors Q;v; and Q2vp are parallel to each other and nor- 
mal to the line joining them. We see that the force between the charges is attractive 


Fni2 = Gi) 


'The cross product (also referred to as the vector product) of vectors a and b, a x b, is a vector whose 
magnitude is given by |a x b| = |al|b| sina, where @ is the angle between the two vectors in the product. It 
is perpendicular to the plane defined by the vectors a and b, and its direction (orientation) is determined 
by the right-hand rule when the first vector (a) is rotated by the shortest route toward the second vector 
(b). (n this rule, the direction of rotation is defined by the fingers of the right hand when the thumb points 
in the direction of the cross product. 


Section 4.1 


HISTORICAL ASIDE 


Hans Christian Oersted 
(1777-1851), a Danish 
physicist, was a professor 
of physics and chem- 
istry at the University 
of Copenhagen. As part 
of a classroom demon- 
stration, he discovered, 
apparently by accident, 
_ that an electric current 
¢ flowing through a wire 

" produces a magnetic field 
around the wire. Namely, while preparing an 
evening lecture on electricity and magnetism in 
April of 1820, in which he wanted to demon- 
strate the heating effects of the electric current 
in a wire connected between the terminals of 
a voltaic source (battery), Oersted noticed that 
the magnetic needle of a compass sitting next 
to the wire spun off of the north position every 
time the battery was in use. It was generally 
believed at that time that electricity and mag- 
netism were not related. Therefore, he was 
extremely surprised and excited with what he 


Magnetic Force and Magnetic Flux Density Vector 


saw. He continued experimenting during that 
lecture, which eventually led him to the conclu- 
sion that an electric current creates a magnetic 
field—and electromagnetism was born. He also 
discovered that, not only is a magnetic nee- 
dle deflected by an electric current, but that 
a wire with a current is also deflected in a 
magnetic field (by the magnetic force), thus lay- 
ing the foundation for the construction of the 
electric motor. His epoch-making discovery of 
the magnetic effects of electric currents was 
announced to the French Academy of Sciences 
on September 4, 1820. It immediately set off 
an explosion of research activity by many bril- 
liant minds, including Ampére (1775-1836), Biot 
(1774-1862), and Savart (1791-1841). Oersted’s 
experiment was the first demonstration of a con- 
nection between electricity and magnetism, and is 
considered the foundation of the modern study 
of electromagnetism. In 1829, Oersted became 
the first director of the Polytechnic Institute in 
Copenhagen, now the Technical University of 
Denmark. (Portrait: AIP Emilio Segré Visual Archives, 
Brittle Books Collection) 
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if the vectors are in the same direction [Fig. 4.2(a)], and repulsive if they are in 
opposite directions [Fig. 4.2(b)]. This is formally just opposite to Coulomb’s law, 
where like charges repel and unlike attract each other. 

Combining Eqs. (4.1) and (4.2), and assuming that the second charge in Fig. 4.1 
is a probe charge (Q2 = Qp), we can identify the expression for the magnetic flux 
density vector of a point charge Q moving with a velocity v: 


p_ Ho QyxR 


Tan Re 


where R is the distance from the charge and R is the unit vector along R directed 
from the source point toward the field point, as shown in Fig. 4.3. Vector B is 
perpendicular to R and perpendicular to the plane of the vectors Qv and R. Its 


" Ho " r Ho 
R = Qiv; X Ry2 
R 
Q1 dR Fmt ,Q Qi Ri2 ®. Fni2 
® 4 R Qo 
Qiv; X Ry ., 
(a) (b) 


B due to a moving point 
charge in free space 


Figure 4.2 Two charges 
moving parallel to each other 
in the same direction (a) and in 
opposite directions (b) in a 
vacuum. 
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B 


Figure 4.3 Magnetic flux 
density vector due to a point 
charge moving in a vacuum. 


orientation comes from the definition of the cross product of vectors, i.e., it is 
determined by the right-hand rule in rotating Qv by the shortest route to R. 

Note that the magnetic flux density is proportional to the product Qv, which 
can be regarded as a measure of sources of the magnetostatic field (the measure 
of sources of the electrostatic field is a charge Q). Comparing Eq. (4.4) to the 
expression for the electric field intensity vector due to a point charge, Eq. (1.24), 
we observe the same dependence on the amount of sources (Q|v| and Q) and on 
distance R. The constant yo corresponds to the constant 1/e9. The only formal 
difference is the direction of the field vector with respect to the source. The electric 
field intensity vector, E, due to Q is radial with respect to Q (Fig. 1.7), whereas the 
magnetic flux density vector, B, due to Qv is circular with respect to Qv (Fig. 4.3). In 
other words, the lines of E are radials starting at Q, while the lines of B are circles 
centered on the line containing the vector Qv. 


Conceptual Questions (on Companion Website): 4.1 and 4.2. 


HISTORICAL ASIDE 


Nikola Tesla  (1856- 
1943), an American 
inventor, was a_ brilli- 
ant electrical engineer 
with no complete for- 
mal education. He made 
alternating current (ac) 
practical and had about 
250 patents issued in the 
US. and other countries. 
Tesla was born in Smiljan 
near Gospi¢, Lika, in 
Croatia (then in the Habsburg Empire of Austria), 
in a Serbian family. He studied mechanical engi- 
neering at the Polytechnic School in Graz from 
1875 to 1878 and then natural philosophy at the 
University of Prague until 1880, but never gradu- 
ated due to a shortage of funds after his father’s 
death. While working as electrical engineer for 
companies in Budapest and Paris, he came up with 
an idea of the principle of the rotating magnetic 
field and polyphase alternating currents producing 
it in 1882 and constructed the world’s first induc- 
tion (ac) motor in 1883, both during after-work 
hours. He emigrated to America in 1884, with 
four cents in his pocket, and worked for a year 
for Thomas Edison (1847-1931). He failed to 
get Edison interested in the induction motor and 
alternating current, and later established his own 
“Tesla Electric Company” in New York City. Tesla 


obtained most of his best known U.S. patents 
in the area of polyphase alternating currents 
and polyphase systems, including ac generators, 
motors, and transformers, as well as principles 
of power distribution using alternating currents, 
in 1887 and 1888, and delivered his famous lec- 
ture “A New System of Alternate Current Motors 
and Transformers” before the American Institute 
of Electrical Engineers (now IEEE) on May 
16, 1888. In June of 1888, George Westinghouse 
(1846-1914), head of the “Westinghouse Electric 
Company” in Pittsburgh, bought the first seven 
of Tesla’s patents for polyphase systems. This 
marked the beginning of the five-year “war of 
currents” to decide whether Edison’s existing dc 
systems or newly proposed Tesla-Westinghouse ac 
systems would be the chosen technology for the 
global electric power distribution of the future 
in America. Tesla invented an air-core reso- 
nant transformer known as a Tesla coil (or Tesla 
transformer) in 1891, which was capable of gen- 
erating alternating currents of extremely high 
frequencies for that time (up to a hundred of thou- 
sands of cycles per second or 100 kHz in today’s 
notation). The coil could also build up tremen- 
dously high voltages and cause spectacular spark 
discharges. Tesla’s new electric lamps based on a 
high-frequency power supply were the forerunners 
of our fluorescent tubes and neon signs. In a series 
of spectacular lectures-demonstrations in America 


and Europe from 1891 to 1893 aimed at promoting 
alternating current and high-frequency technology, 
he was able to power electric lamps without wires, 
either through air or by allowing high-frequency 
electricity to flow through his body, produce arti- 
ficial lightning flashes of different shapes, and even 
shoot large lightning bolts from his coils to the 
audience without harm. In early 1893, he pro- 
posed a complete radio system with a transmitter 
and receiver in the form of Tesla coils tuned to 
resonate at the same frequency as a basis for wire- 
less communications. The “war of currents” ended 
on the evening of May 1, 1893, with the open- 
ing of the Chicago World Exposition, spectacularly 
illuminated by a hundred thousand lamps with 
alternating current from Tesla’s generators. Only 
couple of months later, Westinghouse was awarded 
the contract to build the world’s first ac hydro- 
electric power plant on Niagara Falls, based on 
Tesla’s design, which was put into operation on 
November 16, 1896. Tesla filed his basic radio 
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patent applications in 1897, and this is, in fact, 
the invention of radio, although it was Guglielmo 
Marconi (1874-1937) who put it into practical and 
commercial use, and was awarded Nobel Prize 
in Physics in 1909 for the development of wire- 
less telegraphy. In 1898, Tesla demonstrated the 
world’s first wireless remote control (of a boat 
model) at Madison Square Garden. He contin- 
ued his investigations of the wireless transmission 
of power in 1899 and 1900 in Colorado Springs, 
where he built a huge, 200-kW radio transmitter 
consisting of a 142-foot metal mast with a spher- 
ical top and the world’s largest Tesla coil 51 feet 
in diameter. Tesla also patented a bladeless disk 
turbine, so-called Tesla turbine, in 1913, as well as 
many other devices and systems in various areas of 
science and engineering. The SI unit for the mag- 
netic flux density, the tesla, was named in his honor 
in 1960. (Portrait: © Nikola Tesla Museum, Belgrade, 
Serbia) 


4.2 BIOT-SAVART LAW 


If we have many point charges moving in free space, the total magnetic flux density 
vector is, by the principle of superposition, a vector sum of the magnetic flux density 
vectors due to individual charges. In a current, a vast number of elementary free 
charges moves through a conductor in an organized manner with the macroscopic 
average velocity vg (drift velocity). The sum of products Qv for all charges in an 
elementary volume dv is given by 


(doov) ay = Nin dv Ova = Ny dv Ova = Sy, (4.5) 


where J is the current density vector, defined by Eq. (3.3). We assume that the 
permeability everywhere? is 9. Hence, the magnetic flux density vector due to the 
charges in dv is computed as 


Lo (J dv) x R 
4n = =R2 ° 
which is known as the Biot-Savart law. We see that the product J dv represents a 


macroscopic volume elemental source of the magnetic field, and we call it accord- 
ingly the volume current element. By integrating Eq. (4.6), we obtain the expression 


dB = (4.6) 


2We shall see in the next chapter that most materials we encounter in science and engineering are 
nonmagnetic materials, that is, their permeability is practically that of a vacuum. Examples are com- 
monly used metallic conductors such as copper, aluminum, silver, gold, etc., most frequently encountered 
natural environments (air, water, and ground), biological tissues, and practically all insulators and semi- 
conductors. Some materials, such as iron, steel, cobalt, nickel, ferrites, etc., on the other hand, have 
permeability much greater than po. 


Biot-Savart law 
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(a) (b) (c) 


Figure 4,4 Magnetic flux density vector due to three characteristic current distributions — volume current (a), surface current 
(b), and line current (c). 


for the resultant magnetic flux density vector due to a current distribution in an 
entire volume v [Fig. 4.4(a)]: 


Biot-Savart law for volume 
current 


(4.7) 


HISTORICAL ASIDE 


Jean Baptiste Biot (1774-1862), a French physi- 
cist, was a student of Lagrange (1736-1813) at 
the Ecole Polytechnique and a junior profes- 
sor of mechanics under sponsorship of Laplace 
(1749-1827) at the Collége de France. Biot’s 
most important contributions to science are in 
the theory of polarized light and effects on it 
by organic substances. Felix Savart (1791-1841), 
another French physicist, was also a_ profes- 
sor at the Collége de France, where he taught 


experimental physics and acoustics, and a member 
of the Paris Academy. His most important sci- 
entific work was in vibration and acoustics, and 
particularly in the physics of the violin. Biot and 
Savart showed experimentally in October of 1820, 
soon after Oersted’s discovery of magnetic effects 
of electric currents, that the magnetic field pro- 
duced by a current in a long, straight wire is 
inversely proportional to the distance from the 
wire. 


In the case of a surface current flowing over a surface S [see Eqs. (3.12) and 
(3.13)], we have N,dS instead of NM, dv in Eq. (4.5), yielding J;dS as a surface 
current element, where J, is the surface current density vector. The magnetic flux 
density vector due to a surface current distribution is thus [Fig. 4.4(b)] 


| (Je se % mag x8 (4.8) 


Finally, for a line current along a line /, e.g., a ane of intensity / flowing 
through a (generally curvilinear) thin wire of length / and cross-sectional area S, 
dv = Sdi, J = 1/S [Eq. (3.5)], and J dv = JS di = I dl, where di is an elemental seg- 
ment along /. We conclude that the line current element equals / dl, where dl is 
oriented in the reference direction of the current flow. For curved lines, dl is tan- 
gential to the line. The magnetic flux density vector due to a line current is hence 


[Fig. 4.4(c)] 


Biot-Savart law for surface 
current 


; IdixR 
Biot-Savart law for line = Ff ee 
urrent ey 4a f R 


In summary, we note that Eqs. (4. 7)- -(4.9) have the same generic mathematical 
form: integral of zg(current element) x R/(42 R?), with the following three current 


(4.9) 
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Figure 4.5 Part of a planar 
current loop C and a field point 
P in the same plane. 


elements as different source functions: 


|Sdv <— J;dS <— Idi, (4.10) 


and they all represent one physical law — the Biot-Savart law. 

In addition, the general form of the Biot-Savart law for line currents, Eq. (4.9), 
can considerably be simplified in the case of a planar current contour (contour lying 
in one plane) and a field point P (at which the magnetic flux density vector is calcu- 
lated) in the same plane, shown in Fig. 4.5. Here, the vector B is normal to the plane 
of the contour (the plane of drawing), and its magnitude is given by 


uo f Ildlx RI 
=— ¢ = —. 4.11 
4n Jo R ( ) 
Because (Fig. 4.5) 
|di x R| = d/sina = dicos 8 = MN = Rdé (4.12) 


(R dé is the length of an arc representing a differentially small portion of a circle of 
radius R centered at the point P), we have that 


_ BO I dé 


— : 4.13 
An G R ( ) 


where @ is the angle between R and an arbitrarily adopted reference axis in the 
contour plane. The reference rise of 6 corresponds to the reference flow of J, and 
the reference direction of B is related to the direction of J by the right-hand rule 
(fingers — field; thumb — current). 

Note that the integral expression in Eq. (4.13) implies only scalar integration 
and the function that needs to be integrated is much simpler than that in Eq. (4.9). 
We shall, therefore, use the simplified form of the Biot-Savart law whenever pos- 
sible, i.e., when dealing with planar current contours and calculating the magnetic 
flux density vector in the same plane. Eq. (4.13) can also be used in cases when a 
planar part of a nonplanar contour and a field point are in one plane. 


Conceptual Questions (on Companion Website): 4.3. 


4.3 MAGNETIC FLUX DENSITY VECTOR DUE TO GIVEN 
CURRENT DISTRIBUTIONS 


Eqs. (4.7)-(4.9), with Eq. (4.13) added, are general means for evaluating (by 
superposition and integration) the magnetic flux density vector, B, due to 


volume, surface, and line 
current elements (unit: A -m) 


B for a loop and field point in 
one plane 
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ae eg ——, 
7 


Ba 
dl 
Figure 4.6 Evaluation of the 
magnetic flux density vector 
along the axis of a circular 
current loop normal to its 
plane; for Example 4.1. 


B due to a circular current 
loop 


given current distributions in free space (or any nonmagnetic medium), just as 
Eqs. (1.37)-(1.39) are the means for evaluating the electric field intensity vector, E, 
due to given charge distributions in free space. In this section, we shall consider var- 
ious characteristic examples of the application of the Biot-Savart law. The examples 
include current distributions that are theoretically and practically important on one 
hand and for which the integrals can be evaluated analytically on the other. Most of 
the magnetostatic structures we shall analyze have their electrostatic counterparts 
in Section 1.5, so that many solution strategies introduced and developed in that 
section apply also here. 


Selle mame Magnetic Field of a Circular Current Loop 


Consider a circular loop of radius a carrying a steady current of intensity / in air. Calculate 
the magnetic flux density vector along the axis of the loop normal to its plane. 


Solution We subdivide the loop (contour C) into elemental segments and apply Eq. (4.9), 
analogously to the electric field computation in Example 1.6. With reference to Fig. 4.6, the 
contribution to the magnetic flux density vector at a point P on the loop axis (z-axis) of a 
current element / dl at a point P’ on the contour is 


pol dl xR 
dB = — _.—_ 
dn R2 
where R = Vz? + a2 (z is the coordinate of the point P). As dl and R are mutually per- 
y 


pendicular and IR| = 1 (unit vector), |dl x R| = dl. Hence, the magnitude of the vector dB 
equals 


; (4.14) 


pol dl 
dB = : 4.1 
An R? Ge 
The total magnetic flux density vector at the point P is obtained as 
B= § dB. (4.16) 
Cc 


Because of symmetry, the radial (horizontal) components of the vector dB in Fig. 4.6 can- 
cel out in the integral (much like in Fig. 1.11, in the electrical case), and only the axial 
(vertical) components 


B P a poladl 
dB, = dBcos(90° — a) = dBsina = dB = RE (4.17) 
contribute to the final result. Consequently, 
hola , 
B= @db,2— di, : 
f ne tonig (4.18) 
which yields {see Eq. (1.43)] 
, : 
| polar, 
B= ———— 57. 4.19 
| 222 + apse” 7 


Example 4.2 ‘Magnetic Field of a Finite Straight Wire Conductor 


Consider a straight conductor of length / representing a part of a wire contour with a steady 
current of intensity / in free space. Find the expression for the B field at an arbitrary point in 
space due to this current conductor. 


Solution The conductor and an arbitrary field point (P) always determine one plane, which 
means that we can use the simplificd form of the Biot-Savart law in Eq. (4.13). From Fig. 4.7, 
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cos 8 = d/R, so that the magnetic flux density is given by 


uo [Id0  wol £® 
=— | — = — 6 dé. 4.20 
4x J) R 4nd Jong, G2 
The solution to this integral is 
I 
B=" (sin 6 — sin6,), (4.21) 
4nd 


where 6; and @) are the angles defining the starting and ending point of the conductor, 
respectively, and d is the perpendicular distance from the conductor to the point P. 

The expression in Eq. (4.21) can be combined for computing the magnetic field due to 
any structure assembled from straight line segments with steady current. In addition, it can 
be used for the evaluation of the contribution to the total field of straight segments contained 
in structures that also include curvilinear segments. 

By taking 6; = —7/2 and 6) = 7/2 in Fig. 4.7 and in Eq. (4.21), we obtain the expres- 
sion for the magnetic flux density due to an infinitely long straight wire conductor carrying 
a current J in free space. With a notation d = r, r standing for the radial coordinate in the 
cylindrical coordinate system whose z-axis coincides with the axis of the wire conductor, this 


expression reads 
I 
2nr 


Serie eee Magnetic Field of a Square Current Loop 


A square loop of side length a in free space carries a steady current of intensity 7. Obtain the 
expression for the magnetic flux density vector at the loop center. 


(4.22) 


Solution The magnetic flux density at the loop center due to the current along one of the 
square sides, Bj, is given by Eq. (4.21) with d = a/2, 0; = —7/4, and 6 = 7/4, as can be seen 
in Fig. 4.8. By means of the superposition principle, the magnitude of the total magnetic flux 
density vector amounts to 


B=4B, 


_ 2v2u0l (4.23) 
wa : 


with respect to the reference direction of B indicated in Fig. 4.8. 


Seiya mme Magnetic Field of a Loop with a Semicircular Part 


Fig. 4.9(a) shows a wire contour consisting of a semicircle (of radius a) and a straight line (of 
length 2a). The contour is situated in air and lies in the xy-plane of the Cartesian coordinate 
system! If the contour carries a steady current of intensity /, calculate the magnetic flux 
density vector at an arbitrary point along the z-axis. 


Solution Let dB’ denote the magnetic flux density vector at a point P on the z-axis due 
to a current element / dl that belongs to the semicircular part of the contour [Fig. 4.9(a)]. 
This vector is given by Eq. (4.14), and we need to break it up into components suitable for 
integration, which are x-, y-, and z-components in this case, and this is very similar to the 
decomposition of the vector dE in Fig. 1.12 and Eqs. (1.46) and (1.47). So, we first decompose 
dB’ in the plane of the triangle APOP’ [Fig. 4.9(b)]: 
dB’ = dB, + dB, %, dB, = dB'cosa, cosa==, dB, = dB'sina, sina =F, 
(4.24) 
where dB’ is given in Eq. (4.15). We then represent the horizontal vector dB), by its x- and 


y-components [Fig. 4.9(c)]: 


dB, = dB. &+ dB, §, dB, = dBicos¢, dBi, = dBi sing. (4.25) 
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B due to a straight wire 
conductor of finite length 


B due to an infinite wire 
conductor 


Figure 4.7 Evaluation 

of the magnetic field of a 
finite straight wire 
conductor; for Example 4.2. 


Figure 4.8 Evaluation of the 
magnetic field at the center 
of a square current loop; for 
Example 4.3. 
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Figure 4.9 Evaluation of the 


magnetic field due to a current 
contour with a semicircular and 


a linear part; for Example 4.4. 


(c) 


Finally, we integrate, as in Eqs. (1.48)-(1.50) in the electrical case, the three Cartesian com- 
ponents of dB’ along the semicircle, with respect to the azimuthal angle @ (—2/2 < ¢ < 2/2) 
as the integration variable {note that d/ = ad¢ in Eq. (4.15)]: 


, Uolaz mle Lolaz 7 / , 
dB. = dé = 7) Beds 
/ «= 4nR3 [. 2) eR me 


uolaz pf" ; / , _ Hola* i pola? 
ee dj =0) BLS ape do= . (4.26 
4n RS [sine v z= |} = aR dg | G2) 


Hence, the resultant magnetic flux density vector due to the semicircular part of the contour 
comes out to be F 
Mola /z. a, 
Bi = SO (= «+5 4). 4.27 
2R? \x p ( ) 


The magnetic flux density vector at the point P due to the linear part of the contour, on 
the other hand, is determined from Eq. (4.21) with d = z, 09; = —a, and 6) =a: 


By 


le ‘ Hola . 
B’ = 2 sina(-%) = — 4.28 
ce sin a(— xX) anak x ( ) 
The total B field along the z-axis is 
Z 
B=B' +B" = on (-4 i+ 54), R=V27+a. (4.29) 


Example 4.5 Magnetic Field of aFinite Solenoid 


Fig. 4.10(a) shows a solenoid (cylindrical coil) consisting of N turns of an insulated thin 
wire wound uniformly and densely in one layer on a cylindrical nonmagnetic support with a 
circular cross section of radius a. The length of the solenoid is / and the current through the 
wire is J. The medium is air. Find the expression for the magnetic flux density vector along 
the solenoid axis. 


Solution Because of the coil being closely wound in a spiral and the wire being thin, the 
current flowing through the turns of the solenoid can be regarded as a thin cylindrical current 
sheet with surface current density [Eq. (3.13)] 


NI 
i a (4.30) | 
The current over an elemental length dz along the solenoid, shown in Fig. 4.10(b), 
NI dz 


d/J =J,dz = ae (4.319 
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(a) (b) 


Figure 4.10 (a) Uniformly and densely wound solenoidal coil with a steady current and (b) evaluation of 


the magnetic flux density vector along the solenoid axis; for Example 4.5. 


can be viewed as the current of an equivalent circular current loop of radius a and wire 
diameter dz. From Eq. (4.19), the magnetic flux density vector of this loop at an arbitrary 
point P at the solenoid axis [Fig. 4.10(b)] is 


(4.32) 


To find the total field B at the point P, we integrate dB to sum the contributions of all 
equivalent loops along the solenoid (superposition principle): 


Zz £4 fpH 

B= fo apa SO [Si RaV24a@. (4.33) 
zi 2l Kee 

In order to solve this integral, however, we note that the relationship in Eq. (1.55), with d 

substituted here by a, exists between the length coordinate z (measured from the point P) 

and the angular coordinate 6 of the position of the equivalent loop along the solenoid axis. 

Multiplying it by a/R = cos@ yields 


ad 
= = cosé dé. (4.34) 
With this, the integral in Eq. (4.33) is reduced to a simple form: 
NI f® 
yo cosé dé 3, (4.35) 
al Jo=6, 
which results in 
NI 
B= a (sin 6 — sin @}) Z. (4.36) 


This expression is valid for an arbitrary field point along the solenoid axis, both inside and 
outside the solenoid, with the position of the point being defined by angles 6; and @. Note, 
however, that the position of the point P can also be defined by coordinates z, and z2, where 
Zj = atan@, and zz = atan@p. 

In the case of an infinitely long solenoid, 6; = —m/2 (z; ~ —oo) and 02 = 1/2 (zz > oo) 
in Fig. 4.10(b) and in Eq. (4.36), so that 


a3 


where N’ = N/lis the number of wire turns per unit length of the solenoid. The magnetic field 
is uniform, with flux density given in Eq. (4.37), within an infinite solenoid even at points off 
of its axis, as we shall show in a later example. 


B along the axis of a finite 
solenoid 


B inside an infinite solenoid 
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Sele ame Magnetic Field of an Infinitely Long Strip Conductor el 


An infinitely long conductor in the form of a thin strip of width a carries a steady current of 
intensity /. The permeability everywhere is zo. Determine the expression for the magnetic 
flux density vector at an arbitrary point in space. 


Solution This is a two-dimensional problem, and we solve it in the cross-sectional plane __ 
shown in Fig. 4.11. Eq. (3.82) tells us that the current / must be uniformly distributed in the 
cross section of the conductor. Because of the conductor being thin, however, itscurrentcan 
be regarded as a surface current, Fig. 3.3, with density 


ae (4.38) 


By virtue of the superposition principle, we subdivide the conductor into elemental strips 
of width d/ = dy, and each such strip can be considered as an infinitely long line current of 
intensity 


d/ =J; di = —. (4.39) 


The magnetic flux density vector due to individual line currents is circular with respect to the 
line, and, from Eq. (4.22), its magnitude at an arbitrary point P in space (Fig. 4.11) is 


_ Hod! ae 
dB = R= Vy pa (4.40) 


where d is the perpendicular distance of P from the plane of the strip. We decompose vector 
dB into its x- and y-components, 


dB, = dBsing, dBy = dBcos@, (4.41) 


and integrate them over the width of the strip conductor to sum the contributions of all 
elemental strips, 


ye gs y2 
Be al eA ie al cos@ dy (4.42) 
ama Jyay, R yy R 


We now use the relationship in Eq. (1.55), where z is y here, to change the integration variable 
from y to @. Multiplying its left-hand side by R cos @ and right-hand side by d, which is justified 
by the fact that cos@ = d/R in Fig. 4.11, we obtain 


costae (4.43) 


Figure 4.11 Evaluation 

of the magnetic field due to 
an infinitely long strip 
conductor (cross-sectional 
view); for Example 4.6. 
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which, multiplied by sin 9/ cos 6(= tan@) gives, in turn, 


ind d ind 
sinddy _ sin? a4 


= : 4.44 
R cos 8 ( ) 
Based on these two relations, the integrals in Eqs. (4.42) are simple to solve: 
pol f® sin Lol _ cosd, pol f% pol 
B, = —— dé = —— In ——,, = — dé = — (2-6), (4.45 
*~ Ina iL cos 6 2ma cosé Aa: 61 2ma Gray ) 
where the use is made of the substitution u = cos @ (du = — sin 6 d@) in the first integration. 


Hence, the total magnetic flux density vector due to the strip conductor turns out to be 


ol |. Re i 
[ Wa | xin Ri “(Gy —6y) i, 


with R; and R> being the distances of the point P from the starting and ending point, 
respectively, of the line representing the cross section of the strip conductor, in Fig. 4.11. 

Note that if we let a ~ oo while keeping //a = const, we get an infinitely wide and 
infinitely long planar current sheet with a uniform surface current density J; = J/a. Then, 
R, = R> (infinite), 6; = —2/2, and 62 = 2/2, with which Eq. (4.46) becomes 


(4.46) 


B= Hols j. (4.47) 
We conclude that the magnetic field due to an infinite planar sheet of current is uniform at 
each side of the sheet, with field lines parallel to the sheet. 


Problems: 4.1-4.9; Conceptual Questions (on Companion Website): 4.4-4.6; 
MATLAB Exercises (on Companion Website). 


4.4 FORMULATION OF AMPERE’S LAW 


We saw in Chapter 1 that the electric field due to highly symmetrical charge dis- 
tributions in free space can be determined much more easily using Gauss’ law, 
Eq. (1.133), than by direct application of Coulomb’s law and the superposition 
principle, i.e., Eqs. (1.37)-(1.39). In magnetostatics, Eqs. (4.7)—(4.9) (the Biot-Savart 
law) provide general solution procedures analogous to those in Egs. (1.37)-(1.39), 
whereas the law that helps us evaluate the magnetic field due to highly symmetrical 
current distributions in free space more easily is known as Ampére’s law (also called 
Ampére’s circuital law or Ampére’s work law). It states that the line integral (cir- 
culation) of the magnetic flux density vector around any contour (C) in a vacuum 
(free space) is equal to jp times the total current enclosed by that contour, which 
we mark as Ic, 


§ B-dl=wolc. (4.48) 
‘S 


The reference direction of the current flow is related to the reference direction of 
the contour by means of the right-hand rule: the current is in the direction defined 
by the thumb of the right hand when the other fingers point in the direction of the 
contour, as shown in Fig. 4.12. This law may be derived from the Biot-Savart law 
(we recall that Gauss’ law is derived from Coulomb’s law), and the derivation is 
carried out in Section 4.10. For the present, we accept Ampére’s law temporarily as 
another law capable of experimental proof. Eq. (4.48) represents Maxwell’s second 


B due to a strip conductor 


B due to an infinite current 
sheet 


Figure 4.12 Arbitrary 
contour in a magnetostatic 
field — for the formulation 
of Ampére’s law. 


Ampeére’s law 
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HISTORICAL ASIDE 


André-Marie Ampere 
(1775-1836), a French 
mathematician and phys- 
icist, was a professor of 
mathematics, physics, 
and chemistry in Bourg 
and Paris, and inspector 
general of the national 
university system under 
Napoleon. Although with 
little formal education, 
Ampére acquired the 
best possible knowledge of mathematics and sci- 
ences for that time by reading many books and 
articles, with a great support and guidance from 
his father. As a teenager, he was already deriv- 
ing his own mathematical theories and writing 
papers on some geometrical problems. However, 
his life was soon to be shattered when his father 
was sent to the guillotine by the Jacobins in 
Lyon in 1793 during the French Revolution. The 
effect on Ampére of his father’s death was dev- 
astating, and he did not return to his studies of 
mathematics for almost two years. After several 
years of tutoring mathematics in Lyon, he was 
appointed professor of physics and chemistry at 
Bourg Ecole Centrale in 1802, and then professor 
of mathematics at the Ecole Polytechnique in Paris 
in 1809. His mathematics research included a wide 
variety of topics in probability, calculus, analytic 
geometry, and partial differential equations. He 
contributed also to the theory of light, chem- 
istry, and, most importantly, to electricity and 
magnetism. Only a few weeks after hearing of 
Oersted’s experimental results, Ampére was ready, 
before the end of September of 1820, to report 


to the French Academy of Sciences his discov- 
ery of magnetic forces between wires carrying 
electric currents. He discovered experimentally 
that two parallel wires carrying currents in the 
same direction attracted each other, whereas the 
wires with currents flowing in opposite directions 
repelled each other. His experiments founded the 
science of the magnetic field due to electric cur- 
rents. He described the magnetic force circling 
around a current-carrying wire in a way which is 
now known as the right-hand rule. On November 
6, 1820, Ampére gave a talk on his circuital law of 
addition of magnetic forces — a basis of a general 
equation that we call now Ampére’s (circuital) law. 
He was the first to describe current as the flow of 
electricity along a wire, analogous to the surge of 
water through a pipe. He predicted theoretically 
that a wire helix with current would behave as it 
were a bar permanent magnet, and called such 
a helix a solenoid. Ampére also explained per- 
manent magnets as a collection of tiny electric 
currents circling eternally within them, and in 
this he was three-quarters of a century ahead of 
his time. A comprehensive presentation of his 
findings in electricity and magnetism, including 
both description of experiments and mathematical 
derivations, appeared in his most important pub- 
lication “Memoir on the Mathematical Theory of 
Electrodynamic Phenomena, Uniquely Deduced 
from Experience” in 1826. The same year, Ampere 
was appointed to a chair at the Université de 
France, which he held until his death. In his 
honor, the intensity of electric current is measured 
in amperes. (Portrait) Edgar Fahs Smith Collection, 
University of Pennsylvania Libraries) 


equation for static fields in free space (as we know, there is a total of four Maxwell’s 
equations for the gencral electromagnetic field). By expressing the current in terms 
of the volume current density, J, Ampcre’s law becomes 


Ampere’s law for volume $ B- dl = po / J. ds. 


(4.49) 


where S is a surface of arbitrary shape spanned over (bounded by) the contour C 
and oriented in accordance to the right-hand rule with respect to the orientation of 
C (Fig. 4.12). 
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Figure 4.13 Closed path C and 
Ig seven line currents in air; for 
Example 4.7. 


Example 4.7 Algebraic Total Enclosed Current 


What is the circulation of the magnetic flux density vector along the contour C in Fig. 4.13? 
The medium is air. 


Solution According to the right-hand rule given with respect to the reference direction 
of the contour C indicated in Fig. 4.13, the reference orientation of the surface S spanned 
over C, i.e., the reference direction of the vector dS in Eq. (4.49), is from S upward. From 
Ampeére’s law, the line integral of the magnetic flux density vector along C equals yo times 
the algebraic sum of all current intensities passing through S. We note that current J; pierces 
S once in the positive direction (direction in agreement with the orientation of S$), Ip passes it 
four times, /4 and J7 once each but in the negative direction, J3 once in the positive and once 
in the negative direction, /5 twice in the positive and once in the negative direction, while [¢ 
does not traverse S at all. Hence, 


§ B-dl= yo (h + 4h ~ 14 +151). (4.50) 
Cc 


What is very important, the same result for the algebraic total current, and thus for the circu- 
lation of B, is obtained for any other surface we imagine with the contour C as the perimeter 
and totally arbitrary shape. 


Sevueeasme Contour inside a Conductor en 


Fig. 4.14 shows the cross section of a very long cylindrical copper conductor that carries a 
steady current of intensity J (J > 0). Is the circulation of the magnetic flux density vector 
along the contour C less than, equal to, or greater than ol? 


Solution From Ampére’s law, 
§ Bed = nol, (4.51) 
(6; 


since the total current appearing on the right-hand side of Eq. (4.49) equals exactly that 
portion of the total current of the conductor (/) enclosed by the contour. 


Conceptual Questions (on Companion Website): 4.7-4.10. 


4.5 APPLICATIONS OF AMPERE’S LAW 


This section is devoted to the application of Ampére’s law in evaluating the 
magnetic field due to given steady current distributions in nonmagnetic media. 
As is the case with Gauss’ law, the use of Ampére’s law will also require 


Cc 


Figure 4.14 Contour inside 
a conductor with a steady 
current; for Example 4.8. 
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(b) 


Figure 4.15 Cross section 
of a cylindrical conductor 
with a steady current /: (a) 
application of Ampere’s law 
and (b) proof that the 
magnetic field lines are 
circles; for Example 4.9. 


careful consideration of the symmetry of the problem to determine which field 
components are present in the structure and which spatial variables the present 
components depend on. Eq. (4.48), although always true, enables us to analyt- 
ically solve for the field only due to highly symmetrical current distributions. 
Namely, as the unknown quantity to be determined (B) appears inside the inte- 
gral in Eq. (4.48), we can use Ampére’s law to obtain a solution only in cases 
in which we are able to bring the magnetic flux density, B, outside the inte- 
gral sign, and solve for it. These cases involve current distributions for which we 
are able to adopt a closed path C, called the Amperian contour, that satisfies 
two requirements: (1) B is everywhere either tangential or normal to C and (2) 
B=const along sections of C where B is tangential. Along the portion of the 
path where B is normal to it (if such portion exists), the dot product B- dl in 
Eq. (4.48) becomes zero. Along the remaining part of the contour, B - dl becomes 
Bdl, and the second requirement (constancy) then permits us to remove B from 
the integral sign in Eq. (4.48). The integration we are left with is usually triv- 
ial and consists of finding the length of that portion of the path to which B is 
tangential. 

In this discussion, we notice and exploit the parallelism with the application of 
Gauss’ law, discussed in Section 1.13. All similarities and differences in the mathe- 
matical formalism are direct consequences of the mathematical form of the fields 
E and B due to the elementary sources Q and Qv, Eqs. (1.24) and (4.4). With 
Gauss’ law, we integrate over a closed surface (Gaussian surface) on the left-hand 
side of the equation, while Ampére’s law implies integration along a closed path 
(Amperian contour). The field component contributing to the integral is a com- 
ponent normal to the Gaussian surface and tangential to the Amperian contour, 
respectively. On the right-hand side of the equation, Gauss’ law involves finding 
the total charge enclosed by the surface, whereas the application of Ampére’s law 
involves finding the total current enclosed by the contour. For sources expressed 
by volume charge and current densities [Eqs. (1.135) and (4.49)], this means vol- 
ume integration over the volume enclosed by the Gaussian surface and surface 
integration over the surface bounded by the Amperian contour, respectively. 


Example 4.9 Magnetic Field of a Cylindrical Conductor 


An infinitely long cylindrical copper conductor of radius a carries a steady current of inten- 
sity /. The conductor is situated in air. Find the magnetic flux density vector inside and 
outside the conductor. 


Solution Fig. 4.15(a) shows a cross section of the conductor. According to Eq. (3.82), the 
current is uniformly distributed in the cross section, so that its density is 


ae (4.52) 
ma 

Because of symmetry, the lines of the magnetic field due to the conductor current are 
circles centered at the conductor axis. To show this, consider the direction of the magnetic 
flux density vector, B, at an arbitrary point P in space, either inside or outside the conductor, 
Let the distance of the point from the conductor axis be r, and let dB’ and dB” represent 
the fields at P due to two symmetrical current elements denoted as J’ dv and J” dv and shown 
in Fig. 4.15(b). In accordance to the Biot-Savart law, Eq. (4.6), these two elementary field 
vectors are such that their sum dB’ + dB” is tangential to the circular contour C of radius 
r centered at the conductor axis. The same is true for any other pair of symmetrical current 
elements, which can also be in a plane that does not contain the point P, and all current 
elements constituting the current / in the conductor can be grouped in such symmetrical 
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pairs. We conclude that the resultant vector B at the point P is tangential to the contour C. 
In addition, symmetry also implies that B = const along C, i.e., the magnitude of B depends 
only on the radial coordinate r of the cylindrical coordinate system whose z-axis coincides 
with the conductor axis. Hence, we can write 


B= Bi) 6, (4.53) 


where @ is the circular unit vector in the system. 
Based on the preceding discussion, it is now obvious that the contour C in Fig. 4.15 


satisfies both requirements for the Amperian contour for our problem. Along C, dl = d/ 6, 
so that B - dl = B dl [Fig. 4.15(a)]. The circulation of B along C thus turns out to be 


§ B-dl= § Bor) d= BO p di=BQ)l=B(ny2nr, O0<r<o, (4.54) 
Cc (e Cc 


whereas the current enclosed by C amounts to 


Jnr* forr<a 
= le aa? (4.55) 
Eqs. (4.54) and (4.55) combined in Ampére’s law, Eq. (4.48), finally give 
a wolr/(Qna*) forr <a 
= | Lol /(2z71r) forr>a ee? 


Note that the magnetic field outside the conductor (for r > a) is identical to that of a line 
current of intensity J placed along the conductor axis, Eq. (4.22). This means that the line 
current (e.g., a thin wire with current J) and the (thick) conductor of Fig. 4.15 are equivalent 
sources with respect to the region outside the conductor. 


secu mime Cylindrical Conductor with an Excentric Cavity 


A very long cylindrical nonmagnetic conductor of radius b has an excentric cylindrical cavity 
of radius a along its entire length, as shown in Fig. 4.16. The axis of the cavity is offset from 
the axis of the conductor by a vector d (a + d < b). The medium in the cavity and outside the 
conductor is air. Compute the magnetic flux density vector in the cavity, assuming a steady 
current of density J flowing through the conductor. 


Solution The current density in the cavity is zero, and it can be considered to result from 
two currents of the same density (/) flowing in opposite directions. Accordingly, we can repre- 
sent the current distribution in the hollow conductor, including the cavity, as a sum of current 
distributions of a cylindrical conductor of radius b carrying a current of density J without 
a cavity and another one of radius a with a current of the same density but flowing in the 
opposite direction, as depicted in Fig. 4.16. By the superposition principle, the magnetic flux 
density vector of the original (resultant) current distribution, B, can be obtained as 


B=B,+ B, (4.57) 


B due to a thick cylindrical 
conductor with a steady 
current 


Figure 4.16 Cylindrical 
conductor with an excentric 
cylindrical cavity, viewed as 

a superposition of two solid 
conductors with currents of 
the same density but opposite 
directions; for Example 4.10. 
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Figure 4.17 Evaluation 
of the magnetic field of a 
coaxial cable; for 
Example 4.11. 


B in the dielectric of a coaxial 
cable 


where B, and B2 are the magnetic flux density vectors due to the partial current distributions 
J, and J> in Fig, 4.16. These vectors, according to Eq. (4.56), can be written in the form? 


J = 
ny, = Sa B, = Los HES 


2 2 
where r; and r2 are the position vectors of the field point (P) with respect to the 
conductor axis (O;) and cavity axis (O2), respectively. Finally, combining the preceding 
equations, we get 


(4.58) 


B = ————_—- = 
2 2 
and B = poJd/2. We conclude that the magnetic field inside the cavity is uniform, as the 
above expression for the resultant magnetic flux density vector does not depend on the posi- 
tion of the point P. The field lines are parallel to the plane of the conductor cross section and 
at right angles to the vector d. 


SEE MEEE Magnetic Field of aCoaxialCable 


Conductors of a coaxial cable are made from copper, and its dielectric is air. The radius of 
the inner conductor is a, whereas the inner and outer radii of the outer conductor are b and 
c, respectively (a < b <c). A steady current of intensity / is established in the cable. Find 
the magnetic flux density vector everywhere. 


_ pod x (t1— 12) _ Hod x 4 (4.59) 


Solution Referring to Fig. 4.17, current densities in the cable conductors are 


eee 
m(c2 — b2)" 


Due to symmetry, the magnetic flux density vector, B, is circular with respect to the cable 
axis. Following a similar procedure as in Example 4.9, we apply Ampére’s law to the circular 
contour C of radius r (0 < r < 00). The circulation of B along C is the same as in Eq. (4.54), 
for all values of r, while the expression for the total current enclosed by C is different for 
four different characteristic positions of the contour. The field inside the inner conductor and 
between the conductors is identical to that found in Example 4.9 for a single conductor, 


vi aa and Jz = (4.60) 


maz 


LoJ ir Lolr jor Be i. 
= = =— ; 4.61 
B 5 =a (0<r<a), 8 = a =n b. (4.61) 


For the contour positioned inside the outer conductor, the enclosed net current equals the 
entire current of the inner conductor minus that portion of the current of the outer conductor 
which is enclosed by the contour, so that 


_ pol(? —P) 


= ey: (b Ss (@). (4.62) 


1 
B= =— nol (ge) 
wr ——— ey 
Ic 


Finally, if the radius r is larger than the outer radius of the outer conductor, 


ee ee (c<r<oo). (4.63) 

2nr 
So, the external magnetic field (for r > c) is zero. This, we see, results from currents 
of equal intensities and opposite directions in cable conductors (making zero total enclosed 
current in Ampére’s law), much as the external electric field of a charged coaxial cable is 
zero because of charges of equal magnitudes and opposite polarities per unit length of cable 


3Note that the magnetic flux density inside the solid cylindrical conductor in Fig. 4.15 can be written as 
B = yoJr/2, and, in vector form, B = jioJ x r/2, wherc r is the position vector of the field point with 
respect to the conductor axis. 
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conductors (making zero total enclosed charge in Gauss’ law). [Such (equal positive and 
negative) charges and currents are standard in operations of all two-conductor transmission 
lines.] This is a very important property of a coaxial cable; the electrostatic and magnetostatic 
fields of the cable are concentrated exclusively inside the cable, and its exterior is perfectly 
decoupled (shielded) with respect to the interior, and vice versa. 


senile pam Magnetic Field of a Toroidal Coil 


Shown in Fig. 4.18(a) is a toroidal (“doughnut”-shaped) coil with a rectangular cross section. 
The coil consists of N turns of wire that are uniformly and densely wound along the length of 
the toroid and carry a steady current of intensity /. The inner and outer radii of the toroid are 
a and b (a < b), and its height is h. The medium inside and outside the coil is nonmagnetic. 
Calculate the magnetic flux density vector inside and outside the coil. 


Solution Fig. 4.18(b) portrays a horizontal cut of the toroid in Fig. 4.18(a). Because of 
symmetry, the lines of the magnetic field density vector, B, due to the current in the coil are 
circles centered at the toroid axis [z-axis in Fig. 4.18(b)], and the magnitude of B depends 
only on the distance r from the axis. This means that the vector B is of the form given in 
Eq. (4.53). Applying Ampére’s law to a circular contour of radius r (0 < r < 00), we obtain 
the following equations for three characteristic locations of the contour: 


Bir)2xr=0 (O<r<a), B(ir)2xr=poNI (a<r<b), 


B(r)2xr=po(NI-~ND=0 (b<r<oo). (4.64) 


Hence, B = 0 outside the toroid, while inside it 


Be = pn (inside a thick toroidal coil). (4.65) 
Note that this result is valid for an arbitrary shape of the toroid (vertical) cross section (not 
only rectangular). 

If the toroid is thin, i.c., b—a <a, we can assume that r * c inside it, where c = (a + 
b)/2 is its mean radius. This implies that the magnetic field inside the toroid can be considered 
to be uniform, with the flux density 


(4.66) 


where / = 2zc is the length of the toroid and N’ = N// is the number of wire turns per unit 
length. 

We realize that the final expression for B in Eq. (4.66) is the same as that in Eq. (4.37), 
found for an infinite solenoid. Namely, we can visualize an infinitely long solenoid as a toroid 
with an infinite radius. 


Serie (emake Magnetic Field inside an Infinite Solenoid from Ampere’s Law 


An infinitely long air-filled solenoid has N’ turns of wire per unit of its length. A steady 
current of intensity J flows through the winding. Using Ampére’s law, prove that the 
magnetic flux density inside the solenoid is given by the expression in Eq. (4.37). 


Solution Knowing that the vector B inside an infinite solenoid is axial (parallel to the 
solenoid axis) and that it is zero outside the solenoid, it is now very simple to evaluate the 
magnitude of B in the solenoid from Ampére’s law. The Amperian contour is a rectangle 
positioned partly inside the solenoid as shown in Fig. 4.19. The line integral of B along the 
vertical (axial) edge of the rectangle that is inside the solenoid equals B/, because B is paral- 
lel to that edge and does not vary along it (the structure is infinitely long). The line integral 
of B along the remaining three edges of the rectangle is zero, because B is perpendicular to 
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(b) 
Figure 4.18 Evaluation 
of the magnetic field of 
a toroidal coil: (a) 
three-dimensional view 
showing the winding 
and (b) cross-sectional 
view showing Amperian 
contours (0 < r < oo); for 
Example 4.12. 


B inside a thin toroidal coil 


= 
Pull 


x 


0'0:0.0:0.0.0.3,0,0.0,0.0.0.0.0.0.0.0.0 


Figure 4.19 Evaluation of 
the magnetic field inside 
an infinite solenoid using 
Ampeére’s law; for 
Example 4.13. 
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(b) 


Figure 4.20 Evaluation 
of the magnetic field of a 
rotating charged cylinder: 
(a) equivalent impressed 
current density and (b) 
Amperian contour; for 
Example 4.14. 


portions of horizontal (perpendicular to the axis) edges that are inside the solenoid and is 
zero outside it. The net current enclosed by the contour, on the other hand, equals the num- 
ber of turns over the length /, which is N’/, times / (the current through each turn). Hence, 
Ampeére’s law gives 

Bl = oN’, (4.67) 


i.e., the same as in Eq. (4.37). Note that we did not in any way restrict the location of the left 
edge of the contour C in Fig. 4.19 to be on the solenoid axis or at a specific distance from it, 
which means that Eq. (4.37) is valid across the entire cross section of the solenoid, and not 
only on the solenoid axis (in Example 4.5, the magnetic field is evaluated along the solenoid 
axis only). In other words, the magnetic field is uniform (the same) throughout the entire 
volume enclosed by the solenoid winding (while zero outside it). We also note that the cross 
section of the solenoid in this discussion and calculation is not in any way restricted to be of 
circular shape, which implies that the magnetic field is the same for arbitrary shape of the 
solenoid cross section (provided that the solenoid is very long). 


seule meee Magnetic Field of a Rotating Charged Cylinder 


A very long cylinder of radius a is uniformly charged over its volume by a charge of density 
p. The cylinder uniformly rotates about its axis with an angular velocity w. The permeability 
is 49 everywhere. Find the magnetic flux density vector inside and outside the cylinder, 
assuming that the charge distribution of the cylinder remains the same during the rotation. 


Solution As the charges of the cylinder rotate with it, they form a volume electric current. 
Referring to Fig. 4.20(a), the velocity at which a point M that is r away from the cylinder axis 
moves is 


v=wxr= wr >, (4.68) 


and the current density vector at that point can be found from Eq. (3.28). The current lines 
in the cylinder are circles centered at the cylinder axis [Fig. 4.20(a)], and the current density 
is a function of r given by 


J(r) = pv(r) = pwr (0<r<a). (4.69) 


We note that this current density, which is independent of the electric field, can be regarded 
as an impressed electric current density, Jj [Fig. 3.17(a)]. 

Because of the currents in the cylinder being circular, the cylinder can be visualized as a 
series of many very long coaxial solenoids of radii varying from r = 0 to r = a. That is why the 
magnetic flux density vector, B, outside the cylinder (i.e., outside all equivalent solenoids) is 
zero, Whereas B is axial inside the cylinder. Ampére’s law, Eq. (4.49), applied to a rectangular 
contour C shown in Fig. 4.20(b) results in [Icft-hand side of the equation is the same as in 
Eq. (4.67)] 


a 


a 
B(r) l= uo [ J(r) 1dr = opwt | ray, (4.70) 
r=r as r 


where dS is the surface area of a thin strip of length / and width dr’ (r’ is the integration 
variable). Hencc, the magnitude of B at points that are r away from the cylindcr axis comcs 
out to be 

popw(ae — r*)/2 forr<a 
0 forr>a- 


Example 4.15 BMEteitate Field of an Infinite Current Sheet from Ampere’s Law 


Using Ampére’s law, prove that the magnctic flux density vector due to an infinite planar 
current sheet with a uniform surface current density J; in free spacc is given by the expression 
in Eq. (4.47). 


Bir) = | (4.71) 


Section 4.6 Differential Form of Ampére’s Law 


Solution Because of symmetry, the magnetic field lines are parallel to the sheet and B does 
not vary in directions parallel to the sheet. We apply Ampére’s law to a rectangular contour 
C portrayed in Fig. 4.21. The line integral of B along each of the two edges of the contour 
that are parallel to the sheet equals B/ and the enclosed current is J,/ [Eq. (3.13)], so that 


3 A (4.72) 


from which the same result as in Eq. (4.47) is obtained. 


Problems: 4.10-4.19; Conceptual Questions (on Companion Website): 4.11-4.15; 
MATLAB Exercises (on Companion Website). 


4.6 DIFFERENTIAL FORM OF AMPERE’S LAW 


In electrostatics, we derived the differential form of Gauss’ law [Eq. (1.163) or 
(1.166)] starting from its integral form [Eq. (1.135)]. Again, an analogous concept 
and transformation exist in magnetostatics. In this section, we shall utilize the inte- 
gral form of Ampére’s law, Eq. (4.49), to derive its differential equivalent. What 
we expect to obtain is a spatial differential relationship between the magnetic flux 
density vector, B (field), and the current density vector, J (source), at a point in 
space. 

We consider first the one-dimensional case, and assume that J has only a 
z-component in the Cartesian coordinate system which is a function of the coor- 
dinate x only, that is, J = J,(x) z (1-D current distribution). Then, by symmetry, the 
only present component of B is By (like in Example 4.15), ic., B= By(x) y. We 
apply Ampére’s law [Eq. (4.49)] to a narrow rectangular contour C lying in the 
xy-plane, with edges parallel to the x- and y-axes, as shown in Fig. 4.22. The dimen- 
sion of the contour in the x-direction is dx and the length of the edges parallel to the 
y-axis is /. The magnetic field is constant along both edges with length / (By does not 
vary with y), so that essentially no integration is needed on the left-hand side of 
Eq. (4.49), i.e., the integral along each edge reduces to B - 1 (I has the same direction 
as dl). No integration is needed on the right-hand side of Eq. (4.49) either, because 
dx is differentially small and we can take J; (x) as constant over the surface spanned 
over C. Finally, as B is tangential to both edges with length /, B and dl are directed 
in opposite directions along the left edge, and in the same direction along the right 
edge, we can write 


—By(x)l+ By(x+ dx)l = uo Jz(x) 1 dx. (4.73) 
Noting that 
dB, = By(x + dx) — By(x), (4.74) 
Eq. (4.73) becomes a differential equation, 
dB 
a = UJ. (4.75) 


This is the one-dimensional Ampére’s law in differential form. We observe the 
analogy with the 1-D Gauss’ law in Eq. (1.158). 

We now generalize Eq. (4.75) to an arbitrary three-dimensional current distri- 
bution. The current density vector has now all three Cartesian components and all 
of them are functions of all three coordinates, 


J =Jx(x, y, 2K + Jy (x, y, 2) ¥ +2 (x, y, 2). (4.76) 
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Figure 4.21 Evaluation 
of the magnetic field of 
an infinite current sheet 


using Ampére’s law; 
for Example 4.15. 


B,(x) By(@x+dx) 
Ce 
y 
C 
iE LB - 


Figure 4.22 For the 
derivation of the one- 
dimensional Ampére’s law 
in differential form. 


1-D differential Ampére’s law 
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Ampere’s law in differential 
form 


The Amperian contour C in Eq. (4.49) must, therefore, be differentially small in 
both dimensions. Additionally, one contour is not enough; we need three small con- 
tours, oriented perpendicularly to each of the three current density components, 
respectively. All edges of the contours being differentially small, the line integral 
along each of them can be approximated by taking a constant value of the field 
component tangential to the edge and multiplying it by plus or minus the edge 
length. This gives us the result for each pair of integrals along parallel edges within 
each contour that has exactly the same form as in the 1-D case [Eqs. (4.73)-(4.75)}. 
For the contour that lies entirely in the plane normal to the x-component of J, 
shown in Fig. 4.23, we have 


§ B. dl = —B,(x, y, z) dz + By(x, y, z) dy + Bz(x, y + dy, z) dz 
Cc 
—By(x, y, z+ dz) dy = uoJx(x, y, Z) dy dz, (4.77) 


which, divided by dy dz, results in 
fcB-dl Bz, y+ dy, z) — Bz(x,y, 2) 


dy dz dy 
By(x, y,Z+ dz) —By(x,y,z) aB dB 
DYE a See 
dz dy Oz 


For contours that are oriented perpendicularly to each of the remaining two 
coordinate axes, y- and z-axes, analogous procedures lead to equations 
dB oB 
= BoJy and —=— = gue (4.79) 
dz ax x 
respectively. Multiplying Eq. (4.78) by the unit vector x, and Eqs. (4.79) by y and 
Zz, respectively, and summing the three equations, we obtain the following equation 
with the vector J [Eq. (4.76)], multiplied by zo, on the right-hand side: 


dB, dBy\. OB, =) a (= =) . 
pete ah ee Bees eel Sn = UoJ. 4.80) | 
(= =) a+ ( & yr Ox dy am ( ) 


This partial differential equation (PDE) represents Ampére’s law in differential 
form for an arbitrary steady current distribution. It relates the rate of change of 
B field components in spatial coordinates to the local current density vector, J. 
We see that only those variations of individual components that are in directions | 


JAX%,Y,2) 


“an 


B-(x,y,2) | B(x,y+dy,z) 


Figure 4.23 For the derivation 
of Ampere’s law in differential 
form for an arbitrary current 
distribution. x 


perpendicular to the direction of the component (change of B, along y and z, 
and not along x, etc.) contribute in this relationship, which is just opposite to the 
dependences in the differential Gauss’ law [Eq. (1.163)]. 


4.7 CURL 


The expression on the left-hand side of Eq. (4.80) is the so-called curl of a vector 
function (B), written as curl B,* analogous to the divergence of a vector field (E) 
as used to express the differential form of Gauss’ law [Eq. (1.166)]. In addition, 
we notice that applying formally the formula for the cross product of two vectors 
in the Cartesian coordinate system* to V x B, where the del operator is given by 
Eq. (1.100), we obtain exactly curl B. Hence, 


0B B OB 
culB=VxB= Gz = Oy K+ me Ny 
ay dz dz ax 


aB aB 
hi (= Z :) a, (4.81) 
ax oy 
which can also be written in the form of a determinant, 
x y z 
culB=VxB=|2 in x (4.82) 
B, By B; 


(using the determinant form is a convenient way for memorizing the expression for 
V x B in the Cartesian coordinate system). Note that the curl is an operation that 
is performed on a vector, and the result is also a vector. Finally, the differential 
Ampeére’s law can now be written in a short form as 


curlB = V x B= pod. (4.83) 


In nonrectangular coordinate systems, the differentially small Amperian con- 
tour in Fig. 4.23 becomes curvilinear and with different expressions for lengths 
of its edges for different current density components in each of the systems. For 
instance, from Fig. 1.10, the contour perpendicular to the radial vector component 
J,¥ in spherical coordinates is a curvilinear quadrilateral of edge lengths rd@ and 
rsin@ d@. Carrying out similar derivations as in Eqs. (4.77)-(4.80) for this contour 
and contours oriented perpendicularly to other unit vectors in Figs. 1.25 and 1.26, 
the expression for the curl in cylindrical coordinates is obtained to be 


curlB=VxB= 10B,  dBy r+ 0B, — OBz b 
r dg 0Z OZ or 
>| 
+— 
r 


4Note that rot B is also used for curl B, “rot” being a short for “rotation” (or “rotational”). 


9 aB,]. 
5p (Bo) — 36 |e (4.84) 


>For vectors given by their Cartesian components, 
axb = (aX +ay¥+az2) x (bX + by ¥+bz2) 
= (ayb, — azby) X+ (azby — axbz) ¥ + (axby — ayby) 2. 
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curl in Cartesian coordinates 


Ampere’s law using curl 
notation 


curl in cylindrical coordinates 
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curl in spherical coordinates 


curl B 


Figure 4.24 For the 
definition of the curl of a 
vector field in Eq. (4.87). 


alternative definition of the 
curl 


physical meaning of the curl 


and that for the spherical coordinate system 


dA. — aBe]. 
IB=VxB= — ws 
cur x BEET E (sin 6Bg) 6 li 
Upton ae 9B, ) » 
= | Ss) es | ee | 
=| a6 oe ‘)| +7; a) a = 


In the same way as with V - E in Section 1.15, we use the notation V x B in cylindri- 
cal and spherical coordinate systems not to refer to it as the actual cross product of 
vectors V and B, which is valid only in rectangular coordinates [Eq. (4.81)], but to 
merely symbolize the curl operation. With this, we also emphasize the fact that rela- 
tions derived employing such vector formalism in the Cartesian coordinate system 
hold true (are identities) generally, in all coordinate systems (properties of physi- 
cal quantities and relations between them are the facts that are independent of the 
choice of coordinate system). 

Combining Eqs. (4.81) and (4.78), we find that the x-component of curl B, that 
is, x- curl B, can be expressed as the net circulation (line integral) of B along the 
incremental contour C of Fig. 4.23 divided by the area of the surface spanned over 


the contour, 
dydz © 
We can now formally proclaim the Cartesian x-axis to be an arbitrary linear axis 


(direction) in space and the contour C to be an arbitrarily shaped differentially 
small contour bounding a surface AS, as shown in Fig. 4.24, and write 


x- curl B = (4.86) 


Bedi 
=? lim foBu dl 
AS—>0 AS | 


where ni is the unit vector normal to the surface AS (AS = ASn) and determined 
using the right-hand rule. Eq. (4.87) is an equivalent mathematical definition of the 
curl of a vector. It enables us to obtain a component of the curl of B along a desired 
direction at a given point by computing the circulation of B along a contour in the 
plane perpendicular to that direction as the contour shrinks to zero about the point. 
The circulation of B about C, per unit area, appearing on the right-hand side of 
Eq. (4.87) equals n- curl B = |curl B| cosa@ (|| = 1). Therefore, for the orientation 
of AS defined by a = 0, we get the maximum in the circulation (cosa = 1), and 
Eq. (4.87) becomes 


ya ¢.B-dl\ _ : 
Re B| = ( lim feb ) (a = 0). 
x 4 AS—0 _AS ape 


This means that (1) the magnitude of curl B equals the maximum (as the direction 
of the surface element AS = ASn is varied) net circulation of B per unit area with 
the area of the surface element tending to zero and (2) the direction of curl B is in 
the direction that gives the maximum value for the magnitude of the net circulation 
per unit area (a = 0). From it, we may regard the curl of a vector field (not only 
the magnetostatic field) physically as a measure of those local sources of the field 
at a point in space which produce circular field components with respect to that 
point. We recall that the divergence is a measure of sources that produce radial field 
components with respect to the point [Eq. (1.172)]. Ampére’s law tells us that the 
sources producing locally circular field components in the case of the magnetostatic 


(4.87) 


(4.88) 


field in free space are elemental currents of intensities J AS. Quantitatively, the curl 
represents the surface density of such sources, and in our case this density is J. The 
concept of the curl of a vector field is used in numerous applications, in many areas 
of science and engineering. 

Replacing oJ by V x B [from Eq. (4.83)] in the integral form of Ampére’s law, 
Eq. (4.49), leads to 


f B-dl= [vx B)-ds. (4.89) 
(S iS 


Although obtained here specifically for the magnetostatic field in free space, this 
equation is an identity, holding for any vector field (for which the appropriate par- 
tial derivatives exist). It is widely used in electromagnetics and other areas of science 
and engineering, and is known as Stokes’ theorem. In words, it states that the net cir- 
culation of a vector field along an arbitrary contour is the same as the net flux of its 
curl through any surface bounded by the contour, where the reference orientations 
of the contour and the surface are interconnected by the right-hand rule. We notice 
the parallelism with the divergence theorem, Eq. (1.173), which applies to a closed 
surface and relates the flux of a vector field with a volume integral of its divergence. 

To prove Stokes’ theorem (for an arbitrary vector field B), imagine the surface $ 
subdivided into a large number of differentially small patches AS; (AS; — 0) which 
are bounded by infinitesimal contours C;, as depicted in Fig. 4.25. By applying the 
definition of the curl in Eq. (4.87) to one of these patches, we can write 


§ B - dl = AS;n- curl B = (V x B) - AS;jn = (V x B) - AS;. (4.90) 
GC; 


Now, let us determine this circulation for every AS; comprising S and sum all the 
results. What we get on the left-hand side of the resulting equation is the line inte- 
gral of B along the overall contour C bounding the surface S, since the terms arising 
from the sides of small contours shared by any two patches cancel out during the 
summation, as can be seen in Fig. 4.25, and the only boundaries for which the 
cancelation does not occur are those forming the contour C. Hence, 


B-d= li V x B)- AS;. 4.91 
§ slim, OW *B)- as (4.91) 


Figure 4.25 Open surface S$ 
subdivided into differentially 
small patches — for the proof of 
Stokes’ theorem, Eq. (4.89). 
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curl of E in electrostatics 


magnetic flux (unit: Wb) 


In the limit, the summation on the right-hand side of this equation becomes an 
integral, AS; becomes dS, and we have [V x B) - dS, thus proving the theorem. 

By applying Stokes’ theorem to Eq. (1.75) or simply by analogy with the dif- 
ferential form of Ampére’s law, Eq. (4.83), we arrive to the differential form of 
Maxwell’s first equation for the electrostatic field: 


[vx E=0, (492) 


We see that the electrostatic field is a curl-free or irrotational field, and this is a 
property of any conservative vector field (the field with zero circulation along any 
closed path). 


Example 4.16 Cylindrical Current Conductor Using Differential Ampére’s Law 


Redo Example 4.9 but now using the differential form of Ampére’s law. 


Solution This is completely analogous to the application of the differential Gauss’ law to 
solve an electrostatic problem with spherical symmetry in Example 1.22. For the interior of 
the conductor in Fig. 4.15 (where J = Jz and J = const), combining Eqs. (4.53), (4.84), and 
(4.83), we now have in place of Eqs. (1.174) and (1.175) 


1 r- 
VxB= = [rBir)]Z=puolz — ~~ rBi(r) = nol f rdr+c = pod. leven 
r 
Up tC 
— Bir= + Qxraae (4.93) 


with C; = 0, since there exists no line current (of intensity /)) along the z-axis (for r = 0) in 
Fig. 4.15 [otherwise, this constant would be Cy = o/)/(27)]. Similarly, in the surrounding 
space (with J = 0), 

0 C2 

ae [{PBr)}=0 — rB(n=Q — Birn= = (a<r<oo), (4.94) 


where C> = pioJa?/2, from B(a~) = B(at). Both Eqs. (4.93) and (4.94) give the same 
corresponding results as in Eq. (4.56). 


Problemy: 4.20-4.24; Conceptual Questions (on Companion Website): 4.16 and 
4.17; MATLAB Exercises (on Companion Website). 


4.8 LAW OF CONSERVATION OF MAGNETIC FLUX 


As vector B is called the magnetic flux density vector, its flux through a surface S is 
called, accordingly, the magnetic flux. It is denoted as ®, 


o- fl B. dS, (4.95) 
Ss 


and measured in webers (Wb), where Wb = T - m2. We recall that the electric flux, 
W, is defined as the flux of the electric flux density vector, D, through a designated 
surface [Eq. (2.42)], and that the unit for is C. 

The generalized Gauss’ law, Eq. (2.43), tells us that the net outward electric flux 
through a closed surface is equal to the total charge enclosed by the surface. Our 
analogy between electric and magnetic ficlds naturally imposes a question: what 


: 
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HISTORICAL ASIDE 


Sir George Gabriel Stokes (1819-1903), a British 
mathematician and physicist, was a professor 
of mathematics at Cambridge University. Stokes 
was the oldest of the trio of Cambridge profes- 
sors, James Clerk Maxwell (1831-1879) and Lord 
Kelvin (1824-1907) being the other two, who espe- 
cially contributed to the fame of the Cambridge 
school of mathematical physics in the 19th century. 


Wilhelm Eduard Weber 
(1804-1891), a German 
physicist, was a professor 
at Gottingen University. 
Weber received his doc- 
toral dissertation from 
the University of Halle 
in 1826, with a topic on 
the acoustic theory of 
reed organ pipes, and was 
appointed professor of 
physics at G6ttingen in 1831. In collaboration 
with Karl Friedrich Gauss (1777-1855), he built 
the first practically useful telegraph (3 km long) in 
1833, to connect his physics laboratory with Gauss’ 
astronomical observatory at Gdttingen. They also 
worked together on investigating terrestrial mag- 
netism (earth’s magnetic field). From 1836 to 1841, 
they organized a network of observation stations 
around the world to correlate measurements of ter- 
restrial magnetism at different locations. In 1841, 
he developed the electrodynamometer, which 
could precisely measure the angular displacement 
of a coil with a current caused by another coil posi- 
tioned perpendicularly to it and carrying the same 
current. Weber used this instrument for a final val- 
idation of Ampére’s previous conclusions about 
magnetic forces due to currents in wire loops (in 


His main contributions were in the areas of viscous 
fluids, sound, light, spectroscopy, fluorescence, and 
X rays. During a period of time, he held the post of 
the Lucasian Chair of Mathematics at Cambridge, 
was University’s Member of Parliament, and 
President of the Royal Society, the three offices 
that had only once before been held by one person, 
Sir Isaac Newton (1642-1727). 


the coils). Furthermore, it was used, in the same 
or similar realizations, by many researchers and 
students over decades both to directly measure 
the magnetic forces and torques due to given cur- 
rents and to determine (indirectly measure) the 
(unknown) current from the measured torque 
(as a sort of ammeter). During his later years 
at G6ttingen, Weber worked on a theoretical 
generalization and unification of laws describ- 
ing forces between charges at rest (Coulomb’s 
law) and in motion (Ampére’s force law), as well 
as Faraday’s law of electromagnetic induction 
for time-varying currents (charges in accelerated 
motion). He also contributed to understanding 
the connection between light and electromagnetic 
phenomena and establishing the link between elec- 
tromagnetism and optics, which was crucial for 
Maxwell’s development of electromagnetic field 
theory (that includes light). Working again jointly 
with Gauss, Weber provided a significant impact 
in the early stage of the development of a new 
coherent system of units to also include electro- 
magnetic phenomena, which gradually evolved 
into the present International System of Units (SI). 
The SI includes the weber, unit of magnetic flux, 
named in his honor. (Portrait: AIP Emilio Segré Visual 
Archives, Brittle Books Collection) 
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is the net magnetic flux through a closed surface equal to? The answer is: zero. 
To prove this, we consider first the magnetic flux density dB of a single current 
element J dv in free space, as depicted in Fig. 4.26. From the Biot-Savart law and 
the expression for dB in Eq. (4.6), we know that the lines of this field are circles 
centered on the straight line containing the current element (Fig. 4.26). We can 
imagine the entire space surrounding the element divided into thin closed tubes 
of uniform cross section formed by bunches of field lines, where one such tube is 
shown in Fig. 4.26. According to Eq. (4.6), again, the magnitude of the magnetic 
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Figure 4.26 For the 
derivation of the law of 
conservation of magnetic 
flux. 


law of conservation of 
magnetic flux 


Figure 4.27 For the proof 
that the magnetic flux 


through a contour is unique. 


flux through a contour, 
Fig. 4.27 


flux density vector is constant along each field line, and thus over the entire volume 
of each tube (because the tubes are thin). Consequently, the magnetic flux through 
any tube is the same in magnitude at any cross section of the tube, regardless of 
whether that cross section is perpendicular to the tube axis or not. 

Imagine now an arbitrary closed surface S in the field, Fig. 4.26. Some of the 
elementary tubes pass through S, but always an even number of times. Therefore, 
the net outward flux of dB through all small surfaces representing intersections of 
thin tubes and the surface § equals zero. Since such intersections cover the entire 
surface S, we have 


§ dB. dS =0. (4.96) 
S 


Our proof continues then by invoking the superposition principle, by means 
of which the actual magnetic flux density B of an arbitrary current distribution in 
free space can be decomposed into elementary flux densities dB due to individual 
current elements making the current distribution, so that 


B= | dB, (4.97) 
Vour 


where Vcur is the domain with currents (sources of the magnetic field). Applying the 
integration Over Vcur as an operator to Eq. (4.96), and interchanging the order of 


integral signs, we obtain 
§ ( aB) -dS = 0. (4.98) 
S Voeur 


Finally, substituting Eq. (4.97), 
§ B-dS =0, | (4.99) 
S 


which completes our proof. This relation is known as the law of conservation of | 
magnetic flux, and also as Maxwell’s fourth equation. For obvious reasons, it is | 


sometimes referred to as Gauss’ law for the magnetic field. Together with Ampére’s 
law (Maxwell’s second equation), it forms a complete set of Maxwell’s equations 
for the magnetostatic field in free space (or any nonmagnetic medium). We notice 
that the law of conservation of magnetic flux has the identical form as the continuity 
equation for steady currents, Eq. (3.40). 

Consider next an arbitrary contour C and two open surfaces, $; and S2, with 
arbitrary shape that are both bounded by the contour and oriented in the same 
way — according to the right-hand rule with respect to the orientation of the contour, 
as shown in Fig. 4.27. The magnetic fluxes through the surfaces are 


o= | B-dS_ and = | B- dS, (4.100) 
S; S2 


respectively. The total outward flux through the closed surface S$ formed by S$; and 
Sats = SUioaas 


$ B-aS = 0 ~ o>, (4.101) 
S 


which is zero, from the law of conservation of magnetic flux. Hence, 


[, = %), (4.102) 


meaning that the magnetic flux through any number of surfaces of arbitrary shape 
that all have a common contour bounding them is the same, provided that all the 
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surfaces are oriented in the same way. This enables us to link the flux to a contour 
rather than to a surface bounded by the contour (and there is an infinite number 
of such surfaces), and to use the term flux through a contour or flux linked by a 
contour. In other words, the flux (through a contour) is uniquely determined by the 
shape of a contour and by its orientation, and is the same for any surface spanned 
over the contour and oriented in accordance to the right-hand rule with respect to 
the orientation of the contour. 

By analogy with the differential form of the continuity equation for steady cur- 
rents, Eq. (3.41), the law of conservation of magnetic flux in differential form is 


given by 
(4.103) 


We see that the B field is another divergenceless (divergence-free) or solenoidal 
vector field. This means that there cannot be local sources of radial magnetic field 
components with respect to a point, i.e., that there exist no positive or negative 
“magnetic charges” and no free north or south magnetic poles, which would corre- 
spond to electric charges, with density p [Eq. (1.166)]. Equivalently, the magnetic 
field lines close upon themselves, as there are no “magnetic charges” for the lines to 
begin and terminate on. 

We can now summarize the two Maxwell’s differential equations governing the 
electrostatic field in free space, 


0 


vxe=0 and Eas (4.104) 


and those for the magnetostatic field in free space, 


VxB=yp.3 and V-B=0, (4.105) 


which, in a condensed form, shows all the similarities and fundamental differences 
between the two fields. 


Problems: 4.25 and 4.26; Conceptual Questions (on Companion Website): 
4.18-4.23; MATLAB Exercises (on Companion Website). 


4.9 MAGNETIC VECTOR POTENTIAL 


In electrostatics, we introduced the electric scalar potential (V) to help us describe 
electric fields and evaluate the electric field intensity vector (E). The electric scalar 
potential due to a point charge Q, as an elementary source of the electric field, in 
free space is [Eq. (1.80)] 

ie 


; An E€0 R / 
Following the analogy established in connection with Eq. (4.4), which is the basis of 
the Biot-Savart law, the potential due to an elementary source of the magnetostatic 
field, Ov, is defined as 


(4.106) 


eee (4.107) 


This quantity is called the magnetic vector potential, and its unit is T- m. It is a 
vector whose direction is very simple to determine — the same as the direction of Qv, 
and whose magnitude is proportional to 1/R (and not to 1/R*, which is present in 


flux conservation law in 
differential form 


conservative field 


solenoidal field 


magnetic vector potential 
(unit: T -m) 
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the expression for B due to Qv). By the same reasoning as with obtaining the three 
versions of the Biot-Savart law for volume, surface, and line currents, Eqs. (4.7)- 
(4.9), the corresponding integral expressions for the magnetic vector potential are: 


(imine | 
A due to volume current eS all Tbe | (4.108) 
4n J, R 
J,;dS 
A due to surface current A= un) — (4.109) 
4n Ss R 
Tdi 
A due to line current A= el) —. (4.110) 
4x J; R 


In general, the solutions for the magnetic vector potential due to given current 
distributions are substantially simpler than the corresponding solutions for the 
magnetic flux density vector. 

Let us find the curl of A. By representing the expression in Eq. (4.107) in the 
spherical coordinate system shown in Fig. 4.28, in which Q is at the coordinate 
origin, so R = r (r being the radial spherical coordinate), and v is z-directed, 


UgQv 


A =Ai=Acoséf—Asin06=A,F+ Ao), A=7—. (4.111) 
where 
0 ind 
Ar = Acos@ = OCR eee (4.112) 
4nur 4nr 
(Ag = 0). Using the expression for the curl in spherical coordinates, Eq. (4.85), 
we have 
1 re) dA, “ 
VxA=-—|— (rAg) - — 
‘ “lee @) ab 
UoQv [ a , d f(cos@\|+ poQvsinég »~ 
= a SI tee = ———~— . (4.113 
4nr lee me all aa 
Noting that (Fig. 4.28) 
Ov x f= Qvix f= Ov|zx ft] = Ovsind $, (4.114) 
we obtain in 
yaa 2 os (4.115) 
4x r 


Figure 4.28 Magnetic vector 
potential due to a point charge 
moving in free space, and its 
components in a spherical 
coordinate system. 
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which is exactly the magnetic flux density vector due to Qv, Eq. (4.4) with R = rand 


R = fr. Hence, 
ani) 


and the same is true for the magnetic vector potential dA due to an arbitrary vol- 
ume, surface, or line current element, Eq. (4.10). Integrating the expression V x dA 
over a domain v with volume currents, we have 


[ovxaa=vx([aa)=vx«a, (4.117) 


where the integration and differentiation (del) operators can readily interchange 
places because they are completely independent -- the integration is performed with 
respect to the coordinates of the source point (point at which the current density 
vector is J), while the differentiation is carried out with respect to the coordinates 
of the field point (point at which the magnetic vector potential is A). Consequently, 
the magnetic flux density vector (B) and the magnetic vector potential (A) due to 
an arbitrary volume current distribution, Eq. (4.108), are related at an arbitrary 
point in space as in Eq. (4.116), and similar proofs can be carried out for the mag- 
netic potential due to surface currents, Eq. (4.109), and line currents, Eq. (4.110). 
This relationship, in conjunction with Eqs. (4.108)-(4.110), provides an alternative 
general method for evaluating the B field produced by steady currents, where A is 
evaluated first by integration, and then B is found from the potential by differenti- 
ation. Potentials, generally, are auxiliary quantities that are used to determine fields 
indirectly. Finally, we note that, contrary to V in electrostatics, A does not have any 
simple physical interpretation in magnetostatics. 

On the other side, the divergence of the magnetostatic potential A is always 
zero, which is, essentially, a consequence of the steady current density J being a 
divergenceless vector, i.e., of the continuity equation in Eq. (3.41) or (3.40). Namely, 
in analogy to Eq. (4.117), we can apply the divergence operator to the integral 
expression in Eq. (4.108) and write 


Lo Jdv ay J Ho { J 

Vv aa (/ ere fy (g)e-2 Pye ae (4.118) 
where S is the closed surface bounding v, and the use is made of the divergence 
theorem, Eq. (1.173), to convert the volume integral to a surface (flux) one. For 
the special case when v is a spherical domain centered at the field point (where the 
potential is being computed), 1/R can be brought out of the flux integral, as S$ in 
that case is a spherical surface of radius R, and the integral, in turn, becomes zero, 
$s I. dS = 0, by virtue of the continuity equation, Eq. (3.40). In the general case, the 
arbitrary domain v can be subdivided into a stack of concentric spherical layers with 
each of them being a part of a full spherical shell of thickness dR centered at the 
field point, with the current of density J flowing through that part and no current 
in the rest of the shell, outside v. The same conclusion about a zero flux integral 
based on the continuity equation can then be derived for the surface of each shell, 


and thus 
4.119) 


which holds true for the magnetic potential due to surface and line steady currents 
as well. 


magnetic flux density from 
potential 


divergence of A due to steady 
currents : 
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magnetic flux from the 
potential 


Figure 4.29 For the 
evaluation of the magnetic 
flux through a surface by 
integrating the magnetic 
vector potential along its 
boundary. 


The magnetic flux through an arbitrary contour, Eq. (4.95), can now be 
expressed in terms of the magnetic vector potential, 


o= [ B-as= [iv x ay-as. (4.120) 
S 8) 


which, by using Stokes’ theorem, Eq. (4.89), becomes 


(e 


The orientation of the contour C and the surface S are in accordance to the right- 
hand rule, as shown in Fig. 4.29. Eq. (4.121) represents a means for determining the 
magnetic flux by evaluating a contour integral (of A) rather than a surface integral 
(of B), which is very convenient in some computations and derivations. Note that 
this is yet another proof that the magnetic flux through a contour is unique (the 
same for all surfaces bounded by C). 


Problems: 4.27; Conceptual Questions (on Companion Website): 4.24 and 4.25; 
MATLAB Exercises (on Companion Website). 


4.10 PROOF OF AMPERE’S LAW 


We are now ready to prove Ampére’s law by utilizing the magnetic vector potential, 
A. On the left-hand side of the differential form of the law, Eq. (4.83), we have, by 
means of Eq. (4.116), 

V 3B = Vv x (Vv <A: (4.122) 


Applying formally (symbolically) the vector identity for expanding the vector triple 
product,° 
a x (b x c) = b(a- cc) — e(a-b), (4.123) 


to the product V x (V x A), we get the following identity for expanding the curl of 
the curl of an arbitrary vector field (A): 


Vx(VxA=VW(V-A)-(V-V)A=V(V-A)—-V2A. (4.124) 


The first term in this expansion is grad(div A), and in our case it is zero, because 
divA = V-A=0[Eq. (4.119)]. With this, Eq. (4.122) becomes 


VxB=-V2A. (4.125) 


Vector V2A is called the Laplacian of the vector function A, which, having in mind 
Eq. (1.100), can be written in Cartesian coordinates as 


a2 a2 a? . P 2 
set ot ee (Ax X + Ay § + A; 2) 


VA=(V-V)A= 
( dy2 az? 


© cross (vector) product of a vector (a) wilh a cross product of lwo (other) veclors (b and ¢) is called 
the veclor triple product. Note also that lhe vector triple product identity in Eq. (4.123) is known as 
the “bac-cab” or “back-cab” identily, as the word “bac-cab” can be read on the right-hand side of the . 
equalion. 
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dy O22 On ze dy2 dz2 


eg hen NE 
= Zz. 
ax? dy? dz? 


x 2) 2; 
_ Gs A, & 7) et (: Ay PAy 9 2) 3 
xX 


(4.126) 


We see that Cartesian components of the Laplacian of A equal the Laplacian of 
the corresponding components of A, where the latter operator is the Laplacian of a 
scalar field, Eq. (2.94), and hence’ 


| VA = VAR + V2Ay H+ V2Az 2. (4.127) 


From Eq. (4.108), 


Iek4+JyJ+Jca)d 
ASAR+A G+ Ace = Me f SA* YT de Daly 
Vv 


4a R 


ito ff Jy ay 5 [23 i [2 
_ Ho 4.128 
rod Gd eed ae oe) 


and we conclude that each Cartesian component of A is actually produced by the 
same component of the current density vector, namely, A, is produced by J,, and so 
on. Recalling the expression for the electric scalar potential due to a volume charge 
in free space, Eq. (1.82), we identify the duality between V due to p and A, due 
to J: 


il pdy to [Jy dv 

= — <> Ay=— ; 4.129 
Arey Jy R 47 J, R ( ) 
By the same duality principle, in turn, there must be a differential equation for 
A, which has the same form as the differential equation for V, that is, Poisson’s 


equation [Eq. (2.93)]. Therefore, by changing the variables, we get 


VV = == a A J, (4.130) 
0 
Similarly, 
VAy=—poly and VA, = —pUdlz, (4.131) 


and substituting all these back in Eq. (4.127), 


V7A = —pioJ. (4.132) 


This is a second-order vector partial differential equation (PDE) for the magnetic 
vector potential of a volume current in free space (or any nonmagnetic medium), 
usually referred to as the vector Poisson’s equation. It can be used as a starting point 
in solving (analytically or numerically) for A due to a given current distribution J. 
We use it here for deriving Ampére’s law. Namely, returning to Eq. (4.125), we can 
now substitute for the Laplacian of A and obtain 


VxB=-V°A= pol, (4.133) 


7Note that the expansion in Eq. (4.127) does not have equally simple counterparts in cylindrical and 
spherical coordinate systems (Figs. 1.25 and 1.26). In these systems, the Laplacian of a vector func- 
tion (A), VA, is computed, from Eq. (4.124), as V7A=V(V- A) —V x (V x A) =grad(div A) — curl 
(curl A), namely, as the gradient of the divergence of A minus the curl of the curl of A, using 
the expressions for the gradient, divergence, and curl in Eqs. (1.105), (1.108), (1.170), (1.171), (4.84), 
and (4.85). 


Laplacian of a vector in 
Cartesian coordinates 


vector Poisson’s equation 
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magnetic dipole moment 


which is Eq. (4.83), and this completes our proof of the Ampére’s law in differ- 
ential form. Stokes’ theorem, Eq. (4.89), which is derived from the mathematical 
definition of the curl of a vector, gives its integral equivalent, Eq. (4.49). 

Note that the proof carried out in this section is essentially based on the concept 
of the magnetic vector potential, which is defined by Eq. (4.107) and related to the 
magnetic flux density vector by Eq. (4.116). This latter relation is obtained from 
Eq. (4.4), which is the rudimentary version of the Biot-Savart law. This means that 
we have, in fact, derived Ampére’s law from the Biot-Savart law. 


4.11 MAGNETIC DIPOLE 


A small loop with a steady current constitutes the magnetic equivalent of the elec- 
tric dipole of Fig. 1.28, and is referred to as a magnetic dipole. The reason for 
this and what we mean by “small” will soon be evident. A magnetic dipole is 
characterized by its magnetic moment, defined as 


(4.134) 


where / is the current intensity of the loop and S = Sn is the loop surface area 
vector, oriented in accordance to the right-hand rule with respect to the reference 
direction of the current. Note that m is analogous to the electric dipole moment, p, 
defined by Eq. (1.116). The unit for m is A - m2. 

We would like to find the expressions for the magnetic vector potential and the 
magnetic flux density vector due to a magnetic dipole at large distances compared 
with the loop dimensions. To this end, we consider a rectangular loop with sides 
a and b, shown in Fig. 4.30. Let the axis of the loop coincide with the z-axis of a 
spherical coordinate system and the center of the loop be located at the origin of 
the system. Far away from the loop (r > a, b), the loop is observed as being small 
and the magnetic vector potential of the loop can be evaluated as that due to four 
line current elements, given by Ja, Jb, /(—a), and /(—b), using Eq. (4.110). Let us 
first calculate the potential at a point P due to the pair of parallel elements of length 
a, Fig. 4.30, 


Aga = Ay + A? = —— 4+ — 
oe a, FREI Te r2 4n 


al r2 


la I(-a la {1 1 
io Ho I(—a) _ Ho ( ), (4.135) 
where r; and r are the distances of the point P from the centers of the first and sec- 
ond element, respectively. Noting that the position vector of the first element with 
respect to the second element is d = —b, we can now use the same approximations 


Figure 4.30 Magnetic dipole. 
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as in deriving Eq. (1.115) for an electric dipole, with which Eq. (4.135) becomes 
_ Molad-t  —_wola(b - f) 
ss ai 
Similarly, the potential due to the other pair of elements, those of length 5, is 
given by 


(4.136) 


Lolb(a - f) 
Anre 


By superposition and using the formula for the vector triple product in 
Eq. (4.123), the total ae vector potential of the - turns out to be 


App © (4.137) 


A = Aga + App = S =a Tien r) — a(b-F)] = oa x b) xf. (4.138) 


As the magnetic moment of the loop is (Fig. 4.30) 
m = /S8 = labi=Iaxb, (4.139) 


A can be expressed in terms of m as 


(4.140) 


We see that the magnetic potential depends on the dipole magnetic moment and 
the position of the field point with respect to the dipole, and not on the shape of the 
loop, which can be arbitrary (not only rectangular). Finally, since m x f = msin@ 6, 
which directly comes from Eq. (4.114), Eq. (4.140) can be rewritten as 


fomsiné 
ae (4.141) 


We conclude that the magnetic vector potential due to the magnetic dipole has 
only a ¢-component in the spherical coordinate system, which is a function of 
coordinates r and @. 

The magnetic flux density vector of the dipole is now determined applying the 
formula for the curl in spherical coordinates, Eq. (4.85), to the expression for A in 
Eq. (4.141), 


A= Ago = 


0 1a 
LS | Seer Ga (sind Ag) — 75, (rAg)® 
_ wom 
er oa 6). (4.142) 


Comparing Eqs. (1.117) and (4.142), we observe that the E and B field of 
the electric and magnetic dipoles, respectively, are identical in form, so that 
the corresponding field lines have identical shape. However, this is true only at 
large distances from the dipoles (relative to their dimensions), which is illus- 
trated in Fig. 4.31. We see that, although identical far from the sources, the 
normalized field lines due to the two dipoles are fundamentally different close 
to them; the electric field lines terminate on the two charges forming the electric 
dipole, whereas the magnetic field lines close upon themselves through the current 
loop. 

We shall see in the next chapter that the concept of a magnetic dipole is fun- 
damental for understanding the behavior of magnetic materials, much like the 
electric dipole was used in Chapter 2 in studying the electric field in the presence of 
dielectric materials. The field of a magnetic dipole, Eq. (4.142), is also used, again in 


Magnetic Dipole 


magnetic dipole potential 


magnetic dipole field 
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Figure 4.31 Normalized 
electric field lines of an electric 
dipole (a) and magnetic field 
lines of a magnetic dipole (b). 


parallel to the electric field of an electric dipole, as an approximation for the static 
and quasistatic (low-frequency) magnetic field produced by an electrical device, 
which is important in EMI considerations. 


Problems: 4.28-4.31, Conceptual Questions (on Companion Website): 4.26: 
MATLAB Exercises (on Companion Website). 
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4.12 THE LORENTZ FORCE AND HALL EFFECT 


From the definition of the electric field intensity vector, Eq. (1.23), we have that the 
electric force on a point charge Q situated in an electric field of intensity E is 


(4.143) 


Similarly, Eq. (4.1) tells us that the magnetic force on a point charge Q moving at a 
velocity v in a magnetic field equals 


4.144 


where B is the flux density vector of the field. Finally, the force on a moving charge 
due to both an electric and a magnetic field is obtained by superposition, 


F—F.+F,, = QE+ OvxB. (4.145) 


This equation is known as the Lorentz force equation or law. The total (elec- 
tric + magnetic = electromagnetic) force on the particle is called the Lorentz 
force. 

An interesting and important manifestation of the motion of free charges in 
a material under the influence of the Lorentz force is the Hall effect, which we 
describe briefly here. We consider a conducting strip of width a situated in a uniform 
steady magnetic field of flux density vector B that is perpendicular to the strip, as 
depicted in Fig. 4.32. Let a steady current of density J flow through the strip. The free 
charges constituting the current can be positive or negative (e.g., holes and electrons 
in a semiconductor), and Fig. 4.32 shows both cases. Due to the magnetic force 
given by Eq. (4.144), the charges move (deflect) across the strip in the direction 
perpendicular to both B and J, which results in a charge separation on the two 
sides of the strip. In Fig. 4.32(a), the free charges are positive (Q > 0), v = vq (drift 
velocity) is in the same direction as J [Eq. (3.11)], va x B is directed to the right, and 
so is F,,; thus, the positive charges move to the right. In Fig. 4.32(b), on the other 
hand, the free charges are negative (Q < 0), vg isin the direction opposite to J, vq x 
B is directed to the left, and F,, is again directed to the right (because Q < 0); hence, 
the negative charges end up at the right edge of the strip. Accumulated charges 
produce an electric field (of intensity E) across the strip. This field, in turn, acts on 
the free charges with an electric force, Eq. (4.143), which is in the opposite direction 
to the magnetic force. In the equilibrium, the two forces are equal in magnitude, i.e., 
the Lorentz (total) force on the charges is zero, 


F= OQ(E+ vg x B) = 0, (4.146) 
from which, 
qb: (4.147) 


The voltage between the strip edges amounts to 


| Ven eed. — Vaia. (4.148) 


This voltage is known as the Hall voltage, and the effect itself is called the Hall 
effect. The direction of the Hall voltage drop is different for positive and negative 
charges [from right to left in Fig. 4.32(a), and from left to right in Fig. 4.32(b)]. So, 
the polarity of the Hall voltage tells us the sign of free charge carriers in a material. 
Note that this represents a method for determining whether a given semiconductor 


is p-type or n-type. 


electric force on a particle 


magnetic force on a particle 


Lorentz force 


Figure 4.32 Hall effect ina 
material with (a) positive 
free charges and (b) 
negative free charges. 


Hall voltage 
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Hendrik Antoon Lorentz 
(1853-1928), a Dutch mat- 
hematician and physicist, 
a professor of mathe- 
matical physics at the 
University of Leiden, was 
the winner of the 1902 
Nobel Prize in Physics. 
He further developed 
Maxwell’s _ electromag- 
netic theory of light, and 
proposed the electron 
theory according to which oscillating electrons 
within atoms constitute miniature equivalent 
Hertzian radiators that emit light. In 1904, he 


Edwin Herbert Hall 
(1855-1938), an American 
physicist, was a_profes- 
sor at Harvard University. 
He received his doctor- 
ate in physics from Johns 
Hopkins University under 
Professor Henry Augus- 
tus Rowland (1848-1901), 
who was one of the 
world’s most brilliant physicist of the last quar- 
ter of the 19th century. As a part of his dissertation 
work, Hall pursued the question as to whether 
the resistance of a current-carrying conductor was 
affected by the presence of an external magnetic 
field. In experiments with guidance from Professor 


introduced his famous Lorentz transformations 
(of space and time coordinates), which describe 
time dilation and length contraction for a body 
moving at velocities close to the speed of light 
and represent the foundation of Einstein’s (1879- 
1955) special theory of relativity. He formulated 
the Lorentz force law for a moving charged parti- 
cle in the presence of electric and magnetic fields. 
Lorentz is also the author of the so-called Lorentz- 
Lorenz formula, jointly with Danish physicist 
Ludwig Lorenz (1829-1891), who discovered it 
independently. The formula provides a mathemat- 
ical relationship between the index of refraction 
(of light) and density of a medium. (Portrait: AIP 
Emilio Segré Visual Archives, Lande Collection) 


Rowland in 1879, he used a conductor in the form 
of a strip of a gold leaf mounted on a glass plate 
and placed it between the poles of an electro- 
magnet such that the magnetic field lines were 
perpendicular to the current flow in the strip. What 
he observed was the development of a significant 
transverse electric field in the conductor and the 
associated voltage across the strip as the result of 
the applied magnetic field. Hall published his find- 
ings in the famous article “On a New Action of the 
Magnet on Electric Currents” in American Journal 
of Mathematics in November of 1879, and this 
phenomenon soon came to be known as the “Hall 
effect.” He was appointed professor of physics at 
Harvard in 1895. (Portrait: “Voltiana,” Como, Italy - Sept. 
10, 1927 issue, courtesy AIP Emilio Segré Visual Archives) 


B = : — — 
Sele eae Hall Element for Measuring the Magnetic Flux Density 


A Hall element for measuring the magnetic flux density is in the form of a strip with width a 

l and thickness d, shown in Fig. 4.33. The concentration of free charge carriers in the strip is 

Ny and the charge of each carrier is Q. The strip carries a steady current of intensity /, and 

the magnetic flux density vector is perpendicular to the strip. A voltmeter shows a voltage 

A Vi2 between the strip edges. What is the algebraic intensity of the magnetic flux density 
a vector (B) with respect to the reference direction indicated in Fig. 4.33? 


Figure 4.33 Hall element 

for measuring the magnetic 
flux density; for J=NOQOvg= aM 
Example 4.17. ad 


Solution From Eqs. (3.11) and (3.5), the current density in the element can be written as 


(4.149) 
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which yields vg = 1/(NyadQ). The Hall voltage is given in Eq. (4.148), and Vy = V2; in 
Fig. 4.33, namely, it is opposite to the measured voltage Vj2. Hence, the magnetic flux density 
turns out to be 
pees 2 eee dV 
vqa vaa I 


Se emt Lorentz Force due to a Rotating Charged Contour 


A uniformly charged circular contour of radius a and total charge Q rotates in free space 
about its axis with a uniform angular velocity w = w z, as shown in Fig. 4.34. A charged 
particle g moves with a uniform velocity v = v y along a path that belongs to the plane z =a 
and is parallel to the y-axis. Find the Lorentz force on the particle at an instant when it is at 
the point P(0, 0, a), above the center of the contour. 


(4.150) 


Solution The electric field intensity vector at the point P in Fig. 4.34 is given by Eq. (1.44) 


with z = a, 
Bees 
162 ega2 
The time period for one rotation of the contour is 
20 


T= — (4.152) 


a= Ei. (4.151) 


(full angle divided by the angular velocity). Noting that the total charge of the contour, 

Q, passes any given reference point on the contour during the time 7, we conclude that 

the rotating charged contour is equivalent to a line current along the contour of intensity 

[Eq. (3.4)] 

ole Ow 
he 

From Eq. (4.19), the magnetic flux density vector due to this current at the point P (z = a) is 

pol V2 . L ugpQwV2 5 


B= - 8a Z— a = Bz. (4.154) 


Using Eq. (4.145), the Lorentz force on the charge g comes out to be (Fig. 4.34) 


I (4.153) 


F=q(E+ vy x B) =qEi+qvBx= q2 
YS ee 


Téneqa? (eouwovwa X + 2). (4.155) 


F, Fn 


Problems: 4.32. 


4.13 EVALUATION OF MAGNETIC FORCES 


Eq. (4.144) gives the Lorentz magnetic force (i.e., the magnetic component of the 
total Lorentz force) on a single point charge moving in a magnetic field. If we have 
many charges constituting a current in some domain, we utilize the superposition 
principle as in Eq. (4.5) and conclude that the magnetic force on a volume current 
element J dv is given by 

dF = (J dv) x B, (4.156) 


where B is the flux density vector of the external magnetic field. Then, from 
Eq. (4.10), the magnetic force on a surface current element is 


Figure 4.34 Lorentz force 
on a charged particle 
moving above a rotating 
charged contour; for 
Example 4.18. 
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magnetic force on volume 
current 


magnetic force on surface 
current 


magnetic force on line current 


F, 0n a straight conductor in 
a uniform magnetic field 


and that on a line current element 
dFn = / dl x B. (4.158) 


Integration of Eqs. (4.156)-(4.158) leads to the following integral formulations for 
the total magnetic force for volume, surface, and line current distributions: 


Fn =) x Bdv, (4.159) 
v 
S 

Fn = [idx B=1 | dx B. (4.161) 
1 1 


In the last integral, J can be taken out of the integral sign because it is always 
constant along the line (continuity equation for steady currents). 

In the case of a straight homogeneous conductor of arbitrary cross section with 
a steady current placed in a uniform magnetic field, we have J = const [Eq. (3.82)] 
and B = const, so that J x B = const and Eq. (4.159) becomes 


En = Ox B) | dv = (Jv) x B= (JS/) x B= (V/SI) x B, (4.162) 


where v and / are the volume and length of the conductor, respectively, S is the 
surface area of its cross section, the direction of the vector I is the same as the 
direction of the current flow along the conductor, and |I| = /. Introducing the current 
intensity of the conductor, / = JS, we obtain 


Fn = /I x B. (4.163) 
Seyi) abe Force Between Two Long Parallel Wires with Current 


Two parallel, very long and thin wires in air carry currents of intensities /; and />, both 
flowing in the same direction. The distance between the wire axes is d. Find the magnetic 
forces on wires per unit of their length. 


Solution Fig. 4.35 shows the cross section of the two wires. From Eq. (4.22), the magnetic 
flux density vector due to the current in the first wire (/;), assuming that it is infinitely long, 
at the axis of the second wire is 


Bye (4.164) 


Since the wires are thin (as compared to the distance between their axes), we can assume 
that the magnetic field across the entire cross section of the second wire is uniform and given 


Figure 4.35 Evaluation of the 
force between two long parallel 
current-carrying wires; for 
Example 4.19. 


Section 4.13 Evaluation of Magnetic Forces 


by Eq. (4.164), so that Eq. (4.163) can be used. Hence, the force on the part of the second 
conductor that is / long equals 


2 Holi, | . Lolita . 
Fm = (12) x Bi= — tx Ye ond (4.165) 
and the force per unit of its length 
Fn2 Bohl . 
FE = — =-——— ik. 4.166 
m2 ~ 7 2nd * °°) 
The per-unit-length force on the first conductor is F,, = —F_,. 


We see that the magnetic force between the wires is attractive if the currents are in the 
same direction, i.e., if both 7; and J, are either positive or negative, and repulsive if they are 
in opposite directions (J;/2 < 0). So, just in contrary to charges Q; and Q) and Coulomb’s 
law, “like” currents (in parallel wires) attract and “unlike” currents repel each other (also see 
Fig. 4.2). 


| Example 4.20 | yl Force on a Loop near a Long Wire 


A long straight wire carries a steady current of intensity 7. A rectangular conducting loop 
lies in the same plane as the wire, with two sides (of length 5) parallel to the wire and two 
sides (of length a) perpendicular. The distance between the wire and the closer parallel side 
of the loop is c. The loop carries a steady current of the same intensity, and the directions of 
currents are shown in Fig. 4.36. Determine the net magnetic force on the loop. 


Solution The magnetic flux density vector due to the current in the long wire at any point in 
the plane of the loop is normal to the plane, and at a distance x from the wire its magnitude is 


I 
Bo (4.167) 
2X 
The forces on each side of the loop are obtained from Eq. (4.163), and their directions are 
given in Fig. 4.36. From symmetry, it is obvious that the forces on the sides 2 and 4 are equal 
in magnitude and with opposite directions, 


pt = apes. (4.168) 


The forces on the sides 1 and 3 are also in opposing directions, but their magnitudes are 
different because of their different distances from the long wire (x = c andx =c +a), 


Pb 
Fi = IbB(c) = = (repulsive), (4.169) 


pol? 


Fu3 = IDB ———————— 
m3 (c+ a) CE 


(attractive). (4.170) 


ee neat t 
} 
| i. Fin2 | 8 
a = ee Figure 4.36 Evaluation of the 
a ZO) magnetic force on a rectangular 


current loop near a long wire 
with current; for Example 4.20. 
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dl 


Figure 4.37 In view of the 
head-to-tail rule for vector 
addition, it is obvious that 
the integral of dl along a 
closed path is always zero; 
for Example 4.21. 


The total force on the loop, assuming that it is rigid (i-e., the loop maintains its shape even 
under the influence of the magnetic forces on its sides), is hence given by 
Fm = Fi + Fm2 + Fm3 + Fina = Fi + Fin3 
1 1 \.  uol*ab , 
Ee ee eee 
21 c c+a 2mc(c + a) 
Thus, the loop is pushed away from the long wire. Note that if the polarity of either (but not 


both) of the two currents (in the wire and the loop) were reversed, the loop would be pulled 
toward the long wire. 


Example 4.21 Force ona Loop in a Uniform Magnetic Field 


Prove that the net magnetic force on a contour of arbitrary shape with a steady current in a 
uniform magnetic field is zero. 


(4.171) 


Solution Fora uniform magnetic field, B = const, so that Eq. (4.161) becomes 
Fn =1§ axB=1(f al) xB (4.172) 
(S Cc 


§ dl = 0, (4.173) 
G 


which is evident from Fig. 4.37, and hence Fy, = 0. 


Example 4.22 Torque on a Current Loop in a Uniform Magnetic Fied 


A rigid square loop of side length a is situated in a uniform steady magnetic field of flux 
density B, as shown in Fig. 4.38(a). There is a steady current of intensity / in the loop. The 
angle between the plane of the loop and the plane normal to the vector B is 6. The loop is 
mounted such that it is free to rotate about the axis O-O’ which is perpendicular to the plane 
of the drawing. Find (a) the net force and (b) the net torque on the loop. 


For any closed path, 


Solution 


(a) From Eq. (4.172), there is no net force on the loop, i.e., the vector sum of individual 
magnetic forces on the loop sides is zero. 

(b) The forces on the sides of the loop that are normal to the axis O-O’ tend to stretch the 
loop, but do not produce torques on it. The torques (moments) of the forces on the sides 
1 and 2 of the loop (sides parallel to the axis O-O’) calculated with respect to the center 


of the loop are 
Ti =F, X Fin and To =F? X Fn, (4.1 74) 


(a) (b) (c) 


Figure 4.38 Evaluation of the torque T of magnetic forces on a current loop 
in a uniform magnetic field: (a) position of the loop relative to the magnetic 
field, (b) magnetic forces on loop sides producing a torque, and (c) the 
relationship with the magnetic moment m of the loop; for Example 4.22. 


respectively, where F,,; and Fy are the magnetic forces on the sides, and r; and r2 are 
the position vectors of the centers of sides with respect to the loop center [Fig. 4.38(b)]. 
Since 

Fini + Fm2 = 0, (4.175) 


the resultant torque on the loop is given by 
T=T,+T2 =~ X Fm th X Fm? = (1 — 12) X Fmt = 112 X Fat. (4.176) 


The vector rjz = rj — rz joins the point of application of Fy? to that of Fy and is inde- 
pendent of the choice of origin of the two vectors r; and rz. Therefore, the torque is 
also independent of the choice of origin, i.e., it is the same when calculated about any 
reference point, provided that the total force on the loop is zero. 

Using Eq. (4.163), the magnitudes of the forces Fy; and Fy are 


Epi fing — laB, (4.177) 


which, substituted in Eqs. (4.174), gives the magnitudes of the corresponding torque 
vectors: 


Ia’ B si 
Ty = T= [rt x Frail = 5 mi sing =" (4.178) 
(|r| = a/2). Hence, the magnitude of the resultant torque vector T is 
T =27, = Ia’ Bsin8, (4.179) 


and its direction is shown in Fig. 4.38(b). Of course, the same is obtained from Eq. (4.176). 

Noting that the angle between the unit normal n on the loop surface oriented in 
accordance to the right-hand rule with respect to the reference direction of the loop 
current and the vector B is also 6 [Fig. 4.38(c)], we conclude that the resultant torque of 
magnetic forces on the loop can be compactly expressed as 


(4.180) 


where m is the magnetic moment of the loop, given by Eq. 4.134, so that 
T =|m x B| = mBsing = Ia*B sind. (4.181) 


Eg. (4.180) is a general expression for the torque on a current loop of arbitrary shape 
and size in a uniform magnetic field. We see that the torque on the loop always tend 
to turn the loop so as to align the vectors m and B. In other words, it tends to align 
the magnetic field produced by the loop current (which coincides with the direction of 
m — see Figs. 4.6 and 4.8) with the applied (external) magnetic field that is causing the 
torque. Finally, the magnetic field across a small current loop, i.e., a magnetic dipole 
(Fig. 4.30), can always be considered as locally uniform, which means that Eq. (4.180) 
gives us the torque on a magnetic dipole (with any shape and the magnetic moment m) 
in any (generally nonuniform) magnetic field (with the local flux density B). We observe 
the analogy with the torque on an electric dipole, T = p x E, in Eq. (2.3). 


Problems: 4.33—4.39; Conceptual Questions (on Companion Website): 4.27—4.30; 
MATLAB Exercises (on Companion Website). 
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torque on a current loop in a 
uniform magnetic field 


Problems 
4.1. Rectangular current loop. Consider a rectan- the magnetic flux density vector at an arbitrary 
gular loop with sides a and b in air. If the point along the axis of the loop perpendicular 


loop carries a steady current of intensity /, find to its plane. 
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4.2. 


4.3. 


4.4. 


4.5. 
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Triangular current loop. A loop in the form 
of a triangle representing a half of a square 
of side a carries a steady current of intensity 
I, as shown in Fig. 4.39. The medium is air. 
Calculate the magnetic flux density vector at 
a point P located at the fourth vertex of the 


square. 


Figure 4.39 Triangular 
current loop; for Problem 4.2. 


Current loop with circular and linear parts. 
Fig. 4.40 shows a wire contour composed from 
a half of a circle of radius a and a half of a 
square of side 2a. The contour is situated in air 
and carries a steady current of intensity 7. Find 
the magnetic flux density vector (a) at the cen- 
tral point O and (b) at a point 2a apart from 
the point O along the line perpendicular to the 
plane of the contour. 


Figure 4.40 Current 
contour composed from a 
semicircle and three linear 
parts; for Problem 4.3. 


Circular surface current distribution. There is a 
surface current over a circular surface of radius 
b with a hole of radius a (a < b) in free space. 
The surface lies in the plane z = 0 of a cylin- 
drical coordinate system, with the coordinate 
origin coinciding with the surface center. The 
surface current density vector is J; = Jeo(a/ro 
(a <r <b), where Jo is a constant. Compute 
the magnetic flux density vector along the 
Z-axis. 

Magnetic field of a rotating charged disk. A cir- 
cular disk of radius a is uniformly charged over 
its surface by a charge of density ps. The disk 
uniformly rotates in air about its axis (perpen- 
dicular to the disk) with an angular velocity 
w. Find the magnetic flux density vector at 
an arbitrary point along the axis of rotation. 
Assume that the charge distribution over the 
disk remains the same during the rotation. 


4.6. 


4.7. 


4.8. 


Solenoids with different length-to-diameter 
ratios. Consider a solenoid with a nonmagnetic 
core and N = 1000 tightly wound turns of wire 
carrying a steady current / = 1 A. The length 
of the solenoid is /= 50cm. Calculate the B 
field at the solenoid center, at the center of the 
250th (or 750th) wire turn, and at the center 
of the first (or last) wire turn, and sketch the 
function B(z) along the solenoid axis (—oo < 
z < oo) for the solenoid radius equal to (a) 
a = 25 cm and (b) a = 2 cm, respectively. 


Helmholtz coils. Fig. 4.41 shows two identical 
very short coils, each with N circular turns of 
wire, in air. The distance between the centers 
of the coils is d, and the wire turn radii are a. 
The coils carry steady currents of equal intensi- 
ties, 7, and are oriented in the same way. When 
d=a, the magnetic field near the center of 
the structure (midway between the two coils) 
is approximately uniform, and the structure is 
referred to as Helmholtz coils. (a) For an arbi- 
trary distance d (d # a), find the expression for 
the magnetic flux density B(z) at an arbitrary 
point along the axis of the coils (z-axis), assum- 
ing that B due to each of the coils equals N 
times the flux density of a single turn of wire 
(circular current loop, Fig. 4.6) at the respec- 
tive coil location. (b) Show that dB/dz = 0 at 
the center of the structure (point C), so for 
z =d/2 (and any d, relative to a). (c) Then 
verify that d?B/dz? = 0 at the point C when 
d =a (note that even d°B/dz> = 0 at C in this 
case). 


Figure 4.41 
Helmholtz coils; 
for Problem 4.7. 


Spherical coil. Consider a coil consisting of 
N turns of an insulated thin wire wound uni- 
formly and densely in one layer on a nonmag- 
netic sphere of radius a. The current through | 
the wire is /. The surrounding medium is air. 


4.9 


° 


4.10. 


4.11. 


Find the magnetic flux density vector at the 
sphere center. 


Two parallel strips with opposite currents. Two 
parallel, very long identical strip conductors of 
width 2a carry currents of the same intensity J 
and opposite directions. The distance between 
the strips is 2a as well. The cross section of the 
structure is shown in Fig. 4.42. The permeabil- 
ity everywhere is j49. Compute the B field at 
the center of the cross section (point O). 


Figure 4.42 Cross section 
of two parallel strip 
conductors with currents 
of the same magnitude 
and opposite directions; 
for Problem 4.9. 


Magnetic field of a hollow cylindrical con- 
ductor. A steady current of intensity J flows 
through an infinitely long hollow cylindrical 
copper conductor of radii a and b (a <b). 
The cross section of the conductor is shown in 
Fig. 4.43. The medium in the hole and outside 
the conductor is nonmagnetic. Find the mag- 
netic flux density vector everywhere. 


Om 


Figure 4.43 Cross section of 
a hollow cylindrical 

b conductor with a steady 
current; for Problem 4.10. 


Magnetic field of a triaxial cable. The cross 
section of a triaxial cable, having three coax- 
ial cylindrical conductors, looks the same as 
the cross cut of the system of three concentric 
spherical conductors in Fig. 1.56. The radius 
of the inner conductor of the cable is a= 
1 mm, the inner and outer radii of the middle 
conductor are b = 2 mm and c = 2.5 mm, and 
those of the outer conductor d=5 mm and 
eé = 5.5 mm. The cable conductors and dielec- 
tric, as well as the surrounding medium, are 
all nonmagnetic. Assuming that steady cur- 
rents of intensities 1, =2 A, Jl, = —1 A, and 
Iz =—1A flow through the inner, middle, 
and outer conductor, respectively, all given 
with respect to the same reference direction, 


4.12. 


4.13. 


4.14. 


4.15. 
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calculate the magnetic flux density vector 
everywhere (0 < r < ov). 


Rotating cylinder with a surface charge. An 
infinitely long conducting nonmagnetic cylin- 
der of radius a is uniformly charged over its 
surface with a charge density ps. The cylin- 
der rotates in air about its axis with a uniform 
angular velocity w. Find the B field inside the 
cylinder and outside it. 


Rotating nonuniformly charged hollow cylin- 
der. An infinitely long hollow cylinder of inner 
radius a and outer radius b (a < b) in air is 
charged with a volume charge density p(r) = 
por/a (a <r <b), where po is a constant and 
r the radial distance from the cylinder axis. 
The cylinder uniformly rotates about its axis 
with an angular velocity w. Assuming that 
the charge distribution of the cylinder does 
not change during the rotation, determine the 
magnetic flux density vector everywhere. 


Two parallel infinite planar current sheets. Two 
parallel infinite planar current sheets in air 
have the same uniform surface current density 
J;. The distance between the sheets is d. Find 
the magnetic flux density vector everywhere if 
the currents of the sheets run in (a) the same 
direction and (b) opposite directions. 


Magnetic field inside a thin plate with current. 
A thin copper plate of length b, width a, and 
thickness d (d < a) carries a steady current of 
intensity 7, as shown in Fig. 4.44. The plate is 
situated in air. Neglecting the end effects, use 
Ampére’s law to find the distribution of the 
magnetic flux density vector inside the plate 
[note that this is mathematically completely 
analogous to the application of a similar inte- 
gral equation in Eq. (6.146) and Fig. 6.25(b)]. 


d 


Figure 4.44 Thin 
conducting plate with 
a steady current; for 
Problem 4.15. 


4.16. Magnetic field in a leaky parallel-plate capaci- 


tor. Calculate the magnetic flux density vector 
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4.17. 


4.18. 


4.19. 


4.20. 


4.21. 


4.22. 


4.23. 


4.24, 


Chapter 4 Magnetostatic Field in Free Space 


in the imperfect dielectric of the parallel-plate 
capacitor from Problem 3.12 (Fig. 3.32). 


Magnetic field in a leaky spherical capacitor. 
Find the magnetic flux density vector in the 
imperfect dielectric of the spherical capacitor 
from Example 3.3 (Fig. 3.6). 


Magnetic field in a leaky coaxial cable. 
Determine the magnetic flux density vector in 
the imperfect dielectric of the coaxial cable 
from Problem 3.17 (Fig. 3.34). 


Magnetic field around a grounding electrode. 
Find the magnetic flux density vector on the 
surface of the ground for the grounding elec- 
trode from Example 3.15 [Fig. 3.26(a)]. 


Current distribution from field distribution. 
Using the differential Ampére’s law, show that 
the magnetic field given by Eqs. (4.53) and 
(4.56) is produced by a uniform volume cur- 
rent of density given by Eq. (4.52) along an 
infinitely long cylinder of radius a in free space. 


Coaxial cable using differential Ampére’s law. 
Redo Example 4.11 but employing Ampére’s 
law in differential form. 


Rotating charged cylinder by differential 
Ampere’s law. Redo Example 4.14 but with the 
use of the differential form of Ampére’s law. 


Thin plate with current, differential Ampére’s 
law. Redo Problem 4.15 but applying the 
differential Ampére’s law [adopt the vector- 
component notation as in Fig. 4.22 and 
Eq. (4.75), and use the analogy with the 
application of the differential Gauss’ law in 
Example 1.23]. 


Ampeére’s law in differential and integral form. 
In a certain region, the magnetic field is given 
by B = [4(z — 1)?& +. 2x7 § + xyZ] mT (x, y, z 
in m). The medium is air. (a) Find the current 
density. (b) From the result in (a), find the total 
current enclosed by a square contour lying in 
the xy-plane, with the center at the coordinate 
origin and sides, of length 2 m, parallel to the 
x- and y-axes. (c) Confirm Ampére’s law in 
integral form and Stokes’ theorem by evaluat- 
ing the net circulation of B along the contour 
defined in (b). 


. Magnetic flux through a cylindrical surface. 


Calculate the outward magnetic flux through 
the lateral surface of a cylinder of radius 


4.26. 


4.27. 


4.28. 


4.29, 


4.30. 


4.31. 


a= 10cm and height A = 20 cm in a uniform 
magnetic field of flux density B =1T. The 
vector B makes an angle of 60° with the cylin- 
der axis. 


Law of conservation of magnetic flux. For the 
magnetic field defined in Problem 4.24, con- 
firm the law of conservation of magnetic flux 
in differential and integral forms by evaluating 
(a) the divergence of B and (b) the outward 
flux of B through the surface of a cube, respec- 
tively. Let the cube be centered at the coordi- 
nate origin, with edges parallel to coordinate 
axes and 2 m long. 


Magnetic flux from vector potential. In a cer- 
tain region, the magnetic vector potential is 
given as the following function in a cylindri- 
cal coordinate system: A = 2726 T-m (rin m). 
(a) Find the magnetic flux density vector in this 
region. (b) Obtain the magnetic flux through a 
circular contour 1 m in radius that lies in the 
plane z = 0 and is centered at the coordinate 
origin. (c) Check the results by evaluating the 
circulation of A along the contour. 


Potential and field due to a magnetic dipole. 
A magnetic dipole with a moment m= 
400 Am? Z is located at the origin of a spher- 
ical coordinate system. Calculate the magnetic 
potential A and flux density B at the follow- 
ing points defined by spherical coordinates: (a) 
(1 m, 0, 0), (b) (1 m, 2/2, 2/2), (c) (1 m, z, 0), 
(d) (1 m, 7/4, 0), (e) (10 m, 7/4, 0), and (f) 
(100 m, 7/4,0). The dipole dimensions are 
much smaller than | m. 


Circular current loop as a magnetic dipole. 
Refer to the circular current loop in Fig. 4.6, 
and show that for |z| >a, Eqs. (4.19) and 
(4.142) become the same, the latter equation 
giving the magnetic flux density vector of a 
magnetic dipole far away from it. 


Rectangular current loop as a magnetic dipole. 
Check the result for the B field due to a 
rectangular loop obtained in Problem 4.1 by 
comparing it with the corresponding dipole- 
field expression, from Eq. (4.142), at points far 
away from the loop. 


Dipole equivalent to a surface current distribu- 
tion. Consider the circular nonuniform surface 
current distribution from Problem 4.4, and 
show that far away along the z-axis (|z| > a), 


| 


4.32. 


4.33. 


4.34. 


this current distribution can be replaced by 
an equivalent magnetic dipole located at the 
coordinate origin. Find the moment, m, of the 
equivalent dipole. 


Lorentz force due to a rotating charged disk. 
Refer to the rotating charged disk from 
Problem 4.5, and assume that a charged par- 
ticle Q moves with a uniform velocity v along 
a path parallel to the plane of the disk. Find 
the Lorentz force on the particle at an instant 
when it is at the point that belongs to the axis 
of disk rotation and is at a distance a from the 
disk center. 


Forces between three parallel wires with cur- 
rent. Three parallel very long and thin wires 
in air carry currents of intensities J; = 1A, 
In = —1 A, and J; = 2 A, all given with respect 
to the same reference direction. The distance 
between any two of the wires is d=1m, 
so their cross section constitutes an equilat- 
eral triangle (with sides d). (a) Determine the 
direction and magnitude of the per-unit-length 
magnetic force on the wire with current /3. (b) 
Redo the problem if J7 = 1 A. 


Force on a wire due to a semicylindrical con- 
ductor. A very long aluminum conductor in 
the form of a half of a thin cylindrical shell of 
radius b = 40 mm and thickness d = 0.5 mm is 
situated in air. Another very long aluminum 
conductor, in the form of a very long wire 
of radius a = 1mm, is positioned along the 
axis of the semicylinder. The two conductors 
carry steady currents of the same magnitude 
I = 100 A and opposite directions, as shown in 
Fig. 4.45. Find the magnetic force on the wire 
conductor per unit length. 


Figure 4.45 System 
composed of a wire 
conductor along the axis of 
a thin semicylindrical 
conductor; for Problem 
4.34. 


4.35. 


4.36. 


4.37. 
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Wire-strip transmission line. Fig. 4.46 shows a 
cross section of a two-conductor transmission 
line consisting of a wire and a strip. The width 
of the strip is 2a and the separation between 
the conductors is a. The dielectric is air. If 
the current J runs along the line, calculate the 
magnetic force on the strip conductor per unit 
of its length. 


L 


Figure 4.46 Cross 
section of a 
transmission line 
consisting of a wire 
and a strip; for 
Problem 4.35. 


Line composed of a wire and a corner strip 
conductor. A wire and a 90° corner conduc- 
tor, which is made from two identical strips 
of width a, carry steady currents of intensi- 
ties J and —/ given with respect to the same 
reference direction. The distance of the wire 
from both ends of the corner conductor is a. 
A cross section of such a transmission line is 
portrayed in Fig. 4.47. The materials and the 
ambient medium are nonmagnetic. Find the 
per-unit-length magnetic force on the wire. 


Figure 4.47 Cross 
section of a transmission 
line consisting of a wire 
and a 90° corner strip 
conductor; for Problem 
4.36. 


Coaxial cable with off-centered cavity. Shown 
in Fig. 4.48 is a cross section of a coaxial 
cable in which the cylindrical cavity of radius 
b representing the inner surface of the outer 
conductor is off-centered by a vector d with 
respect to the common axis of the inner con- 
ductor and the outer surface of the outer 
conductor. The other two radii are a and c, 
and the relationship b + d < cis satisfied. The 
permeability everywhere is jo. If a steady cur- 
rent of intensity J is established in the cable, 
determine the magnetic force on the inner 
conductor per unit of its length. 
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Figure 4.48 Coaxial 
cable with 
off-centered inner 
surface of the outer 
conductor; for 
Problem 4.37. 


4.38. Force and torque on a triangular current loop. 


A rigid loop in the form of an equilateral tri- 
angle of side length a is situated in a uniform 
steady magnetic field of flux density B. The 
magnetic field lines are parallel to the plane 
of the loop and are perpendicular to one of its 
sides, as shown in Fig. 4.49. If a steady current 
of intensity / is established in the loop, find (a) 
the force and (b) the torque on each of the 
loop sides, as well as (c) the net force and (d) 
the net torque on the loop. 


Figure 4.49 
Triangular current 
loop in a uniform 
magnetic field; for 
Problem 4.38. 


4.39. Torque between two magnetic dipoles. Two 


small current loops are positioned in free 
space. The first loop has a magnetic moment 
m; = mz and is centered at the origin (O) of 
the Cartesian coordinate system. Obtain the 
torque on the second loop, for the follow- 
ing locations of its center P and directions 
of its magnetic moment mp: (a) P(0, a, 0) and 
m2 = mz, (b) P(0, a, 0) and mz = my, (c) PO, 
0,a) and mz = mz, (d) P(0,0,a) and mj) = 
mx, and (e) P(O,a,a) and mj)=mz. Take 
m=0.1 Am? anda=10m. 


Magnetostatic Field 


in Material Media 


Introduction: 


O ur study of magnetostatics has so far been 
restricted to the magnetic field due to steady 
electric currents in a vacuum and other nonmag- 
netic media. In this chapter, we shall introduce 
and discuss phenomena associated with the mag- 
netostatic field in the presence of magnetic mate- 
rials. Many of the basic concepts, physical laws, 
and mathematical techniques constituting the anal- 
ysis of materials in the magnetic field are entirely 
analogous to the corresponding concepts, laws, and 
techniques in electrostatics, which makes our dis- 
cussions in this chapter much easier. The most 
important difference, however, with respect to the 
analysis of dielectric materials is the inherent non- 
linear behavior of the most important class of 
magnetic materials, called ferromagnetics. This is a 
class of materials with striking magnetic properties 
(many orders of magnitude stronger than in other 
materials), with iron as a typical example. 

We shall start with a qualitative characterization 
of microscopic magnetic phenomena in substances 


and describe the behavior of different types of 
magnetic materials based on the classical atomic 
model. By analogy with the polarization vector 
in electrostatics, the magnetization vector will 
be used to describe the magnetized state of a 
material on a macroscopic scale. Magnetization 
volume and surface current density vectors will 
be defined as macroscopic equivalents to a vast 
collection of tiny electric currents that are micro- 
scopic sources of the magnetization of a magnetic 
material. These current densities will enable us 
to evaluate the magnetic field due to magnetized 
materials using free-space formulas and techniques 
from the preceding chapter. We shall derive and dis- 
cuss Maxwell’s equations and boundary conditions 
for magnetostatic systems that include arbitrary 
media. The concept of permeability of a material 
will allow for additional macroscopic character- 
ization of magnetic materials. Finally, a section 
on magnetic circuits (consisting of ferromagnetic 
cores of different shapes with current-carrying 
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windings) will represent a culmination of the theory will be applied to perform the analysis of such 
of the magnetostatic field in the presence of mag- circuits, which essentially resembles the dc analysis 
netic materials. Most of the work of the chapter of nonlinear electric circuits. 


magnetization vector (unit: 
A/m) 


5.1 MAGNETIZATION VECTOR 


According to the elementary atomic model of matter, all materials are composed of 
atoms, each with a central fixed positively charged nucleus and a number of nega- 
tively charged electrons circulating around the nucleus in various orbits. Both these 
orbital motions and the inherent spins of the electrons about their own axes can 
be represented by small current loops, i.e., magnetic dipoles. These tiny currents 
are referred to as Ampére’s currents. The magnetic moment of each elementary 
loop is given by Eq. (4.134).! In the absence of an external magnetic field, the 
equivalent magnetic dipoles have random orientations with respect to one another, 
resulting in no net magnetic moment. With an applied field, however, the equivalent 
current loops experience torques, which lead to a net alignment of microscopic mag- 
netic dipole moments with the external magnetic field [see Eq. (4.180)] and a net 
magnetic moment in the material on a macroscopic scale. The process of inducing 
macroscopic magnetic moments by an external magnetic field is called the magne- 
tization of the material. This process is practically instantaneous, and the material 
in the new magnetostatic state is said to be magnetized or in the magnetized state. 
When magnetized (by an external field), a material is a source of its own magnetic 
field, and the total field at an arbitrary point in space (inside or outside the material) 
is a sum of the external (primary) field and the field due to the magnetized mate- 
rial (secondary field). In the analysis, we can replace the material by a collection 
of microscopic Ampére’s current loops (magnetic dipoles) residing in a vacuum, 
as the rest of the material does not produce any field. Then, the secondary field 
can, in principle, be determined using the expression for the magnetic field due to a 
magnetic dipole in free space, Eq. (4.142), and superposition. 

Instead of analyzing every single atom and all microscopic magnetic dipole 
moments, however, we rather introduce a macroscopic quantity termed the mag- 
netization vector to describe the magnetized state of a material and the resulting 
field. Analogously to the definition of the polarization vector (P) for electrically 
polarized dielectric materials, Eq. (2.7), the magnetization vector, M, is defined as 
the density of the equivalent elementary magnetic moments in a magnetic material 
at a given point: 


(dD m);,, dv 
dv 


M= (5.1) 


We note that M dv represents the dipole moment of a magnetic dipole that is equiv- 
alent to an elementary volume dv in the material, i.e., to all the dipoles (microscopic 
Ampére’s currents) within it. The unit for the magnetization vector is A/m. 


'A third source of equivalent microscopic magnetic dipole moments in atoms is nuclear spin, but it 
provides a negligible contribution to the macroscopic magnetic properties of materials. Note, however, 
that nuclear spin represents the basis of magnetic resonance imaging (MRI), used in medicine, and also 
in many areas of sciencc and engineering. 
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In any magnetic material, the magnetization vector at a point is a function of 
the magnetic flux density vector at that point, 


M = M(B), (5.2) 


and this relationship is a characteristic of individual materials. It is entirely anal- 
ogous to the relationship between the polarization vector and the electric field 
intensity vector, Eq. (2.9), in electrostatics. 


5.2 BEHAVIOR AND CLASSIFICATION OF MAGNETIC 
MATERIALS 


A thorough understanding and precise quantitative characterization of microscopic 
magnetic phenomena in materials require a full quantum mechanical treatment. 
Here, however, we describe qualitatively the behavior of different types of mag- 
netic materials based on the classical atomic model. Generally, materials can be 
classified according to their magnetic behavior into diamagnetic, paramagnetic, 
ferromagnetic, antiferromagnetic, ferrimagnetic, and superparamagnetic materials. 

In diamagnetic materials, the magnetic moments of electrons orbiting about 
their nuclei are dominant compared to the magnetic moments attributed to electron 
spin. In order to describe diamagnetic behavior, which is present to a greater or 
lesser extent with all magnetic materials, we consider first a model of an atom with 
a single electron that circulates about the nucleus along an orbit of radius a with a 
uniform angular velocity wo = wo 2, as shown in Fig. 5.1(a). In the absence of an 
external magnetic field, the outward centrifugal force on the electron, given by 

2 


MeV 
sail) = mwa, (3) 


Fe = 


where me and vg are the mass and velocity of the electron (vp = woa), respectively, 
is balanced by the centripetal (attractive) electric (Coulomb) force, F., between the 
nucleus and electron. Thus, the balance equation reads 

i Mewaa. (5.4) 


The orbiting electron is equivalent to a small current loop (magnetic dipole), 
where the current J of the loop is given by Eq. (4.153) with Q =-—e and is 


(a) (b) 
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Figure 5.1 Atom with a single electron orbiting about the nucleus, in the absence of an external magnetic field (a), and with 


an applied magnetic field, whose direction coincides with the direction of the electron angular velocity vector (b) or is 


opposite to it (c). 
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directed oppositely to the direction of electron travel (because the electron charge 
is negative). From Eq. (4.134), the magnetic moment of the dipole is 
ewoa 
ae: 
In the presence of an external magnetic field, there is an additional force on the 
electron — the magnetic force, Eq. (4.144), 


Fm = Ov x Bext = —ev x Bext, (5.6) 


mo = Ia?(—z) = z. (5.5) 


with Bex, denoting the magnetic flux density vector of the applied field. For 
the situation in Fig. 5.1(b), where the electron angular velocity vector is in the 
same direction as the applied field Bex: = Bex, Z, the magnetic force is centripetal 
(inward), so that the new balance equation is 


Fe + ewaBex, = mew-a, w=wo+ Aw. (5.7) 


Here, the force unbalance created by the magnetic force is compensated for by an 
increase Aw of the orbital angular velocity (Aw > 0). Combining Eqs. (5.4) and 
(5.7) gives 

me(w? — wo) = ewBext. (5.8) 


Since the perturbation of the electron velocity is small, i.e., Aw < wo, even for the 
strongest applied magnetic fields, we can write 

Wo = we = (w+ wo)(w — wo) © 2wAw. (5.9) 
Substituting this into Eq. (5.8), the increase of the angular velocity comes out to be 


= eBext 


Aw (5.10) 
2Me 
In place of Eq. (5.5), the new equivalent magnetic dipole moment is 
2 2 
ewa ea 
=— z= —-—w. 5501 
m ed a (5.11) 
Introducing the angular momentum of the electron, 
L=mer x v= Iw, (5,12) 


where r is the instantaneous position vector of the electron with respect to the origin 
O (|r| = a) and Z = mea’ is the rotational inertia of the electron, Eq. (5.11) becomes 


e e 
=— —— Iw. 5.13 
= nie 2Me ( ) 


The increase of the dipole moment due to the increase of the orbiting velocity of 
the electron, in Eq. (5.10), is given by 


é 
Am = — 


e 2 
) Z Bext, (5.14) 


TAw = — 
(= 


Me 
and is called the induced magnetic moment of the electron. We note that Am is 
antiparallel (i.e., in the opposite direction) to the applied magnetic field Bext. 

For an electron whose orbital angular velocity vector and the field Bext are 
opposed, as in Fig. 5.1(c), the force Fm on the electron is in the outward direction, 
and the force unbalance is compensated for by a reduced velocity, i.e., Aw < 0. The 
new magnetic dipole moment is smaller in magnitude than mo, so that the induced 
moment Am is again in the —z direction, that is, still antiparallel to the applied 
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field, and given by the same expression in Eq. (5.14). This same expression for Am 
is obtained also in the case of an arbitrary mutual position of the electron orbit and 
the applied magnetic field, as well as for the model of an atom with N electrons, 
which travel along orbits that are arbitrarily oriented with respect to the applied 
magnetic field, where Z should be replaced by the average rotational inertia of all 
electrons in the atom, Z = Zay. 

With no external magnetic field applied, the magnetic dipoles of the atoms have 
random orientations, so that the net magnetic moment and the magnetization vector 
in the material are zero. With an applied field, however, each atom acquires a dif- 
ferential induced moment given by Eq. (5.14), with Z = Zay, and all these moments 
are antiparallel to the magnetic flux density vector, B, in the material. As a result, 
the net magnetic moment of the atoms opposes the applied field. Thus, a rod of a 
diamagnetic material placed in a magnetic field will orient itself perpendicular to 
the applied field, i.e., across the field lines. The term diamagnetism originates from 
the Greek word “dia” meaning “across.” If a diamagnetic specimen is brought near 
either pole of a strong bar magnet, it will be repelled by the magnet. From Eqs. (5.1) 
and (5.14), the magnetization vector is 


Nye?Zay 
4m2 
Ny being the concentration (number per unit volume) of atoms in the material. 


We note that this equation represents a special form of Eq. (5.2). In addition, it is 
customary to write 


M=N,Am=-— (5.15) 


M=2"B. (5.16) 
Lo 


where Xm is a dimensionless proportionality constant given by 


(5.17) 


It is called the magnetic susceptibility of the material. (For a vacuum, which is 
the only truly nonmagnetic medium, xm = 0.) We see that the diamagnetic mate- 
rials are linear magnetic media, because the relationship M(B) in Eq. (5.16) is a 
linear one. Typical diamagnetic materials are bismuth, silver, lead, copper, gold, 
silicon, germanium, graphite, sulfur, hydrogen, helium, sodium chloride, and water. 
Substituting typical values for the quantities involved in the expression in Eq. (5.17) 
indicates that xm of diamagnetic materials is of order —10~° (water) to —10~* (bis- 
muth). We see that the magnetic susceptibility of diamagnetic materials is negative 
and very small. The macroscopic magnetic effect in diamagnetic substances is very 
weak and negligible in most practical situations. In general, the diamagnetic effect 
is present in all materials when placed in a magnetic field, because it arises from 
an interaction of orbiting electrons in atoms with the external field. However, in 
other types of magnetic materials, the diamagnetic reaction is completely masked 
by other effects. 

In paramagnetic materials, the atoms have a small permanent net magnetic 
dipole moment associated with them, due almost entirely to spin magnetic dipole 
moments of electrons. In the absence of an external magnetic field, the random 
orientation of the atoms produces an average magnetic moment of a zero in a 
finite volume. When an external field is applied, however, there is a small torque 
given by Eq. (4.180) on each atomic moment, which tends to align the moment 
in the direction of the applied field. This alignment acts to increase the value of 


magnetic susceptibility of 
diamagnetic materials 
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Figure 5.2 Magnetic 
domains in a polycrystalline 
ferromagnetic specimen 
with no external magnetic 
field applied. 


the magnetic flux density vector, B, within the material over the external value. 
However, the external field also causes a diamagnetic effect of the orbiting elec- 
trons (all magnetic materials exhibit diamagnetic behavior), which counteracts 
the increase in B. The alignment process is also impeded by the forces of ran- 
dom thermal vibrations, and the resulting increase in B is quite small. The overall 
macroscopic effect is equivalent to that of a small positive magnetization. The mag- 
netization vector, M, is in the same direction as the vector B. Eq. (5.16), then, tells 
us that the magnetic susceptibility of paramagnetic materials is positive and very 
small. When a rod of a paramagnetic material is placed in a magnetic field, it orients 
itself along the field lines, and hence the term paramagnetism (the word “para” 
in Greek means “along”). Additionally, if a paramagnetic substance is brought 
near a pole of a strong bar magnet, it will be attracted to it. Typical paramag- 
netic materials are palladium, aluminum, and oxygen, and typical values of xm 
are of orders 10° (oxygen) to 10-7 (palladium). Note that air is a paramagnetic 
medium as well. Obviously, the paramagnetic effect is also very weak and param- 
agnetic materials can be treated as nonmagnetic media (ym = 0) in most practical 
applications. 

The remaining four classes of magnetic materials (ferromagnetic, antiferromag- 
netic, ferrimagnetic, and superparamagnetic) all have strong atomic magnetic dipole 
moments caused primarily by uncompensated electron spin moments. The interac- 
tion of adjacent atoms leads to an alignment of the atomic moments in either an 
aiding (parallel) or opposing (antiparallel) manner. 

The macroscopic magnetization of ferromagnetic materials can be many orders 
of magnitude larger than that of paramagnetic materials. Interatomic forces in a fer- 
romagnetic sample cause the atomic moments to line up in a parallel fashion over 
regions containing large number of atoms (e.g., 10'° atoms). These regions, called 
the magnetic domains (or Weiss’ domains), range in size from a few microns to 
several centimeters in each dimension. With no external field applied, the domain 
moments vary in direction from domain to domain, as indicated in Fig. 5.2 for a poly- 
crystalline ferromagnetic specimen. Due to overall vector cancelations, the material 
as a whole has no net magnetization. Upon the application of an external magnetic 
field, however, the volumes of the domains that have moments aligned or nearly 
aligned with the applied field grow at the expense of their neighbors, and the mag- 
netic flux density vector of the secondary field (that due to the material) increases 
greatly over that of the external field alone. For weak applied fields, the movements 
of magnetic domain walls are reversible, i.e., the domains go back to their initial 
states after the field is turned off. Above a certain (not large) field magnitude, 
however, this process becomes irreversible. Additionally. the domains start rotat- 
ing toward the direction of the applied field, so that completely random domain 
orientations are no longer attained after the external field has been removed. In 
other words, there is a residual or remanent net magnetization of the material that 
remains after the complete removal of the primary field. This means that the mag- 
netization of the material lags behind the field producing it, and also that the 
magnetization state of the material at an instant of time is a function not only of 
the magnetic field, i.e., its flux density vector, at that instant, but also of the magnetic 
history of the material. This phenomenon is called hysteresis (which is derived from 
a Greek word meaning “to lag”). As the applied field becomes even much stronger, 
a total alignment of all the domain moments with the applied field occurs. At this 
point, the ferromagnetic material is said to be saturated. In the state of saturation, 
further increase of the external magnetic flux density vector no longer causes an 
increase of the magnetization vector. 
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Typical ferromagnetic materials are iron, nickel, and cobalt, and their alloys. 
The name ferromagnetic comes from the Latin word for iron, “ferrum.” Ferromag- 
netics are the most important magnetic materials in engineering. They are widely 
used in cores of inductors and transformers, and in electric motors, generators, elec- 
tromagnets, relays, and other devices that use magnetic forces and torques, as well 
as in magnetic heads and tracks of computer hard disks and other magnetic storage 
(recording) devices. Note that above a certain (very high) temperature, called the 
Curie temperature, the thermal vibrations of atoms completely prevent the coupling 
(parallel alignment) of atomic magnetic moments, so that ferromagnetic materials 
lose all their ferromagnetic characteristics and revert to paramagnetic materials. 
The Curie temperature for iron is 770°C. 

In antiferromagnetic materials, the forces between adjacent atoms cause the 
atomic magnetic moments to line up in opposite directions so that the net mag- 
netic moment of a specimen is zero, even in the presence of an applied magnetic 
field. Chromium and manganese, as well as many oxides, sulfides, and chlorides, 
belong to this class of materials. Examples are manganese oxide (MnOz), ferrous 
sulfide (FeS), and cobalt chloride (CoCl2). Antiferromagnetism is not of practical 
importance. 

In ferrimagnetic materials, the magnetic moments of adjacent atoms are also 
aligned antiparallel, but the moments are not equal, so there is a net magnetic 
moment of a specimen. A large response to an externally applied magnetic field 
therefore occurs, although it is substantially less than in ferromagnetic substances. 
Fig. 5.3 depicts schematically a comparison of the atomic magnetic dipole moment 
structure for ferromagnetic, antiferromagnetic, and ferrimagnetic materials. The 
most important subclass of ferrimagnetics are the ferrites, which have much lower 
electric conductivity (o) than the ferromagnetics (for instance, 10~* to 10? S/m, 
compared with 10’ S/m for iron). Low conductivity limits induced currents in the 
material when alternating (ac) fields are applied (so-called eddy currents), and this 
is why the ferrites are used in many applications at high frequencies, such as cores 
for high-frequency transformers, AM, short-wave, and FM antennas, and phase 
shifters, in spite of their weaker magnetic effects (compared to ferromagnetics). 
The reduced eddy currents lead to lower Joule’s (ohmic) losses in the material 
(core). Typical examples of ferrite substances are iron ferrite (Fe3O4), nickel fer- 
rite (NiFe2O4), and cobalt ferrite (CoFe2O,4). Ferrimagnetism also disappears at 
temperatures above a critical value — the Curie temperature. 

Finally, superparamagnetic materials are composed of ferromagnetic particles 
suspended in a nonmagnetic (dielectric) matrix. Each particle contains many mag- 
netic domains, but the domain walls cannot penetrate the matrix material and there 
is no coupling with adjacent particles. Thin dielectric (plastic) tapes with suspended 
ferromagnetic particles can store large amounts of information in magnetic form 
because the particles are independent from each other and it is possible to change 
the state of magnetization along the tape abruptly in very small distances. Such 
superparamagnetic tapes are widely used as audio, video, and data recording tapes. 


5.3 MAGNETIZATION VOLUME AND SURFACE CURRENT 
DENSITIES 


In this section, we shall obtain the expressions for evaluation of the macroscopic 
distribution of volume and surface current densities equivalent to microscopic 
Ampére’s currents in a magnetized body — from a given distribution of the 


(c) 


Figure 5.3 Schematic 
structures of atomic 
magnetic dipole moments 
for (a) ferromagnetic, (b) 
antiferromagnetic, and (c) 
ferrimagnetic materials. 
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magnetization vector, M. The vector M, in turn, is obtained by averaging the 
microscopic magnetic dipoles (magnetic moments of microscopic Ampére’s current 
loops) in the magnetic material. The equivalent macroscopic current is called the 
magnetization current, and the corresponding volume and surface current densities 
are denoted by Jm and Jms, respectively. The expressions for these current densities 
are similar to the expressions for calculating the volume and surface bound (polar- 
ization) charge densities (pp and pps) from the polarization vector (P) in a polarized 
dielectric body. They will be used later for free-space evaluations of the magnetic 
flux density vector (B) due to magnetized bodies. 

Let us first find the intensity of the total magnetization current Jc enclosed 
by an arbitrary imaginary contour C situated (totally or partly) inside a magnetized 
magnetic body, as depicted in Fig. 5.4. We note that Jmc is actually the current that 
passes through any surface S bounded by C. Let the magnetic moments of small 
Ampere’s current loops in a vacuum that constitute the magnetization current be 
expressed as 

m= /Sm, (S38) 


where Sm = |Sm| is the surface area of the loop. It is obvious in Fig. 5.4 that all 
the loops that pass through S twice, as well as those that do not pass through S 
at all, contribute with zero net current intensity to yc. Only loops that pierce S$ 
only once, that is, the loops that encircle C, contribute actually to the total current 
intensity flowing through S. To evaluate /mc in the general case, we therefore count 
the loops that are strung along C (like pearls on a string). In doing that, we count 
the contribution of such loops as either / or —/ (note that /, generally, differs from 
loop to loop), by inspecting whether the direction of the loop current traversing S 
is in agreement or disagreement with the reference orientation of S. 

Consider an element d/ of C and the case when the angle 6 between the vector 
M (or the average of elementary dipole moment vectors m near d/) and vector dl, 
which is oriented in accordance to the orientation of C, is less than 90°, as shown in 
Fig. 5.5(a). Note that centers of loops that are positioned close to d/ and encircle it 
are inside an oblique cylinder with bases Sm and height 


dh = di cos, (5.19) 


so that the total number of these loops equals the concentration of loops (magnetic 
dipoles), Ny [see Eq. (2.6)], times the volume of the cylinder, dv = Sm dh. The ref- 
erence orientation of the surface S is related to that of the contour C by means of 
the right-hand rule, so the reference direction of the unit normal vector n on S in 


Figure 5.4 Contour C ina 
magnetized magnetic body. 
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(a) (b) 


Figure 5.5 Element of the contour C in Fig. 5.4, in two cases with regards to the angle 6 between M 
and dl: (a) 0 < B < 90° and (b) 90° < B < 180°. 


Fig. 5.5(a) is from S upward. We then realize that all the loop currents encircling 
d/ pass through S in the positive direction (direction in agreement with the ori- 
entation of S) and contribute to the total current with the intensity J (we assume 
that all the loops near dl, which is differentially small, have the same moments 
and currents). Hence, the corresponding contribution to the magnetization current 
intensity through S is given by 


df, —NySpalcose?’ (0 = 8 < 90°). (5:20) 
In the case when 6 > 90°, Fig. 5.5(b), 
dh = dl cos(x — B) = dl(—cos 8), (5221) 


and, because all the loop currents encircling d/ pierce S in the negative direction 
and are taken as —J, 


dim = NySm d/(—cos B)(-—1) (90° < B < 180°), (722) 


which is the same result as in Eq. (5.20). 
Eq. (5.1) can be interpreted here as M = Nym, where m is given by Eq. (5.18), 
and hence, for an arbitrary 6 (0 < B < 180°), we have 


dJm = Nvmdicos B = Nym- di =M.- dl (5223) 


[note that the boundary case, 6 = 90° (the contour element dl is tangential to the 
surfaces S,, of the loops) and d/m = 0, is also properly included in this formula]. 
Finally, by integrating the result for d/, along the entire contour C, we get 


Live ) M - di. (5.24) total magnetization current 
c enclosed by a contour C 


This is an integral equation similar in form to Ampére’s law, Eq. (4.48). It tells 
us that the circulation (line integral) of the magnetization vector along an arbi- 
trary contour in a magnetostatic system that includes magnetic materials is equal 
to the total magnetization current enclosed by that contour. The reference direc- 
tion of the current flow is related to the reference orientation of the contour by the 
right-hand rule. 
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magnetization volume 
current density vector 


no volume magnetization 
current in a uniformly 
magnetized material 


Eq. (5.24) is true for any contour C. Let us apply it to the contour C enclosing 
an elementary surface AS inside a magnetic material: 


(/m)through AS _ tc M - dl 
AS =m AS 
where both sides of the equation are divided by AS. The expression on the left-hand 


side of the above equation represents the component of the magnetization volume 
current density vector normal to AS, 


(AS =o (5.25) 


= (Jm) through AS 
- AS 


(n is the unit vector normal to the surface AS), while the expression on the right- 
hand side of the equation is, by definition [Eq. (4.87)], the component of the curl of 
M along ny, that is, n- curl M. Hence, 


n:- Jm =n-curlM, (5.27) 


fa: Im (5.26) 


and, since this is true for any n and thus for all components of the vector Jy, it 


implies that 
Jim = curlM = V x M. (5.28) 


This is a differential form of the integral relationship in Eq. (5.24). It tells us that 
the magnetization volume current density vector, in A/m?, at an arbitrary point in a 
material is equal to the curl of the magnetization vector at that point. 

If M = const inside the magnetic material (uniformly magnetized material), all 
spatial derivatives of M are zero, and from Eq. (5.28), 


M=const — Jy =0. (5.29) 


Physically, the currents of adjacent Ampére’s current loops that flow in opposite 
directions cancel everywhere in the interior of a uniformly magnetized material, and 
there is no net volume current. If M #4 const, however, then volume macroscopic 
magnetization current exists only if the magnetization vector varies throughout the 
volume of the material (nonuniformly magnetized material) in a way that its curl is 
nonzero, otherwise Jn = 

On the surface of a magnetized magnetic body, there always exists surface 
macroscopic magnetization current (there are parts of small Ampére’s current loops 
pressed onto the surface that cannot be compensated by oppositely flowing currents 
of neighboring loops). The only exception are parts of the surface where M and the 
microscopic magnetic dipoles are normal to the surface, that is, the surfaces Sm of 
the Ampére’s current loops are laying in the surface of the body. To determine the 
magnetization macroscopic surface current density vector, Jms (in A/m), equivalent 
to the microscopic currents, we apply Eq. (5.24) to a narrow rectangular elementary 
contour, with length A/ and height AA (Ah > 0), shown in Fig. 5.6. The contour 
being differentially small, the magnetic moments m of Ampére’s current loops near 
the contour are all parallel to each other. The resultant of all the corresponding 
Ampére’s currents, and thus the vector Jms, is perpendicular to the local magnetiza- 
tion vector, M. The contour C in Fig. 5.6 is positioned such that M lies in the plane 
of the contour and Jms is perpendicular to that plane. There is no magnetization 
(M = 0) in free space (a vacuum, air, or any other nonmagnetic medium) surround- 
ing the body, so that the circulation of vector M in Eq. (5.24) is reduced to M- Al 
along the lower side of C. By the definition of the surface current density vector 
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Figure 5.6 Elementary contour 
used for deriving the boundary 
condition for the vector M on 

the surface of a magnetic body. 


[see Eq. (3.13)], the total current enclosed by C, appearing on the left-hand side of 
Eq. (5.24), equals Jms A/, and we have 


JmsAl = M- Al = MAI cos 8B = MAlsina, (5.30) 


where a@ is the angle that M makes with the normal on the surface directed from the 
magnetic body outward (a = 90° — 8). Hence, 


Jms = Msina, (5.31) 


532) 


with n standing for the outward normal unit vector on the surface. This is the bound- 
ary condition for the vector M on the surface of a magnetic body, connecting the 
magnetization vector in the body near the surface and the magnetization surface 
current density vector on the surface. Note that only the tangential component of 
M contributes to Jms. 

The expressions in Eqs. (5.28) and (5.32) can be used for determining the dis- 
tribution of volume and surface magnetization current densities, J, and Jms, of a 
magnetized body, assuming that the state of magnetization of the body is described 
by a given distribution of the magnetization vector, M, inside the body. We can 
then, considering these macroscopic currents to reside in a vacuum, calculate the 
magnetic flux density vector, B, due to the magnetized body (and any other related 
quantity of interest) using the appropriate free-space equations (e.g., various forms 
of the Biot-Savart law and Ampére’s law) and solution techniques suitable to 
specific geometries and current distributions. 


Selle Nonuniformly Magnetized Ferromagnetic Cube 


The magnetization vector in a ferromagnetic cube shown in Fig. 5.7 is given by 


or, in a vector form, 


XY 2 
M(x, y) = Mo 7 é, (5.33) 


where Mg is a constant. The surrounding medium is air. Find the distribution of magnetization 
currents of the cube. 


Solution From Eqs. (5.28) and (4.81), the magnetization volume current density vector 


inside the cube is 4M aM M 
a obs on 0 x v 
Jin = 7 er = Cake al 


magnetization surface current 
density vector; n outward 
normal on a magnetic body 
surface 


Figure 5.7 Ferromagnetic 
cube with magnetization 
M(x, y); for Example 5.1. 
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Figure 5.8 Magnetization 
surface current on a 


uniformly magnetized 
ferromagnetic disk; for 
Example 5.2. 


The magnetization surface current density vector is, by means of Eq. (5.32), 


M A a a 
oy and Inga = MOx, a7) x f= 8 (5.35) 


Jinsiea Muay) xt 
on the front side and right-hand side of the cube, respectively, and Jms = 0 on the remaining 
four sides of the cube [in terms of Eq. (5.31), M@ =0 on the back side and left-hand side, 
whereas sina = 0 on the top and bottom sides of the cube]. 


Seiwa Uniformly Magnetized Ferromagnetic Disk 


A thin ferromagnetic disk of radius a and thickness d (d < a) is situated in air. The disk is 
uniformly magnetized throughout its volume. The magnetization vector is normal to disk 
bases and its magnitude is M. Determine (a) the distribution of magnetization currents of 
the disk and (b) the magnetic flux density vector at an arbitrary point along the disk axis 
normal to the bases. 


Solution 


(a) Eq. (5.29) tells us that there is no magnetization volume current inside the disk. 
According to Eq. (5.32) and Fig. 5.8, a magnetization surface current flows circumfer- 
entially along the side disk surface, with density 


Jms = M x fy = Mix f= Mb, (5.36) 


while on the upper and lower disk bases, Jms = 0, because M is collinear with both nig 
and n3. 


(b) Since the ferromagnetic disk is thin, the circumferential sheet of magnetization current 
over its surface can be replaced by an equivalent circular current loop with radius a and 
current intensity 

Im =Jmsd = Md. (5.37) 


Assuming that the loop is in a vacuum, the magnetic flux density vector along the z-axis 
is given by Eq. (4.19), that is, 
uoMda? 


$$; i. 
2 (22 +.a2)°” 


Seems Cylindrical Bar Magnet — 


A cylindrical bar magnet of radius a and length / is permanently magnetized with a uniform 
magnetization. The magnetization vector, M, is parallel to the bar axis. The medium around 
the magnet is air. Compute the magnetic flux density vector at the center of the magnet. 


B= (5.38) 


Solution The magnetization surface current density over the magnet is the same as that 
over the magnetized disk in Fig. 5.8, and the vector B both inside and outside the magnet can 
be found as that due to a cylindrical current sheet of radius a and length /in a vacuum with the 
surface current density given in Eq. (5.36). This sheet, on the other hand, is equivalent to the 
solenoid in Fig. 4.10, so that the flux density along the magnet axis is given by Eq. (4.36) with 
NI/I substituted by Jms = M [see Eq. (4.30)]. Specifically, B at the center of the magnet equals 


Bone (5.39) 


SR + 4a2 


Seite ae Nonuniformly Magnetized Infinitely Long Cylinder 


Fig. 5.9(a) shows an infinitely long cylinder of radius a@ in air, having a nonuniform magne- 
tization given by M = Mo(1 — r*/a’) 2, where Mg is a constant. Find (a) the distribution of 
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magnetization currents of the cylinder and (b) the magnetic flux density vector inside and 
outside the cylinder. 


Solution 


(a) 


(b) 


Applying the formula for the curl in cylindrical coordinates, Eq. (4.84), we obtain that 
the streamlines of the magnetization volume current inside the cylinder are circles 
centered at the cylinder axis, as indicated in Fig. 5.9(b), with the following current density 
vector: 


$= 3 r6. (5.40) 
a 


There is no magnetization surface current over the surface of the cylinder, because 
M(a~) = 0 in the cylinder close to the surface. 


We note that the vector J, in Eq. (5.40) is of exactly the same form as the current density 
vector J inside the rotating charged cylinder in Fig. 4.20 computed in Eq. (4.69). The only 
difference are the multiplicative constants, pw in Eq. (4.69) vs. 2Mo/a? in Eq. (5.40). 
Consequently, the magnetic flux density vectors in the two systems are also of the same 
form, the only difference being those two multiplicative constants. [The magnetic field 
due to the rotating charged cylinder in Fig. 4.20 was obtained by visualizing the current 
distribution J as a series of coaxial infinitely long solenoids and applying Ampére’s law, 
Eq. (4.49).] By substituting, therefore, pw in Eq. (4.71) by 2Mo/a’, the flux density due 
to the magnetized cylinder in Fig. 5.9 turns out to be 


B = u9Mo (1-5) = som (5.41) 
a 


inside the cylinder (0 < r < a) and B = 0 outside it. 


Seu eee Uniformly Magnetized Ferromagnetic Sphere 


A ferromagnetic sphere of radius a is uniformly magnetized, and the magnetization vector is 
M. The sphere is surrounded by air. Calculate (a) the magnetization surface current density 
vector at an arbitrary point on the sphere surface and (b) the magnetic flux density vector at 
the sphere center. 


Solution 


(a) 


(b) 


For a spherical coordinate system with the origin at the sphere center and the z-axis par- 
allel to the magnetization vector, as shown in Fig. 5.10, M = Mz and the magnetization 
surface current density vector over the sphere surface at a point P defined by an angle 
0 is 

Jms =Mxii=MsinZ(M,h)=Msiné, 0<60<nz. (5.42) 


After the ferromagnetic material has been removed, we apply the superposition principle 
to find the B field due to the spherical sheet of current described by the function in 
Eq. (5.42), which is analogous to the computation of the electric field due to a uniformly 
polarized dielectric sphere in Fig. 2.7. We subdivide the sphere surface into thin rings 
of width dl, = adé@, which is depicted in Fig. 5.10. Each such ring can be viewed as an 
equivalent circular wire loop with the same current. The current of the ring containing 
the point P equals 

dim = Jms di; = Masiné dé. (5.43) 


Using Eq. (4.19), the magnetic flux density vector of this ring at the sphere center is 


_ HO nae A 


dB : 
2a3 


(5.44) 


In(”) 


(b) 


Figure 5.9 Magnetization 
vector (a) and 
magnetization volume 
currents (b) inside a 
nonuniformly magnetized 
infinitely long ferromagnetic 
cylinder; for Example 5.4. 
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Ampere’s law for a system 
with conductors and 
magnetic materials 


generalized Ampere’s law 


Figure 5.10 Ferromagnetic 
sphere with a uniform 
magnetization; for 
Example 5.5. 


with a; = asin@ standing for the ring radius. Hence, the resultant flux density comes out 


to be MTF 4 
ig a i si ate = = aml (5.45) 
a o=0 3 
where the integral in 6 is evaluated as [see also Eq. (2.32)] 
ue Sid 3 ce 
i sin’ 6 dé =) (1 — cos? 6) sin@ dé = { —cos6+ a = 4 (5.46) 
0 0 6 , iS 


Problems: 5.1-5.6; Conceptual Questions (on Companion Website): 5.1—-5.3; 
MATLAB Exercises (on Companion Website). 


5.4 GENERALIZED AMPERE’S LAW 


We now consider a general magnetostatic system where, in addition to equiva- 
lent magnetization currents (bound currents) inside magnetic bodies and over their 
surfaces, we have conduction currents (free currents) flowing through conductors 
(including conducting magnetic materials). As sources of the magnetic flux density 
vector, B, all these currents act as if they were in a vacuum, and Ampére’s law, 
Eq. (4.48), becomes 


§ B- dl = up Uct+/mc). (5.47) 
Cc 


with Jc and Jc standing for the total conduction current and the total magnetiza- 
tion current, respectively, enclosed by an arbitrary contour C. Dividing this equation 
by 0, moving /mc to the left-hand side of the equation, then substituting it by the 
circulation of the magnetization vector, M, from Eq. (5.24), and finally joining the 
two integrals along C into a single integral, we get the equivalent integral equation: 


B 
f (= : M) miei (5.48) 
Cc \ Oo 


which is conveniently written as 


fant 30 
(C 


Section 5.4 Generalized Ampére’s Law 


This equation is referred to as the generalized Ampére’s law. The new quantity on 
the left-hand side of the equation, 


B 
|g yb 
Ho 


(5.50) 


is called the magnetic field intensity vector and is measured in A/m. It is analogous 
to the electric flux density vector, D, in electrostatics, which is defined by Eq. (2.41). 
The generalized Ampére’s law is valid for magnetostatic fields in arbitrary media, 
and is easier to use than the form in Eg. (5.47) because it has only free (true) 
currents on the right-hand side of the integral equation. 

The most general representation of conduction current is that by means of the 
volume current density, J, which yields 


gua s-as, 
6 S 


where S is a surface of arbitrary shape bounded by the contour C (orientations of 
C and S are in accordance to the right-hand rule). Since this integral relation holds 
for any choice of C, applying Stokes’ theorem, Eq. (4.89), results in the following 


differential relation: 


namely, the differential form of the generalized Ampére’s law. Eqs. (5.51) and (5.52) 
represent, respectively, the integral and differential Maxwell’s second equation for 
the magnetostatic field in an arbitrary medium. 


Sere Poroidal Coil with a Ferromagnetic Core 


A uniform and dense winding with N turns of wire is placed over a thin toroidal ferromag- 
netic core of length /. If there is a steady current of intensity 7 through the winding, find the 
magnetic field intensity vector in the core. 


(5.51) 


(5.52) 


Solution Due to symmetry, magnetic field lines in the core are circular as in the air-filled 
toroid in Fig. 4.18. Moreover, the field in the core is uniform, because the toroid is thin [see 
Eq. (4.66)]. Applying generalized Ampére’s law, Eq. (5.49), to a circular contour C of length 
l along the toroid axis, as shown in Fig. 5.11, gives H/ = NI, from which, 


NI 
H=— 
I 


Note that this result holds true for a core made from an arbitrary magnetic material 
(including nonlinear and inhomogeneous media). 


Example 5.7 Closed Surface in a Uniformly Magnetized Material 


Prove that the flux of the magnetic field intensity vector through a closed surface situated 
inside a uniformly magnetized ferromagnetic material equals zero. 


(thin toroid with an arbitrary core). (5.53) 


Solution According to our experience so far with vector calculus and different forms 
of Maxwell’s equations, the flux of a vector through a closed surface in integral notation 
corresponds, in differential notation, to the divergence of that same vector (with similar cor- 
respondence between the circulation along a contour and the curl). Let us therefore consider 
the divergence of the magnetic field intensity vector, H, in the material. Since the material is 
uniformly magnetized, the divergence of the magnetization vector, M, at an arbitrary point 
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magnetic field intensity vector 
(unit: A/m) 


generalized Ampére’s law in 
terms of the volume current 
density 


generalized differential 
Ampere’s law 


ferromagnetic 


Figure 5.11 Evaluation of 
the magnetic field intensity 
vector in a toroidal coil with 
a ferromagnetic core; for 
Example 5.6. 
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constitutive equation of an 
arbitrary (nonlinear) 
magnetic material 


permeability (unit: H/m) 


constitutive equation of a 
linear magnetic material 


constitutive equation for free 
space 


in the material is zero (M = const). The divergence of the magnetic flux density vector, B, 
on the other hand, is always zero [Eq. (4.103)]. Consequently, the definition of the magnetic 
field intensity vector, Eq. (5.50), gives 


v-H=_v-.B-v-M=0, (5.54) 
Ho 


1.e., the divergence of H is also zero in the material, which in integral notation [see 
Eq. (1.173)] reads 


fH-d3=0, (5.55) 
AY 


for any closed surface S situated inside the material. 


Problems: 5.7-5.11; Conceptual Questions (on Companion Website): 5.4—5.7; 
MATLAB Exercises (on Companion Website). 


5.5 PERMEABILITY OF MAGNETIC MATERIALS 


We now introduce the concept of permeability for macroscopic characterization of 
magnetic materials, which is analogous to the permittivity concept in electrostatics. 
Substituting Eg. (5.2) into Eq. (5.50), we obtain that the magnetic field intensity 
vector (H) at a point in any magnetic material is a function of the magnetic flux 
density vector (B) at that point, or vice versa, 


5.6 


This is the general constitutive equation for characterization of magnetic materials, 
parallel to Eq. (2.46) in electrostatics. For linear magnetic materials, the magnetiza- 
tion vector, M, is linearly proportional to B, and hence also to H [see Eq. (5.50)], 


which is customarily written as 
M = XH. (5:37) 


Here, Xm is the magnetic susceptibility of the material, that is, the same dimension- 
less quantity defined in Eq. (5.16). Note, however, that Eq. (5.16) holds only for 
diamagnetic and paramagnetic materials, where, as we shall see later in this section, 
B © oH, while Eq. (5.57) holds for all linear magnetic media. Thus we have 


B = yo(H + M) = “o(1 + Xm) = Morr, (5.58) 


where 4; = 1+ Xm is a dimensionless proportionality constant called the relative 
permeability of the material, which is entirely analogous to the relative permittivity 
€, in electrostatics. In practice, 4; (or Xm) for a given material can be determined 
experimentally. In analogy to Eq. (2.50) in electrostatics, we also introduce the 
permeability (or absolute permeability) of the material, 


[= UrHo. | (5.59) 


where the value of the permeability of a vacuum, jo, is given in Eq. (4.3), with 


which, . _— 
B= H.| (5.60) 


The unit for ~ is henry per meter (H/m). For free space and other nonmagnetic 


media, jz; = 1 and 
|B = poH. | (5.61) 
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For diamagnetic materials (see Section 5.2), the value of wy is slightly smaller 
than the permeability of a vacuum (e.g., wu, = 0.999833 for bismuth, a substance 
which shows diamagnetism more strongly than most materials), whereas yw of para- 
magnetic materials is slightly greater than po (e.g., wr = 1.0008 for palladium, one 
of the strongest paramagnetic materials). Because y differs only insignificantly from 
[Ao, it is very common to assume yp = fo for diamagnetic and paramagnetic materi- 
als, as well as for antiferromagnetic substances, in most practical applications. Thus, 
these three classes of materials are commonly said to be nonmagnetic. 

For ferromagnetic, ferrimagnetic, and superparamagnetic materials, on the 
other hand, yw is much larger than wo. These materials, especially ferromagnetic 
ones, often exhibit permanent magnetization, highly nonlinear behavior, and hys- 
teresis effects, as we shall discuss in more detail in a later section. In ferromagnetics, 
the function B(H) in Eq. (5.56) is in general nonlinear and has multiple branches. 
The magnetization properties of the material depend on the applied magnetic field 
intensity, H, and also on the history of magnetization of the material, i.e., on its pre- 
vious states. In other words, the value of yz for a ferromagnetic material generally is 
not unique, but is a function of H and the previous history of the material. Typically, 
the maximum value of yz; is around 250 for cobalt, 600 for nickel, and 5000 for iron 
(with 0.4% impurity), whereas it is as high as about 200,000 for purified iron (0.04% 
impurity) and 1,000,000 for supermalloy (79.5% Ni, 15% Fe, 5% Mo, 0.5% Mn). In 
many applications involving ferromagnetics, we assume 


(6.62) 


and such media are customarily referred to as perfect magnetic conductors (PMC). 
As we shall see in the next section, the magnetic flux density vector, B, in a non- 
magnetic medium near the surface of a ferromagnetic (or PMC) body is always 
normal to the surface, the same as for the electric field intensity vector, E, near 
the surface of a perfect electric conductor (PEC), with o — oo. Shown in Table 5.1 
are values of the relative permeability of an illustrative set of selected materials, 


Table 5.1. Relative permeability of selected materials 


Material by Material Lr 
Bismuth 0.999833 Titanium 1.00018 
Gold 0.99996 Platinum 1.0003 
Mercury 0.999968 Palladium 1.0008 
Silver 0.9999736 Manganese 1.001 
Lead 0.9999831 Cast iron 150 
Copper 0.9999906 Cobalt 250 
Water 0.9999912 ~— Nickel 600 
Paraffin 0.99999942 Nickel-zinc ferrite (Ni-Zn-Fe203) 650 
Wood 0.9999995 Manganese-zinc ferrite (Mn-Zn-Fe203) 1200 
Vacuum 1 Steel 2000 
Air 1.00000037 ~—Iron (0.4% impurity) 5000 
Beryllium 1.0000007 Silicon iron (4% Si) 7000 
Oxygen 1.000002 Permalloy (78.5% Ni, 21.5% Fe) 7 x 10* 
Magnesium 1.000012 Mu-metal (75% Ni, 14% Fe, 5% Cu, 4% Mo, 2% Cr) 10° 
Aluminum 1.00002 Iron (purified — 0.04% impurity) 25 Ce 


Tungsten 1.00008 Supermalloy (79.5% Ni, 15% Fe, 5% Mo,0.5% Mn) 10° 


perfect magnetic conductor 
(PMC) 
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[i] — permeability tensor of 
an anisotropic magnetic 
material 


of considerable theoretical and/or practical interest - in terms of their magnetic 
properties. 

A magnetic material is said to be homogeneous when its magnetic properties 
do not change from point to point in the region being considered. Otherwise, the 
material is inhomogeneous [e.g., “ = (x, y, Z) in the region]. Finally, some mag- 
netic materials, such as ferrites, are anisotropic. Namely, an applied magnetic field 
(vector B) in one direction can produce magnetization (i.e., vector M) in another 
direction in a material. Accordingly, Eq. (5.60) becomes a matrix equation, 


By Lexx Uxy xz Ay 
By | = | Myx Myy Hyz Ay |, (5.63) 
Bz Mex Lzy zz H, 


where [y] is the permeability tensor. It is analogous to the permittivity tensor, [e], 
defined by Eq. (2.52). However, Eq. (5.50) remains valid (it represents the defini- 
tion of the H field), although B, H, and M are no longer parallel at a point. The 
anisotropy of ferrites is used in a number of microwave devices, including some 
types of gyrators, directional couplers, and isolators. 

Note that in a linear, isotropic, and homogeneous magnetic material, we can 
substitute H by B/y in the generalized Ampére’s law and bring 1/y (because it 
is constant) outside the integral sign in the integral form of the law, Eq. (5.49), or 
outside the operator (curl) sign in its differential form, Eq. (5.52), yielding 


§ B-di=plc and VxBe=uydJ, (5.64) 
Cc 


respectively. We realize that these equations are identical to the corresponding free- 
space laws, Eqs. (4.48) and (4.83), except for 9 being substituted by wu. In the same 
way, replacing jg with yu in Eq. (4.7) gives the version of the Biot-Savart law for a 
volume conduction current in a homogeneous magnetic medium of permeability pu: 


(J dv) x R 
Vv 


with H = B/j. Additionally, Eq. (4.132) and the concept of magnetic permeability 
imply that the Laplacian of the magnetic vector potential of a volume current in a 
homogeneous magnetic medium satisfies the following differential equation: 


VA = —pJ. (5.66) 
Finally, Eq. (4.108) becomes 
LL J dv 
= 5.67 
4x Jy R ( ) 


From Eq. (5.50), we find that the magnetization vector in a linear and isotropic 
magnetic material can be expressed in terms of the magnetic field intensity vector as 


M=— —H=(4-1)H=(,~ 0H (5.68) 


If the material is also homogeneous, then the magnetization volume current density 
vector, Jm, at a point in the material can be obtained directly from the conduction 
volume current density vector, J, at that point: 


In =VxXM=V x [Cur — DH) = (a, —DV xXH=G@,-DS. (5:69) 


_ ee el 
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We see that there cannot be magnetization volume current (Jm = 0) in a homoge- 
neous linear magnetic medium with no free current (J = 0). 


Problems: 5.12-5.15; Conceptual Questions (on Companion Website): 5.8. 


5.6 MAXWELL’S EQUATIONS AND BOUNDARY 
CONDITIONS FOR THE MAGNETOSTATIC FIELD 


From the Biot-Savart law for the magnetic flux density dB of a single conduction 
current element Jdv in free space and the superposition principle, we proved in 
Section 4.8 the law of conservation of magnetic flux, Eq. (4.99), for the magneto- 
static field in free space. We can repeat here that same proof for a magnetization 
current element, Jm dv (or Jms dS), and get the same result, which means that the 
net magnetic flux (the flux of the vector B) due to any distribution of conduction and 
magnetization currents (which, equivalently, reside in a vacuum) through a closed 
surface always equals zero. In other words, we conclude that the law of conserva- 
tion of magnetic flux (Maxwell’s fourth equation) holds for structures that include 
arbitrary magnetic materials. 

We now write down the full set of Maxwell’s equations governing the mag- 
netostatic field in an arbitrary medium, together with the associated constitutive 
equation: 


fcH-dl= f,J-dS 
f;B-dS =0 : (5.70) 


B = B(A) [B = uwH) 


The corresponding differential Maxwell’s equations are: 


VxH=J and V-B=0. (5.71) 


In addition to integral and differential Maxwell’s equations for any field, bound- 
ary conditions always represent the third form of field equations, and they are 
derived from the respective integral equations (differential equations apply only 
at a point). Let us derive here the boundary conditions for the magnetostatic field 
on the boundary surface between two arbitrary media. Let J; be the density vector 
of a surface conduction (free) current that may exist on the boundary. We apply 
the generalized Ampére’s law in integral form, Eq. (5.49), to a narrow rectangular 
elementary contour C positioned such that J; is normal to the plane of the contour, 
as depicted in Fig. 5.12. Having in mind Eqs. (2.79) and (5.30), we obtain 


f H.- dl = Ay, Al — Hy, Al= Ic = J; Al, (5:72) 
Cc 
which yields 

Ay, — Ax = Js. (5573) 
In vector form [also see Eq. (2.84)], 


nx H,; -nx H=Jj;, (5.74) 


where ni is the normal unit vector on the surface, directed from region 2 to region 1. 
If no surface conduction current exists on the boundary, Eq. (5.73) becomes 


Ay, = Ay (Ss = 0), (5.75) 


Maxwell’s second equation, 
static field 
Maxwell’s fourth equation 


constitutive equation for B 


Maxwell’s differential 
equations, magnetostatic 
field 


boundary condition for Hy; ni 
directed from region 2 to 
region 1 
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Figure 5.12 Deriving the 
boundary condition for 
tangential components of 
vector H on the boundary 
surface between two arbitrary 
magnetic media. 


boundary condition for By 


law of refraction of magnetic 
field lines 


that is, the tangential component of H is continuous across the boundary free of 
conduction current. 

Noting, on the other hand, that the law of conservation of magnetic flux, 
Eq. (4.99), and the continuity equation for steady currents, Eq. (3.40), have exactly 
the same form, we conclude that the corresponding boundary conditions must 
have exactly the same form as well. Therefore, from the boundary condition for 
normal components of the vector J in the steady current field, Eq. (3.55), we 
directly write the boundary condition for normal components of the vector B in 
the magnetostatic field: 


|i-B, —A- By =0 or Bin = Bon, | (5.76) 


It tells us that B, is always continuous across a boundary. 

At an interface between two linear magnetic media of permeabilities wy and p12 
with no surface conduction current (J; = 0), the law of refraction of the magnetic 
field lines holds that is entirely analogous to the corresponding laws in electrostatics, 
Eq. (2.87), and steady current field, Eq. (3.56). With a; and a2 denoting the angles 
that field lines in region 1 and region 2 make with the normal to the interface, as 
shown in Fig. 5.13, we have 


tan a : [Ly 


(5.77) 
tan a2 2 

This relationship indicates that magnetic field lines are bent farther away from the 

normal in the medium with the higher permeability. Bending of field lines is basi- 

cally due to unequal magnetization surface currents on the two sides of the interface. 


Figure 5.13 Refraction of 
magnetic field lines at a 
magnetic-magnetic interface. 
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Note that if region 2 is filled with a ferromagnetic material and region 1 with a 
nonmagnetic material, then 2 >> 4, and 1/"2 © 0, and Eq. (5.77) results in 


ay 0 (M2 > 1) (5.78) 


for any a (except for a2 = 90°, i.e., for field lines in region 2 parallel to the inter- 
face). This means that magnetic field lines in a nonmagnetic medium near the inter- 
face with a ferromagnetic medium (or PMC) are always normal to the interface. 
Finally, using Eq. (5.32) and adding up the magnetization surface current den- 
sity vectors that accumulate on the two sides of a magnetic-magnetic interface, 
analogously to deriving Eq. (2.89) in electrostatics, we arrive to the following 
boundary condition for the tangential components of the magnetization vector: 


5.79) 


where fi is directed from medium 2 to medium 1 (Figs. 5.12 and 5.13) and Jms is the 
total magnetization surface current density vector at the interface. 


Problems: 5.16, Conceptual Questions (on Companion Website): 5.9-S.12; 
MATLAB Exercises (on Companion Website). 


5.7 IMAGE THEORY FOR THE MAGNETIC FIELD 


Magnetostatic systems often include current conductors in the presence of large 
flat ferromagnetic bodies. By utilizing image theory, similarly to the procedure 
described in Section 1.21, we can remove the ferromagnetic body from the system 
and replace it by an image of the original current distribution. The equivalent prob- 
lem is then much simpler to solve because it consists of a known current distribution 
(original plus image) in free space. 

Consider a straight current conductor in a nonmagnetic half-space in the vicin- 
ity of an infinite planar interface with a ferromagnetic (or PMC) half-space. Let 
the conductor be parallel to the interface. Eq. (5.78) tells us that the ferromagnetic 
material in the lower half-space, i.e., the induced magnetization current in the mate- 
rial, influences the resultant magnetic flux density vector, B, such that it has no 
tangential component at the upper side of the interface, as shown in Fig. 5.14(a). 
This condition remains unaltered, however, if we replace the ferromagnetic block 
by another conductor parallel to the interface that is positioned symmetrically with 
respect to the original conductor and carries a current of the same intensity and 
the same direction, Fig. 5.14(b). We conclude thus that, as far as the magnetic field 
in the upper half-space is concerned, systems in Fig. 5.14(a) and Fig. 5.14(b) are 
equivalent. This is an example of the image theory (theorem) for the magnetic field. 

The theory is not restricted to conductors parallel to the material interface only. 
It states that an arbitrary current configuration above an infinite ferromagnetic (or 
PMC) plane can be replaced by a new current configuration in free space consisting 
from the original current configuration itself and its positive image in the ferro- 
magnetic plane. The equivalence is with respect to the magnetic field above the 
ferromagnetic plane, the component of that field due to the induced magnetiza- 
tion current in the ferromagnetic material being equal to the field of the image. 
As another example, Fig. 5.15 shows the image of a current conductor consist- 
ing of three segments with different orientations with respect to the ferromagnetic 
interface in Fig. 5.15(a), where it is a simple matter to conclude that the vector B in 
the plane of symmetry in Fig. 5.15(b) has no component tangential to the plane. 


boundary condition for M, 
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M>> Ho 


(a) 


(b) 


Figure 5.15 Image theory 
for the magnetic field due to 
a current conductor with 
arbitrarily oriented segments 
above a ferromagnetic (or 
PMC) plane: (a) original 
system with the material 
interface and (b) equivalent 
free-space system. 


1 ; : y1(e)>* A i . 2 © h | 4 4 
| T 

Ho Ho 

[>> Lg i Ho 


(a) (b) 


Figure 5.14 (a) Straight current conductor parallel to the interface of a 
ferromagnetic (or PMC) half-space. (b) By image theory, the influence 
of the ferromagnetic material on the magnetic field in the upper 
half-space can be represented by a positive image of the original 
current. 


Sele wee-g Force on a Conductor above a Ferromagnetic Plane 


A very long and thin wire is situated in air at a height 4 above a ferromagnetic half-space, 
parallel to its surface, and carries a current of intensity /. Determine the magnetic force on 
the wire per unit of its length. 


Solution By image theory, the system wire-ferromagnetic is equivalent to a symmetric two- 
wire system in air, as shown in Fig. 5.16. The force on the upper (original) conductor per unit 
of its length is then obtained using Eq. (4.166) with /; = /2 = / and d = 2h, that is, 


pol? 
Pe ca (5.80) 
Here, B is the magnetic flux density along the upper conductor due to the lower 
conductor, i.e., due to the magnetization current in the ferromagnetic material. We see 
that a large ferromagnetic (or PMC) block always attracts a current conductor running 
parallel to it. 


Example 5.9 Strip Conductor between Two PMC Planes 


An infinitely long thin strip conductor of width a carries a steady current of intensity 7. The 
strip is placed between two parallel PMC planes, as shown in Fig. 5.17(a). Find the magnetic 
flux density vector in the space between the PMC planes, assuming that it is air-filled. 


Solution By multiple applications of the image theory for the magnetic field, we obtain 
the equivalent system in Fig. 5.17(b), which represents an infinite planar current sheet with 
surface current density J, = //a in free space. The magnetic field between the PMC planes is 
thus uniform, with flux density B = proJs/2 = ol /(2a) [see Fig. 4.21 and Eq. (4.47)}. 
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[>> Ko 


Sen cem time Uniformly Magnetized Hemisphere on a PMC Plane 


A uniformly magnetized ferromagnetic hemisphere of radius a in air is lying on a PMC 
(u; -> 00) plane. The magnetization vector is M, and it is perpendicular to the plane, as 
shown in Fig. 5.18. Calculate the magnetic flux density and field intensity vectors at the 
center of the bottom surface of the hemisphere (point O in the figure). 


Solution We first evaluate the distribution of equivalent magnetization currents of the 
hemisphere. The magnetization volume current density vector inside the material and the 
magnetization surface current density vector on the bottom surface of the hemisphere are 
both zero. There is, however, a hemispherical sheet of magnetization current over the upper 
surface of the hemisphere given by Eq. (5.42), where now 0 < 6 < w/2. Using the image the- 
ory for the magnetic field, we then supplement this sheet, considered to be in a vacuum, 
with another hemispherical sheet below the plane of symmetry, which is also described by 
the function in Eq. (5.42), but with 2/2 < 6 < z (note that sin@ is symmetric with respect 
to @ = 1/2, which corresponds to a positive image of the current, exactly as required by the 
image theory). We thus obtain the full spherical sheet of magnetization current in Fig. 5.10, 
and conclude that the magnetized hemisphere on the PMC plane is equivalent to the magne- 
tized sphere of Fig. 5.10, in free space. Hence, the magnetic flux density vector at the sphere 
center, as well as that at the point O in Fig. 5.18, is given by Eq. (5.45). Finally, by means of 
Eq. (5.50), the magnetic field intensity vector at the point O is 

B 2 M 


ese = 1S ey ie (5.81) 
Ho 3 3 


Problems: 5.17-5.19; Conceptual Questions (on Companion Website): 5.13; 
MATLAB Exercises (on Companion Website). 


5.8 MAGNETIZATION CURVES AND HYSTERESIS 


In this section, we consider in more detail the B-H relationship, Eq. (5.56), for fer- 
romagnetic materials. This relationship, being nonlinear in general, is usually given 
as a graph showing B (ordinate) as a function of H (abscissa). A curve representing 


Figure 5.18 Ferromagnetic 
hemisphere with a uniform 
magnetization lying on a PMC 
plane; for Example 5.10. 


Figure 5.16 Evaluation of the 
force on a horizontal straight 
wire with a current above a 
ferromagnetic plane, using 
image theory; for Example 5.8. 
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Figure 5.17 (a) Strip 
conductor between two 
parallel PMC planes and (b) 
equivalent infinite planar 
current sheet in free space; 


for Example 5.9. 


244 Chapter 5 Magnetostatic Field in Material Media 


Figure 5.19 Simple apparatus 
for measurement of 
magnetization curves. 


ferromagnetic 


the function B(#) on such a diagram is called a magnetization curve and is obtained 
by measurement on a given material specimen. 

Fig. 5.19 shows the simplest apparatus for measurement of magnetization 
curves, where a uniform winding is placed over a thin toroidal core (ring) cut from a 
ferromagnetic sample we want to measure. If a current J is established in the toroid 
(primary coil), the magnetic field intensity H in the core is given by Eq. (5.53), where 
N is the number of wire turns of the coil and / is the mean length of the toroid. By 
varying J, therefore, we directly vary H (H is proportional to 7). The magnetic flux 
density B in the core is then measured, as a response to H, by a ballistic galvanome- 
ter (BG) connected to another winding (secondary coil) that is placed over the core. 
Namely, the galvanometer measures the charge that passes through the secondary 
circuit, as a consequence of the change of magnetic flux through the secondary coil. 
This charge, as we shall see in the next chapter, is proportional to the flux change, 
so that the galvanometer actually serves as a fluxmeter. Thus, by changing, step by 
step, the current J in the primary coil and field H in the core, and measuring the cor- 
responding values of the flux density B, we obtain, point by point, the magnetization 
curve of the material. 

Shown in Fig. 5.20 is a typical initial magnetization curve for a ferromagnetic 
sample, where the material is completely demagnetized and both B and H are zero 
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before a field is applied. As we begin to apply a current in the primary circuit in 
Fig. 5.19, the magnetic flux density also rises, but not linearly. Moreover, the value of 
B rises rapidly at first and then more slowly. The first part of the initial magnetization 
curve (roughly up to the point P in Fig. 5.20) represents the region of easy (steep) 
magnetization. In the upper section of the curve, the increase in magnetization due 
to gradual rotations of magnetic domains in the material not already parallel to H 
is more difficult, and the curve tends to become flat. This is the region of hard (flat) 
magnetization. Very strong magnetic fields are usually required to reach the state of 
saturation, where all the moments of magnetic domains in the material are parallel 
to H and the magnetization curve flattens off completely. 

The permeability at any point on the magnetization curve is given by 

oe — Th (5.82) 
where B is the ordinate of the point (in T) and H is the abscissa (in A/m). The 
relative permeability is then uw, = w/o. The maximum permeability is at the point 
on the curve with the largest ratio of B to H,ii.e., at the point of tangency with 
the straight line of steepest slope that passes through the origin and intersects the 
magnetization curve (Fig. 5.20). Note that the maximum yz does not correspond to 
the steepest slope of the magnetization curve, because y is not proportional to the 
slope of the curve (dB/d#), but equals the ratio B/H. 

Having reached saturation, let us now turn to Fig. 5.21, where we continue our 
experiment — by reducing J and H. As we do so, the effects of hysteresis begin to 
show, and we do not retrace the initial-magnetization curve. Hysteresis means that 
B lags behind H, so that the magnetization curves for increasing and decreasing the 
applied field are not the same. Even after H becomes zero, B does not go to zero, 
but to a value B = B,, termed the remanent (residual) magnetic flux density. Note 
that the existence of a remanent flux density in a ferromagnetic material makes 
permanent magnets possible. We then reverse H (by reversing the polarity of the 
battery in Fig. 5.19), and increase it in the negative direction, so that B comes to 
zero at H = —H,, where H, is the so-called coercive force. As H is increased in 
the negative direction further, the material becomes magnetized even more, with 
negative polarity. It passes through the stages of easy and hard magnetization, the 
magnetization curve flattens off, and negative saturation is reached. The end of the 
curve on the left-hand side of the diagram is for the field H = —H), after which 
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Figure 5.21 Typical hysteresis 
aS SESS SSa2e loop for a ferromagnetic 
material. 
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Figure 5.22 Demagnetization 
of a ferromagnetic sample by 
reversals of the applied field H; 
definition of the normal 
magnetization curve. 


we start reducing H. The next intercept of the curve with the B axis (for H = 0) 
gives B = —B, (negative remanent flux density). At this point, we reverse the bat- 
tery polarity again and continue — by increasing H in the positive direction. This 
makes the flux density zero at a positive field H = H, (coercive force). With a fur- 
ther increase in H, the material reaches positive saturation (at H = Hy), and a full 
cycle in the BH diagram is completed. The loop traced out by the magnetization 
curve during this cycle is referred to as the hysteresis loop. 

Having carried our ferromagnetic specimen to saturation at both ends of the 
magnetization curve in Fig. 5.21, we now move on to Fig. 5.22, to continue to cycle 
the applied field H, but over successively smaller ranges (+H is brought to smaller 
and smaller amplitudes on each reversal). We obtain thus a series of hysteresis loops 
that decrease in size, and the residual B for H = 0 eventually becomes zero, that is, 
the material is left in a demagnetized state. Such a process is used for demagne- 
tization of objects that have a residual magnetization (i.e., remanent flux density) 
under conditions of zero applied magnetic field. In practice, the process can be 
carried out by inserting the object to be demagnetized inside a coil with a low- 
frequency ac current, and then gradually reducing the current amplitude in the coil 
or slowly removing the object from the coil with the current amplitude constant. 
The curve connecting the tips of the hysteresis loops in Fig. 5.22 is another charac- 
teristic of ferromagnetic materials known as the normal magnetization curve. For a 
particular ferromagnetic material, the normal and initial magnetization curves are 
very similar. 

Ferromagnetic materials having small coercive forces H, and therefore nar- 
row (thin) hysteresis loops (with small loop areas), as illustrated in Fig. 5.23, are 
referred to as soft ferromagnetics. As we shall see in a later chapter, the area 
enclosed by the hysteresis loop is proportional to energy loss per unit volume 
of the material in one cycle of field variation. This is so-called hysteresis loss, 
which corresponds to the energy lost in the form of heat in overcoming the fric- 
tion encountered during the movements of magnetic domain walls and rotations 
of the domains in a ferromagnetic material. Soft ferromagnetic materials have a 
large magnetization for a very small applied field and exhibit low hysteresis losses. 
Additionally, they have very large values of initial permeability [uu in Eq. (5.82) 
for a very small //]. For example, supermalloy, a typical soft ferromagnetic, has 
an initial relative permeability on the order of 10°, B, = 0.6 T, and H, = 0.4 A/m. 
Soft ferromagnetic materials are used for building transformers and ac machines 
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soft 
material 


Figure 5.23 Hysteresis loops 
for soft and hard ferromagnetic 
materials. 


(motors and generators), where the material is permanently exposed to alternating 
magnetization. 

Hard ferromagnetic materials, on the other hand, have large coercive forces 
H, and hence broad (fat) hysteresis loops (Fig. 5.23). They have small initial per- 
meabilities, and are used for building permanent magnets and dc machines. In 
these applications, fields do not change frequently, and hysteresis losses, therefore, 
are not significant, in spite of large hysteresis loop areas. The essential charac- 
teristic of permanent-magnet materials is a high remanent flux density B, (they 
are permanently magnetized even with no magnetic field applied), but it is also 
important that their coercive force be large, so that the material may not be eas- 
ily demagnetized. Alnico, an aluminum-nickel-cobalt alloy with a small amount of 
copper, is a typical hard ferromagnetic, having an initial uw, around 4, B, around 1 T, 
and H, on the order of 50,000 A/m. 


Conceptual Questions (on Companion Website): 5.14—-5.16. 


5.9 MAGNETIC CIRCUITS - BASIC ASSUMPTIONS FOR 
THE ANALYSIS 


Magnetic circuit in general is a collection of bodies and media that form a way 
along which the magnetic field lines close upon themselves, i.e., it is a circuit 
of the magnetic flux flow. The name arises from the similarity to electric cir- 
cuits. In practical applications, including transformers, generators, motors, relays, 
magnetic recording devices, etc., magnetic circuits are formed from ferromagnetic 
cores of various shapes, that may or may not have air gaps, with current-carrying 
windings wound about parts of the cores. Fig. 5.24 shows a typical magnetic 
circuit. 

The analysis of magnetic circuits with steady currents in the windings (dc mag- 
netic circuits) is based, of course, on Maxwell’s equations for the magnetostatic field 
in arbitrary media, Eqs. (5.70). Given, however, great complexity of the rigorous 
analysis of practical magnetic circuits, we introduce here a set of approximations 
that will, in conjunction with Maxwell’s equations, make the analysis much simpler 
and yet accurate enough for engineering applications. 
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(b) 


Figure 5.25 Toroidal 
ferromagnetic core with (a) 
a uniform winding and (b) 
concentrated winding. 


II inside a thick toroidal coil 


Figure 5.24 Typical magnetic 
circuit. 


Firstly, we assume that the magnetic flux is concentrated exclusively inside the 
magnetic circuit, i.e., in the branches of the ferromagnetic core and air gaps. This 
is never exactly true. For a toroidal ferromagnetic core with a uniform winding 
shown in Fig. 5.25(a), however, the flux is restricted to the interior of the toroid 
as a consequence of the geometrical symmetry of the structure, provided that the 
wire turns are very tightly wound over the core. In reality, there is always some leak- 
age flux between the wire turns. In addition, in circuits containing coils placed only 
over parts of the core, some flux lines bridge the space between the core sections 
through air, as indicated in Fig. 5.25(b). Boundary conditions for the magnetostatic 
field applied to the interface between the ferromagnetic and air in Fig. 5.25(b) tell 
us that magnitudes of the magnetic flux density vector at points a and b in the figure 
are related as By © u,By. As pU; is very large for ferromagnetic materials, By > Bp, 
so we conclude that practically the entire magnetic flux is restricted to the ferro- 
magnetic core, and the larger the uz, the more accurate this assumption. Note that 
in electric circuits this is always true for the current flow because the conductivity 
of air is zero, whereas the permeability of air is not. 

Secondly, we assume that air gaps in the magnetic circuit are narrow enough so 
that the fringing flux near the gap edges can be neglected. For more precise analysis, 
formulas for an effective length and cross-sectional area of the gap may be used to 
incorporate the fringing effects into the basic equations for the circuit. 

Finally, we assume that the magnetic field is uniform throughout the volume of 
each branch of the circuit. Then, in applying Maxwell’s equations, every cross sec- 
tion of a branch is assumed to have the same area, and the path of every flux line 
along the branch is assumed to be of the same length, equal to the mean length © 
of that part of the circuit. This is true only for thin magnetic circuits. In many 
applications involving thick cores, however, the error due to thin magnetic circuit 
approximations is acceptable, which is illustrated in the following examples. 


Serene Chick Toroid with a Linear Ferromagnetic Core 


Assume that the toroidal coil in Fig. 4.18 is wound about a core made of a linear ferromag- 
netic material of permeability u. (a) Determine the magnetic flux through the core. (b) Find — 
the error made in the flux computation if the magnetic field in the core is assumed to be 
uniform, specifically for b — a = 0.1a (thin toroid) and b ~ a = a (thick toroid). 


Solution 


(a) The magnetic field intensity vector, H, is the same as in the air-filled toroid in Fig. 4.18. 
From Eq. (4.65), 


(5.83) . 
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Figure 5.26 Evaluation of the 
magnetic flux through a cross 
section of a thick toroidal coil 
with a linear ferromagnetic 
core; for Example 5.11. 


The magnetic flux through the core is then obtained by integrating the flux density B(r) = 
pH(r) over across section of the toroid, as shown in Fig. 5.26, 
id Nih f° d NIh 
o= | pies ee aun (5.84) 
Yr: 


a Dye dim iF 20 a 
where dS is the surface area of a thin strip of length h and width dr. 

(b) Under the assumption of a uniform field distribution in the core, the path of every flux 
line is assumed to be of the same length, equal to the mean length of the toroid, / = 
(a+b), and the magnetic field intensity is given by Eq. (5.53). The approximate flux is 
then obtained by multiplying the constant flux density B = wH by the surface area S of 
the core cross section, 


uNIhb —a 


® = BS = 2H (b —ah = —— : 5.35 
approx HH ( a) Eo a ( ) 
The associated relative error in the flux computation is computed as 
|Papprox — P| 2(b/a — 1) 
Lye a | 5.86 
: ® (1 + b/a) In(b/a) a) 


For b—a=0.la, that is, b/a = 1.1, the error turns out to be 6g = 0.075%, while for 
b-—a=a (b/a=2), 5 =3.8%. We see that even for a quite thick toroid (the latter 
case), the approximate expression in Eq. (5.85) is reasonably accurate. 


Example 5.12 Thick Toroid with a Nonlinear Ferromagnetic Core 


Let the toroidal coil of Fig. 4.18 be wound around a core made from a nonlinear ferro- 
magnetic material. Fig. 5.27(a) shows the cross section of such a structure, with a = 2 cm, 
b=4cm, h=1cm, N = 200, and /=1A. Assume that the initial magnetization curve 
of the material can be approximated by the piece-wise linear curve shown in Fig. 5.27(b). 
Calculate the magnetic flux through the core (a) rigorously and (b) assuming that the field in 
the core is uniform. 


B 
Bm = Aro oN 
eerie oe 
es 
a cob 
(b) (c) 


Figure 5.27 Analysis of a thick toroidal coil with a nonlinear ferromagnetic core: (a) cross section of the structure, (b) 
idealized initial magnetization curve of the material, and (c) distribution of the magnetic flux density along the radial axis; 
for Example 5.12. 
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Solution 
(a) From Eq. (5.83), the minimum and maximum magnetic field intensities in the core are 
Hypin = H(b) = 796 A/m and Amax = H(a) = 1592 A/m, (5.87) 


respectively. Since the field value H, = 1000 A/m, representing the limit on the magne- 
tization curve in Fig. 5.27(b) up to which the material is in the linear regime and above 
which is in saturation (“knee” value), satisfies the condition 


Anin < Ay < Hmax, (5.88) 


we conclude that the part of the core for which H(r) > Hx is in saturation [B(r) = By], 
whereas the remaining part of the core is in the linear regime. In this latter case, 


B(r)=paH(r), pa= i = 0.001 H/m, (5.89) 
where /Z is the initial permeability of the material. From the condition 
Ht) = ee (5.90) 
we obtain the radial distance c that represents the boundary between the two parts of 
the core: 
— saa = 32<m S21) 


[see Fig. 5.27(a)]. Sketched in Fig. 5.27(c) is the distribution of the magnetic flux density, 
B(r), along the radial axis. 
The magnetic flux through the core is (see Fig. 5.26) 


UaNlh f? dr 


b 
® = / Bir) dS = Byh(c — a) + 
a — Ye die oF 
saturation =< 


linear regime 


= Byh E —a)+ In 2 = 191.4 wpWb. (5.92) 


Qn My, 

(b) If we assume a uniform field distribution in the core, then the field intensity every- 
where in the core equals that for 7r = rmean = (a + b)/2 = 3 cm. That is, H = H(rmean) = 
1061 A/m, which, being greater than Hx, implies that the entire core is in saturation. The 
magnetic flux through the core is hence 


The error relative to the result in Eq. (5.92) is 9 = 4.5%, and this is very reasonable 
given that the core is both thick and nonlinear. 


Problems: 5.20; Conceptual Questions (on Companion Website): 5.17; MATLAB 
Exercises (on Companion Website). 


5.10 KIRCHHOFF’S LAWS FOR MAGNETIC CIRCUITS 


With the assumptions made (in the previous section) that the field is restricted to 
the branches of the magnetic circuit (flux leakage and fringing are negligible) and 
is uniform in every branch, we now specialize general Maxwell’s equations for the 
magnetostatic field to obtain the laws analogous to Kirchhoff’s laws in the electric 
circuit theory. Thus, applying the law of conservation of magnetic flux, Eq. (4.99), to 
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Figure 5.28 A closed surface § 
about a node and a closed path 
C along the axes of branches of 
a magnetic circuit — for the 
formulation of Kirchhoff’s laws 
for magnetic circuits. 


a closed surface S placed about a node (junction of branches) in a magnetic circuit, 
as shown in Fig. 5.28, yields 


M 
f Bas =0 — |) BS; =0, (5.94) 
» = 
where S$; (i =1,2,..., M) are cross-sectional areas of the branches in the junction 
and B; (i = 1, 2,..., M) are the magnetic flux densities in these branches. 


Applying, on the other hand, the generalized Ampére’s law, Eq. (5.49), to a 
contour C placed along a closed path of flux lines in the circuit (Fig. 5.28) gives 


P Q 
§ H-dl=Ic — | Ai => Nek. 
Cc jal k=1 


with Jj; G =1,2,..., P) standing for the lengths of the branches along the path 
and H; (j =1,2,..., P) for the magnetic field intensities in the branches, whereas 
N, and I, (k =1,2,..., Q) are the numbers of wire turns and current intensities, 
respectively, in the coils that exist along the path. The product N;J,, expressed in 
ampere-turns, is termed a magnetomotive force (mmf), in analogy to an electromo- 
tive force (emf) in electric circuits. 

Eqs. (5.94) and (5.95) are referred to as Kirchhoff’s laws for magnetic cir- 
cuits. In addition to these circuital laws, we need the “element laws” describing 
individual parts of the circuit, analogous to current-voltage characteristics for 
elements (e.g., resistors) in the analysis of electric circuits. These laws are the rela- 
tionships B = B(H), i.e., the magnetization curves, for the branches of the circuit, 
including air gaps (where B = yofZ). Because of the nonlinear nature of the ferro- 
magnetic portions of the magnetic circuit, and nonlinearity of magnetization curves, 
the analysis of magnetic circuits often resembles the analysis of nonlinear electric 
circuits which contain diodes and other elements with nonlinear current-voltage 
characteristics. This is, at the same time, the most important difference between the 
analysis of magnetic circuits and the electric circuit theory, which primarily deals 
with linear electric circuits. 

In cases where the ferromagnetic materials in the circuit can be considered 
as linear, however, an equivalent electric circuit with linear resistors and time- 
invariant voltage generators can be introduced. By solving the equivalent circuit 
using some of the standard circuit-theory techniques, we obtain thus all required 


(5.95) 


Kirchhoff’s “current” law for 
magnetic circuits 


Kirchhoff’s “voltage” law for 
magnetic circuits 
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reluctance (unit: H~!) 


Figure 5.29 Reluctance 
concept: a simple linear 
magnetic circuit (a) and the 
equivalent electric 

circuit (b). 


quantities for the original magnetic circuit. As an illustration, note that the mag- 
netic flux through a simple magnetic circuit in Fig. 5.29(a) can be expressed, having 
in mind Eq. (5.53), as 


uNIS _ NI 


b= BS ne 
a i R 


(5.96) 


where 


R= me (5.92) 

ps 
is the so-called reluctance of the core. It is defined generally as the ratio of the mag- 
netomotive force (ampere-turns) to the flux. The SI unit for reluctance is ampere 
per weber (A/Wb) or inverse henry (H~'). We note that the final expression for ® in 
Eq. (5.96) is analogous to the expression for the current in a simple electric circuit in 
which an ideal voltage source of emf N/ is connected with a resistor of resistance R, 
as indicated in Fig. 5.29(b). Eq. (5.97), moreover, has the same form as the expres- 
sion for the resistance of a resistor with uniform cross section and conductivity o in 
Eq. (3.85). The concept of reluctance can be used for the analysis of arbitrary linear 
magnetic circuits, where the equivalent electric circuit is obtained by replacing the 
individual parts of the core and the air gaps by resistors with resistances calculated 
from Eq. (5.97) and representing the coils by voltage generators with electromotive 

forces equal to the magnetomotive forces NJ. 


Se eM em Simple Nonlinear Magnetic Circuit with an Air Gap 


Consider a magnetic circuit consisting of a thin toroidal ferromagnetic core with a coil and 
an air gap shown in Fig. 5.30(a). The coil has N = 1000 turns of wire with the total resistance 
R= 50. The length of the ferromagnetic portion of the circuit is /= 1m, the thickness 
(width) of the gap is /) = 4 mm, the cross-sectional area of the toroid is S = Sy = 5 cm?, and 
the emf of the generator in the coil circuit is € = 200 V. The idealized initial magnetization 
curve of the material is given in Fig. 5.30(b). Find the magnetic field intensities in the core 
and in the air gap. 


Solution We adopt standard approximations for the analysis of magnetic circuits and 
neglect the field nonuniformity in the ferromagnetic core, as well as the flux leakage from 
the core and fringing around the air gap edges (Section 5.9). Let (B, H) and (Bo, Ho) des- 
ignate the magnetic flux density and field intensity in the core and the gap, respectively, as 


BIT] =e point 


Figure 5.30 Analysis of a 
simple nonlinear magnetic 
circuit with an air gap: 

(a) circuit geometry, with flux 
density and field intensity 
vectors in the circuit, 

and (b) idealized initial 
magnetization curve of the 
material, with the load line 
and operating point for the 
circuit; for Example 5.13. 


(a) 


0 1000 Za 3000 4000 5000 


H=2600 A/m 
(b) 


indicated in Fig. 5.30(a). From Kirchhoff’s laws for magnetic circuits, Eqs. (5.94) and (5.95), 


| Section 5.10 Kirchhoff’s Laws for Magnetic Circuits 253 
| 
we have 


BS) = BoSo <=? B= Bo (5.98) 
| and 
| HI + Holy = NI, (5:99) 
where J = €/R = 4 Ais the current intensity of the coil. The above equations, combined with 
_ the constitutive equation for the air gap, 


Bohne (5.100) 


result in the following relationship between the flux density and field intensity in the core: 
l 
Hi+ BS =NI. (5.101) 
Ho 


With the numerical data substituted, 
H+ 3183B = 4000 (HinA/m; BinT), (5.102) 


and this represents the equation of the load line for the magnetic circuit (the locus of all 
possible combinations of values B and H for this given circuit configuration and excitation, 
not yet taking into account the characteristics of the core material). Upon plotting this line 
in the BH chart [Fig. 5.30(b)], we conclude that its intersection with the magnetization curve 
of the core material belongs to the second part of the curve (hard magnetization section ~ 
also see Fig. 5.20). This intersection (point P) represents the operating point for the circuit, 
i.e., it determines the actual position of the ferromagnetic core on the magnetization curve 
for the given circuit configuration and excitation (NJ). To find numerically the abscissa and 
ordinate of the point P, we solve the system of equations composed of the load line equation, 
Eq. (5.102), and the equation of the line describing the hard magnetization segment of the 
magnetization curve, read from Fig. 5.30(b), 


B=0.44+2.5 x 107°(H — 1000), (5.103) 
and what we get is B = 0.44 T and H = 2600 A/m. By means of Eq. (5.98), Bo = 0.44 T as 
well, and Eq. (5.100) then gives Hp = 350 kA/m (field intensity in the air gap). We see that 
Ho > H. This can also be concluded without actually solving the circuit, by introducing the 
permeability of the material at the point P, 1 = B/H = 1.7 x 10~* H/m, into Eq. (5.98) and 
expressing the magnetic field intensity in the gap as 


= 135.3 (5.104) 
HO 
(Note that yu here is a function of H, not a constant.) It is typical for magnetic circuits with 


air gaps, in general, that the magnetic field intensities in the gaps are much larger than those 
in the ferromagnetic material. 


Selle Mme ee Simple Linear Magnetic Circuit with an Air Gap 
® R 


Assume that the core of the circuit of Fig. 5.30(a) is made from a linear ferromagnetic =e 
material of relative permeability 1; = 1000, and compute the magnetic flux through the core. 


Solution Combining Eq. (5.101) with the relationship B = 1H, we can write now NI R 
0 
Lg mew, 
o=Bs=ni (5+) = (5.105) 
LS poSo R+Ro 
where the reluctances [Eq. (5.97)] of the core and the gap are 
1 Figure 5.31 Equivalent 
= =1.6x10°H! and Rp =—~ =637x 10°H"!, (5.106) electric circuit for the 
brio HoSo magnetic circuit of 

respectively, and the equivalent electric circuit is shown in Fig. 5.31. Hence, the flux through Fig. 5.30(a), assuming that 
the core amounts to ® = 5 x 1074 Wb. the ferromagnetic material 


is linear; for Example 5.14. 
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I, 8) \ 5, $3 


Figure 5.32 Analysis of a 
nonlinear magnetic circuit with 
three branches: (a) circuit 
geometry, with the adopted 
independent node and closed 
paths in the circuit, and (b) 
idealized initial magnetization 
curve of the material, with 
computed operating points for 
the branches; for Example 5.15. 


Seri) eee Nonlinear Magnetic Circuit with Three Branches : - 


Dimensions of the magnetic circuit shown in Fig. 5.32(a) are 1) = 1; = 2/, = 20cm and 
S| = S2 = $3 =1cm?. The mnf in the first branch of the circuit is NJ = 400 ampere-turns. 
The initial magnetization curve of the core can be linearized as in Fig. 5.32(b). Calculate the 
magnetic flux densities and field intensities in the three branches of the circuit. 


0 300 600 900 1700 2100 
(b) 


Solution Let us orient the branches of the circuit as in Fig. 5.32(a). There is a total of two 
nodes and three closed paths in the circuit. Thus, in complete analogy with the analysis of 
electric circuits, Kirchhoff’s “current” and “voltage” laws for magnetic circuits, Eqs. (5.94) 
and (5.95), are to be applied to one node (independent node) and two closed paths (inde- 
pendent closed paths), respectively. We choose the node Vj and closed paths C; and C2 in 
Fig. 5.32(a). The corresponding equations are: 


—B,S, + BoS.+ B383=0 — B, =B2+B3, (5.107) 
Mh + Abb = NI, (5.108) 
—Holo + H3h = 0. (5.109) 


Depending on whether the operating points for the individual branches of the circuit belong 
to the linear part or to the saturation part of the magnetization curve in Fig. 5.32(b), we may 
have 

aH; for H; < 900 A/m 


B= , i=1,2,3, (5.110) 
0.9T for H; > 900 A/m 


where the initial permeability of the material is 1a = 0.9/900 H/m = 0.001 H/m. So, there 
exist a total of eight combinations for the magnetization stages of the branches and only one 
of them is true. 

Suppose, first, that none of the magnetizations in the branches is in saturation (B = waH 
in all three branches). Eq. (5.107) then becomes 


Hy, = Wo + A, 46.408 


and the solution of the system with Egs. (5.111), (5.108), and (5.109) is Hy = 1500 A/m, H) = 
1000 A/m, and H3 = 500 A/m. This is contradictory to the assumption of linearity in all three 
branches, since both H; and H> appear to be larger than 900 A/m. We conclude that our 
initial guess is not correct, and the circuit has therefore to be solved again, with another 
assumption, i.e., that some of the branches are in saturation. 

To reduce the number of additional trials (out of remaining seven combinations) to a 
minimum, we note first that the adopted reference directions of the magnetic flux density 
vectors in Fig. 5.32(a) likely reflect the actual flux flow in the branches, meaning that By), 
B>, and B3 are all positive. Eq. (5.107) then tells us that B; must be larger than both B2 
and B3 individually, so it is logical to expect that the branch with the coil would first reach 
saturation (B; = 0.9 T). The other two branches, however, must remain in the linear regime 
(B> = aH and B3 = aH), because By = 0.9 T would imply B3 = 0 and vice versa, which 


| 


| 
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is impossible. With this, Eq. (5.107) becomes 

Hz + H3 = 900 A/m, (5.112) 
and the solution of the new system of three equations is H; = 1700 A/m, H2 = 600 A/m, 
and H3 = 300 A/m. Obviously, these values are consistent with the new assumption made 
about the magnetization stages in the branches, and this is the true solution for the circuit. 
The actual positions of the operating points for the branches on the magnetization curve are 


indicated in Fig. 5.32(b). The remaining two flux densities in the circuit are By = 0.6 T and 
a 0.5 1. 


Scie (eMme Reverse Problem in the Magnetic Circuit Analysis 


For the magnetic circuit shown in Fig. 5.33, = 4 = 20cm, 2 = 4, + 7 = 10cm, lb = 1 mm, 
S; = S3 =1cm?, S2 =2 cm?, and N2J> = 1000 A turns. The core is made from the material 
whose initial magnetization curve can be approximated analytically by the function 

os llesye 

~ 500+ A” 
If the magnetic fiux in the central branch of the circuit is ®2 = 200 4. Wb with respect to the 
downward reference direction, find NjJ;. 


B H>0 (HinA/m; BinT). (8.1.13) 


Solution This is a reverse problem in the magnetic circuit analysis: for a given response 
(magnetic flux in one or more branches of the circuit), find the unknown excitation (one 
or more magnetomotive forces) that produces it. In the analysis of magnetic circuits with 
nonlinear magnetization curves (given either graphically or analytically), reverse problems 
are generally much simpler to solve than direct problems, because in the latter case we have 
to simultaneously solve the full set of equations written in accordance to Kirchhoff’s circuital 
laws together with nonlinear material characteristics for individual parts of the circuit. In 
reverse problems, on the other hand, we start with the given field quantities for one or more 
branches and then applying the circuital and material equations one at a time we solve for 
other field quantities, one by one, and for the required magnetomotive forces. 

With reference to the notation in Fig. 5.33, the flux densities in the ferromagnetic section 
of the second (central) branch of the circuit (Bz) and in the air gap (Bo) are 


ar 
From the magnetization curve, i.e., by solving the magnetization equation, Eq. (5.113), for 
the corresponding field intensity in the material, 


BBs ee (5.114) 


ie Am, (5.115) 


Figure 5.33 Magnetic circuit 
with a nonlinear magnetization 
curve given analytically; for 
Example 5.16. 
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whereas in the gap, 


Hg 2” = 795.8 kKA/m. (5.116) 
0 


Kirchhoff’s “voltage” law for the closed path C? in Fig. 5.33 now yields 
iy N212 — A212 — Holo 


Hy; ; = 521 A/m, (5.113 
3 
with the corresponding flux density in the third branch given by 
1.5H3 


The flux density in the first branch is next obtained using Kirchhoff’s “current” law for the 
node AN; in Fig. 5.33, and from it the associated H value, 


B2S7 — B OB 
Ces B2S2 ~ B383 _ a oasy _, H,= OR Sas kA/m. (5.119) 
Finally, we apply Kirchhoff’s “voltage” law to the closed path C; and obtain the mmf we seek: 
Nit, = Ah + Hoh + Holo = 1362 A turns. (5.120) 


SSEERPAN Demagnetization ina Magnetic Circuit = = 3 


The ferromagnetic core of the circuit shown in Fig. 5.34(a) has the cross-sectional area 
S =1 cm’, mean length / = 20cm, and air-gap thickness J) = 1 mm. The number of wire 
turns of the coil is N = 1000, the resistance of the winding is R = 20 &, and the emf of the 
generator is € = 20 V. The core does not have residual magnetization and the switch K is in 
the off position (open). By turning the switch on, the mmf is applied to the circuit and the 
magnetic flux through it rises following the initial magnetization curve of the material. This 
curve can be considered as linear, as shown in Fig. 5.34(b), where the initial permeability is 
{ta = 0.001 H/m. The magnetic flux density in the core becomes B = Bp in the stationary 
state. The switch is then turned off (opened) and a new stationary state established in the 


initial 
magnetization 


H 


H 


Figure 5.34 Magnetization and 
demagnetization in a magnetic 
circuit with an air gap: (a) 
circuit geometry, (b) idealized 
initial magnetization and 
demagnetization curves of the 
material, (c) magnetic flux 
density and field intensity 
vectors in the circuit, and (d) 
operating points for the circuit 
in two stationary states; for 
Example 5.17. 


Ho 


-H,=~1000 A/m 0] ~~ H,,=1000 A/m 
(d) 
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circuit. The demagnetization curve for the material can be approximated by two straight-line 
segments [Fig. 5.34(b)], where the coercive force is given by H, = Hm. What is the magnetic 
field intensity in the gap in the new state? 


Solution After the switch K is turned on (closed), the current in the winding is [Fig. 5.34(c)] 
I =€/R=1 A, and the relationship between the flux density B and field intensity H in the 
core is the same as in Eq. (5.101). Moreover, as 


B= pH, (52121) 
we obtain [see also Eq. (5.105)] 
[aly ee 
B=NI{—+— =i) (5.122) 
Ha HO 
and this is the maximum value for the flux density, B = By)» = 1 T. Hence, Hm = Bmn/ua = 
1kA/m. 
After the switch K is opened, Eq. (5.101) becomes 
l 
Hi+ B— =0, (5.123) 
Lo 


and this represents the equation of the load line for the magnetic circuit in this state. We 
suppose first that the intersection of this line with the demagnetization curve in Fig. 5.34(b) 
belongs to the horizontal segment of the curve, i.e., that B = By, = 1 T. From Eq. (5.123), 
H = —4kA/m, which is impossible because H < —H, (Hp = Hm = 1 kA/m). We conclude 
thus that the operating point for the circuit belongs to the vertical segment of the demagneti- 
zation curve, as indicated in Fig. 5.34(d). The magnetic field intensity in the core is therefore 
H = —H, = —1kA/m. Eq. (5.123) then gives the corresponding flux density in the core, 
B = 0.25 T. The magnetic field intensity in the gap is Hp = B/po = 200 kKA/m. 


| Example 5.18 | cwatsme Complex Linear Magnetic Circuit 


For the magnetic circuit shown in Fig. 5.35(a), 4) =/2=10cm, 3 =5 cm, Jo = 1 mm, 
N, = 1000, Nz = 500, and J; = Jy = 1 A. The ferromagnetic material from which the core is 
made can be considered as linear, with relative permeability uw; = 1000. The cross-sectional 
area of all parts of the core is S = 1 cm”. Find the magnetic field intensity in the air gap. 


Solution Fig. 5.35(b) shows the equivalent electric circuit for the problem, with reluctances, 
Eq: (5.97), 


PRs = IRs = (5.124) 


I I 
10) Hee — 8 x 10° Ha. 
Hrs LoS 


The figure also shows the adopted loops for the loop analysis of the (electric) circuit. The 
corresponding loop equations are 


(Ry + R3 + Ro) ®1 + Ri O2 = Nh, (5:11.25) 
RiP, + (Ri + R2)O2 = Nyy + Nolo, (5.126) 
and their solution for the flux through the central branch of the circuit 
RaNihh — RiNalo = 
Dy = —— = 2,84 x 107° Wh. Selz7 
' RoR + RoRo + Ri Ro + Ris + RRs ae 
The magnetic field intensity in the gap comes out to be 
® 
Hy = —: = 226 kA/m. (5.128) 
LoS 


Problems: 5.21-5.27;, Conceptual Questions (on Companion Website): 5.18-5.21; 
MATLAB Exercises (on Companion Website). 
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Figure 5.35 Analysis of a 
linear magnetic circuit with 
three branches: (a) circuit 
geometry and (b) equivalent 
electric circuit for loop 
analysis; for Example 5.18. 
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Maxwell’s first equation, 
static field 

Maxwell’s second equation, 
static field 

Maxwell's third equation 
Maxwell’s fourth equation 


5.11 MAXWELL’S EQUATIONS FOR THE TIME-INVARIANT 
ELECTROMAGNETIC FIELD 


Maxwell’s equations for the magnetostatic field, Eqs. (5.70), represent a general 
mathematical model for determining the magnetic field (H) from a distribution of 
steady electric currents (J), which is considered to be known. The distribution of 
currents, however, for the geometry, material properties, and excitation of a given 
structure can be obtained from Eqs. (3.59), which also yield the solution for the 
electric field (E) in the system. In addition, Eqs. (3.60) provide a means for evalu- 
ating the associated distribution of charges (p) in the system from the electric field 
distribution. All these equations together represent a full set of Maxwell’s equations 
that govern both the electric and the magnetic field due to steady electric currents. 
These two fields, moreover, can be considered as components of a more complex 
field — the electromagnetic field — produced by steady currents. The combined field 
is called the time-invariant electromagnetic field, and we summarize here the four 
Maxwell’s equations in differential form for this field: 


(5.129) 


What is very important, the electric and magnetic fields constituting the 
time-invariant electromagnetic field are entirely unrelated and independent 
from each other, and can be analyzed separately, as we have done in Chapters 3 
(electric part) and 5 (magnetic part). This is not the case, however, with the 
time-varying electromagnetic field, as we shall see in the following chapters. Under 
nonstatic conditions, the third and fourth Maxwell’s equations retain the same form 
as in Eqs. (5.129), whereas the first two equations have additional terms on the 
right-hand side of equations, which are responsible for the coupling between the 
electric and magnetic fields that change in time. In chapters that follow, the electric 
and magnetic fields will always be treated together, as related integral parts of the 
time-varying electromagnetic field. 


Example 5.19 Continuity Equation from Ampére’s law vt 


Starting from Maxwell’s second differential equation for the time-invariant electromagnetic 
field derive the corresponding form of the continuity equation. 


Solution Let us take the divergence of both sides of the differential form of Maxwell's 
second equation (generalized Ampére’s law) for static fields, in Eqs. (5.129): 


VAY x B= Vv a (S130) 


The second-order vector derivative on the left-hand side of this equation is equal to zero for 
any vector field,” so the right-hand side of the equation must be zero as well, V - J = 0, and 


2The divergence of the curl of an arbitrary vector function (A) is always zero, or, in terms of the del 


operator, V-(VxA)=0. 


This is obvious if A is the magnetic vector potential, because then B = V x A [Eq. (4.116)] and V-B =0 
[Eq. (4.103)]. To prove it for A representing any vector ficld, however, we apply formally the identity 


a-(bxc)=(axb)-c 


pase | 


Problems 


this is exactly the differential form of the continuity equation under the static assumption, 
Eq. (3.41). We see now that Eq. (3.41) is actually included implicitly in the set of Maxwell’s 
equations in Eqs. (5.129). 


Problems: 5.28, MATLAB Exercises (on Companion Website). 


Problems 


5.1. Nonuniformly magnetized parallelepiped. A 


re. 


5.5 


5.4. 


rectangular ferromagnetic parallelepiped is sit- 
uated in air in the first octant of the Cartesian 
coordinate system (x, y,z > 0), with one ver- 
tex at the coordinate origin, and the edges, of 
lengths a, b, and c, parallel to coordinate axes x, 
y, and z, respectively. The magnetization vector 
in the parallelepiped is given by M(, y, z) = 
Mo[sin(y/b) x + sin(@z/c)¥ + sin(zx/a)7z], 
where Mo is a constant. Compute (a) the 
volume magnetization current density vector 
in the parallelepiped and (b) the surface mag- 
netization current density vector over its sides. 


Hollow cylindrical bar magnet. A hollow cylin- 
drical bar magnet of radii a and b (a < b), and 
length /, is permanently magnetized with a uni- 
form magnetization and situated in air. The 
magnetization vector, of magnitude M, is par- 
allel to the bar axis. Find (a) the distribution 
of magnetization currents of the magnet and 
(b) the magnetic flux density vector along the 
axis. 


Uniformly magnetized square ferromagnetic 
plate. A uniformly magnetized square ferro- 
magnetic plate of side length a and thick- 
ness d (d <a) is situated in air. With refer- 
ence to the coordinate system in Fig. 5.36, the 
magnetization vector in the plate is given by 
M= Moz, where Mo is a constant. Determine 
the magnetic flux density vector at an arbitrary 
point along the z-axis. 


Magnetization parallel to plate faces. Consider 
the square ferromagnetic plate in Fig. 5.36, and 


3.5. 


5.6. 


Figure 5.36 
Uniformly 
magnetized square 
ferromagnetic 
plate; for 

Problem 5.3. 


assume that the magnetization vector is M = 
Moy (Mo = const). Neglecting end effects, find 
the magnetic flux density vector at the plate 
center (point O). 


Nonuniformly magnetized ferromagnetic disk. 
A thin ferromagnetic disk of radius a and thick- 
ness d (d <a) in air has a nonuniform mag- 
netization, given by M = Mo(r/a)* z (Fig. 5.37), 
where Mp is a constant. Calculate (a) the dis- 
tribution of magnetization currents of the disk 
and (b) the magnetic flux density vector along 
the z-axis. 


Figure 5.37 
Nonuniformly 
magnetized thin 
ferromagnetic 
disk; for 
Problem 5.5. 


Infinite cylinder with circular magnetization. 
An infinitely long ferromagnetic cylinder of 
radius a in air has a nonuniform magnetization. 


(in a scalar triple product, the cyclic permutation of the order of the three vectors does not change the 
Tesult) to the scalar triple product V - (V x A), and obtain 


V-(VxA)=(VxV)-A=0 


(cross product of a vector with itself is always zero). Alternatively, the divergence, using Eq. (1.167), of 
the expression for the curl (of any vector) in the Cartesian coordinate system in Eq. (4.81) turns out to 
be zero. 
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In a cylindrical coordinate system whose z-axis 
coincides with the cylinder axis, M = Mo(r/a)o 
(0 <r <a), where Mo is a constant. Find (a) 
the volume magnetization current density vec- 
tor in the cylinder, (b) the surface magneti- 
zation current density vector on the cylinder 
surface, (c) the magnetic flux density vector in 
the cylinder, and (d) the magnetic flux density 
vector outside the cylinder. 


Magnetic field intensity vector. Find the mag- 
netic field intensity vector, H, (a) along the 
axis of the magnetized disk from Example 5.2, 
(b) at the center of the cylindrical bar magnet 
from Example 5.3, and (c) inside and outside 
the nonuniformly magnetized infinitely long 
cylinder from Example 5.4. 


. Total (conduction plus magnetization) current 


density. The magnetic flux density vector, B, 
in a ferromagnetic material is a known func- 
tion of spatial coordinates. (a) Prove that 
the total (conduction plus magnetization) vol- 
ume current density in the material, Jiot = 
J+Jm, can be obtained as Jiot = V x B/L0. 
(b) Specifically, compute Jiot for B given as 
the following function of Cartesian coordi- 
nates: B(x, y,z) = {[(2x + z)/y71& + (2/y) 9 + 
(x + 2y)z} T (x, y, zinm). 

Constant flux density vector in a magnetic 
region. In a certain magnetic region, the 
magnetic flux density vector does not vary with 
spatial coordinates. The conduction volume 
current density vector is J. Find the magneti- 
zation volume current density vector, Jm. 


. Closed path in a uniform field. Considering an 


arbitrary contour in a magnetic field with no 
spatial variation of the magnetic flux density 
vector (B =const), in a current-free (Jtot = 
0) region, prove the following vector identity: 
fe dl =0. 

Circulation of the magnetic flux density vector. 
The magnetization vector, M, and conduction 
current density vector, J, are known at every 
point of a magnetic body. Find the expression 
for the circulation of the magnetic flux density 
vector along a closed path C situated entirely 
inside the body. 

Total magnetization and conduction current. 
Consider an imaginary closed path C inside 
a homogeneous magnetic material of relative 


S13: 


5.14 


5.13: 


5.16. 


Se. 


permeability u,. The total conduction current 
enclosed by C is Jc. What is the total magneti- 
zation current /mc enclosed by C? 


Thin toroidal coil with a linear ferromagnetic 
core. A coil with N turns of wire is wound 
uniformly and densely over a thin toroidal 
ferromagnetic core of permeability w. If a 
steady current of intensity / is established in 
the coil, find the circulation of (a) the mag- 
netic field intensity vector, (b) the magnetic 
flux density vector, and (c) the magnetization 
vector through the core, along its mean length. 


Solenoidal coil with a linear ferromagnetic 
core. There is a uniform and dense solenoidal 
winding wound over a very long cylindrical fer- 
romagnetic core of permeability w. The num- 
ber of wire turns per unit length of the core 
is N’. A steady current of intensity J flows 
through the winding. Determine (a) the mag- 
netic field intensity vector, (b) the magnetic 
flux density vector, (c) the magnetization vec- 
tor, and (d) the volume magnetization current 
density vector in the core, as well as (e) the sur- 
face magnetization current density vector over 
the surface of the core. 


Ferromagnetic cylinder with a conduction cur- 
rent. A very long ferromagnetic cylinder of 
radius a and relative permeability i; is situated 
in air. There is a uniform conduction current of 
density J flowing along the cylinder. Find the 
distribution of (a) the magnetic field intensity 
vector, (b) the magnetic flux density vector, and 
(c) the magnetization vector inside and outside 
the cylinder, as well as (d) the distribution of 
magnetization currents of the cylinder. 


Magnetic-magnetic boundary conditions. 
Assume that the plane z = 0 separates medium 
1 (z > 0) and medium 2 (z <0), with rela- 
tive permeabilities us; = 600 and py = 250, 
respectively. The magnetic field intensity vector 
in medium | near the boundary (for z = 07) is 
H, = (5x —3y+2z) A/m. Calculate the mag- 
netic field intensity vector in medium 2 near the 
boundary (for z = 07), Hb, if (a) no conduc- 
tion current exists on the boundary (J; = 0) 
and (b) there is a surface current of density 
Js =3y A/m on the boundary. 

Force on a conductor above an infinite PMC 
corner. Two PMC (yu; —> oo) half-planes are 
connected together at an angle of 90° with 


respect to each other, as shown in Fig. 5.38. 
A very long and thin wire in air runs parallel 
to the half-planes, at a distance h from each 
of them. If a steady current of intensity J is 
established in the wire, find the per-unit-length 
magnetic force on it. 


Figure 5.38 Cross 
section of a system 
consisting of a 
current-carrying wire 
and an infinitely large 
90° PMC corner; for 
Problem 5.17. 


My co 


5.18. Uniformly magnetized hollow disk on a PMC 
plane. A uniformly magnetized hollow ferro- 
magnetic disk surrounded by air is lying on a 
PMC plane. The magnetization vector is M, and 
it is normal to the plane, as shown in Fig. 5.39. 
The disk radii are a and b, and thickness is 
d (d <a, b). Obtain the magnetic flux density 
vector along the z-axis for z > 0. 


Mr> co 


Figure 5.39 Hollow ferromagnetic disk with a uniform 
magnetization lying on a PMC plane; for Problem 5.18. 


5.19. Magnetized cylinder between two PMC planes. 
A ferromagnetic cylinder of radius a and height 
h is placed between two parallel PMC planes, 
as portrayed in Fig. 5.40. The medium around 
the cylinder is air. The cylinder is uniformly 
magnetized throughout its volume, with the 
magnetization vector given as M = Moz, where 
Mo is a constant. Find the magnetic flux density 
vector in the space between the PMC planes, 
both inside and outside the cylinder. 


5.20. Magnetic flux through a thick toroid. Repeat 
Example 5.12 but for the piece-wise linear 
approximation of the initial magnetization 
curve of the core material given in Fig. 5.30(b). 


Sk. 
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Figure 5.40 
Uniformly 
magnetized cylinder 
between two 
parallel PMC planes; 
for Problem 5.19. 


Simple nonlinear magnetic circuit. Fig. 5.41 
shows a magnetic circuit consisting of a 
thin magnetic core of length / = 40cm and 
cross-sectional area S = 2.25 cm? and an air 
gap of thickness /) = 0.25 mm. The winding has 
N = 800 turns of wire with a steady current 
of intensity J =1 A. The core is made from 
a nonlinear ferromagnetic material whose ini- 
tial magnetization curve can be linearized in 
parts as in Fig. 5.27(b). Find the magnetic field 
intensities in the core and in the air gap. 


S 


Figure 5.41 Simple nonlinear magnetic circuit 
with an air gap; for Problem 5.21. 


Complex nonlinear magnetic circuit. 
Dimensions of the magnetic circuit shown in 
Fig. 5.42(a) are 4, = 3 = 2/2 = 20 cm and §; = 
Sy = S3 =2 cm’. The magnetomotive forces in 
the circuit are N,J; = 100 ampere-turns and 
N Ip = 300 ampere-turns. The idealized initial 
magnetization curve of the core is shown in 
Fig. 5.42(b). Compute the magnetic flux den- 
sities and field intensities in each of the three 
branches of the circuit. 

Magnetic circuit with a zero flux in one 


branch. Referring to the magnetic circuit in 
Bigmo-42(a), lett) = i; — 30'cm, 5 = 10 cm, 
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Figure 5.42 Nonlinear magnetic circuit with 
three branches and two mmf's: (a) circuit 
geometry and (b) idealized initial 
magnetization curve of the material; for 
Problem 5.22. 


S; =S3=10cm?, S,;=20cm?, N; = 1500, 
and N2 = 1000. Let the idealized initial magne- 
tization curve of the core be that in Fig. 5.27(b). 
If the current of the winding in the second 
branch of the circuit is J) = 0.5 A, find the 
current /; of the winding in the first branch 
such that the magnetic flux in that branch is 
zero. 


Nonlinear magnetic circuit with two air gaps. 
For the magnetic circuit shown in Fig. 5.43, /; = 
B= =), — 12 en — emig — ommm, 
and N,/; = 1100 Aturns. The cross-sectional 
area of each of the branches is S = 2.5 cm’. The 
initial magnetization curve of the core can be 
approximately represented as in Fig. 5.27(b). 
Determine the mmf N 2/, of the second coil 
such that the magnetic flux through that coil is 
zero. 


3.25. 


Ducts 


Figure 5.43 Nonlinear magnetic circuit with 
three branches, two air gaps, and two mmf’s; for 
Problem 5.24. 


Reverse problem with a nonlinear magnetic cir- 
cuit. Refer to the magnetic circuit shown in 
Fig. 5.43 and described in the previous prob- 
lem, and assume that the core is made out from 
the material whose initial magnetization curve 
can be approximated analytically by the func- 
tion B = arctan(H//250) T (H in A/m), H > 0. 
Under these circumstances, find the mmf N>/> 
in the third branch such that the magnetic flux 
through the first branch (branch with the given 
mmf N,/,) is ®; = 125 ~ Wb with respect to the 
upward reference direction. 


Remanent flux in a circuit with zero mmf. 
Repeat Example 5.17 but for /=50cm and 
lo = 0.5 mm. 


Linear magnetic circuit with three branches. 
Assuming that the ferromagnetic material out 
of which the core of the magnetic circuit from 
Problem 5.24 is made can be considered as 
linear, with relative permeability 4, = 1000, 
and that NJ, = 500 A turns, (a) find the reluc- 
tances of the individual parts of the core and 
the air gaps and generate an equivalent elec- 
tric circuit for the problem. (b) By solving the 
electric circuit in (a), find the magnetic field 
intensities in each of the air gaps. 


. Continuity equation from Ampére’s law in 


integral form. Starting from Maxwell’s second 
equation in integral form for the time-invariant 
electromagnetic field, derive the time-invariant 
integral form of the continuity equation. 


Slowly Time-Varying 


Electromagnetic Field 


Introduction: 


VU 7 e now introduce time variation of electric 

and magnetic fields into our electromagnetic 
model. The new field is the time-varying electro- 
magnetic field, which is caused by time-varying 
charges and currents. In the new model, all the 
quantities, in general, change in both space and 
time. As opposed to static fields, the electric and 
magnetic fields constituting the time-varying elec- 
tromagnetic field are coupled to each other and 
cannot be analyzed separately. Namely, a mag- 
netic field that changes in time produces (induces) 
an electric field and thus an electric current, and 
this phenomenon is known as electromagnetic 
induction. Additionally, a changing electric field 
induces a magnetic field. As we shall see in a 
later chapter, this mutual induction of time-varying 
electric and magnetic fields is the basis of time 
retardation in electromagnetic systems (lagging in 
time of time-varying electric and magnetic fields 
behind their sources), and as such of propagation 


of electromagnetic waves and of electromagnetic 
radiation. 

The time-retardation concept is one of the most 
important phenomena in electromagnetics. It basi- 
cally tells us that there is a time lag between a 
change of the field sources, i., of time-varying 
charges and currents, and the associated change of 
the fields, so that the values of field intensities at 
a distance from the sources depend on the values 
of charge and current densities at an earlier time. 
In other words, it takes some time for the effect 
of a change of charges and currents to be “felt” 
at distant field points. The time lag equals the time 
needed for electromagnetic disturbances to propa- 
gate over the corresponding distance. We shall see 
in a later chapter that the velocity of propagation 
of electromagnetic disturbances in a vacuum or air 
(free space) equals cp = 3 x 108 m/s (speed of light 
and other electromagnetic waves in free space). 
Hence, the time lag in free space is t = R/cg, where 
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R is the distance between the source and field 
(observation) points. 

If the time t for all combinations of source and 
field points in a domain of interest is much shorter 
than the time of change of the sources [e.g., the 
period of change of time-harmonic (steady-state 
sinusoidal) charges and currents, 7 = 1/f, where 
f is the frequency of the sources], the retardation 
effect in the system can be neglected. With D des- 
ignating the maximum dimension of the domain of 
interest (containing all sources and all field points 
of interest for the analysis), which most often is the 
entire system under consideration, so that R < D, 
and t the corresponding (maximum) time lag in the 
domain, we thus have t = D/cyp « T = 1/f as the 
condition under which the retardation is insignifi- 
cant. This means that the system size and the rate of 
change of charges and currents are such that elec- 
tromagnetic disturbances propagate over the entire 
system (or the useful part of the system) before 
the sources have changed significantly. We refer to 
such charges and currents as slowly time-varying 
sources and the corresponding electromagnetic 
fields as slowly time-varying fields, indicating that 
the rate of their change in time is slow when com- 
pared to the velocity of travel of electromagnetic 
disturbances (waves). In time-harmonic electro- 
magnetics, a slow time variation corresponds to the 
low frequency, and the field model in which the time 
retardation is negligible is called accordingly the 
low-frequency electromagnetic field. On the other 
side, the rapidly time-varying (e.g., high-frequency 
time-harmonic) field cannot be analyzed without 
taking into account the travel time of electromag- 
netic disturbances from one point in the system to 
another. In this chapter (and the following one), we 
restrict Our attention to slow time variations and 
low frequencies of sources and fields. 

The slowly time-varying (low-frequency) elec- 
tromagnetic field has many formal similarities with 
the time-invariant (static) electromagnetic field. 
This is why it is also called the quasistatic elec- 
tromagnetic field. In addition to all the quanti- 
ties being now time-dependent, the only essentially 


new feature of the quasistatic electromagnetic field 
that is not present under the static assumption 
is electromagnetic induction, and the fundamen- 
tal governing law of electromagnetics describing 
this new phenomenon is Faraday’s law of electro- 
magnetic induction. However, this law is proba- 
bly the most important basic experimental fact of 
electromagnetics. It is the underpinning of all of 
the dynamic-field practical applications, from elec- 
tric motors and generators, through propagation 
of electromagnetic waves, to antennas and wireless 
communication. 

We shall start the study of the slowly time- 
varying electromagnetic field by introducing the 
induced electric field intensity vector due to a single 
point charge in accelerated motion as an experi- 
mental postulate, and then generalize this concept 
to the evaluation of the induced electric field inten- 
sity vector due to any spatial distribution of slowly 
time-varying currents. The Coulomb electric field 
component due to time-varying excess charge in 
the system, with the same form as in electrostatics, 
will be discussed and added to the field equations. 
The concept of the induced electromotive force 
will be introduced and Faraday’s law of electro- 
magnetic induction derived using the magnetic 
vector potential. The full set of Maxwell’s equa- 
tions for the slowly time-varying electromagnetic 
field will be completed, along with the associated 
version of the continuity equation. In parallel, the 
induced electric field due to motion of conductors 
in static magnetic fields will be introduced as an 
impressed electric field and discussed in the con- 
text of Faraday’s law of electromagnetic induction. 
All new concepts and equations will be applied 
to the analysis of a whole variety of quasistatic 
electromagnetic systems. Examples will include sys- 
tems based on transformer induction (stationary 
conductors in changing magnetic fields) and those 
involving motional induction (moving conductors 
in static magnetic fields), as well as structures in 
which both types of electromagnetic induction are 
present at the same time (moving conductors in 
changing magnetic fields). 


6.1 INDUCED ELECTRIC FIELD INTENSITY VECTOR 


We know from Chapter | that a point charge Q in free space is a source of an electric 
field, predicted by Coulomb’s law and described by Eq. (1.24). On the other side, 
the Biot-Savart law (Chapter 4) tells us that there will also be a magnetic field, given 
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by Eq. (4.4), if this charge moves with some velocity v in space. We now introduce 
a third field, which will exist in the space around the charge whenever the velocity 
v changes in time, i.e., whenever the acceleration (or deceleration) a= dv/dt of the 
charge is not zero. This new field is an electric field in its nature. It is called the 
induced electric field and its intensity vector is given by 


(6.1) 


which is an experimental result as well. Of course, the unit for Ejng is V/m. This is 
a time-varying field, that is, Eing is a function of time. Comparing Eqs. (6.1) and 
(4.107), we conclude that the induced electric field intensity vector at any instant 
of time and any point of space is actually equal to the negative of the time rate of 
change of the magnetic vector potential, A, at that point,’ 


Eina(@) = io (6.2) 
Combining then this temporal differential relationship between A and Ejna with 
the spatial integral relationship between the current density vector, J, and A in 
Eq. (4.108), we obtain the following integral (more precisely, integro-differential) 
expression for the induced electric field intensity vector due to an arbitrary volume 
current distribution: 


rey. 2 a7 = fom 
rt 7) kG 47), R 


(6.3) 


Here, the time derivative operator can be moved inside the integral sign and applied 
directly to the current density vector because the differentiation with respect to time 
and spatial integration over the volume v are entirely independent operations and 
can be performed in an arbitrary order. Similarly, Eqs. (4.109) and (4.110) yield the 
corresponding expressions for a surface current of density J; and line current of 
intensity i: 

Ko [ (05s/dt) dS 


E; t) = —— ———— 6.4 
ind (t) res P R > ( ) 


di/dt) dl 
Eina() = a= eee (6.5) 


We conclude from Eqs. (6.3)—-(6.5) that an induced electric field will exist in a system 
whenever time-varying electric currents (representing accelerated or decelerated 
motion of electric charges) exist in the conductors. Such currents are said to induce 


1 While using the notation Ejng(f) for the induced electric field vector to emphasize its time dependence, 
and similarly designating other time-varying field quantities (field intensity vectors, flux density vectors, 
potentials, charge and current densities, etc.) that will be introduced in this chapter, we always keep 
in mind that all these quantities, in general, are functions of spatial coordinates as well, e.g., Eing = 
Ejna (x, Y31Z, b). 


2When dealing with time-varying spatially distributed quantities, we use the partial derivative with 
respect to time (e.g., dA/dt) rather than the ordinary (total) derivative (dA/dt) to emphasize their 
multivariable character. 


3s mentioned in Chapter 3, for circuit-theory quantities (e.g., current intensity and voltage) that vary 
in time, we use lowercase notation (e.g., i and v) to distinguish it from the same quantities in the time- 
constant (dc) regime, which are capitalized (/ and V). 


point charge in an 
accelerated motion 


induced electric field intensity 
vector (unit: V/m) 


Ejna due to volume current 


Ejng due to surface current 


Ejng due to line current 
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Figure 6.1 Evaluation of the 
induced electric field due 

to a finite straight wire 
conductor with a slowly 
time-varying current; for 
Example 6.1. 


Eina — finite straight wire 
conductor 


the field. On the other side, it will be zero at all instants of time when J, J,, and / are 
constants with respect to time (time-invariant currents) at all points of the system. 

Eqs. (6.3)-(6.5) represent a general means for evaluating (analytically or 
numerically) the electric field due to any spatial distribution of slowly time-varying 
currents in free space. In a later chapter, we shall introduce certain corrections 
in these expressions to extend their validity to rapidly time-varying current dis- 
tributions. Essentially, these corrections introduce wave propagation effects in the 
computation of fields due to rapidly time-varying currents. 


Example 6.1 Induced Electric Field of a Straight Wire Conductor 


Find the expression for the electric field intensity vector at an arbitrary point in space induced 
by a slowly time-varying current i(f) in a straight segment of length / representing a part of a 
wire structure in air. 


Solution We use the integral expression in Eq. (6.5) and refer to Fig. 6.1. Let P’ and P 
denote, respectively, a source point along the segment and a field point positioned arbitrarily 
in space. The coordinate defining the position of the point P’ is x, xj < x < x2, where x; 
and x2 (x2 —x; =/) are the coordinates of the starting and ending point of the segment, 
respectively. Note that both x; and x2 can be either positive or negative, as well as zero, 
depending on the actual position of the point P with respect to the segment. Finally, let d 
mark the perpendicular distance of the point P from the segment. As R = /x* +d? and 
di = dxx (Fig. 6.1), the induced electric field intensity vector at the point P is given by 


Lo di f dl Lo di 


"i io) 


x2 dx 
Eind = =—-——— xX / —=_—— 
4n dt Jx, S24 @ 
where di/dt can be brought outside the integral sign because the current intensity i() does 
not change along the wire (given that the current is slowly time-varying).* The solution of 
this integral? is 


(6.7) 


We note that the expression in Eq. (6.7) can be combined for computing the induced 
electric field due to structures containing any number of straight wire segments with a slowly 
time-varying current. 


Example 6.2 Induced Electric Field of an EMI Source (Square Contour) 


A source of electromagnetic interference (EMI) can be approximated by a square current 
contour of side length a = 5 cm in free space, as shown in Fig. 6.2(a). The contour carries a 
current whose intensity, i(f), is a pulse function shown in Fig. 6.2(b). Compute the induced 
electric field intensity vector at the point M. 


Solution We note that the time needed for electromagnetic disturbances to propagate over 
the domain of interest (from source points at the contour to the field point M) in Fig. 6.2(a) 
is on the order of t = a/co = 0.167 ns (co = 3 x 108 m/s). Since this time is much shorter 


4 As we shall see in a later chapter, the intensity of a rapidly time-varying current in a wire conductor, in 
general, changes along the conductor. 


SNote that f dx//x2 +d? = In (x + fx? + a) + C (C being the integration constant), which can be | 


easily verified by differentiation. 
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than the time of change (rise or fall) of the current intensity i(¢) in Fig. 6.2(b), At = 5 ns, the 
current can be considered as slowly time-varying and the system as quasistatic. 
By means of the superposition principle, the total induced electric field intensity vector 
is given by [Fig. 6.2(c)] 
Eing = Eina1 + Eing2 + Eina3 + Einaa, (6.8) 


where the field intensity vectors due to individual sides of the contour, Ejngi, ..., Einaa, are 
obtained from Eq. (6.7). Due to mutual antisymmetry of the second and fourth current seg- 
ments with respect to the point M, Eing2 = —Ejna4. The distances d in the expressions for 
computing Eing; and Ejng3 equal a/2 and 3a/2, respectively, whereas x, = —a/2 and x2 = a/2 
are the same in both expressions. Hence, the resultant Ejng at the point M comes out to be 


uo di 14+ 72 ONNATON 
Ee Bee la = In — 8 
~ 1.11 x 10-7! ¢ V/m_ (di/dt in Als). (6.9) 


dt 


From Fig. 6.2(b), di/dt is nonzero only during the rise and fall intervals of 
the current pulse, when di/dt = Ai/At = +15 A/(5 ns) = +3 x 10° A/s, which yields 
Eing = 333 V/m. The function Ejnq(t) is plotted in Fig. 6.2(d). We see that very strong 
pulses of the induced electric field in the form of “spikes” are generated in the vicinity of 
the contour. This field thus may cause a very strong undesirable interference (EMI) into the 
operation of neighboring circuits in the system. 


Selva eme induced Electric Field of a Circular Wire Segment (Arc) 


Consider a wire conductor in the form of an arc representing a part of a wire contour with 
a slowly time-varying current of intensity i(¢) in free space. The arc is defined by its radius 
a and angle a, as shown in Fig. 6.3(a). Find the expression for the induced electric field 
intensity vector at the arc center (point O) due to this current conductor. 


Solution Since the distance of the field point from the source point in this case is always 
the same, R = a [see Fig. 6.3(a)], we can bring it outside the integral sign in Eq. (6.5), which 


Figure 6.2 Evaluation of the 
a induced electric field near a 
square current contour: 
(a) geometry of the problem, 
| t(ns]__(b) contour current intensity 
as a function of time, (c) field 
intensity vectors due to 
; | individual sides of the contour, 
333 LI and (d) resultant field intensity 
as a function of time; for 
(d) Example 6.2. 
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dl 
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Figure 6.3 (a) Electric field 
induced by a slowly time- 
varying current along a circular 
wire segment and (b) appli- 
cation of the head-to-tail rule 
for vector addition to solve the 
integral of dl along the 
segment; for Example 6.3. (b) 
leads to : 
so di 
Ejng = ——— dl, 6.10 
ind Arca dt ik ome 


where M and N are the starting and ending points of the conductor, respectively. Using the 
head-to-tail rule for vector addition, we observe from Fig. 6.3(b) that 


N — 
/ dl =MN (6.11) 
M 

(note that this result holds true not only for a path in the form of an arc but for an arbitrarily 
shaped path, planar or nonplanar, between points M and N). Finally, as the distance between 
points M and N equals MN = 2asin(a/2), 


(6.12) 


Eing — circular wire segment 


SeTile(aee me Current Contour of Complex Shape 


Consider the contour consisting of two semicircular and two linear parts in Fig. 1.51, and 
assume that it carries a time-harmonic current of intensity i(t) = cos(9 x 10°r) A (tins) with 
respect to the clockwise reference direction, as well as that a = 10 cm and b = 20 cm. Under 
these circumstances, determine the induced electric field intensity vector at the contour 
center (point O). 


Solution Since the period of change of the current intensity i(f), T=27/w =0.7 us 
(where w=9x 10° rad/s is the angular frequency), is much longer than the time 
t = b/cg = 0.667 ns needed for electromagnetic disturbances to propagate from source 
points at the larger semicircle to the field point O in Fig. 1.51, the time-harmonic current 
in the contour can be considered as a low-frequency (slowly time-varying) current. 

Referring to Fig. 6.4 and employing the superposition principle, the resultant induced 
electric field intensity vector is given by Eq. (6.8). From Eq. (6.12), 


Dr 8 oe? Mo di . ig di Ho dil 
a eee aie > fo ~ (2 (eae 
Pind = Seay Pla aa IS cl on df 
that is, Eingi + Eing3 = 0. From Eq. (6.7), on the other hand, 
. 2) . 
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Section 6.2 Slowly Time-Varying Electric and Magnetic Fields 


Figure 6.4 Evaluation of the 
induced electric field due to 
a current contour with two 
semicircular and two linear 
parts; for Example 6.4. 


Due to symmetry, Eing4 = Ejnaz, so that the total Eing equals 


Deg = Zap = fe In 2 x = 1.25sin(9 x 10°) x V/m (tins). (6.15) 


Problems: 6.1-6.9; Conceptual Questions (on Companion Website): 6.1-6.8; 
MATLAB Exercises (on Companion Website). 


6.2 SLOWLY TIME-VARYING ELECTRIC AND MAGNETIC 
FIELDS 


The slowly time-varying electric field, in general, is composed of two components: 
the induced electric field, given by Eqs. (6.3)-(6.5), and the Coulomb electric 
field — the field due to excess charge, which we denote here as Ey. The total electric 
field intensity vector is thus 
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| E(t) = Eina(t) + Eq (.| (6.16) _ total electric field = induced 


plus Coulomb fields 
The Coulomb field component has the same form as in electrostatics, given by 


Eqs. (1.37)-(1.39), however, the charge densities are now time-dependent. For 
instance, the field due to excess volume charge in free space is obtained as 


Ps i p(t) dv ~ 
E,() = roma R2 R. (6.17) 


Equivalently, 


E,() = —VV@), (6.18) electric field due to excess 


charge 
where the electric scalar potential is expressed as 


V0 = : i a (6.19) slowly time-varying electric 
Vv 


Ar €9 potential 


[see Eqs. (1.101) and (1.82)]. 
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slowly time-varying magnetic 
field 


slowly time-varying magnetic 
potential 


As the spatial distribution of the field E,(‘) has all the properties of the 
electrostatic field, we can write 


§ E,(0) di =0 (6.20) 
Cc 


{Eq. (1.75)] or 
V x Eg(t) =0 (6.21) 


[Eq. (4.92)], which are the mathematical expressions of the conservative character 
of the field E,(1). In accordance to Eqs. (1.88) and (1.90), the time-varying potential 
difference (voltage) between points M and N in space is given by 


N 
VMN (t) = Vu() — Vn() = i E,() - di. (6.22) 


The field due to excess time-varying charge also obeys Gauss’ law. In differen- 
tial notation [Eq. (1.166)], 


t 
V E,@ = (6.23) 
€ 
However, a combination of Eqs. (6.2) and (4.119) leads to 
JA fC) 
V-Eing = —V- (| — |] = -——(V-A) =O, 6.24 
ind ( ar ) at ( ) ( ) 


where the time derivative operator can be brought outside the divergence opera- 
tor (which implies spatial differentiation) because these two operations are entirely 
independent from one another and can be performed in an arbitrary order. Hence, 
the divergence of the vector E(z) in Eq. (6.16) equals 


V-E() =V- Ejna() + V- Eg(t) = “ (6.25) 
which means that Gauss’ law holds for the total electric field as well. 

In the case of dielectric materials in the time-varying electric field, the polar- 
ization vector [Eq. (2.7)] and bound charge densities [Eqs. (2.19) and (2.23)] in 
the material are time-dependent. The generalized Gauss’ law in integral form, 
Eq. (2.44), is written as 


f Di -dS§ = [ow dv, (6.26) 
S v 


where D(z) is the total electric flux density vector in the material, given by 
Eqs. (2.41) and (2.47) with E representing the total electric field intensity vector. 

On the other side, the slowly time-varying magnetic field has the same form as 
the magnetostatic field. The magnetic flux density vector in free space can thus be 
obtained using the time-varying version of Eqs. (4.7)-(4.9). For instance, the field 
due to a volume current distribution in free space is given by 


_ no f (sd) xR 
BO) = il ce (6.27) 


The field B(r) can also be obtained indirectly, via the magnetic vector potential, as 


[Eq. (4.116)] 
B(t) = V x A(t), (6.28) 


Ko f J(t)dv 
= 29 
A(t) = 4 i R (6.29) 


where 


with analogous expressions for surface and line currents. 


Section 6.3 Faraday’s Law of Electromagnetic Induction 


In magnetic materials, the magnetization vector [Eq. (5.1)] and magnetization 
current densities (Eqs. (5.28) and (5.32)| are now time-dependent. The integral form 
of the generalized Ampére’s law, Eq. (5.51), can be rewritten as 


§ H(t) - dl = [so -dS, (6.30) 
€ S 
and that of the law of conservation of magnetic flux, Eq. (4.99), as 
$ Bw) - 48 =0, (6.31) 
Ss 


Problems: 6.10. 


6.3 FARADAY’S LAW OF ELECTROMAGNETIC INDUCTION 


We now introduce Faraday’s law of electromagnetic induction, as the most impor- 
tant governing law of the slowly time-varying electromagnetic field and the explicit 
relation between the electric and magnetic fields that change in time. Following 
Oersted’s discovery in 1820 that electric currents produced magnetic fields, Michael 
Faraday was convinced that the reverse was also possible — that a magnetic field 
could produce an electric current. In 1831, Faraday set up an apparatus consist- 
ing of an iron toroidal core (ring), like the one in Fig. 5.19, with two coils wound 
on it. The primary coil was connected through a switch to a battery (voltaic cell) 
and the secondary coil was short-circuited by a wire running above a compass, as 
sketched in Fig. 6.5. Thus, any electric current in the secondary coil would, by means 
of its magnetic field, deflect the compass needle. Upon closing the switch, Faraday 
observed a momentary deflection of the needle, indicating a brief surge of current 
induced in the secondary coil. The same happened when the switch was opened, 
terminating the current in the primary coil, but the needle deflection was opposite 
in polarity with respect to the previous one. In steady states, however, i.e., once 
the current in the primary coil reached its final value (equal to the battery voltage 
divided by the resistance of the primary circuit or to zero), there was no current in 
the secondary coil and the compass needle was at its zero position. Faraday real- 
ized that a current was produced (induced) in the secondary coil by a changing 
magnetic field in the iron core (the field was changed from zero to a final steady 
value, corresponding to a steady current intensity established in the primary circuit, 
and then back to zero when the current was terminated). This extraordinary dis- 
covery led to the formulation of the law of electromagnetic induction, named after 
Faraday. 

The mathematical statement of Faraday’s law of electromagnetic induction 
describes the time variation of the magnetic flux through an arbitrary contour as 


rm compass 


beneath — Figure 6.5 Sketch of the 

the wire —_ apparatus used in Faraday’s 
1831 experiment that led 
to the discovery of 
electromagnetic induction. 
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HISTORICAL ASIDE 


Michael Faraday (1791- 
1867), an English phy- 
sicist and chemist, self- 
educated from books he 
was binding to earn a liv- 
ing, became a member 
of the Royal Society at 
age 34. He was mostly 
unfamiliar with mathe- 
matics, but at the same 
time he was an enor- 
mously gifted experimen- 
talist and imaginative thinker, and certainly one 
of the greatest scientists ever. Upon a recom- 
mendation by Sir Humphry Davy (1778-1829), 
the discoverer of six chemical elements, Faraday 
was appointed Chemical Assistant at the Royal 
Institution on March 1, 1813. After repeat- 
ing Oersted’s (1777-1851) 1820 experiment, he 
demonstrated in September of 1821 that the mag- 
netic field around a straight wire with an elec- 
tric current was circular, and, in the same set 
of experiments, went a large step further — by 
making a current-carrying wire suspended above 
a permanent magnet circle around the magnet, 
he invented the first electric motor. Generalizing 
from the patterns formed by iron filings around 
magnets, he introduced the concept of electric 
and magnetic field lines (he called them lines of 
force) as a new approach to studying electricity 
and magnetism. Faraday was elected to the Royal 
Society in 1824 and was made Director of the 
Laboratory at the Royal Institution in 1825. In 
1826, he started Christmas Lectures for children 
at the Institution, which not only continue, but 
are now televised to giant audiences all over the 
world. In his famous August 29, 1831 experiment, 
he wound two coils of wire on the same iron ring 
(see Fig. 6.5) and discovered that a current in 
one coil if changed in time induced a current in 
the other coil. He concluded that an electric cur- 
rent could be produced by a time-varying magnetic 
field and thus discovered electromagnetic induc- 
tion. Faraday’s induction ring was the world’s first 
electric transformer. In subsequent experiments 
in the fall of 1831, he attempted to create a cur- 
rent using a permanent magnet. He discovered 


that when a permanent magnet was moved in and 
out of a wire coil, a current was induced in the 
coil. He then demonstrated that a continuous cur- 
rent could be generated by rotating a copper disk 
between the poles of a large permanent magnet 
and taking leads off the rim and the center of 
the disk. This invention, referred to as Faraday’s 
wheel (see Fig. 6.35), was the first dynamo (elec- 
tric generator). Faraday used his concept of lines 
of force to explain the principle of electromag- 
netic induction observed in his experiments. He 
explained that an electric current was induced in 
a conductor only when magnetic lines of force cut 
across it, and this could be either because the lines 
of a changing magnetic field expanded and col- 
lapsed in space cutting thus across the conductor 
(transformer induction) or because the conduc- 
tor moved across the static field lines (motional 
induction). He realized that the magnitude of 
the induced current was dependent on the num- 
ber of lines of force cut by the conductor in 
unit time, which is a true equivalent to a more 
mathematical formulation of what is now known 
as Faraday’s law of electromagnetic induction. It 
was the discovery of electromagnetic induction 
in 1831, more than any other, that allowed elec- 
tricity to be turned, during the remainder of the 
19th century, from a scientific curiosity into a 
powerful technology. In the 1830s, Faraday also 
studied the relationships between the amount of 
material deposited on electrodes of an electrolytic 
cell, the amount of electricity passed through the 
cell, and chemical properties of different elements, 
and formulated fundamental principles of electro- 
chemistry (Faraday’s laws of electrolysis). He also 
discovered that light could be affected by a mag- 
netic force — he demonstrated in 1845 that a strong 
magnetic field could rotate the plane of polar- 
ization of polarized light — which later became 
known as the Faraday magneto-optical effect. In 
his famous lecture “Thoughts on Ray-vibrations” 
at the Royal Institution in April of 1846, he sug- 
gested that the propagation of light through space 
consisted of vibrations of lines of force, which, 
intuitively, was not far from Maxwell’s (1831- 
1879) explanation, given much later (in 1865) 
and based on rigorous mathematical derivations, 


Section 6.3 Faraday’s Law of Electromagnetic Induction 


that light was an oscillatory electromagnetic 
disturbance — electromagnetic wave. In a series of 
studies from 1846 to 1850, Faraday evolved his 
global theoretical electromagnetic model based 
on the “force field” — the field of lines of force 
in tension filling the space around charged bod- 
ies, current-carrying conductors, and permanent 
magnets, and thus established the field theory of 
electromagnetism. These concepts of electric and 
magnetic force fields were put into a mathematical 


form a generation later by Maxwell, who himself 
made it very clear in his texts that the basic ideas 
for his classical electromagnetic field equations 
came directly from Faraday. Despite his epochal 
scientific achievements and far-reaching contribu- 
tions to humanity, Faraday remained a modest 
and humble person throughout his life. We honor 
Faraday also by using farad (F) as the unit for 

capacitance. (Portrait: Edgar Fahs Smith Collection, 
University of Pennsylvania Libraries) 
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the cause of the induced electromotive force along the contour. In developing the 
general electromagnetic model, it is usually taken as an experimentally based postu- 
late. However, because we started our study of electromagnetic induction by taking 
the mathematical expression for the induced electric field intensity vector due to a 
point charge in accelerated motion as an experimental postulate, we are now able to 
actually derive Faraday’s law from the facts that we already know about the induced 
electric field. 

In a region with free charge carriers (e.g., in a conducting wire), the induced 
electric field intensity vector, Ejnpg, acts on the carriers by the force QEing 
[Eq. (4.143)], where Q is the charge of a carrier (e.g., a free electron). Therefore, the 
line integral of Ejpg along a line joining any two points M and N in space represents 
the electromotive force (emf) induced in the line: 


N 
€ind = / Eing : dl. 
M 


The induced emf is measured in volts and defined in the same way as the emf of a 
voltage generator in Eq. (3.112). In fact, the line can be replaced by an equivalent 
voltage generator whose emf is ejng, aS Shown in Fig. 6.6. 

For a closed line (contour) that does not change or move in time, Fig. 6.7, we 
use Eq. (6.2) and write 


(6.32) 


JA d 
oy E..4-dl= — — -dJj= —— @® A-dl. 
Cind p ind Ee af. 


We now recall that the circulation of the magnetic vector potential along a contour 
equals the magnetic flux through the contour, Eq. (4.121), so that 


(6.33) 


dd 
end. = a (6.34) 
This equation is known as Faraday’s law of electromagnetic induction. It is one of 
the most important experimental pillars of electromagnetics. It shows, first of all, 
that the electric and magnetic fields are related to one another under nonstatic 
conditions. More specifically, it states that a magnetic field that changes with time 
produces (induces) an electric field and an electromotive force, as well as an elec- 
tric current in conducting media [by virtue of Ohm’s law in local form, Eq. (3.18)]. 


induced electromotive force 
(emf), in volts 


Faraday’s law of 
electromagnetic induction 
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Eing 


—. find 


Figure 6.6 Induced emf in 
a line joining two points in 
space. 


Faraday’s law in integral form 


induced current 


Figure 6.7 Arbitrary 
contour in a time-varying 
magnetic field — for the 
formulation of Faraday’s law 
of electromagnetic 
induction. 


Finally, it quantifies the induced emf in an arbitrary contour as being equal to the 
negative of the time rate of change of the magnetic flux through the contour, i.e., 
through a surface of arbitrary shape spanned over the contour and oriented in accor- 
dance to the right-hand rule with respect to the orientation of the contour. This rule 
tells us that the flux is in the direction defined by the thumb of the right hand when 
the other fingers point in the direction of the emf, as indicated in Fig. 6.7. 
Expressing the magnetic flux using the flux density vector [Eq. (4.95)] leads to 


d 
§ Ejng : dl = -< [s. dS, (G35) 
a dt Js 


where the reference directions of dl and dS are interconnected by the right-hand 
rule: fingers — dl, thumb — dS (see Fig. 6.7). Since the circulation of the field intensity 
vector due to excess charge is zero [Eq. (6.20)], we have that 


§ E-dl= § Eing - dl, (6.36) 
Cc Cc 


which means that Faraday’s law can be expressed in terms of the total electric field 
intensity vector as well. In addition, the time derivative on the right-hand side of 
Eq. (6.35) can be moved inside the surface integral, provided that the surface S 
does not change or move in time. Combining these two conclusions, we obtain the 
following version of Faraday’s law of electromagnetic induction in integral form: 


B 
§ Edm eee (639) 
C S ot 


We note the formal similarity between this equation and the generalized Ampere’s 
law in integral form, Eq. (6.30), where —dB/dt in Eq. (6.37) stands for J in Eq. (6.30) 
in the flux integrals, while the electric and magnetic field intensity vectors, E and H, 
appear in the corresponding line integrals on the left-hand side of equations. 

The contour C in Fig. 6.7 can be an imaginary (nonmaterial) contour, i.e., it 
does not need to be a conducting wire loop for Faraday’s law of electromagnetic 
induction to be true. The electric field and emf are induced by a magnetic field 
that changes with time regardless of whether or not conducting wires are present. 
However, in the case when C does represent a conducting wire contour, there is a 
current of intensity 


: Cind 

lind = (6.38) 
in the wire, as shown in Fig. 6.8, where R is the total resistance of the contour 
and of the equivalent closed circuit including the ideal voltage generator with 
emf @ing [this, basically, comes from the version of Kirchhoff’s voltage law in 
Eq. (3.118)]. This current is called the induced current. We can say thus that, in 
general, time-varying magnetic fields, B(t), induce electric currents in conducting 
media, which also change with time. 

On the other hand, if the conducting wire loop is not closed (e.g., there is a small 
air gap in the loop), there is no current flowing through it,® and the loop behaves 
like an open-circuited generator with emf éjng, as in Fig. 6.6. The voltage across the 
gap equals the induced emf, i.e., vyym(t) = e@ina(t) [see Eq. (3.115)]. 


© As opposed to de and slowly time-varying cases, as we shall see in a later chapter, a rapidly time-varying 
current can exist even in open-ended wire conductors that do not form closed current circuits. 


| 
| 
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HISTORICAL ASIDE 


Heinrich Friedrich Emil 
Lenz (1804-1865), a 
Russian physicist, was 
a professor of physics 
at the University of St. 
Petersburg. He was one 
of the three great sci- 
- entists, together with 
Faraday (1791-1867) and 
Henry (1797-1878), who 
independently from each 
other investigated electromagnetic induction at 
about the same time at three remote places on the 


Tartu), Estonia, then a part of Russian Empire. As 
geophysical scientist, he traveled around the world 
in the 1820s and made extremely accurate mea- 
surements of the salinity, temperature, and specific 
gravity of sea waters. He also studied electricity 
and magnetism, and discovered, in 1833, that the 
resistivity of metallic conductors increases with a 
rise in temperature [see Eq. (3.22)]. In 1834, he 
discovered that an induced current always pro- 
duces effects that oppose its cause. This became to 
be known as Lenz’s law. From 1840 to 1863, Lenz 
was the Dean of Mathematics and Physics at the 
University of St. Petersburg. 


globe. Lenz was born and educated in Dorpat (now 


The minus sign in Eq. (6.34) indicates that the induced emf in the contour is 
in a direction that opposes the change in the magnetic flux through the contour 
that caused the emf in the first place. This fact, contained in Faraday’s law, is an 
experimental result referred to as Lenz’s law. To illustrate it, assume that at an 
instant ¢ the flux in Fig. 6.8 increases in time, i.e., d®/ dt > 0. From Eq. (6.34), the 
emf éjnq(t) at that instant is negative, and so is the induced current intensity ijpq(t) 
in Eq. 6.38. The induced current produces a secondary magnetic field, whose refer- 
ence direction is determined by another application of the right-hand rule: fingers — 
current, thumb — field [for example, see Fig. 4.31(b)]. Hence, given the reference 
direction of ijng in Fig. 6.8, the reference direction of the secondary magnetic field, 
and its flux, will be the same as that of the primary (original) magnetic field B(4) and 
flux ®(t). So, with respect to that reference direction, the secondary flux is negative, 
because ijnq(Z) Is negative at the time instant considered. We conclude thus that the 
magnetic field due to the induced current opposes the change (increase in this case) 
in the primary magnetic field, which caused the induced emf and current in the first 
place, and this is the statement of Lenz’s law. Generally, Lenz’s law represents a 
rule for (quickly) determining the actual direction of an induced current in a loop 
(circuit), without fully applying Faraday’s law. This direction is always such that the 
magnetic field due to the induced current opposes (tends to cancel) the change in 
the magnetic flux that induces the current.’ 

By virtue of Stokes’ theorem, Eq. (4.89), or simply by analogy with the differ- 
ential form of the generalized Ampére’s law, Eq. (5.52), we obtain the differential 
equivalent of Eq. (6.37), namely, Faraday’s law of electromagnetic induction in 
differential form: 


0B 
VxE=-—. 


a (6,59) 


The magnetic field due to the induced slowly time-varying current in typical thin-wire circuits is 
much weaker than the primary magnetic field inducing the current. Therefore, it is usually negligi- 
ble with respect to the primary field and falls far short of fully canceling the flux change causing the 
electromagnetic induction. 


lind 
_ ind 


Figure 6.8 Induced current 
in a conducting wire loop 
situated in a time-varying 
magnetic field. 


Faraday’s law in differential 
form 
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Maxwell’s first equation 


Maxwell’s second equation, 


quasistatic field 
Maxwell's third equation 


Maxwell’s fourth equation 
constitutive equation for D 
constitutive equation for B 


constitutive equation for J 


In words, the curl of the time-varying electric field intensity vector existing at any 
point of space and any instant of time equals the negative of the time rate of change 
of the magnetic flux density vector at that point. 

Note that the differential form of Faraday’s law can also be derived by taking 
the curl of both sides of Eq. (6.2) and using Eq. (6.28). This results in 


JA ) 0B 
V x Ejing = —V — )=--—(Vx A)=-—, ; 

x Kind «(=) ay x A) at (6.40) 
which is the version of the law with the induced electric field intensity vector. Since 
the curl of the field intensity vector due to excess charge is zero [Eq. (6.21)], we 
conclude that 

Vx E=V x Eing + V x Eg = V X Eina, (6.41) 
which gives the version of the law with the total electric field intensity vector, 
Eq. (6.39). 


6.4 MAXWELL’S EQUATIONS FOR THE SLOWLY 
TIME-VARYING ELECTROMAGNETIC FIELD 


Faraday’s law of electromagnetic induction, given by Eq. (6.37) or Eq. (6.39), rep- 
resents Maxwell’s first equation for the time-varying electromagnetic field. It is 
essentially different from Maxwell’s first equation for the time-invariant electro- 
magnetic field in Eqs. (5.129). It tells us that a magnetic field changing with time 
gives rise to an electric field. The remaining three Maxwell’s equations are given by 
Egs. (6.30), (6.26), and (6.31), and they retain the same form as in the time-invariant 
case. We now summarize the full set of Maxwell’s equations in differential form 
along with the constitutive equations for the slowly time-varying electromagnetic 
field in a linear isotropic medium: 


V x E() = -8 

Vx HY) = Jt) 

V -D() = p(t) 

V- Bi) =0 (6.42) 
D(t) = eE(t) 

B(t) = nH() 

J(t) = ocE(t) 


Because of the new term on the right-hand side of the first equation, the time- 
varying electric and magnetic fields are coupled together and cannot be analyzed 
separately, as opposed to time-invariant electric and magnetic fields, which are 
entirely independent from each other. On the other hand, as we shall see in a later 
chapter, Maxwell’s equations for the rapidly time-varying electromagnetic field dif- 
fer from the corresponding equations for the slowly time-varying field only in the 
generalized Ampére’s law (second equation). Namely, an additional term exists on 
the right-hand side of this equation in the general case, expressing the fact that an 
electric field rapidly changing with time gives rise to a magnetic field. Therefore, the 
second equation in the system of Eqs. (6.42) represents the quasistatic version of 


ee 
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Maxwell’s second equation and is true for slowly time-varying (e.g., low-frequency 
time-harmonic) fields. 

Eqs. (6.19) and (6.29) give the expressions for slowly-time varying electromag- 
netic potentials in free space. Substituting Eqs. (6.2) and (6.18) in Eq. (6.16) leads 
to the following expression for the electric field intensity vector, E, in terms of the 


potentials: 
JA 
E(t) = caer VV(t). (6.43) 


We see that both potentials are needed for E, whereas A alone suffices for the mag- 
netic flux density vector, B, in Eq. (6.28). Eqs. (6.43) and (6.28) represent a means 
for evaluating (by differentiation) the electromagnetic field (E, B) from potentials 
(V, A), the evaluation of potentials being, in general, considerably simpler than the 
direct evaluation of field vectors. 

In addition to Maxwell’s equations for a given class of electromagnetic fields, 
we always have in mind the associated version of the continuity equation, which 
represents one of the fundamental principles of electromagnetics — the principle of 
conservation of charge, but can also be derived from Maxwell’s equations. Thus, 
by taking the divergence of both sides of the quasistatic version of the generalized 
Ampére’s law in Eqs. (6.42), as in Eq. (5.130) for the static case, we obtain that 


V -J(t) =0, (6.44) 


which is the differential form of the continuity equation for slowly time-varying cur- 
rents. We note that it has the same form as the continuity equation for time-invariant 
(steady) currents, Eq. (3.41). We also note that it can be regarded as the special 
case of the general continuity equation for time-varying currents, Eq. (3.39), with 
dp/dt + 0. Namely, in the slowly time-varying field, the rate of the time-variation in 
excess charge is slow enough to be neglected while evaluating the current continuity 
balance. In integral notation, 


§ J(t)- dS =0, (6.45) 
S 


which is the same as Eq. (3.40) for steady currents. 

Eq. (6.45) implies that the slowly time-varying current intensity i(t) along a wire 
conductor, just as the steady current intensity J along a wire, is the same in every 
cross section of the conductor — the fact that we have already used throughout this 
chapter. It also means that Kirchhoff’s circuital law for slowly time-varying currents 
is given by 


N 
SS ip(t) = 0, (6.46) 
k=1 


where N is the number of conductors (branches in a circuit) meeting at a node. We 
see that Kirchhoff’s current law for low-frequency ac circuits has the same form as 
that for de circuits [Eq. (3.42)]. 


6.5 COMPUTATION OF TRANSFORMER INDUCTION 


This section is devoted to the application of Faraday’s law of electromagnetic induc- 
tion in evaluating the induced emf, ejng, and electric field intensity vector, Ejna, 
in stationary contours due to given slowly time-varying current distributions and 
their magnetic fields. This kind of electromagnetic induction is called transformer 


electric field via potentials 


continuity equation for slowly 
time-varying currents 
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induction, because it is the basis of current and voltage transformation by magnetic 
coupling between circuits. Namely, it enables time-varying currents and voltages 
in one circuit (primary circuit) to be transformed, by induction, to time-varying 
currents and voltages in another circuit (secondary circuit), where the transfer of 
energy between the circuits is actually performed by the magnetic field due to the 
currents in the primary circuit causing the induced electric field in the secondary cir- 
cuit. The electromagnetic induction due to motion of conductors in magnetic fields 
will be introduced and studied in the next section. 

In some applications, we are interested only in the total emf induced in a 
contour (e.g., a wire loop). In such cases, we apply the version of Faraday’s law 
of electromagnetic induction in Eq. (6.34), where we only need to evaluate the 
magnetic flux through the contour and compute its time derivative, which is usually 
a simple task to do. However, to find the actual distribution of the emf along a 
contour or to find the distribution of the induced electric field intensity vector in 
space, which is necessary in many applications, we have to employ the version of 
the law in Eq. (6.35). This equation, although always true, enables us to analytically 
solve for the field Ejng only due to highly symmetrical primary current distributions. 
These are the cases where the vector Ejpg is tangential to some (or all) sections 
of the contour and has a constant magnitude along such sections, while being 
perpendicular to the remaining sections of the contour (if such sections exist). In 
other words, these are the cases in which we are able to bring the induced electric 
field intensity, Ejng, outside the integral sign on the left-hand side of Eq. (6.35), and 
solve for it. Note that Eqs. (6.3)-(6.5), on the other hand, provide general solution 
procedures for computing Ejna. 

Because Faraday’s law and Ampére’s law have the same mathematical form, 
there is a complete formal analogy in their application. In solving for Ejng due to B 
in highly symmetrical situations, therefore, we shall exploit the parallelism with the 
application of Ampére’s law in solving for B (or H) due to J, discussed in Section 4.5, 
whenever possible. 


Example 6.5 induced Electric Field of an Infinite Solenoid 


An infinitely long solenoid with a circular cross section of radius a has N’ turns of wire per 
unit of its length. The solenoid is wound about a ferromagnetic core of permeability np. A 
slowly time-varying current of intensity i(t) flows through the winding. The medium outside 
the solenoid is air. The magnetic field due to currents induced in the core can be neglected. 
Find the induced electric field intensity vector inside and outside the solenoid. 


Solution Because of symmetry, the lines of the induced electric field due to the current 
in the solenoid winding are circles centered at the solenoid axis. To show this, consider an 
arbitrary point P inside the solenoid, at a distance r from the solenoid axis (Fig. 6.9). Let 
dE;,, and dE‘ , be the field intensity vectors at this point due to two symmetrical current 
elements denoted as idl’ and idl” and shown in Fig. 6.9. In accordance to Eq. (6.5), these 
two vectors are such that their sum dE;,, + dE‘, is tangential to the circular contour C 
of radius r centered at the solenoid axis. The same is true for any other pair of symmetrical 
current elements, which can also be ina plane that does not contain the point P. As all current 
elements constituting the current i(t) in the winding can be grouped in such symmetrical pairs, 
we conclude that the resultant vector Ejng at the point P is tangential to the contour C. This 
same conclusion holds for a point outside the solenoid. In addition, Ejng = const along C, i.e., 
the magnitude of Ejng depends only on the radial coordinate r of the cylindrical coordinate 
system whose z-axis is the solenoid axis. Hence, 


Eind = Eina(r, 0) 9. (6.47) 


where 4 is the circular unit vector in the system. 
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a¥e 


a ae " Figure 6.9 Evaluation of the 


induced electric field due to 
a Slowly time-varying current 
in an infinite solenoid 
(cross-sectional view); for 
idl” Example 6.5. 


The magnetic field due to any spatial distribution of slowly time-varying currents has the 
same form as that due to the same spatial distribution of steady currents. Therefore, we can 


use the result of the analysis of a solenoid with a steady current of intensity J in the winding, 


performed in Example 4.13. This means that the magnetic field inside the solenoid is axial 
(field lines are parallel to the solenoid axis) and uniform, given by 


H = H() z=N'i(t) 7, (6.48) 


while H = 0 outside the solenoid. Note that this result does not take into account the 
magnetic field due to currents induced in the ferromagnetic core, which can be neglected. 
We now use Faraday’s law of electromagnetic induction, Eq. (6.35), and apply it to the 
contour C in Fig. 6.9 in a manner completely analogous to the application of Ampére’s law 
in Eqs. (4.54)-(4.56). The circulation of Ejng along C equals 
d® 


lpg Aur = an (6.49) 


The magnetic flux through the contour is 


(6.50) 


om Bnr~ forr<a 
~ |) Bra? forr>a 


(there is no flux outside the solenoid), where B = wH and H is given in Eq. (6.48). The 
solutions for the induced electric field intensity inside and outside the solenoid come out to be 


uN'r di pN'a di 
Eing a dt (r<a) and Eing or dt (r > a), (6 } 


respectively. 

We note that the magnetic field inside the solenoid varies synchronously with the current 
in the winding [H(‘) « i(t)], whereas the induced electric field varies synchronously with the 
time derivative of the current [Ejna(t) « di(t)/dr]. 


Set eeRee INhomogeneous Conducting Loop around a Solenoid | 


Consider the solenoid from the previous example, and assume that a wire loop of radius b 
(b > a) is placed coaxially around it, as shown in Fig. 6.10(a). The two halves of the loop 
are made from different materials, with conductivities oj and o. The cross-sectional area of 
both wire parts is S. The magnetic field due to currents induced in the core and in the wire 


Eina Of an infinite solenoid 
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loop can be neglected. Calculate the voltage between the junctions of two wire parts (points 
Mand N). | 


Solution The system in Fig. 6.10(a) can be analyzed from the circuit-theory point of view, 
using the equivalent circuit diagram shown in Fig. 6.10(b), where eéjng is the induced emf in the 
contour C in Fig. 6.10(a), while R; and R2 are resistances of the two wire parts constituting 
the contour. Having in mind the second expression in Eqs. (6.51), this emf amounts to | 


d® di 
find =~ = —nuN'a —. (6.52) 


Electromotive forces generated by the magnetic field due to the induced currents are 
neglected. By means of Eq. (3.85), the resistances are 


(6.53) 
Employing Eq. (6.38), the current in the circuit, Le., the induced current in the loop, is 


given by 


: €ind 
wal = : 6.54 
find = RE Rp (6.54) 


Finally, the voltage between points M and N is obtained from Fig. 6.10(b) as 


ind _ R; — Ro ~~ 7 pL(02 — 04) Na di 

2 2 REY eae 2(o, +02) dt 
Note that in the case of a homogeneous wire loop (0; = 02), there is no voltage between 
different points along the loop. 


VMN = Riiina — (6.55) 


(b) 


Figure 6.10 (a) Wire loop seu ewaee Magnetic Field due to Induced Current in a Loop 


composed of two parts with 
different conductivities 
placed around an infinite 
solenoid carrying a slowly 
time-varying current and (b) 
equivalent circuit diagram; 
for Example 6.6. 


Refer to the system in Fig. 6.10(a), and assume that i(t)=2cos1000tA (ft in s), 
N’ = 1000 turns/m, a=10cm, b=20cm, S=1mm?, 0; =57MS/m, o2 = 15 MS/m, 
and u = po (air-filled solenoid). Under these circumstances, find the magnetic flux density 
vector at the loop center due to the induced current in the loop. 


Solution Let us first check whether the current in the solenoid can be considered as slowly 
time-varying. Since the solenoid is infinitely long, this problem is actually a two-dimensional 
one, and the check of whether a low-frequency analysis is sufficiently accurate here should 
be performed in the cross section of the structure containing the wire loop. The maximum 
dimension of the structure relevant to the field computation in this cross section is 2b, and the 
corresponding time of propagation of electromagnetic disturbances is t = 2b/cp = 1.33 ns. 
This time is much shorter than the period of change of i(t), which equals T = 27/w = 6.28 ms 
(w = 1000 rad/s). We conclude that this structure can indeed be analyzed as a low-frequency 
(quasistatic) problem. This means that we can use the results of the analysis of the structure 
performed in the previous example. 
From Eq. (6.54), the induced current intensity in the loop is 

ae 5 

wooro2N aS di _ 1 5 sin 10006 A. (6.56) 
(o; +07)b dt 

The magnetic flux density vector due to this current at the center of the loop is obtained using 
Eq. (4.19) for the field point defined by z = 0 and the contour radius b: 


ling (ft) = — 


Bina(t) = ce & = 4.7sin 100012 wT. (6.57) | 


Let us finally compare the field Bjna(t) to the primary magnetic field — that due to the 
current i(t) in the solenoid winding. By means of Eq. (6.48), the flux density vector of the 
primary field inside the solenoid is 


B(t) = poN'i(t) 2% = 2.5 cos 10002 mT. (6.58) | 
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We see that |Bing(D)|/|B| = 1.9 x 1073, ice., 
Bina) « |BOI. (6.59) 


In other words, the magnetic field due to the induced current in the loop is absolutely negli- 
gible with respect to the magnetic field of the solenoid, which caused the induced current in 
the first place. We also note that the waveforms of these two fields (sin 1000¢ and cos 1000f) 
are such that Bina(t) tends to compensate for the change in B(#), i.e., it opposes the action 
that actually created it. Of course, this is in accordance with Lenz’s law. 


SeUaesee Open-Circuited Coil around a Solenoid = : - 


An air-filled solenoid of length / = 2 m and circular cross section of radius a = 10 cm has 
N; =1750 turns of wire. There is a low-frequency time-harmonic current of intensity 
i(t) = Ip sin wt flowing through the winding, where Jy = 10 A and w = 10° rad/s. An open- 
circuited short coil with Nz = 10 turns of wire is placed around the solenoid, as shown in 
Fig. 6.11(a). Compute the voltage between the terminals of the coil. 


Solution The solenoid is very long (/ >> a), so that the end effects can be neglected while 
computing the magnetic field about its center. This means that the solenoid can be considered 
as infinitely long while computing the magnetic flux through the short coil in Fig. 6.11(a). As 
the coil consists of Nz wire turns, this flux is given by 


(6.60) 


where single turn 1S the flux through a surface spanned over any of the turns. In other words, 
the electromotive forces induced in individual turns all add in series, and hence the total emf 
in the coil is Nz times that in Eq. (6.52) with « = uo and N’ = N,/I, which results in 


P= N2® single turn> 


dP ingle turn __ _ muoNiN2a° di at _ m@poNN2a7 Ip 
dt en l dt l 


There is no current in the coil, because it is open-circuited, so that the voltage across the 
coil terminals is [Fig. 6.11(b)] 


€ind = —N2 Cos wt. (6.61) 


TopoN,Nra2Io 
l 


Selim Rectangular Contour near an Infinite Line Current 


An infinitely long straight wire carries a slowly time-varying current of intensity i(f). A 
rectangular contour of side lengths a and b lies in the same plane with the wire, with two 
sides parallel to it, as shown in Fig. 6.12. The distance between the wire and the closer 
parallel side of the contour is c. Determine the emf induced in the contour. 


v(t) = —€ina(t) = coswt = 3.45cos10°rkV (tins). (6.62) 


Solution The magnetic flux density vector produced by the current in the wire at any point 
in the plane of the contour is perpendicular to the plane and at a distance x from the wire 
(Fig. 6.12) and an instant f, its magnitude is [see Eq. (4.22)] 


Lol (t) 
Qnx © 


By integrating this density across the flat surface spanned over the contour, we obtain the 
magnetic flux through the contour: 


Bod = (6.63) 


cta 
In . 
Cc 


(6.64) 


woi(t)b fe dx _ uoile)b 
2x Je x won 


c+a 
H(t) = B(x, 1) b dx = 
= dS 


=c 


where dS is the surface area of a thin strip of length b and width dy in Fig. 6.12, and the flux 
is determined with respect to the reference direction into the plane of drawing (note that this 
integration is similar to that in Fig. 5.26). 
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Figure 6.11 An 
Open-circuited short coil 
placed around a very long 
solenoid carrying a 
low-frequency current: 

(a) three-dimensional view 
showing the windings and 
(b) cross-sectional view 
showing reference 
directions for the emf and 
voltage; for Example 6.8. 


Figure 6.12 Evaluation of 
the emf in a rectangular 
contour in the vicinity of an 
infinitely long wire with a 
slowly time-varying current; 
for Example 6.9. 
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For the adopted direction of the flux, the right-hand rule gives the clockwise reference 
direction for the induced emf in the contour, with respect to which, 
db bob. c+a di 


' pjo=-—_—_- = —_. —., 
ind dt 2 c dt 


Sell emia Induced Emf in a Coil with a Nonlinear Core al 


A coil with N = 400 turns of wire is wound uniformly and densely about a thin toroidal 
core of length / = 40 cm and cross-sectional area S = 1 cm’, as shown in Fig. 6.13(a). A 
slowly time-varying current whose intensity, i(f), is a periodic alternating triangular-pulse 
function sketched in Fig. 6.13(b) is established in the coil, where J) = 0.1 A and T =1 ms. 
The core is made of a nonlinear ferromagnetic material that exhibits hysteresis effects. In 
steady state, the operating point (B, H) periodically circumscribes a hysteresis loop that 
can approximately be represented as in Fig. 6.13(c), where By /Hm = fy = 0.001 H/m. The 
resistance of the coil can be neglected. Find the voltage across the coil terminals in the time 
interval 0 <1? < T. 


(6.65) 


Solution The magnetic field intensity in the core varies synchronously with the current in 
the winding [H(1) « i(t)] and is given by 


Ni(t) 
l 


[see Eq. (5.53)]. The function H(p) is plotted in Fig. 6.13(d), where Hm = N/o// = 100 A/m. 
From the hysteresis loop in Fig. 6.13(c), we conclude that the magnetic flux density in 
the core, B(t), first varies as a linear function of time from B = —By (for H=0) toB=By 
(for H = Hm), then becomes time-invariant while H is reduced from H = Hp to H =0, 
afterwards it is again a linear (now decaying) function of time when H(t) is reversed and 
increased in the negative direction from H = 0 to H = —Hn, and so on. The amplitude of 


HpjH= 


(6.66) 


Figure 6.13 Analysis of electromagnetic induction in a coil with a core made from a nonlinear ferromagnetic 
material (note that v = v2); for Example 6.10. 
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the periodic trapezoidal-pulse waveform of B is Bm = UpHm = 0.1 T, and BC?) is plotted in 
Fig. 6.13(e). 

The magnetic flux through the coil is ®(t) = NB(A)S and the induced emf in the coil, 
@ina(t), is given by Faraday’s law of electromagnetic induction, Eq. (6.34). As the resistance 
of the coil is negligible, the voltage across the coil terminals is 


d®(t) dB(t) 

a mda 
This function is proportional to the slope of the function B(t) and is plotted in Fig. 6.13(f). 
It is a periodic alternating rectangular-pulse function with the same period (T). The pulse 
amplitude is proportional to the slope of B(¢) in the first quarter of the period, that is, Vo = 
NS (2Bm)/(T/4) = 8NSBm/T = 32 V. 

We see that the induced emf and voltage of the coil do not vary synchronously with 

the time derivative of its current, which is a consequence of the nonlinearity and hysteresis 
behavior of the core material. 


v(t) = ¥42(t) = —@ina(t) = 


(6.67) 


Problems: 6.11-6.17; Conceptual Questions (on Companion Website): 6.9-6.16; 
MATLAB Exercises (on Companion Website). 


6.6 ELECTROMAGNETIC INDUCTION DUE TO MOTION 


Consider a conductor moving with a velocity v in a static (time-invariant) mag- 
netic field of the flux density B. The field exerts the magnetic Lorentz force, Fm, 
given by Eq. (4.144), on each of the charge carriers in the conductor. This force 
“pushes” the carriers to move, and separates positive and negative excess charges 
in the conductor. We can formally divide F,, by the charge of a carrier and obtain 
F,,/Q =v x B. This new quantity, although expressed in V/m, is not a true electric 
field intensity vector, because it is not produced by an excess charge [Eq. (6.18)] or 
by a time-varying current [Eq. (6.2)]. By definition given by Eq. (3.107), it represents 
an impressed electric field intensity vector, which we term here the induced electric 
field intensity vector due to motion, and write 


(6.68) induced electric field intensity 


: : : : vector due to motion (unit: 
This field generates an induced electromotive force, as given by Eq. (6.32). Hence, v/m) 


the emf along a line through a conductor between points M and N (Fig. 6.6) due to 
motion in a time-invariant magnetic field is 


N N 
Cr [ cao — i (v x B)- dl. (6.69) 
M M 


This emf is referred to as the emf due to motional induction or simply motional emf. 
, For a moving contour (closed line), 


| cua fowl 
| €ind = f (v x B) - dl. (6.70) motional emf (unit: V) 
, C 


| Note that the velocity of different parts of the contour need not be the same, includ- 
| 


ing cases when some parts are stationary while other move in arbitrary directions. 
In other words, the motion of the contour may include translation, rotation, and 
deformation (changing shape and size) of the contour in an arbitrary manner. 
When a contour moves and/or changes in a static magnetic field, the mag- 
netic flux through the contour changes with time. It is possible to relate the total 
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Figure 6.14 A contour moving 
in a time-invariant magnetic 
field. 


emf induced in the contour to the rate of change of the flux, i.e., to express the 
motional emf in terms of Faraday’s concept of changing flux through the contour, 
as in Eq. (6.34). To see this, consider the moving contour C in Fig. 6.14. Let v be the 
velocity of an element dl of the contour. In a time interval dt, this element moves a 
distance dp = vd (see Fig. 6.14). Eq. (6.70) thus becomes 


cind = fp (¥ xB) dl = — f (dp x B) al (6.71) 
a dt Jc 


Applying the identity (a x b) -¢ = (ec x a) -b (scalar triple product is unaffected by 
cyclic permutation of the order of vectors) to the scalar triple product (dp x B) - dl 
and noting that dl x dp equals the vector surface element dS shown in Fig. 6.14, 
we have 


i 1 
cand = Gj PB: (dl x dp) = = f B- dS (6.72) 


This last integral represents the magnetic flux through the strip AS swept out by the 
contour C during the interval df (tinted strip between the positions 1 and 2 of the 
contour in Fig. 6.14). Let us mark this flux by d®through as, So that 


dP through AS 

dt 
The strip AS represents the difference in area between the surface S bounded by 
the contour in position 1 (at instant ¢) and the surface S’ bounded by the contour in 
position 2 (at instant t+ d7f), as 


€ind = (6.73) 


S= 5 UA (6.74) 


Designating the magnetic flux through S and S’ by ® and ®’, respectively, the 
increment in flux from ¢ to t+ dt equals 


dd = &' — 4, (6.75) 


and this is exactly the negative of the flux through the strip AS, ie, d® = 
—d® through as. Finally, substituting this equation in Eq. (6.73) leads to eing = 
—d@®/dt, which is the same as in Eq. (6.34). We conclude that the same form of 
Faraday’s law of electromagnetic induction holds for both transformer and motional 
emf in a contour. 


Seema Moving Metallic Bar in a Static Magnetic Field 


A metallic bar of length a =2 m slides without friction at a constant velocity over par- 
allel metallic rails, as shown in Fig. 6.15. The bar is perpendicular to the rails and the 
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mechanical force acting on the bar is Fmech = 4 N. The whole system is situated in a uniform 
time-invariant magnetic field of flux density B = 1 T. The field lines are perpendicular to the 
plane of the rails and directed out of the page. A load of resistance R = 5 Q is connected 
between the rails. The losses in the bar and in the rails, as well as the magnetic field due 
to induced currents in the system, can be neglected. (a) Find the velocity of the bar. (b) 
Evaluate the power of Joule’s losses in the load and discuss the energy balance in this system. 


Solution 


(a) The bar moves in a static magnetic field and the emf is induced in it due to motional 


(b 


— 


induction. Since the bar is straight and the field is uniform (i.e, the same everywhere), 
the expression for the motional emf in Eq. (6.69) becomes 


€ing = (Vv x B) «1, 


where the emf is directed from point M to point N along the bar (Fig. 6.15), 1] = MN, and 
v is the velocity of the bar (which is to be determined). Moreover, since the vectors v, B, 
and J are all orthogonal with respect to each other and {I| = a, we can write 


(6.76) 


(6.77) 


@ind = vBa. 


The bar and the rails constitute a conducting loop, that is, an electric circuit of the 
form shown in Fig. 6.8. Hence, there will be a time-invariant induced current in the loop 
of intensity 
€ind _ VBa 

RR 


{see Eq. (6.38)], given with respect to the same reference direction as the emf, where we 
neglect the resistance of the bar and the rails and the corresponding Joule’s losses. The 
current Jing, on the other hand, produces a secondary magnetic field, which is neglected 
in evaluating the emf in Eq. (6.76). Note that this field opposes the increasing flux of the 
primary field B through the loop, the area of which expands as the bar moves to the right, 
as yet another example of Lenz’s law. 

We know that, in the presence of a magnetic field, a current-carrying conductor 
experiences a magnetic force. From Eq. (4.163), the magnetic force on the metallic bar 
in Fig. 6.15 comes out to be 


Fy =Jindd x BO — Fp = linaaB. (6.79) 


This force opposes the motion of the bar and the generation of the emf in it, which 
again is in accordance with Lenz’s law. In other words, Fy, is directed oppositely to the 
mechanical force Fmech on the bar. Furthermore, as the velocity of the bar is constant, 
these two forces must be exactly equal in magnitude (Newton’s second law), that is, 


B2 2 
Fimech = Fm = = (v = const). (6.80) 
Hence, the velocity we seek is 
FmechR 
= ar = 5 m/s. (6.81) 


Eqs. (6.77) and (6.78) now give the values for the induced emf and current in the loop: 
€ingd = 10 V and Jing = 2 A. 
By Joule’s law, Eq. (3.77), the power of Joule’s losses in the load resistor is 


Py = RE 4 =20 W. (6.82) 


Note that, on the other side, the power generated by the induced emf in the bar, i.e., 
the power of the equivalent ideal voltage generator of emf ejng in Fig. 6.8, equals 


Pind = @indlind = 20 W (6.83) 
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Figure 6.15 A metallic bar 
moving in a uniform 
time-invariant magnetic 
field (elementary electric 
generator); for 

Example 6.11. 
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Figure 6.16 A wire loop 
rotating in a uniform 
time-invariant magnetic 
field (elementary ac 
generator): (a) top view at 
an instant t = 0 and (b) 
cross-sectional view at an 
arbitrary instant ¢; for 
Example 6.12. 
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[see Eq. (3.121)]. Finally, the mechanical power used to move the bar at the velocity v is 
obtained as 


Pmech = Fmech¥ = 20 W. (6.84) 


We see that, as expected, 


Pmech = Pind = PJ, (6.85) 


which is in compliance with the principle of conservation of energy. The system in 
Fig. 6.15 is a simple example of an electric generator based on electromagnetic induction, 
where the applied mechanical energy is converted into the electric energy and delivered 
to the load. The agent by which the energy transfer is carried out is the induced emf in 
the moving bar, and the energy of this emf is ultimately dissipated to heat in the resistor. 


Selle vam Rotating Wire Loop in a Static Magnetic Field 


A rectangular wire loop of edge lengths a and b rotates with a constant angular velocity w 
about its axis in a uniform time-invariant magnetic field of flux density B, as depicted in 
Fig. 6.16(a). The vector B is perpendicular to the plane of drawing and is directed out of the 
page. At an instant t = 0, the loop lies in the plane of drawing. The resistance of the loop is R. 
The magnetic field due to induced currents can be neglected. Calculate (a) the induced emf 
in the loop and (b) the instantaneous and time-average mechanical power of loop rotation. 


Solution 


(a) 


Referring to Fig. 6.16(b), the magnetic flux through the loop is 
®=B-S=B.-abn=abB cosé, (6.86) 


where @ is the angle between the plane of the loop at an instant ¢ and the plane 
perpendicular to the vector B. From the definition of angular velocity, 


rele) 
—= 6.87 
a (6.87) 
Since w = const, the solution for 6 is 
O(t) = 09 + wt, 
where 6) = 0 (6 = 0 for t = 0). Thus, 


®(t) = abB cosat, 


(6.88) 


(6.89) 
which, substituted in Eq. (6.34), leads to the following expression for the induced 
motional emf in the loop: 


(6.90) 


d® P 
€ind(t) = =the wabB sin ot. 


The current intensity in the loop amounts to 


. ej wabB 
lind(t) = = = 


The magnetic field due to this current is neglected in the computation of the emf in 
Eq. (6.90). 

From Fig. 4.38 and Eq. (4.181), the instantaneous torque of magnetic forces acting 
on the loop is given by 


(6.91) 


sin wr. 


wa*b? B* 


Tm(t) = iingabB sind = sin? 


wt. 


(6.92) 


Eq. (4.180) tells us that the direction of this torque is such that it opposes the rotation of 
the loop (Lenz’s law), i.e., it is opposite to the direction of an externally applied mechani- 
cal torque, Tech; that rotates the loop. In order to sustain the rotation at a constant rate, 
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Tmech must be exactly equal in magnitude to T,, (Newton’s second law in angular form). 
Hence, the instantaneous mechanical power used to rotate the loop is 
Geb Be 5 


Pmech(t) = Tmech® = Tmo = —— sin 


The same result can also be obtained from energy conservation, as the mechanical 
power of loop rotation equals the electric power of the circuit, i.e., the power of Joule’s 
losses dissipated in the loop [as in Eq. (6.85)]. This yields 

w*a’b? B? 


Pmech(t) = Py(t) = Rit,g = —=— sin? wt. (6.94) 


Given that the time-average value of the function sin? wt is 


i ee 1 7 1—cos2wt 1 e f i 
= i t dt = — ——_ d= — dt — 2wtdt}=-, (6.95 
=f sin* w al 5 #(f [ cos 2w 5 ( ) 


where T = 27:/w is the period of time-harmonic variation of the emf and current in the 
loop, the time-average mechanical power of loop rotation equals 
wa" b? B? 
2k | 

Note that the system in Fig. 6.16 represents a rotational version of the generator 
based on translational motion in a static magnetic field in Fig. 6.15. It illustrates the basic 
principle of an alternating current (ac) generator, where the loop is mechanically rotated 
in a Static magnetic field at a constant rate and the emf and current are induced in the 
loop of a sinusoidal (time-harmonic) waveform. The angular frequency of this waveform 
equals the angular velocity w of the loop rotation. 


Selim Moving Contour near an Infinite dc Line Current 


Assume that the current in the straight wire conductor from Fig. 6.12 is time-invariant, with 
intensity 7, and that the contour moves away from the wire at a constant velocity v, as shown 
in Fig. 6.17. At ¢ = 0, the distance of the closer parallel side of the contour from the wire is 
x = c. Determine the emf induced in the contour. 


wt. (6.93) 


(Pmech)ave = (6.96) 


Solution The magnetic field produced by the current in the wire is time-invariant, and 
the system in Fig. 6.17 represents a motional induction version of the same geometry with 
transformer induction in Fig. 6.12. The magnetic field is nonuniform (magnetic flux density 
changes in space), and that is why the magnetic flux through the contour is time-varying. As 
the contour moves uniformly away from the wire, the distance of its closer parallel side from 
the wire increases linearly in the course of time, and is given by 


x() =c+ vt. (6.97) 


The magnetic flux density vector around the wire has the same spatial distribution as in 
Fig. 6.12, so that the magnetic flux through the contour has the same form as in Eq. (6.64), 
with i(f) substituted by J and c by x(: 


Lolb 


Ib t 
O(f) = on gs Oe i 


x 20 c+vt 


(6.98) 


From Eq. (6.34), the motional emf induced in the contour, given with respect to the clockwise 
reference direction (Fig. 6.17), is 
d® d@dx db  yuolabv 1 bolaby 


2 Se EE = ‘ 
find) = ——F dx dt dx On x(x+a) 2n(c+vi(c+a+ vi 
(6. 


99) 
The emf in the contour can also be computed using Eq. (6.70). Note that the induced 
electric field intensity vector Ej,q due to motion, given by Eq. (6.68), is perpendicular to the 


Figure 6.17 Evaluation of 
the emf in a rectangular 
contour moving in the 
magnetic field due to an 
infinitely long wire with a 
steady current; for 
Example 6.13. 
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pair of contour edges of length a, and hence there is no emf in these edges. On the other hand, 
Ejna does not change along each of the remaining two contour edges, which are parallel to it. 
Its magnitude along the left and right edges in Fig. 6.17 equals 


Lolv Lolv 
Qnx 22 (x +a)’ 


respectively, where B, and B2 are the corresponding magnetic flux densities. Finally, the total 
emf in the contour is obtained as 


Ibv {1 1 
a §. Bins “dl = Bigg — Finan = #8 € B wit (6.101) 


Einds = VB, = and Eing2 = vB2 = (6.100) 


which is the same result as in Eq. (6.99). 


Seta ewe Conducting Fluid Flow ina Static Magnetic Field 


Fig. 6.18 shows a system for measurement of fluid velocity that consists of a parallel-plate 
capacitor situated in a uniform time-invariant magnetic field. A liquid flows between 
the capacitor plates and the voltage between the plates is measured by a voltmeter. The 
velocity of the fluid can be considered to be uniform. The magnetic field lines are parallel 
to the plates. The conductivity and permeability of the liquid are o and jo, respectively. 
The capacitor plate area is S and the separation between plates is d. Fringing effects in the 
capacitor can be neglected. The flux density of the applied magnetic field is B. The internal 
resistance of the voltmeter is Ry, while the resistance of the interconnecting conductors 
is negligible. Show that the velocity of the fluid is linearly proportional to the voltage V 
indicated by the voltmeter and find the proportionality constant. 


Solution We have a motion (flow) of the conducting liquid (with an unknown velocity v) 
in the static magnetic field, and therefore an electric field due to motion is induced, given by 
Eq. (6.68). Vectors v and B are mutually orthogonal (Fig. 6.18), and we can write 


lei Swe. (6.102) 


This field forces the charge carriers in the liquid to move perpendicularly to the direction 
of the liquid flow, so that positive and negative excess charges are accumulated on the lower 
and upper capacitor plates, respectively. These charges produce a Coulomb field Eg (field due 
to excess charge), which is perpendicular to the plates and practically uniform in the space 
between them. 

Since the voltmeter is not ideal, i.e., its internal resistance is not infinite, there is a steady 
current flowing through its terminals. By the continuity equation for steady currents, this 
current continues with the current of the same intensity through the conducting liquid, that is, 


Iv = Niiquia = JS, (6.103) 


Figure 6.18 Measurement of 
fluid velocity based on 
motional electromagnetic 
induction; for Example 6.14. 
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with J standing for the current density in the liquid. This current density, in turn, can be 
expressed in terms of the total electric field in the liquid, given by Eq. (6.16), as follows: 


J=oE=o(E,+Eing) —> J=0(Eing — Eq), (6.104) 


where the scalar form of the equation is obtained for the reference directions of vectors J, 
Ejnd, and Eg adopted in Fig. 6.18. 
The voltage that the voltmeter indicates equals the potential difference between its 


terminals (M and N): 


eA (6.105) 


which, if evaluated using Eq. (6.22) along a (straight) path through the liquid, can also be 


expressed as 
Vm — Vn = Egd (6.106) 


(the interconnecting conductors in the voltmeter circuit are ideal, and thus equipotential). 
Finally, Ohm’s law gives 


V = Rvly = RyJS = RySo(Eing — Eq) = RvSo (vs — 7): (6.107) 


from which the solution for the velocity of liquid flow turns out to be 


oSRy +d 
= ———_—_ V. .108 
0 GSdRvB ene) 
We see that, indeed, v is linearly proportional to V, where the proportionality constant 
depends on the parameters of the system in Fig. 6.18 and the conductivity of the fluid. 


Problems: 6.18-6.28; Conceptual Questions (on Companion Website): 6.17-6.22: 
MATLAB Exercises (on Companion Website). 


6.7 TOTAL ELECTROMAGNETIC INDUCTION 


Consider now the most general case of electromagnetic induction — that of a moving 
conductor in a time-varying magnetic field. This is the case where both sources of 
the induced electric field, namely, the magnetic field change and conductor motion, 
act simultaneously. Hence, the induced electromotive force in a contour that is 
moved and/or deformed in a magnetic field that itself varies with time is the sum 
of the transformer emf, Eq. (6.37), and the motional emf, Eq. (6.70). We thus write 


0B 
cing = — [ S> dS +o (v x B)- dl, (6.109) 
s at C 
transformer emf motional emf 


and call éjng here the total (transformer plus motional) or complex (combined) emf 
in the contour. 

The motional emf term of Eq. (6.109) can be transformed as described by 
Eggs. (6.71)—(6.75) and Fig. 6.14, so that the total emf in the contour can be expressed 
aS €ing = — d®/dt [same as in Eq. (6.34)], or 


(6.110) 


This last expression on the right-hand side of the equation represents the total 
derivative of the magnetic flux through the contour with respect to time, where 


total induction 
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the change in flux with time is partly due to a change in the magnetic field and 
partly due to a change in the shape, orientation, and/or position of the contour. 
These two parts of the flux change correspond to the transformer and motional _ 
emf terms of Eq. (6.109).° It appears, however, that Eq. (6.34) is the most general 
form of Faraday’s law of electromagnetic induction, which includes both mech- 
anisms by which the magnetic flux through a contour could change. These two 
mechanisms are the magnetic field variation and contour motion, and except for 
them, there are no other possibilities that may result in an induced emf in the 
contour. 


sell eem eee Moving Contour near a Time-Varying Line Current ) 


Refer to Fig. 6.17 and assume that the current in the infinite wire conductor is slowly 
time-varying, with intensity i(¢). Find the emf induced in the moving contour. 


Solution We now have a motion of the contour in a time-varying magnetic field, produced 
by the current in the wire, i.e., a combination of systems in Figs. 6.12 and 6.17. Therefore, 
the emf is induced in the contour due to combined (transformer plus motional) induction. 
Combining Eqs. (6.64) and (6.98), the magnetic flux through the contour is 


BOL es ane (6.111) § 


O(t) = ————_. 
0 20 c+vt 
From Eq. (6.110) {or Eq. (6.34)], the total (combined) emf in the contour is 
| 
Gina(t) ee ee Holaby (6.112) 


i ee 
dt 20 c+tvt dt 2n(c+vti(ctat+vd 
transformer emf motional emf 


We note that the first term in this expression represents the transformer part of the total 
emf; it becomes zero in the case of a steady current in the wire and becomes the same as in 
Eq. (6.65) in the case of a stationary contour. The second term represents the motional part 
of the total emf; it becomes zero in the case of a stationary contour and becomes the same as 
in Eq. (6.99) in the case of a steady current in the wire. 


Seu RM Rotating Loop in a Time-Harmonic Magnetic Field 


Assume that the applied field in Fig. 6.16 is a low-frequency time-harmonic magnetic field 
with flux density B(t) = Bosinwt, and obtain the emf induced in the rotating loop. Identify 
the parts of the emf corresponding to the transformer and motional induction. 


Solution Obviously, we are now adding a transformer induction component to the system 
in Fig. 6.16. The magnetic flux in Eq. (6.86) becomes 


®(t) = abB(t) cos@ = abB(t) cos at. (6.113) 
Hence, the emf induced in the contour is ! 
B 
€ina(t) = -< = —ab = cos wt + wabB(t) sin wt. (6.114) 
‘enema onan 


motional emf 
transformer emf 


8Note that the division of the induced emf between the transformer and motional parts depends on the 
chosen frame of reference. The particular division in Eq. (6.109) is given for the stationary frame of 
reference, attached to the field B, with respect to which the contour moves at the velocity v. In other 
words, it is given as measured by a stationary observer (so-called laboratory observer). The total emf, 
however, is uniquc and the same for any chosen frame of reference and any observer, including the one 
moving with the contour. 
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For the given time-variation B(r), the terms corresponding to the transformer and motional 
induction appear to be 


aD 
€ind(transformer) = —wabBo cos? wt and €ind(motional) = wabBo sin’ at, (6.1 1 5) 


respectively, and the total emf 
€ind(t) = —wabBo (cos? ct — sin’ wt) = —wabBo cos 2wt = wabBocos(2wt +7). (6.116) 


We see that the frequency of the induced emf (and current) in the contour is twice the 
frequency of the applied magnetic field. 


Sev Mpame Stationary Loop in a Rotating Magnetic Field 


A rectangular loop of resistance R is situated in the magnetic field produced by two mutually 
perpendicular large coils with low-frequency time-harmonic currents. The field due to 
each coil can be considered to be uniform. The currents in the coils are of equal ampli- 
tudes and 90° out of phase, so that the magnetic flux densities they produce are given as 
B,(t) = Bo coswt and B2(t) = Bo sin wt, respectively, and shown in Fig. 6.19(a). The sides of 
the loop are a and b long. Neglecting the magnetic field due to induced current in the loop, 
find the time-average torque of magnetic forces on the loop. 


Solution From Fig. 6.19(b), the magnitude of the resultant magnetic flux density vector, 
Bit) = By () + Bo), (6.117) 


at an arbitrary instant of time equals 


[B()| = / B2() + B3() = / B2(cos? wt + sin* wt) = Bo, (6.118) 


i.€., it is constant with respect to time. This means that the tip of the vector B(d) traces a circle 
of radius Bo in the course of time. Such a vector belongs to a class of so-called circularly 
polarized time-harmonic vectors. Let 6 mark the angle between vectors B(f) and B,(f) at 
time #, Fig. 6.19(b). The tangent of this angle is 
B2(t) Bosinwt 

tan @(t) = He) ee tan ot, (6.119) 
and hence the rate at which it changes in time is given by Eq. (6.87). This means that B rotates 
at a constant angular velocity, equal to the angular frequency w of the individual magnetic flux 
densities and currents in the coils. At t = 0, Bz = 0 and B = Bj, which implies that 6(0) = 0 
and 6(t) = wt [see Eq. (6.88)]. 

As the contour is stationary and vector B changes in time (its magnitude is constant, but 
its direction changes), this is a system based on transformer induction. On the other hand, 
for the generation of emf it is irrelevant whether B rotates around a stationary loop or a 
loop rotates (at the same rate) in a static B. This latter case is exactly the system based on 
motional induction in Fig. 6.16. Exploiting this equivalency,’ the flux through the loop in 
Fig. 6.19, emf, current, and instantaneous torque of magnetic forces on the loop are given by 
Eqs. (6.89), (6.90), (6.91), and (6.92), respectively, with B substituted by Bo. Using Eq. (6.95), 
the time-average torque is 

wa?b?B? 
(Tm)ave = OR (6.1 20) 
The direction of this torque is the same as the direction of the field rotation [Fig. 6.19(b)], 
which is in accordance with Lenz’s law. Namely, the induced current in the loop and the 
associated magnetic moment of the loop produce a torque (Tm) that tends to rotate the loop 


°The possibility to approach the problem of a stationary contour in a rotating magnetic field as a motional 
induction case is the reason for which we analyze it in the section devoted to total induction. 


(b) 


Figure 6.19 A rectangular 
wire loop exposed to two 
time-harmonic magnetic 
fields of equal amplitudes 
and 90° out of phase (a), 
which superposed to each 
other represent a rotating 
magnetic field (b); for 
Example 6.17. 
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Figure 6.20 Elementary 
asynchronous motor in the 
form of a rectangular wire 
loop rotating with an 
angular velocity wo in a 
rotating magnetic field of 
angular frequency w, where 
@ > wo (top view at t = 0); 
for Example 6.18. 


along with the applied rotating field [i.e., to rotate n closer to B in Fig. 6.19(b) and thus 
decrease the angle @], which is in opposition to the change in the magnetic flux through the 
contour (caused by the increase in @) that generated the emf in the first place. 


Example 6.18 Rotating Loop ina Rotating Field - Asynchronous Motor  — 


Assume that the loop exposed to the rotating magnetic field from Fig. 6.19 also rotates in the 
same direction with an angular velocity wp (wo < w), as indicated in Fig. 6.20. This device 
represents an elementary asynchronous motor. Calculate (a) the time-average power of 
Joule’s losses dissipated in the loop, (b) the time-average torque of magnetic forces on the 
loop, and (c) the efficiency of the motor. 


Solution 


(a) This is a system based on total (mixed) induction — the magnetic field changes (rotates) 
in time and the loop moves (rotates). It is called the asynchronous motor because the 
loop does not rotate in synchronism with the field. The relative rate of rotation of the 
field with respect to the rotating part of the motor (the loop in our case), called the rotor, 
equals 

Aw = @— 9, (6129 


which is referred to as the slipping angular velocity of the asynchronous motor. 
Consequently, this system can be replaced by either an equivalent system with a station- 
ary loop and a magnetic field rotating with a velocity Aw (transformer induction case, as 
in Fig. 6.19) or an equivalent system with a loop rotating with a velocity Aw in a static 
magnetic field (motional induction case, as in Fig. 6.16). From Eqs. (6.89), (6.118), and 
(6.121), the magnetic flux through the loop in Fig. 6.20 is 


®(t) = ab|B| cos Awt = abBo cos(w — w)t. (6.122) 


Eq. (6.94) then tells us that the time-average power of Joule’s losses in the loop can be 

written as 

a*b* Be 
2R 


(b) By means of Eq. (6.92), the time-average torque of magnetic forces on the loop is 


(Tm)ave = k(w — wo), (6.1 24) 


(6.123) 


(Pj)ave = k(w any. where k= 


where the coefficient k is that in Eq. (6.123). This torque has the same direction as the 
slipping velocity of the motor. 


(c) The rate of the loop rotation in Fig. 6.20 is wo, so that Eq. (6.93) gives the following 
expression for the time-average mechanical power used to rotate the loop: 


(Pmech)ave = (Tm)ave 0 = kK wo(w — wo). (6.1 25) 


The efficiency of the motor is given by 


= (Pmech)ave + (P3)ave - oe 


where we neglect the losses in the stationary part of the motor (the stator). 


Seu em be Charge Flow due toa Magnetic Flux Change 


(Pmech )ave WO (6.1 26) 


Consider a wire contour of resistance R situated in a magnetic field, as shown in Fig. 6.21. If 


this field is changed and/or the contour is moved in the field during an arbitrary interval of 


time so that the corresponding net change of the magnetic flux through the contour is A®, | 


find the total charge flow Q in the contour during this process. 


Section 6.7 Total Electromagnetic Induction 


Solution Since the magnetic flux of the contour, ®, varies in time during the considered 
process, an emf éing is induced in the contour (due to the total induction in the general case), 
for which we can write 


eind = ——G and ind = Ri, (6.127) 
where i is the intensity of current in the contour (Fig. 6.21). Combining these two equations 
gives 


d@ = —Ridt. (6.128) 


From Eq. (3.4), the charge that flows through the contour during an elementary time df is 
dQ =idz, resulting in 


do = —RdQ. (6.129) 


We then integrate both sides of the above equation. On the left-hand side of the equa- 
tion, we thus obtain the total change of flux, A®, from its starting value (®,) to the ending 


value (®2) in the process, 
® 


2 
d@ = 6) — 0, = AS, (6.130) 


®; 
On the right-hand side of the equation, the integral of dQ equals the total charge flow, Q, 
and hence 


A® 
Q=-— 


R (6-L2)) 


where the reference directions of the charge flow and the magnetic flux are interconnected 
by the right-hand rule, as indicated in Fig. 6.21. 


Serle wale Fluxmeter Based on a Charge-Flow Measurement 


A fluxmeter consists of a small coil (magnetic sonde) connected to a ballistic galvanometer, 
as in Fig. 6.22. The cross-sectional area of the coil is S and the number of wire turns is N. 
The total resistance of the coil and the galvanometer is R. The coil is placed in a uniform 
time-invariant magnetic field such that the magnetic field lines are perpendicular to the flat 
surface spanned over the coil cross section (Fig. 6.22). The coil is then removed from the 
field, and the charge flow indicated by the galvanometer is Q. What is the flux density of the 
magnetic field? 


Solution The magnetic flux of the coil while it is in the field is 
, — NBS, (6.132) 


whereas ®2 = 0 after the coil is removed from the field. Using Eq. (6.131), the charge flow 
through the galvanometer is given by 


_ AD O-o; O _ NBS 
Q= a a =a? (6.133) 
which yields the following expression for the magnetic flux density of the field: 
R 
B= —Q. 6.134 
0 (6.134) 


We see that B is linearly proportional to Q, where the proportionality constant is determined 
by the parameters (R, N, and S) of the fluxmeter in Fig. 6.22. 

Thus, by directly measuring the charge flow through its terminals, a ballistic galvanome- 
ter connected to a magnetic sonde can be used to indirectly measure the flux density of an 
unknown magnetic field. In some cases, like in this example, the measurement is based on 
motional electromagnetic induction (field is time-constant and a coil is either removed from 
the field or brought into it). In other applications, like in the apparatus for measurement of 
magnetization curves in Fig. 5.19, a coil is stationary in a field that is either established from 
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Figure 6.21 Evaluation of 
the charge flow in a wire 
contour as a consequence of 
a change of the magnetic 
flux through the contour; 
for Example 6.19. 


charge flow in a wire contour 
due to a magnetic flux 
change 
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Figure 6.22 Fluxmeter 
consisting of a small coil and 
a ballistic galvanometer 
(BG); for Example 6.20. 
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& = const through a 
superconducting contour 


density of eddy currents 


zero to its final value B (to be measured) or reduced from some value (B) to zero, so that the 
measurement is based on transformer electromagnetic induction. 


Example 6.21 Magnetic Flux through a Superconducting Contour el 


Prove that the magnetic flux through a superconducting wire contour cannot be changed. 


Solution A superconducting wire has zero resistivity [see Eq. (3.23)] and zero total 
resistance, R = 0, so that Eqs. (6.127) give 


d® 


= = 0 (R=0), (6.135) 


that is, ® = const, which completes our proof. 

Having in mind that ® denotes the total existing flux through the contour, this result 
can be explained as follows. If the magnetic field in which a superconducting contour resides 
(external or primary magnetic field) is changed and/or the contour is moved in the field, a 
current is induced in the contour whose magnetic field (secondary field) completely cancels 
the change of the magnetic flux through the contour (Lenz's law in its extreme form), such 
that the total flux @ through the contour remains constant. 


Problems: 6.29-6.33; Conceptual Questions (on Companion Website): 6.23-6.25; 
MATLAB Exercises (on Companion Website). 


6.8 EDDY CURRENTS 


Whenever electric field is induced in a conducting medium, electric current is 
also established, with the same time-dependence as the field (we assume that the 
medium is linear in terms of its conductivity). An example is a conducting wire loop 
in a time-varying magnetic field (Fig. 6.8), where the intensity of the induced cur- 
rent in the wire is given by Eq. (6.38). This section is devoted to studying volume 
induced currents in solid conducting bodies, where many current contours are estab- 
lished throughout the volume of the body as a result of the induced electric field. 
These currents are perpendicular to the magnetic flux in the body and, since they 
flow like “eddies” (in water), we call them eddy currents. The eddy current density 
vector, Jeddy, is related to the electric field intensity vector, E, through Ohm’s law 
in local form: 


Seddy = oE, (6.136) 


where a is the conductivity of the material. The vector E represents the actual (mea- 
surable) electric field in the material, which, in general, is composed of the induced 
electric field, Eing, and the field due to excess charge, Ey [see Eq. (6.16)]. The vec- 
tor Jeddy in Eq. (6.136), therefore, is the actual (total) current density vector in the 
material, the corresponding components of which are o King and a Eg. Note that the 
component o Ejng alone is usually identified as the induced current density vector 
in the material. However, as the accumulation of excess charge in the majority of 
practical systems with an induced electric field is also a result of electromagnetic 
induction, both components of the eddy current density vector can be said to be 
induced by the same cause that induces the field Ejng and electromotive force in 
the system, i.e., to represent the induced current in the material. This cause, on the 
other hand, can be related to either transformer or motional induction, as well as to 
total (combined) induction. 
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As a consequence of eddy currents, electric power is lost to heat in the material, 


' according to Joule’s law, and this is the principle of induction heating. In so-called 


induction furnaces, for instance, eddy currents are created on purpose to produce 
local heating in metal pieces and high enough temperatures to melt the metal. 
In ac machines and transformers, however, the power loss due to eddy currents 
induced in ferromagnetic!” cores is undesirable. From Eq. (3.31), the volume den- 
sity of the power of Joule’s losses at a point in the material is proportional to the 
square of the density of eddy currents, Jeqay, at that point. Using Eq. (3.32), the total 


instantaneous power of Joule’s (ohmic) losses in the entire body is obtained as 


(6:1137) 


| where v denotes the volume of the body. 


Another important consequence of eddy currents is the magnetic field that they 
produce. By Lenz’s law, this field (secondary magnetic field) opposes the change in 


| the primary magnetic flux inside the body, which caused the eddy currents in the 


first place. While the secondary magnetic field due to induced currents in thin-wire 


| circuits is practically always negligible with respect to the primary magnetic field, 
| this often is not the case with volume eddy currents in solid bodies. The larger 
| the volume of the body and areas of eddy current contours (eddies) in the mate- 
| rial the larger the induced emf along the contours and the current intensities, as 
_ well as the magnetic field they produce. This effect is also usually not desirable. 


For instance, the magnetic field due to eddy currents in ferromagnetic cores of ac 
machines and transformers tends to cancel the primary magnetic flux in the core 
and thus considerably reduces the efficiency of the device. As an illustration, con- 
sider a large core of a rectangular parallelepipedal shape in a uniform time-varying 
primary magnetic field B, as depicted in Fig. 6.23(a). The secondary (induced) mag- 
netic field, Bing, is the strongest at the center of the cross section of the core, i.e., 
at the center of all eddy current contours, where all the fields due to these contours 
add up. Hence, the resultant (primary plus secondary) magnetic flux density is not 
uniformly distributed over the core cross section; it is the smallest at the center and 
the largest near the core surface. In other words, practically only the “skin” region 
below the surface of the core carries the magnetic flux and is effectively used for 
the operation of the device. This phenomenon is referred to as the skin effect in 
ferromagnetic cores. 

Note that the skin effect in current conductors at high frequencies is also a 


, consequence of induced (eddy) currents and their magnetic field. To show this, con- 


sider a cylindrical conductor carrying a time-harmonic (ac) current of density J, 
Fig. 6.23(b). Using the analogy with the dc case in Fig. 4.15, the lines of the mag- 
netic field B due to this current are circles centered at the conductor axis. This field 
induces an electric field Ej,g, which is axial in the conductor (field lines are paral- 


* lel to the conductor axis) and can be qualitatively analyzed by applying Faraday’s 


law of electromagnetic induction, Eq. (6.35), to the rectangular contour C shown in 
Fig. 6.23(b). The direction of vectors Ejng and J eddy is determined by Lenz’s law (i.e., 
by the minus sign in Faraday’s law). It is such that the secondary magnetic field, Bina, 
opposes the primary field B. Hence, the eddy current density vector tends to cancel 


10Ferromagnetic materials are electrically conducting, with large conductivities (e.g., ore = 10 MS/m for 


iron). 


Joule’s (ohmic) losses due to 
eddy currents 


(b) 
Figure 6.23 Illustration of 
the skin effect in a 
parallelepipedal 
ferromagnetic core with a 
time-varying magnetic field 
(a) and in a cylindrical 
conductor with a 
time-harmonic current (b). 
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the current density J inside the conductor volume, while adding to its magnitude 
near the conductor surface. Therefore, the magnitude of the total current density 
vector is small at the conductor axis and increases towards the conductor surface. 
The higher the frequency (i.e., the faster the time rate of change d/dt in Faraday’s 
law) the larger the induced emf in the contour C and the more pronounced the 
skin effect. At very high frequencies, the current is restricted to a very thin layer 
(“skin”) near the conductor surface,'! practically on the surface itself, and can be 
considered therefore as a surface current and described using the surface current 
density vector, Js [see Eqs. (3.12) and (3.13)]. 

Examples in this section include evaluation of eddy current distributions and 
Joule’s losses in several characteristic systems based on each of the three types 
of electromagnetic induction (transformer, motional, and total induction). In all 
cases, we shall neglect the magnetic field due to eddy currents and the associated 
skin effect in conducting bodies. Taking this field into account in the evaluation of 
the distribution of eddy currents in the body would require a much more complex 
analysis based on numerical field-computation techniques. 


Seiya Eddy Currents in a Thin Conducting Disk 


A thin conducting disk of radius a, thickness 5 (6 < a), conductivity 0, and permeability 
4g is positioned inside an infinitely long air-filled solenoid, as shown in Fig. 6.24(a). A 
low-frequency time-harmonic current of intensity i(f) = Jp cos wt flows through the winding. 
The number of wire turns per unit of the solenoid length is N’. (a) Determine the distribution 
of eddy currents induced in the disk, neglecting the magnetic field that they produce. (b) Find 
the time-average power of Joule’s losses dissipated in the disk. (c) Evaluate the magnetic 
field due to eddy currents at the disk center. 


Solution 


(a) Eddy currents are induced in the disk due to transformer induction in this structure. The 
induced electric field inside the solenoid is given by the first expression in Eqs. (6.51). 
Using Eq. (6.136) and referring to Fig. 6.24(b), the distribution of eddy currents in the 


Figure 6.24 (a) Thin 
conducting disk inside an 
infinitely long solenoid with a 
low-frequency time-harmonic 
current and (b) evaluation of 
eddy currents in the disk and 
their magnetic field at the disk 

center; for Example 6.22. (a) (b) 


'\For cxample, we shall see in a later chaptcr that the thickness of the layer that carries most of 
the current in copper conductors at frequencies higher than about 1 MHz is Icss than a fraction of a 
millimeter. 


(b) 


(c) 
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disk is described by the following expression for the induced current density: 
Koo N'r di _— wugoN'Ior 

Od ”) 
where r is the radial distance from the solenoid axis and we assume that the electric field 
due to excess charge is practically zero. 


Jeddy (7, t) = 0 Einar, 1) = — sinwt (O<r<a), (6.138) 


From Eq. (6.137), the instantaneous power of Joule’s losses in the disk is 
a J2 (r, t) N'In)28 a 
Py(t) = ib ey ar drd = EC OWUN f0)28 sin? ot f r dr 
07 eo tar 2 0 
dv 
N'Ip)*a*5 
_ GON ue ep on (6.139) 


8 
with dv being the volume of an elementary hollow disk of radius r, width dr, and thick- 
ness (height) 5 [Fig. 6.24(b)]. Having in mind Eq. (6.95), the time-average of this power 
amounts to 
mo (wpgN’Ip)*a*s 

16 
As 6 < a, the elementary hollow disk of volume dv in Fig. 6.24(b) can be replaced by an 
equivalent circular current contour (wire) of radius r and current intensity 


dleday(7, t) = Jeaay(’, t)d dr (6.141) 


(Py)ave = (6.1 40) 


(cross section of the hollow disk through which the current of density Jegay flows is a 

small rectangle of side lengths 6 and dr, and surface area 6 dr). The magnetic flux density 

due to this current at the center of the disk is obtained using Eq. (4.19) for z= 0 andr 

substituting a: 

Ho dleday(”, t) 
2r : 


By virtue of the superposition principle, the resultant magnetic field due to eddy currents 
is given by 


a wpra N'Ipd : a wpa N'Igad : 
[pepe (2) i, dBing(r, 2) = — 4g Sin or | aa— ——4q_ sin wt. (6.143) 
r=0 0 


Comparing the amplitude Bingo of the field Bing(f) to the amplitude Bo of the 
primary field B(t) = oN’ Ip cos wt [Eq. (6.48)] inside the solenoid, we see that 


dBina(r, t) = (6.142) 


Binao _ aad 
Bo 4° 
Hence, the magnetic field due to eddy currents in the disk is negligible with respect to 
the magnetic field due to primary currents in the solenoid only if 


(6.144) 


uf goad 
2 


where f = w/(27) is the frequency of the currents, and whether or not this condi- 
tion is satisfied depends on the numerical values of the parameters of the structure in 
Fig. 6.24(a). As an example, for f = 60 Hz (power frequency), o = 58 MS/m (copper), 
and 6 = a/20, we obtain that only for disks with quite small radii (a « 5 cm), Bingo < Bo, 
whereas eddy currents in larger disks produce magnetic fields that cannot be neglected 
with respect to primary fields (at least at the disk center, where the secondary magnetic 
field is maximum). 

Note that the magnetic field Bing in Eq. (6.143) is evaluated based on the distribu- 
tion of eddy currents given by Eq. (6.138). However, in the case when the condition in 
Eq. (6.145) is not satisfied, this evaluation is not accurate enough and provides only qual- 
itative results, because the starting expression for the induced electric field in Eqs. (6.51) 


eal (6.145) 


297 


298 Chapter 6 Slowly Time-Varying Electromagnetic Field 


is obtained taking into account only the primary magnetic field on the right-hand side of 
Faraday’s law of electromagnetic induction. 


Example 6.23 ‘Eddy Currents in a Thin Ferromagnetic Plate 


A thin conducting ferromagnetic plate of length b, width a, and thickness d (d « a) is situated 
in a uniform low-frequency time-harmonic magnetic field of flux density B(t) = Bocosat. 
The field lines are perpendicular to the plate cross section, as shown in Fig. 6.25(a). The 
conductivity of the plate is o. Neglecting the end effects and the magnetic field produced 
by eddy currents, find (a) the distribution of these currents throughout the plate and (b) the 
total time-average power of Joule’s losses associated with them. 


Solution 


(a) This is another example of a structure with eddy currents due to transformer induction. 
By neglecting the end effects (since d « a), we assume that the current streamlines in 
the plate are straight and parallel to the plate surfaces, as indicated in Fig. 6.25(b). From 
Eq. (6.136), the same is true for the lines of the total electric field intensity vector, E, 
in the plate. By the same token, the magnitude E of this vector does not depend on 
the coordinate y in Fig. 6.25(b). Applying Faraday’s law of electromagnetic induction, 
Eq. (6.37), to the rectangular contour C shown in Fig. 6.25(b), we get 


dB d d 
2E(x, ‘l= ——— 2x, 5 <X¥< 3° (6.146) 
which yields 
dB : 
E(x, t) = —-x a wBox sin at, (6.147) 


where we neglect the magnetic field due to eddy currents in the plate. The density of 
these currents is given by 


Jeddy(X, 1) = 0 E(x, t) = wo Box sinat. (6.148) 


Figure 6.25 (a) Thin 
conducting ferromagnetic plate 
in a uniform low-frequency 
time-harmonic magnetic field, 
(b) distribution of eddy 
currents in the plate, (c) NV 
insulated thin plates forming a 
core of an ac machine or 
transformer, and (d) a core 
with the same dimensions 
made of a single piece of 
material; for Example 6.23. 
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(b) The total instantaneous power of Joule’s losses dissipated throughout the volume v of 
the plate is 


Jenn (x, 1) d/2 2¢abd? B? 
PyH= OY ae ab dx = woabBe sin? wt x? dx = es eae sin? wt, 
v o em x=—d/2 12 
(6.149) 


where dv represents the volume of a differentially thin slab of thickness dx used in the 
volume integration. Finally, averaging in time [Eq. (6.95)] results in 


wo abd? Be 
24 : 


Note that ferromagnetic cores of ac machines and transformers are made of mutu- 
ally insulated stacked thin plates, as portrayed in Fig. 6.25(c), rather than of a single 
piece of material, shown in Fig. 6.25(d). With this, the areas of eddy current contours 
in the core are considerably reduced, and so are the electromotive forces and current 
intensities along the contours. Consequently, both undesirable effects of eddy currents 
(Joule’s losses and secondary magnetic field) are reduced significantly as well. In spe- 
cific, the time-average power of Joule’s losses in the laminated core in Fig. 6.25(c) can be 
obtained as N times the power given in Eq. (6.150) for a single thin plate, where N is the 
number of insulated thin plates. On the other hand, the time-average power of Joule’s 
losses in the homogeneous core in Fig. 6.25(d) can roughly be estimated using the same 
thin-plate expression in Eq. (6.150) for the plate thickness Nd. Hence, we can write 


(Py)ave1 X Nad? and (Pj)ave2 & (Nd)?, (6151) 


respectively, for these two powers. We see that the reduction of Joule’s losses in the 
laminated core is estimated to be as large as by roughly a factor of N* as compared to 
the homogeneous core with the same dimensions. Also, the skin effect caused by the 
magnetic field due to eddy currents is much more pronounced in the core in Fig. 6.25(d), 
where the resultant magnetic flux is “pushed” to the “skin” region near the surface 
of the core only, so that the entire interior of the core is practically flux-free. In the 
core in Fig. 6.25(c), on the other side, the “skin” regions are formed in each of the thin 
insulated plates, so that, although not entirely uniform over the cross section of the 
core, the resultant flux is much more densely distributed throughout the volume of the 
core and the ferromagnetic material is much more effectively used for the machine or 
transformer operation. 
Note also that, from Eq. (6.150), 


| (Bie cof oc (6.152) 


which means that the power loss due to eddy currents in the core increases very rapidly 
with an increase in the operating frequency of the device (f) and also that it can be 
reduced by using core materials that have low conductivity (a). That is why ferrites 
(which have high permeability but low conductivity) are used instead of ferromag- 
netics in some applications at high frequencies (e.g., for the cores of high-frequency 
transformers or multiturn loop antennas). 


Seite we am Eddy Currents in a Rotating Strip 


A very long, thin conducting strip of length /, width a, and thickness 6 (6 < a <« /) rotates 
about its axis at a constant angular velocity w in a uniform time-invariant magnetic field 
of flux density B, as shown in Fig. 6.26(a). At an instant t = 0, the strip is perpendicular 
to the vector B. The conductivity of the strip is o, and permeability 49. Determine (a) the 
distribution of eddy currents and (b) the instantaneous power of Joule’s losses in the strip. 
Neglect the end effects and the magnetic field produced by eddy currents. 


(Pyj)ave = (6.150) 


ohmic losses in a laminated 
core vs. homogeneous core — 
of an ac machine or 
transformer 


dependence of ohmic losses 
due to eddy currents on 
frequency and conductivity 
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(a) 


@B , 


(b) 


(b) 


Figure 6.26 Evaluation of 
eddy currents in a strip 


Solution 


This is a structure with eddy currents generated because of motional induction. The 
induced electric field in the strip is given by Eq. (6.68), where we neglect the magnetic 
field due to currents in the strip. The vector Ejng is perpendicular to the cross section of 
the strip, shown in Fig. 6.26(b). At a point P, the velocity of which is v = wx, 

Eing = V X B= vBsin@(—z) = —axBsinwtz, — 5 <xX< . (6.153) 
where @ = wt is the angle between the strip and the reference horizontal plane at time 
t [see Eq. (6.88)]. Note that, for the position of the strip in Fig. 6.26(b), the direction of 
Ejing is out of the page for x > 0 and into the page for x < 0 (point P’). The density of 
eddy currents in the strip, given with respect to the reference direction out of the page in 
Fig. 6.26(b), is 

Jeddy = 0 Ejing = wo xB sin wt, (6.154) 


where we neglect the end effects, 1.e., the electric field due to excess charge that accumu- 
lates near the ends of the strip and causes the current streamlines to bend and close into 
themselves near the ends. 


The total instantaneous power of Joule’s losses in the strip comes out to be 


a) ad 
Py(t) = th eddy dy = wo ISB? sin? wt / x dx = ~~ sin? wt, (6.155) 
x=-a/2 0 ~a/2 12 


where dv = /5dx is the volume of an elementary strip of length /, thickness 6, and 
width dv. 


rotating in a uniform : : : : a fee 
time-invariant magnetic | Example 6.25 | wwe Rotating Cylinder in a Rotating Magnetic Field 


field: (a) top view at = 0 A very long conducting cylinder of length /, radius a, and conductivity o rotates at a constant 
and (b) cross-sectional view — angular velocity wp about its axis, while being exposed to a rotating magnetic field of flux 
at an arbitrary time 1; for density B and angular frequency w (w > wa), as shown in Fig. 6.27(a). Neglect the end effects 
Example 6.24. and the magnetic field due to eddy currents, and calculate the total instantaneous power of 


Joule’s losses in the cylinder. 


Solution This is a system based on total (transformer plus motional) induction. However, 
we can use the concept of slipping velocity given in Eq. (6.121) and replace this system 
by a cylinder rotating in a static magnetic field with the rate Aw = w — wo in the opposite 


Figure 6.27 (a) Rotating 
cylinder in a rotating magnetic 
field and (b) equivalent system 
with the cylinder rotating ina 
static magnetic field; for 
Example 6.25. 


direction, as depicted in Fig. 6.27(b). In the equivalent system, which is based on motional 
induction only, the induced electric field is found in a similar fashion as in Eq. (6.153). At a 
point P in Fig. 6.27(b), 


Eing = V x (BY) = vBsin@(—2Z) = —AorBsindz 


= —AwrBsin(Awt+6)z, O<r<a, —-n<6<n7, (6.156) 


where r is the radial distance from the cylinder axis (r = |r|), v = Awr is the velocity of 
the point, and @ is the angle between the vector r and the x-axis, which equals 6 at 
t=0 and is given by Eq. (6.88) with Aw as rotation rate. Note the opposite directions 
of Eing at points P and P’ in the cylinder cross section, i.e., for @ positive and negative, 
respectively, which tells us how the streamlines of eddy currents (Jeaay) close throughout 
the cylinder. 

The total instantaneous power of Joule’s losses dissipated in the cylinder is obtained by 
integration: 


a It 
Py(t) = [or av =f | o E2.(r,6) rd dr 
J i ind Pa ind f = ; 


a z See 
E (Aw)"o BY [ up i pecan 2 20) oa” (6.157) 
0 —H 


4 ? 
where dS is an elementary patch in the cylinder cross section [Fig. 6.27(b)], the sides of which 
are dr and rdé long, and dv =/dS. We see that the dissipated power is constant with 
respect to time, which is a consequence of the cylindrical (rotational) symmetry of this 
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Problems: 6.34~-6.45; Conceptual Questions (on Companion Website): 6.26-6.30; 
MATLAB Exercises (on Companion Website). 


Problems 


6.1. 


6.2. 


6.3. 


Induced electric field of a circular current loop. 
Assuming that the current in the circular loop 
in Fig. 4.6 is not steady but slowly time-varying, 
with intensity i(¢), find the induced electric field 
intensity vector at an arbitrary point along the 
z-axis (point P). 

Induced electric field of a triangular cur- 
rent loop. For the triangular current loop in 
Fig. 4.39, calculate the electric field intensity 
vector at the point P induced by a slowly 
time-varying current of intensity i(t) in the 
loop. 

Magnetic field of an EMI source (square con- 
tour). Consider the square current contour 
described in Example 6.2, and find the mag- 
netic field intensity vector at the point M in 
Fig. 6.2(a). Compare the result with that for 
the induced electric field intensity vector in 
Fig. 6.2(d). 


6.4. Induced electric field above a square current 


eS) 


e 


6.6. 


contour. Determine the electric field intensity 
vector at a point N placed at a height a above 
the vertex representing the junction of sides 1 
and 2 of the square contour in Fig. 6.2(c), the 
coordinates of the point thus being x = y = a/2 
and z = —a, induced by the pulse current i(¢) in 
Fig. 6.2(b). 

Magnetic field of a current contour of complex 
shape. For the wire contour with semicircular 
and linear parts carrying a low-frequency time- 
harmonic current from Example 6.4, compute 
the magnetic field intensity vector at the point 
O in Fig. 6.4. 


Induced electric field of a semicircular- 
rectangular loop. Find the induced electric field 
intensity vector at the point O in Fig. 4.40, 
assuming that a slowly time-varying current 
of intensity i(t) flows along the loop. 
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6.7. 


6.8. 


6.9. 


6.10. 


6.11. 


6.12. 
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Current contour with circular and straight seg- 
ments. A current of intensity i(t) = sin(108s) A 
(t in s) flows along a wire contour with two 
circular (quarter-circle and 3/4-circle) and two 
linear parts, shown in Fig. 6.28, where a = 3 cm 
and b=9cm. (a) Verify that this is a low- 
frequency current, and compute (b) the in- 
duced electric field intensity vector and (c) the 
magnetic field intensity vector at the point O. 


Figure 6.28 Wire 
contour with a 
quarter-circle, 
3/4-circle, and two 
linear parts carrying a 
low-frequency 
time-harmonic current; 
for Problem 6.7. 


Induced electric field at the axis of a circular 
segment. Repeat Example 6.3 but for the field 
point at an arbitrary location (defined by the 
coordinate z) along the z-axis (normal to the 
plane of drawing) in Fig. 6.3(a). 


Induced electric field above or below a semicir- 
cular loop. Consider the wire contour made ofa 
semicircle and a straight line from Example 4.4, 
and assume that it carries a slowly time-varying 
current of intensity (1). Determine the induced 
electric field intensity vector at an arbitrary 
point along the z-axis in Fig. 4.9(a). 

Voltage from current distribution and total 
electric field. In a domain v in free space, there 
is a slowly time-varying distribution of volume 
currents and charges. We know the current 
density vector, J, at every point of v, as well 
as the (total) electric field intensity vector (due 
to currents and charges in v), E, at every point 
outside it. Find the voltage between any two 
points, M and N, outside v. 


Voltage along a straight wire in a quasistatic 
field. A straight metallic wire is placed in a 
quasistatic electromagnetic field, for which the 
magnetic vector potential, A, is known at every 
point of space. What are (a) the total elec- 
tric field inside the wire and (b) the voltage 
between the ends, M and N, of the wire? 


Rectangular wire loop around a solenoid. Con- 
sider the solenoid described in Example 6.5, 
and assume that a rectangular wire loop of edge 


6.13. 


6.14. 


lengths b and c is placed coaxially around it 
(b, c > 2a), as shown in Fig. 6.29. The magnetic 
field due to induced currents can be neglected. 
(a) What is the total induced emf in the loop? 
Find the emf in the edge MN of the loop, 
€indMN, in the following two ways, respectively: 
(b) by integrating along the edge the induced 
electric field intensity vector due to the current 
in the solenoid winding [use the relationship 
in Eq. (4.43) to solve the integral] and (c) by 
showing that eingmn equals the induced emf in 
the triangle AOMN in Fig. 6.29, and then com- 
puting this latter emf as a part of the total emf 
from (a). 


Figure 6.29 
Rectangular wire loop 
placed coaxially around 
the solenoid in Fig. 6.9; 
for Problem 6.12. 


Solenoid and a loop of wire with nonuniform 
cross section. Repeat Example 6.6 but assum- 
ing that the wire loop around the solenoid is 
composed of two parts with the same con- 
ductivity, o, but with different cross-sectional 
areas, S; and S) (S; #52), and different 
lengths, determined by angles a and 27 —a, 
respectively, as shown in Fig. 6.30. 


Figure 6.30 
Structure in 

Fig. 6.10(a) but with 
a loop of wire of 
nonuniform cross 
section around the 
solenoid; for 
Problem 6.13. 


Complex wire assembly inside a solenoid. Let | 


the wire loop composed of two semicircu- 
lar parts with conductivities 0; and o2 from 
Example 6.6 have radius a/2 and be placed 
coaxially inside an air-filled solenoid, and let 
two additional linear pieces of wire, with con- 
ductivities 03 and 04, be attached to it, at points 
M and N, as depicted in Fig. 6.31. Linear wire 
segments are positioned radially with respect 
to the solenoid axis, and their ends (points 


—_— 


6.15. 


6.16. 


6.17. 


P and Q) are very close to one another (the 
gap between them is much smaller than a). 
Compute the voltage between points P and Q. 


Figure 6.31 Wire 
assembly of four parts 
with different 
conductivities placed 
inside an air-filled 
solenoid (the gap 
between points P and 
Q is very small); for 
Problem 6.14. 


Emf in a rectangular loop due to a two-wire line 
current. A very long lossless thin two-wire line 
in air, with distance between axes of conductors 
equal to 4a, is fed at one end by an ideal current 
generator of low-frequency time-harmonic cur- 
rent intensity ig(t) = Ig9 cos wt, while the other 
end of the line is short-circuited. A rectangu- 
lar wire loop of side lengths a and b is placed 
in the plane of the line, such that its two sides 
are parallel to the line and the distance of one 
of the sides from one of the line conductors is 
a. Neglecting end and propagation effects, 1.e., 
computing the magnetic field of the line as if 
it were infinitely long and assuming that the 
line current is the same in every cross section, 
as well as the magnetic field due to induced 
current, find the emf induced in the loop for sit- 
uations in (a) Fig. 6.32(a) and (b) Fig. 6.32(b), 
respectively. 

Large square and small circular concentric 
coplanar loops. Fig. 6.33 shows two concentric 
wire loops lying in the same plane, in free 
space, a large square loop of side length a and 
a small circular one of radius b (b <a). The 
loops are oriented in the same, counterclock- 
wise, direction. The square loop carries a low- 
frequency time-harmonic current of intensity 
i(t) = Jp sin wt, and the resistance of the circular 
loop is R. Determine the induced current in the 
circular loop, neglecting its own magnetic field. 


Electromagnetic induction in a nonlinear mag- 
netic circuit. Consider a magnetic circuit in 
the form of a thin toroidal ferromagnetic core 
with two windings, like the one in Fig. 5.19. 
The length and cross-sectional area of the 
core are / = 50 cmand S = 1 cm”, respectively. 
The primary coil, with N; = 850 turns of wire 
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lg 


Figure 6.32 Electromagnetic induction in a rectangular 
loop due to a time-varying current of a thin two-wire line: 
(a) loop between line conductors and (b) loop on a side 
of the line; for Problem 6.15. 


6.18. 


b Figure 6.33 
Magnetically coupled 
large square and 
small circular 
concentric coplanar 
loops in free 
space; for 

a Problem 6.16. 
wound uniformly and densely along the entire 
core, is fed by a low-frequency time-harmonic 
current of intensity i(f)=Jpsinwt, where 
Ip =0.1 A and w = 10° rad/s. The secondary 
coil has only Nz = 4 wire turns encircling the 
primary winding, and is open-circuited. The 
idealized hysteresis loop of the core material is 
that in Fig. 6.13(c), with Bm = 0.5 T and Hm = 
170 A/m. Sketch roughly the voltage wave- 
form across the secondary coil terminals within 
one period of time-harmonic variation of the 
current in the primary circuit (JT = 27/w), that 
is, for 0 < wt < 27. 
Rotating rod in a uniform magnetic field. A 
conducting rod rotates uniformly with angu- 
lar velocity w about an axis that splits it onto 
two unequal parts of lengths /; and Jp (1) # ln) 
in a uniform time-invariant magnetic field of 
flux density B, as shown in Fig. 6.34. The axis 
of rotation is perpendicular to the rod, and 
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vector B is parallel to the axis. (a) Find the 
total induced emf in the rod. What is the total 
emf if (6) 1) =i, (c) b =ORand dy — 0, 
respectively? 


Figure 6.34 Conducting rod 
uniformly rotating about an 
excentric axis in a uniform static 
magnetic field; for Problem 6.18. 


Faraday’s wheel. Fig. 6.35 shows Faraday’s 
wheel, consisting of a copper disk of radius 
a that rotates at a constant angular velocity w 
about its axis together with an attached axial 
copper rod, between the poles of a large per- 
manent magnet producing a uniform magnetic 
field of flux density B, with B perpendicular to 
the disk surface. A pair of terminals, 1 and 2, 
is defined by taking leads off the rim and the 
center of the disk (via the rod), respectively. 
Neglecting the magnetic field due to induced 
currents in the disk and thickness of the rod, 
compute (a) the total induced emf in the disk 
with respect to the reference direction from the 
disk center to the rim, (b) the Coulomb electric 
field intensity vector (due to excess charge) at 
an arbitrary point of the disk, and (c) the volt- 
age (V = Vj2) across the open terminals of the 
wheel. 


Figure 6.35 Faraday’s wheel (a copper 
disk uniformly rotating between the 
poles of a large permanent magnet), 
with open terminals; for Problem 6.19. 


6.20. Electric motor — with a linearly sliding bar 


in a magnetic field. Consider the system with 
a metallic bar moving in a uniform static 
magnetic field described in Example 6.11 
(Fig. 6.15), and assume that an ideal voltage 
generator of time-constant emf € is added in 
series with the resistor (of resistance R), as 
shown in Fig. 6.36. Let the values of the system 
parameters €, R, a, and B be all given and pos- 
itive (disregard the concrete numerical values 
from Example 6.11), and perform the analy- 
sis of this new system as follows. (a) For the 
bar at rest (v = 0), find the current in the cir- 
cuit (7) and mechanical force acting on the bar. 
(b) For the bar sliding (uniformly), sketch the 
dependence of J on the velocity of the bar (v), 
for v both positive and negative (movement 
away from and toward the voltage generator), 
respectively. (c) Determine the mechanical 
power of the bar movement (Pmech) in terms 
of the algebraic intensity of the mechanical 
force on the bar (Fimech), for —co < Fmech < ©, 
and sketch this dependence (note that v is a 
function of Fmech). (d) What are the ranges of 
values Of Fmech 1n which the system in Fig. 6.36 
operates as a motor (Pmech < 0 — the main 
mode of operation of the system) and as a gen- 
erator (Pmech > 0), respectively? (e) Compute 
Fmech for which the mechanical power of the 
motor (|Pmech|) is maximum. (f) If for the safe 
operation of the motor, its current has to be 
smaller in magnitude than /max (so that the 
motor does not burn out), what is the corre- 
sponding range of velocity v? (g) Establish and 
discuss the power balance for the system, in 
both motor and generator mode of operation. 
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Figure 6.36 Electric motor — with a linearly 
sliding metallic bar in a static magnetic field 
(as in Fig. 6.15), and a dc voltage generator 
added in the circuit; for Problem 6.20. 


6.21. Computation for a sliding-bar electric motor. 


For the electric motor from the previous 
problem, let €=5 V0 K —2 2 


6.22. 


6.23. 


Fmech = 2.5 N, and v=10m/s. Find B and 
the power that the voltage generator (€, R) 
delivers to the rest of the structure. 


Electric motor — with a rotating bar in a mag- 
netic field. A metallic bar of length a is attached 
at its one end to a vertical metallic rod, about 
which, as an axis, it can rotate so that its other 
end slides without friction along a circular hori- 
zontal metallic rail (of radius a), as portrayed in 
Fig. 6.37. A voltage generator of time-invariant 
emf € and internal resistance R is connected 
between the rail and the rod (axis), and the 
whole system is situated in a uniform static 
magnetic field, whose field lines are perpendic- 
ular to the plane of the rail and flux density is B. 
The algebraic intensity of an externally applied 
mechanical torque on the rail is Tech, for the 
reference direction of vector Tmech in Fig. 6.37. 
The losses in the bar, rod, and rail, and the mag- 
netic field due to the current in the circuit (J) 
can be neglected. (a) What are J and Tech for 
the bar at rest? (b) If the bar rotates uniformly, 
find its angular velocity (w). (c) Sketch the 
dependence of the mechanical power of the bar 
rotation (Pmech) On Tmech, for —co < Tmech < 
oo, and mark the ranges of system operation 
as a motor and as a generator, respectively. (d) 
Compute all relevant powers in the system, and 
discuss the overall power balance. 


Figure 6.37 Electric motor — with a uniformly 
rotating metallic bar in a static magnetic 
field, forming an electric circuit with 

a dc voltage generator; for Problem 6.22. 


Rotating loop near an infinite dc line current. 
An infinitely long straight wire conductor sit- 
uated in air carries a time-invariant current of 
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intensity /. A rectangular wire loop of edge 
lengths a and b and resistance R rotates with 
a constant angular velocity w about its axis 
that is parallel to the conductor and at a dis- 
tance c from it, as shown in Fig. 6.38(a). At 
an instant tf = 0, the loop and conductor lie in 
the same plane (plane of drawing). Neglecting 
the magnetic field due to induced currents in 
the loop, determine (a) the induced emf in 
the loop and (b) the instantaneous mechani- 
cal power of loop rotation. [To compute the 
magnetic flux through the loop, adopt the inte- 
gration surface consisting of a cylindrical part 
of radius r; and a flat part of width rz — r;, as 
indicated in Fig. 6.38(b), where 7; and r2 can 
be found using the cosine rule. See also the flux 
computation in Fig. 7.9(c).] 


gS 


(b) 


Figure 6.38 Rectangular loop rotating in the magnetic field 
due to an infinitely long wire with a steady current: (a) side 
view at an instant tf = 0 and (b) top (cross-sectional) view 

at an arbitrary instant ¢, with a suggested integration surface 
(in two parts) bounded by the loop; for Problem 6.23. 


6.24. System for measurement of fluid velocity 
with an ideal voltmeter. If in the system 
for measurement of fluid velocity based on 
motional electromagnetic induction described 
in Example 6.14 the voltmeter is ideal, i.e., 
the intensity of the current flowing through 
its terminals is so low that it can be assumed 
to be zero, express (a) the electric field due to 
excess charge in the region between the capac- 
itor plates and (b) the voltage indicated by the 
voltmeter in terms of the fluid velocity, v, and 
other parameters of the system. 


6.25. Thévenin generator for fluid flow in a mag- 


netic field. Consider the Thévenin equiva- 
lent generator for the system with motional 
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electromagnetic induction from Example 6.14 - 
that replaces the rest of the system with respect 
to the voltmeter in Fig. 6.18, as indicated in 
Fig. 6.39. (a) Show that the emf and inter- 
nal resistance of this generator, computed 
as the open-circuit voltage of the circuit (in 
Fig. 6.18) it represents and input resistance of 
the circuit (with all the excitations shut down), 
equal €y = vBd and Ry = d/(oS), respectively. 
(b) Obtain the expression for the velocity of 
the fluid in Eq. (6.108) using the generator 
from (a). 


R 

+ ~ET ie 
[ =o lest Figure 6.39 
| Thévenin equivalent 
+ V generator at 

ue eo terminals (M and N) 
Ry of the voltmeter in 
= (v)- M ay Fig. 6.18; for 
V Problem 6.25. 


Fluid flow through a cylindrical capacitor with 
de current. A nonmagnetic liquid of conductiv- 
ity o flows between the conductors of a very 
long coaxial cable of conductor radii a and 
b (a <b), as depicted in Fig. 6.40. Both the 
inner conductor and the inner surface of the 
outer conductor of the cable are insulated by 
a thin layer of perfect dielectric. At one end, 
the cable is fed by an ideal current genera- 
tor of time-constant current intensity /,, while 
the other end is short-circuited. A cylindri- 
cal capacitor of length / is placed inside the 
cable such that its electrodes (thin cylindrical 
plates), with radii a and b, are tightly pressed 
against the respective (insulated) cable conduc- 
tors. A voltmeter, whose internal resistance, 
including the resistance of the interconnecting 
conductors, is Ry, is connected to the capaci- 
tor. The velocity of the fluid, considered to be 
uniform, is v. Calculate (a) the magnetic flux 
density vector, (b) the induced electric field 
intensity vector, (c) the current density vec- 
tor, and (d) the Coulomb electric field intensity 
vector (due to excess charge) — in the region 
between the electrodes of the cylindrical capac- 
itor, as well as (c) the voltage indicated by the 
voltmeter. 

Nonuniform fluid flow and motional induction. 


Consider the structure from Example 6.14, 
and assume that the velocity of the fluid is 


Figure 6.40 System for measurement of conducting fluid 
flow velocity using motional electromagnetic induction 
inside a cylindrical capacitor with steady current; for 
Problem 6.26. 


6.28. 


nonuniform, given by v(x) = vo[1 — (2x/d)*], 
—d/2 <x <d/2, where vg is a constant, as well 
as that a variable resistor (rheostat) is con- 
nected to the capacitor plates in place of the 
voltmeter in Fig. 6.18, as shown in Fig. 6.41. (a) 
Find the parameters of the Thévenin equiv- 
alent generator — to replace the rest of the 
structure with respect to the rheostat, as in 
Fig. 6.39. (b) If the resistance of the rheostat is 
R, what is the voltage across it? 


Figure 6.41 Structure in Fig. 6.18 but 
with a nonuniform fluid velocity, 

v(x), and a variable resistor connected 

to the capacitor plates; for Problem 6.27. 


Measurement of fluid velocity and conductiv- 
ity. For the structure described in the previous 
problem, let S = 0.5 m?, d= 10cm, and B= 
0.1 T. When the resistance of the rheostat is 
set to R= Ry = 40 mQ, its voltage is V = Vo = 
30 mV, whereas V = 2Vo if R=4Rp. Based 
on these data, compute the central velocity 
(for x = 0), vg, and conductivity, o, of the fluid, 
using the Thévenin equivalent generator (from 
the previous problem). 


6.29. 


6.30. 


6.31. 


6.32. 


6.33. 


Moving contour in a nonuniform dynamic 
magnetic field. A rectangular contour of side 
lengths a and b moves along the x-axis with 
a constant velocity v in a time-harmonic mag- 
netic field of angular frequency w, which can 
be considered to be low, and flux density 
B(x, t) = Bycoskxcoswt, where Bo and k are 
constants, and vector B is normal to the plane 
of the contour, as shown in Fig. 6.42. At t = 0, 
the center of the contour coincides with the 
coordinate origin (x = 0). Find the emf induced 
in the contour. 
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Figure 6.42 Rectangular 
contour moving in a nonuniform 
low-frequency time-harmonic 
magnetic field; for Problem 6.29. 


Rotating loop near an infinite ac line current. 
Repeat Problem 6.23 but for a low-frequency 
time-harmonic current of intensity i(t) = 
Ig cos wt flowing through the infinitely long wire 
conductor in Fig. 6.38(a), where w = w. 


Small loop in the magnetic field of a rotat- 
ing large loop. Assume that the current in 
the large square loop from Problem 6.16 is 
time-constant, of intensity 7, and that this loop 
uniformly rotates with an angular velocity w 
about its axis of symmetry that is parallel to a 
pair of its sides. At an instant t = 0, it is in the 
same plane with the small circular loop (as in 
Fig. 6.33). The magnetic field due to induced 
currents in the circular loop can be neglected. 
Find (a) the induced emf in the circular loop 
and (b) the instantaneous and time-average 
torque of magnetic forces acting on it. 


Two rotating loops. If in the previous prob- 
lem the small loop situated in the magnetic 
field of the rotating large loop also rotates in 
the same direction with an angular velocity 
wo (wp < w), determine (a) the time-average 
power of Joule’s (ohmic) losses in the small 
loop and (b) the time-average mechanical 
power of its rotation. 

Charge flow through the secondary coil on 
a magnetic core. Fig. 6.43 shows a thin lin- 
ear ferromagnetic core with cross-sectional 
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area S=1cm?, mean length / = 20cm, and 
two windings each having N = 100 wire turns 
and resistance R = 10 Q. The first winding is 
connected via a switch K to a dc voltage gen- 
erator of emf € = 9 V and internal resistance 
R, = 20 2. The second winding is terminated 
in a ballistic galvanometer, whose resistance 
is Ry =5 2. The switch K is first open, and 
there is no residual magnetization in the core. 
The switch is then closed, and the charge flow 
indicated by the galvanometer is Q = 600 uC. 
What is the relative permeability of the core? 
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Figure 6.43 Linear ferromagnetic core with two coils, and a 
voltage generator and ballistic galvanometer (BG) in the pri- 
mary and secondary circuits, respectively; for Problem 6.33. 


6.34. Thin conducting disk in the gap of a mag- 


6.35. 


netic circuit. For the simple linear magnetic 
circuit from Example 5.14, assume that the 
cross section of the core in Fig. 5.30(a) is a 
circle of radius a (S = za’), that the air gap is 
completely filled with a thin conducting disk of 
radius a, thickness /g, conductivity o, and per- 
meability jg, like the one in Fig. 6.24, and that 
the current in the coil (with N turns of wire) is 
low-frequency time-harmonic, with intensity 
i(t) = Ig cost. The length and relative per- 
meability of the ferromagnetic portion of the 
circuit are / and y;, respectively. Neglecting 
the magnetic field due to eddy currents in the 
disk and core, find /g such that the time-average 
power of Joule’s losses dissipated in the disk is 
maximum, and find that maximum power. 


Eddy currents in Faraday’s wheel. (a) Compute 
the time-average power of Joule’s losses due 
to induced (eddy) currents in Faraday’s wheel 
described in Problem 6.19. (b) What is the mag- 
netic field that these currents produce at the 
center of the wheel? 
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Eddy currents in an infinite conducting cylin- 
der. An infinitely long solenoid with N’ turns of 
Wire per unit of its length is wound about a con- 
ducting ferromagnetic (infinitely long) cylinder 
of radius a, permeability “4, and conductivity 
oa. The winding carries a low-frequency time- 
harmonic current of intensity i(t) = Jgsin wr, 
and the medium outside the solenoid is air. 
(a) Determine the time-average per-unit- 
length power of ohmic losses due to eddy 
currents induced in the cylinder, neglecting the 
magnetic field they produce, and then (b) find 
this magnetic field at the axis of the cylinder 
(use the procedure from Example 4.14). 


Hollow disk in a triangular-pulse magnetic 
field. A thin hollow conducting disk of radii 
a and b, thickness 6 (6 <a < b), conductivity 
o, and permeability jz is situated in a uniform 
slowly time-varying magnetic field, such that 
the field lines are perpendicular to the disk, as 
shown in Fig. 6.44. The intensity of this field, 
H(t), is a periodic alternating triangular-pulse 
time function of amplitude Hy and period 7, 
sketched in Fig. 6.13(d). Neglecting the mag- 
netic field produced by eddy currents, find (a) 
the distribution of these currents throughout 
the disk and (b) the total instantaneous and 
time-average powers of Joule’s losses asso- 
ciated with them, and then (c) compute the 
magnetic field due to eddy currents at the disk 
center (point O). 


Figure 6.44 Thin hollow conducting 
disk in a uniform slowly time-varying 
magnetic field, whose intensity, //(1), 
is sketched in Fig. 6.13(d); for Problem 6.37. 


Induction furnace. Fig. 6.45 shows an induc- 
tion furnace consisting of a very long air-filled 
solenoid, with circular cross section of radius 
a and length / ({>> a), and a toroidal chan- 
nel (carrying a metal piece that is heated), 


6.39. 


6.40. 


with a rectangular cross section, placed coax- 
ially around the solenoid and centrally with 
respect to its length. The inner and outer radii 
of the toroid are b and c (a < b <c), and its 
height is h. The solenoid has N turns of wire 
with a low-frequency time-harmonic current of 
intensity i(t) = [9 coswt. The channel is com- 
pletely filled with a metal of conductivity o 
and permeability wo. Neglecting the end effects 
(i.e., computing the induced electric field of a 
solenoid as if it were infinitely long) and the 
magnetic field due to eddy currents, find (a) 
the distribution of eddy currents in the channel 
(these currents produce local heating in the 
metal, namely, induction heating, that ulti- 
mately melts it) and (b) the total time-average 
power of Joule’s losses dissipated to heat in the 
metal. 


Figure 6.45 Induction furnace: eddy currents 
accompanying the induced electric field of a very long 
solenoid with a low-frequency time-harmonic current 
in the winding heat and melt metal in a toroidal 
channel of rectangular cross section placed around 
the solenoid; for Problem 6.38. 


Eddy currents in a thin conducting spherical 
shell. Consider the solenoid described in 
Example 6.22, and assume that a thin conduct- 
ing spherical shell of radius b (b < a), thickness 
5 (5 < b), conductivity o, and permeability po 
is placed inside it, such that the sphere center 
lies on the solenoid axis. Determine the time- 
average power of Joule’s losses in the shell, due 
to eddy currents, neglecting the magnetic field 
that they produce. 


Loss power in a laminated ferromagnetic core. 
A laminated conducting ferromagnetic core in 


6.41. 


6.42. 


6.43. 


the form of a packet of N insulated stacked thin 
plates of length b, width a, thickness d (d « a), 
and conductivity o is placed in a uniform slowly 
time-varying magnetic field, such that the field 
lines are perpendicular to the packet cross 
section, as shown in Fig. 6.25(c). The flux den- 
sity of this field, B(t), is a periodic alternating 
triangular-pulse time function of amplitude Bm 
and period 7, like the function sketched in 
Fig. 6.13(d). End effects and magnetic field due 
to eddy currents can be neglected. (a) Find the 
total time-average power of Joule’s losses in 
the core. (b) How large has to be N for a given 
total thickness of the packet, c, so that the total 
loss power does not exceed a given value P? 


Torque on a rotating strip in a magnetic 
field. For the conducting strip rotating in a 
uniform time-constant magnetic field from 
Example 6.24, find the instantaneous torque of 
magnetic forces on the strip — (a) by integrating 
torques of magnetic forces on elementary strips 
(with eddy currents) of width dx in Fig. 6.26(b) 
(see Example 4.22) and (b) from energy con- 
servation (see Example 6.12), respectively. (c) 
What is the time-average torque on the strip? 


Inhomogeneous strip in two orthogonal mag- 
netic fields. Fig. 6.46 shows a very long, thin 
nonmagnetic conducting strip of length /, width 
a, and thickness 6 (6<a<_/) lying in the 
xy-plane of a Cartesian coordinate system. 
The conductivity of the strip varies with the 
x coordinate, and is given by o(x) = 409x*/a’, 
—a/2 <x <a/2, where op is a positive con- 
stant. The strip is exposed to two uniform 
low-frequency time-harmonic magnetic fields 
of flux density vectors B,(t) = By cos wt x and 
B2(t) = Bo sin wtz, respectively. Neglecting the 
end effects and the magnetic field due to eddy 
currents, compute (a) the time-average power 
of Joule’s losses dissipated in the strip and (b) 
the time-average torque of magnetic forces 
acting on the strip. 


Eddy currents in two crossed rotating strips. 
Fig. 6.47 shows a cross section of a very long 
conductor, of length /, conductivity o, and per- 
meability 9, consisting of two crossed (at a 
right angle) thin strips, each of width a and 
thickness 5 (6<a<_/). The conductor uni- 
formly rotates in air about its axis, with an 
angular velocity w, in a uniform magnetostatic 


6.44. 


6.45. 
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Figure 6.46 
Continuously 
inhomogeneous 
conducting strip 
situated in two 
mutually orthogonal 
time-harmonic 
magnetic fields of 
equal amplitudes 
and 90° out of 
phase; for 
Problem 6.42. 


field, of flux density B (Fig. 6.47). At t=0, 
one of the strips is parallel to the field lines. 
Neglecting the end effects and the magnetic 
field due to eddy currents in the conductor, 
find (a) the induced electric field vector at an 
arbitrary point of each of the two strips, (b) the 
instantaneous power of Joule’s losses in each of 
the strips, (c) the total instantaneous torque of 
magnetic forces on the conductor, and (d) the 
time-average torque on the conductor. 


Figure 6.47 Cross 
section of a 
conductor 
composed of two 
crossed strips 
rotating in a uniform 
time-invariant 
magnetic field; for 
Problem 6.43. 


Continuously inhomogeneous rotating cylin- 
der. Repeat Example 6.25 but for a continu- 
ously inhomogeneous cylinder whose conduc- 
tivity is given by the following function of the 
radial coordinate r [Fig. 6.27(b)]: o (7) = oor/a, 
0 <r <a, where op is a positive constant. 

Eddy currents in a rotating cylindrical shell. An 
infinitely long thin conducting cylindrical shell 
of radius a, thickness 5 (8 < a), conductivity 
o, and permeability jo is rotated in air uni- 
formly about its axis by an externally applied 
mechanical torque, T,,..,, per unit length of 
the shell and against the torque of forces of a 
uniform time-invariant magnetic field of flux 


310 Chapter 6 Slowly Time-Varying Electromagnetic Field 


density B, in which the shell resides, as shown 
in Fig. 6.48. Neglecting the magnetic field due 
to eddy currents in the shell, find (a) the angu- 
lar velocity of rotation of the shell (@) and (b) 
the per-unit-length mechanical power used to 


rotate the shell (P’ 


Figure 6.48 ) 
mech/* 


Rotating cylindrical 
conducting shell 

in a uniform 
time-invariant 
magnetic field; for 
Problem 6.45. 


Energy 


Inductance and Magnetic 


Introduction: 


I n this chapter, we introduce and study the con- 
cepts of self- and mutual inductance. In general, 
inductance can be interpreted as a measure of trans- 
former electromagnetic induction in a system of 
conducting contours (circuits) with slowly time- 
varying currents in a linear magnetic medium. 
Briefly, self-inductance is a measure of the magnetic 
flux and induced emf in a single isolated contour (or 
in one of the contours in a system) due to its own 
current. Similarly, a current in one contour causes 
magnetic flux through another contour and induced 
emf in it, and mutual inductance is used to char- 
acterize this coupling between the contours. Some 
conductor configurations, called inductors, are spe- 
cially designed to have a desired (large) inductance 
(they can have many turns of wire and can be loaded 
with magnetic cores). Along with the resistor and 
capacitor, the inductor represents another funda- 
mental element in circuit theory and a basic building 
block for ac electric circuits. The inductance of an 
inductor is dual to the capacitance of a capacitor. 


An equally important concept of energy in 
magnetic fields is also discussed. We shall see that, 
just as configurations of charged bodies store elec- 
tric energy, configurations of current-carrying con- 
ductors store magnetic energy. Using circuit-theory 
terminology, inductors (magnetically coupled or 
uncoupled) in a circuit contain magnetic energy, in 
a manner analogous to capacitors as electric energy 
“containers.” We shall introduce magnetic energy 
density as well. In the case of conductors in the pres- 
ence of linear magnetic materials, magnetic energy 
will be related to self- and mutual inductances of the 
conductors. For systems that contain ferromagnetic 
materials with pronounced nonlinearity and hys- 
teresis behavior, on the other side, special attention 
will be paid to establishing a clear physical under- 
standing and precise mathematical characterization 
of the energy balance in the system, including 
so-called hysteresis losses in the material. 

The material of this chapter represents a cul- 
mination of our investigations of steady and slowly 
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time-varying magnetic fields and electromagnetic 
induction (Chapters 4-6). On the other hand, it par- 
allels, to a large extent, the electrostatic analysis of 
capacitors and other systems of charged conduct- 
ing bodies, including electric energy considerations 
(Chapter 2). Therefore, a substantial portion of the 
previous work will be referenced and used here, in 
both the theoretical narrative and examples. 

We shall first study self- and mutual induc- 
tance in two separate sections, and then ana- 
lyze magnetically coupled circuits based on both 
concepts. Magnetic energy of current-carrying 


conductors and magnetic energy density in the 
field will bediscussed next. Finally, the concept of 
self-inductance will be revisited from the energy 
standpoint. Examples will include inductance and 
energy computation for a large variety of theo- 
retically and practically important electromagnetic 
structures with slowly time-varying and time- 
invariant currents and fields, ranging from various 
contours and coils with cores of different shapes 
and material compositions to several types of trans- 
mission lines and circuits with magnetically coupled 
inductors. 


7.1 SELF-INDUCTANCE 


Consider a stationary conducting wire contour (loop), C, in a linear, homogeneous 
or inhomogeneous, magnetic medium, and assume that a slowly time-varying cur- 
rent of intensity i is established in the contour, as shown in Fig. 7.1. This current 
produces a magnetic field whose flux density vector, B, at any point of space and 
any instant of time is linearly proportional to i.! The magnetic field, as well as an 
induced electric field (see Section 6.1), of intensity Ejng, exist both around the con- 
tour and inside the wire itself. The magnetic flux through a surface § bounded by 
C is given by Eq. (4.95) and is also linearly proportional to i. The proportionality 
constant, 


Figure 7.1 Current contour 
(loop) in a linear magnetic 
medium. 


self-inductance (unit: H) 


is (7.1) 

i 
is termed the self-inductance or just inductance of the contour. More precisely, the 
inductance defined by Eq. (7.1) is the so-called external inductance, since it takes 
into account only the flux ® of the magnetic field that exists outside the conduc- 
tor of the loop. There is also an internal inductance of the loop, due to the flux 
inside the conductor. We shall introduce the concept of internal inductance in terms 
of the magnetic energy stored inside the conductor in a later section. Because the 
surrounding medium is magnetically linear, L depends only on the medium perme- 
ability and on the shape and dimensions of the contour, and not on the current 
intensity i. It is always positive, provided, of course, that the reference orienta- 
tions of C and S (ie., the reference directions of i and ®) are interconnected by 

the right-hand rule, as in Fig. 7.1. 

The induced emf along the loop C is given by Eq. (6.33) and is linearly pro- 
portional to di/dt. It is interrelated with the flux ® by means of Faraday’s law of 

electromagnetic induction, and we can write 


emf due to self-induction 


(7.2) 


This emf is referred to as the emf due to self-induction (or self-induced emf) in 
the circuit (it is caused by the magnetic field due to the current in the circuit 


'Since the current is slowly time-varying, its intensity (i) is only a function of time and does not change 
along the contour. 
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itself, and not due to currents in other circuits). The unit for the self-inductance 
is henry (H). From Eqs. (7.1) and (7.2), which represent two equivalent defini- 
tions of L, H = Wb/A = V-s/A. One henry is a very large unit. Typical values of 
self-inductances in practice are on the order of mH, wH, and nH. 


| 


HISTORICAL ASIDE 


Joseph Henry (1797- 
1878), an American phy- 
sicist and one of the 
greatest scientists and in- 
ventors in the area of 
electricity and magne- 
tism ever, was a professor 
of natural philosophy at 
Princeton and the first 
secretary of the Smith- 
sonian Institution. From 
1819 to 1822, he attended 
the Albany Academy, 
where he was appointed professor of mathemat- 
ics and natural philosophy in 1826. Although 
his teaching duties were extremely heavy, Henry 
soon became the foremost American scientist of 
his time. He discovered electromagnetic induc- 
tion independently of Faraday (1791-1867). In 
fact, Henry had performed the key experiments 
that led to the discovery of induction ahead of 
Faraday, in 1830, but Faraday published his dis- 
covery first, in 1831. On the other side, Henry is 
fully credited for the discovery of self-induction. 
It was his idea to wind many layers of insulated 
wire on an iron core and thus obtain electromag- 
nets of unmatched power. In a demonstration at 
Yale University in 1831, his electromagnet lifted 
more than a ton of iron (previous electromagnets 
were capable of lifting only a couple of kilograms). 
Experimenting with electromagnets, he observed 
a large spark that was generated whenever the 
circuit was broken, and thus discovered self- 
induction (in 1831). He realized that, in general, 
a time-varying current in a circuit not only induces 
electromotive force in another circuit (mutual 
induction), but also in itself (self-induction). He 
also defined the associated property of a circuit, 
its self-inductance, as a measure of its ability 
to “self-induce” electromotive force. He found 
that “coiling” of the wire greatly enhances the 
self-inductance of the circuit. The same year, he 


demonstrated his electric motor based on a contin- 
uous oscillating motion of a straight electromagnet 
with two coils at its ends. The electromagnet 
rocked back and forth on a horizontal axis with 
its ends being alternately attracted and repelled by 
two vertical permanent magnets and its polarity 
being reversed automatically in the same rhythm 
by alternately connecting the coils to electrochem- 
ical cells (sources). Although still an experimental 
laboratory device, Henry’s motor was much closer 
to a mechanically useful practical machine than 
Faraday’s 1821 motor. It was just one year later, in 
1832, that William Sturgeon (1783-1850) invented 
the commutator and the first motor with continu- 
ous rotary motion, which was a rotary analogue of 
Henry’s oscillating motor and essentially a “pro- 
totype” of our modern dc motors. In another 
stunning demonstration to his students at the 
Albany Academy, in 1831, Henry strung a mile 
of wire all around the inside of the lecture hall to 
connect an electromagnet to a battery. The magnet 
was placed close to one end of a pivot mounted 
steel bar, whose other end, in turn, was next to 
a bell. After the circuit was closed and a current 
“sent” from the battery to the coil of the elec- 
tromagnet, a steel bar swung toward the magnet, 
striking the bell on the other end. Breaking the 
connection, next, made the electromagnet lose its 
force and release the bar, which was then free 
to strike again. This was the world’s first electri- 
cal relay (electromechanical switch). In addition, 
by connecting and disconnecting the battery to 
the circuit in a particular pattern, the steel bar, 
a mile away, could be made to ring the same 
series of signals on the bell, and this is nothing 
else but telegraphy. Although, obviously, Henry 
invented the telegraph in 1831, it is Samuel Morse 
(1791-1872) who is credited for this invention 
[Henry did not patent any of his devices, and actu- 
ally helped Morse to put his telegraph model to 
practical use and transmit the first telegraph mes- 
sage using the Morse code (invented in 1838) from 


314 Chapter 7 Inductance and Magnetic Energy 


Baltimore to Washington, D.C. on May 24, 1844]. second president (elected in 1868) of the National 


In 1832, Henry became professor of natural phi- Academy of Sciences, and he held both positions 
losophy (physics) at Princeton University (then until his death. In his honor, we use henry (H) as 
College of New Jersey). After the Smithsonian the unit for inductance. (Portrait: Library of Congress, 


Institution was established in 1846, Henry was Brady-Handy Photograph Collection) 
named its first secretary (director). He was also the 


Figure 7.2 Circuit-theory 
representation of an 
inductor and equivalent 
controlled voltage 
generator. 


element law for an inductor 


Note that, while the emf definition of self-inductance in Eq. (7.2) does not make 
any sense for steady currents, the flux definition in Eq. (7.1) can be used in practi- 
cally the same way under both dynamic and static conditions. Namely, a de current 
I that is assumed to flow in the contour produces the flux ® through the contour in 
the same way a (slowly) time-varying current does, and the inductance obtained as 
L = ®/I is equal to that obtained, for the same contour, using either Eq. (7.1) or 
(7.2) and time-varying current. On the other hand, the flux ® due to the current / is 
time-invariant, and thus no emf is generated in the contour. 

Every conducting loop or circuit has some inductance (self-inductance), usually 
as an undesirable side effect, which can often be neglected. In practical applica- 
tions, however, we frequently design and use conductors that are specially arranged 
and shaped (such as a conducting wire wound as a coil), and sometimes loaded with 
magnetic cores, to supply a certain (large) amount of inductance. Such a device, with 
its inductance L as its basic property, is called an inductor. Just as a capacitor can 
store electric energy, an inductor can store magnetic energy, as we shall see in a later 
section. Resistors, capacitors, and inductors are basic circuit elements that are com- 
bined, together with voltage and current generators, to form arbitrary RLC circuits. 

Fig. 7.2 shows the circuit-theory representation of an inductor. When a time- 
varying current of intensity i flows through the inductor terminals, the emf eéjna is 
induced in the inductor, given by Eq. (7.2), where L is the inductance of the induc- 
tor. With respect to its terminals, the inductor can now be replaced by an equivalent 
ideal voltage generator whose emf equals ejng (this is a voltage generator controlled 
by the time derivative of a current), as indicated in Fig. 7.2. The reference direction 
of this emf is the same as the reference direction of the current i (see Fig. 7.1). The 
voltage v across the inductor terminals in Fig. 7.2 is hence 


(7.3) 


This is the element law (current-voltage characteristic) for an inductor. It tells us 
that v is linearly proportional to the rate of change of i in time, with L as the 
proportionality constant. Its form is just opposite to the element law for a capacitor, 
Eq. (3.45), and we say that an inductor and a capacitor are dual elements. These two 
laws, the element law for a resistor (Ohm’s law), Eq. (3.72), Kirchhoff’s current and 
voltage laws, Eqs. (3.42) and (1.92), and element laws for an ideal voltage generator, 
Eq. (3.116), and an ideal current generator, Eq. (3.127), represent a full set of basic 
equations of circuit theory for analysis of linear ac circuits. 

Note that the model in Fig. 7.2 actually represents an ideal inductor, which does 
not include any parasitic effects, such as parasitic capacitances between the adjacent 
turns in a coil and Joule’s losses (in wires and magnetic cores). These effects are 
present to a greater or lesser extent in all real inductors, but can be neglected in 
many practical situations. The only effect modeled by an ideal inductor is the emf 
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due to self-induction, ejjg. On the other side, it is assumed in circuit theory that 
the magnetic flux, induced emf, and magnetic energy are concentrated only in the 
inductors in a circuit, while the magnetic field and the associated flux, emf, and 
energy due to the connecting conductors are assumed to be negligible. In practice, 
there is always an induced emf distributed along conductors in the circuit (in the ac 
regime), and it depends on the shape and dimensions of the conductors. However, 
this emf, i.e., the inductance of the conductors, can, again, be neglected in many 
practical applications. We recall that similar assumptions of zero capacitance and 
zero resistance of the conductors have been made while introducing circuit-theory 
representations of a capacitor and a resistor in Figs. 2.15 and 3.9, respectively. The 
circuit-theory model, therefore, deals with connecting conductors (lines between 
the elements in circuit layouts) as if they were all ideal short-circuits, where the 
shape, dimensions, and material properties of the interconnects are assumed to be 
completely irrelevant for the operation (and analysis and design) of the circuit. 
Finally, inductors filled with magnetically nonlinear materials (e.g., the coil of 
Fig. 6.13) are nonlinear circuit elements. In such cases, the magnetic properties 
(permeability) of the material depend on the applied magnetic field intensity, H, 
whereas #7 is always proportional to 7. Consequently, the inductance of the inductor 


depends on the current intensity, 
(i), (7.4) nonlinear inductor 


which is analogous to the relations in Eqs. (2.114) and (3.74) for a nonlinear 
capacitor and a nonlinear resistor, respectively. 


Sel wae Inductance of a Very Long Air-Filled Solenoid 


An air-filled solenoidal coil has N = 200 turns of wire. The length of the solenoid is / = 20 cm 
and the surface area of its cross section is S = 4 cm’. The solenoid can be considered as very 
long, so that the end effects can be neglected. Under these circumstances, find the inductance 
of the coil. 


Solution Let us assume a slowly time-varying current of intensity i in the coil, find the 
magnetic flux through all of its turns, and use Eq. (7.1) for the inductance. By neglecting the 
end effects, we also assume that the magnetic field produced by the current i is uniform inside 
the entire solenoid (as for an infinitely long solenoid). This field is given by Eq. (6.48), which 
leads to the following expressions for the magnetic flux through a surface spanned over a 
single turn of the coil and the total flux through the coil: 


oN? Si 

i. 
where the reference direction for ® is adopted in accordance to the right-hand rule with 
respect to the reference direction for i. The inductance of the coil is hence 


Psingle turn = woHS —> O= N9ingle turn = (7.5) 


(7.6) L—very long solenoid 


that is, L = 100 wH for the given numerical data. It is the same for any shape of the solenoid 
cross section (provided that the solenoid is very long). 


BESLZ oil on an inhomogeneous Thick Toroidal Core 


A coil with N turns of wire is wound over a thick toroidal core of rectangular cross section 
made of two ferromagnetic layers of permeabilities 4; and j2, as portrayed in Fig. 7.3. The 
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Figure 7.3 Evaluation of the 
inductance of a coil wound on 
a thick toroidal core with two 
linear ferromagnetic layers; for 
Example 7.2. 


inner and outer radii of the toroid are a and c, its height is h, and the radius of the boundary 
surface between the layers is b (a < b < c). Calculate the inductance of the coil. 


Solution Ifa steady current of intensity / is assumed to flow in the coil (Fig. 7.3), the mag- 
netic field intensity H(r) inside the core (in both ferromagnetic layers) is given by Eq. (5.83). 
The magnetic flux through the coil is then [see Fig. 7.3 and Eqs. (5.84) and (5.92)] 


- ) 2 N2Ih b E 
d=N Bir) dS = N MH) dS+ | w2H(r) dS | = — (py, In-—+yp2In- }, 
r=a a b 2n a b 
(7) 
and the inductance of the coil 
6’ Nh b iG 


Seu wAeee External Inductance p.u.l. of a Thin Two-Wire Line 


Find the external inductance per unit length of a thin symmetrical two-wire transmission line 
in air. The conductor radii are a and the distance between their axes is d (d > a). 


Solution The two-wire line can be considered as an infinitely long wire loop that closes 
upon itself at both ends of the line at infinity. Fig. 7.4 shows the cross section of the line. The 
procedure of evaluation of the line inductance (external self-inductance) per unit length is 
analogous (dual) to the procedure of evaluation of the capacitance per unit length of a thin 
two-wire line in Example 2.15. We assume that a slowly time-varying current of intensity 7 
(or a steady current of intensity /) is established in the line (Fig. 7.4). At a point M in the 
plane containing the axes of conductors, the magnetic flux density vectors B; and Bz due to 
currents (of the same magnitude and opposite directions) in individual conductors of the line 
are collinear, so that the resultant magnetic flux density is 


[ 1 
B= Bi +B) = 52 (—+ ), (7.9) 


Figure 7.4 Evaluation of the 
external inductance per unit 
length of a thin two-wire 
transmission line in air (cross 
section of the structure); for 
Example 7.3. 


Section 7.1 


As the structure is infinitely long, we consider only a part of it that is / long and compute 
the magnetic flux through the flat surface of length / that is spanned between the line 
conductors (such integration surface is the right choice because B is perpendicular to the sur- 
face) and oriented as required by the right-hand rule with respect to the adopted reference 
direction of the line current. This flux is given by 


d-a al 1 il da — il d 
o- | 72 fie (5+ Jara ee pe ein (7.10) 
Gan ity 2m Ja x d—-x u a 1 a 


[see the integration in Eq. (2.140)]. Hence, the external inductance per unit length (per each 
meter) of the line comes out to be 


G1) 


where ®’ is the flux per unit length of the line. 
As a numerical example, for d/a = 30, L’ = 1.36 wH/m. If the line is 100 m long, its total 
external inductance amounts to L = 136 nH. 


Sell wee me External Inductance p.u.l. of a Coaxial Cable 


Consider an air-filled coaxial cable. The radius of the inner conductor of the cable is a and 
the inner radius of the outer conductor is b (b > a). Obtain the expression for the external 
inductance per unit length of the cable. 


Solution Let us assume a de current of intensity / flowing through the line conductors, as 
shown in Fig. 7.5. The associated magnetic flux density vector, B, is circular with respect to 
the cable axis and its magnitude, B(r), in the dielectric is given by the second expression in 
Eq. (4.61), where r is the distance from the axis and a < r < b. Computing the magnetic flux 
through a flat surface of length / spanned between the conductors (Fig. 7.5) then yields the 
following expression for the external inductance per unit length of the cable: 


oe 1 f°? 


1 (? wol io, 2 
Bonds = 5, | eG 


(7.12) 


— a Qo 


where the dielectric can be any nonmagnetic material (4 = uo). The procedure is dual to the 
voltage and capacitance computation in Example 2.10. 

As a numerical example, the inductance per unit length of an RG-11 coaxial cable, 
having a = 0.6 mm and b = 3.62 mm (dielectric is polyethylene), is computed to be L’ = 
359 nH/m. 

Comparing the expression for L’ in Eq. (7.12) and the expression for the capacitance per 
unit length of the same cable, C’ = 27€9/ In(b/a) [see Eq. (2.123)], we note that the following 


Figure 7.5 Evaluation of the 
external inductance per unit 
length of a coaxial cable; 
for Example 7.4. 
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L’ — thin two-wire line (unit: 
H/m) 


L’ — coaxial cable 
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duality of L’ and C’ for air 
dielectric 


Figure 7.6 
Superconducting contour of 
inductance Z in a uniform 


magnetostatic field; for 
Example 7.5. 


relationship exists between the two parameters: 


bee = €oLo- Ca 3) 


Comparing then the expressions in Eqs. (7.11) and (2.141), we also note that the same is true 
for a thin two-wire line in air. As a matter of fact, as we shall prove in a later chapter, the 
same relationship exists between L’ and C’ for any two-conductor transmission line with air 
dielectric. For a transmission line having homogeneous linear dielectric of arbitrary permit- 
tivity and permeability, L’C’ = ey. Using these relations, we can now very easily obtain the 
inductance per unit length of transmission lines (with homogeneous linear dielectrics) for 
which we already have the capacitance per unit length (found in Chapter 2). For example, 
from the expression in Eq. (2.146) for the capacitance per unit length of the transmission line 
consisting of a thin wire conductor and a grounded conducting plane in Fig. 2.24(a), we can 
directly write the expression for the external inductance per unit length of this line: 


Epo fo, 2h 
Te = ae | ——. 
Cin a 


Example 7.5 Superconducting Contour in a Magnetic Field 


A superconducting planar contour of area S and inductance L is situated in a uniform mag- 
netostatic field of flux density B. The contour is first positioned such that the vector B is 
perpendicular to the plane of the contour, as in Fig. 7.6. In this state, a steady current of 
intensity /; flows along the contour. The contour is then turned such that its plane becomes 
parallel to B. Find the current /) in the contour in the new steady state. 


(7.14) 


Solution The total magnetic flux through the contour in the first state is 
®,=LI,+BS, (7.15) 


where the first term is the flux due to the current (/;) in the contour (self-flux) and the second 
term is the flux of the external magnetic field (B), i.e., the flux due to other currents (or 
permanent magnets) in the system (mutual flux). 


In the second state, 
od, = Lh, (7.16) 


since the mutual flux is zero (B-S = 0). 
The total magnetic flux through a superconducting contour cannot be changed [see 
Eq. (6.135)], which means that 


@; = PD). (7.12) 
Combining Eggs. (7.15)-(7.17), the current in the contour in the second state is hence 
BS 
ae (7.18) 


Note that the increment in current between the two states, AJ = BS/L, is induced in 
the contour exactly at the amount that completely compensates, via the associated magnetic 
field, the change of the mutual flux (from BS to zero), maintaining thus a constant total flux 
through the contour. 


Problems: 7.1-7.9; Conceptual Questions (on Companion Website): 7.1-7.10: 
MATLAB Exercises (on Companion Website). 


7.2 MUTUAL INDUCTANCE 


Consider now two stationary conducting wire contours, Cy; and C2, in a linear 
(homogeneous or inhomogeneous) magnetic medium, as shown in Fig. 7.7. Let 
the first contour carry a slowly time-varying current of intensity i;. As a result, a 
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magnetic field, of flux density B;, is produced everywhere, and B;, which is a func- 
tion of both the spatial coordinates and time, is linearly proportional to 7,. Some of 
the lines of B; pass through the second contour, i.e., through a surface $2 bounded 
by C). These lines constitute the magnetic flux through the second contour due to 
the current i;, which can be expressed as 


@, = B, - dS». C7219) 
S2 


The flux ® is linearly proportional to i; as well: 
@2 = L111, (7.20) 


where the proportionality constant L, is called the mutual inductance between the 
two contours and is obtained as 


In =>. G21) 
1y 
Note that the symbol ™ is also used to denote mutual inductance. It is a measure 
of magnetic coupling between the contours. Its magnitude depends on the shape, 
size, and mutual position of the contours, and on the magnetic properties (perme- 
ability) of the medium. The mutual inductance can be both positive and negative, 
depending on the adopted reference orientation of each of the contours for their 
given mutual position. Namely, if a positive current 7; in the contour C, gives rise 
to a positive magnetic flux © for the orientation of the surface Sz that is in accor- 
dance to the right-hand rule with respect to the orientation of the contour C), the 
mutual inductance is positive. Otherwise, it is negative.” The mutual inductance is 
also expressed in henrys. 
By applying Faraday’s law of electromagnetic induction, Eq. (6.34), to the flux 
in Eq. (7.20), we obtain the induced emf (due to transformer induction) in the 
contour C): 


(7-22) 


Eqs. (7.21) and (7.22) should be regarded as equivalent definitions of mutual 
inductance. They indicate that the mutual inductance between two magnetically 
coupled contours (circuits) can be evaluated by assuming a current (i;) to flow in 
one contour (primary circuit) and computing or measuring the magnetic flux (®2) 
or the induced emf (éjnq2) in the other contour (secondary circuit). Again, note 
that, while the flux definition of Lz; in Eq. (7.21) can be used for both time-varying 


Figure 7.7 Two magnetically 
coupled conducting contours. 


?Insome texts, the information about the sign of the mutual inductance for specific reference orientations 
of contours is not included in its definition, i-e., mutual inductance is defined as always being nonnegative. 


mutual inductance (unit: H) 


emf due to mutual induction 
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reciprocity of mutual 
induction 


Neumann formula for mutual 
inductance 


and steady currents, the emf definition in Eq. (7.22) makes sense for time-varying 
currents only. 

Conversely, if we assume that a current /7 flows along the contour C) and deter- 
mine the associated magnetic flux ©, through the contour C}, the mutual inductance 
between the contours is given by 

Ly = 4, (7.23) 

ty 
with an analogous expression using the induced emf éjnq, along the contour C}. 
Because of reciprocity (in a linear system, transfer functions remain the same if the 
source location and the location at which the response to the source is observed are 


interchanged), 
[Liz = La} 7.24) 


If the medium around the contours is air (or any nonmagnetic medium), the 
induced electric field intensity vector due to the current in the first contour is given 
by [see Eq. (6.5) and Fig. 7.7] 


bo f diy dh 
E; 123 
ind! = i = Cy Tp ae ( ) 
so that the induced emf in the second contour can be written as [see Eq. (6.33)] 
diy - dl dh diy diy 
ena = P Ener dh =-22 6 f S14 7.26) 
ec Cig, dt dt” 


This yields the following expression for the mutual inductance between the contours 


Ci and ©: 
L of f dl, - dly 
2] =a — = 
4n CJC, R 


which is known as the Neumann? formula for mutual inductance. It implies the 
evaluation of a double line integral along the contours and underscores the fact 
that the mutual inductance is only a property of the geometrical shape and the 
physical arrangement of coupled contours, as well as of the permeability of the 
medium [if the contours are situated in a homogeneous linear magnetic medium of 
permeability jz, the constant zg needs to be replaced by yz in Eq. (7.27)]. It is obvious 
from Eq. (7.27) that the change of the reference orientation of one of the contours 
in Fig. 7.7 (but not both of them), which means the change of the reference direction 
of one of the vectors dlj and dh, changes the polarity (sign) of the mutual induc- 
tance L2;. It is also obvious that interchanging the subscripts 1 and 2 in Eq. (7.27) 
does not change the algebraic value (which includes both the magnitude and the 
sign) of the double integral (since the dot product is commutative and the two line 
integrations can be performed in an arbitrary order). This proves the identity in 
Eq. (7.24). The Neumann formula represents a good basis for numerical evaluation 
of the mutual inductance of contours of arbitrary shapes, where the involved line 
integrals along the contours are computed using numerical integration methods. 


(7.27) 


3Franz Ernst Neumann (1798-1895), a German mineralogist, physicist, and mathematician, a profes- 
sor of mineralogy and physics at the University of K6nigsberg. Neumann contributed to the theory of 
electromagnetic induction, and derived, in 1845, the formula for the mutual inductance between two 
equal parallel coaxial polygons of wire, the generalization of which is the Neumann formula for mutual 
inductance of arbitrary wire contours (loops), as we use it today. 
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Seria Mutual Inductance between a Loop and an Infinite Wire - 


Find the mutual inductance between the rectangular loop and the infinitely long straight 
wire in Fig. 6.12. 


Solution The infinitely long wire can be considered as a loop that closes upon itself at 
infinity. Designating it as C; and the rectangular loop as C2, the current i; and magnetic 
flux © in Eq. (7.21) are actually the current i carried by the wire in Fig. 6.12 and the flux 
® through the rectangular contour given by Eq. (6.64), respectively. The mutual inductance 
between the contours for their reference orientations given in Fig. 6.12 (upward orientation 
for the infinitely long wire and clockwise direction for the rectangular loop) is hence 


® b.cta 


ly =- 
ly 21 Cc 


(7.28) 


Note that the same result is obtained by applying the emf definition of mutual inductance 
in Eg. (7.22) to the expression for the induced emf in the rectangular contour in Eq. (6.65). 
Note also that computing the mutual inductance as Lj in this case would be prohibitively 
complicated. It would require either finding the induced electric field intensity vector Ejna2 
at an arbitrary point of the infinite wire due to an assumed current i in the rectangular 
contour, and then integrating it along the wire (which, in fact, is the Neumann formula for 
L)2) or finding and integrating the magnetic flux density vector Bz due to iy across a half- 
plane bounded by the loop C. 


| Example 7.7 [YEE Inductance of Two Coils on a Thin Toroidal Core - 


Two coils are wound uniformly and densely in two layers, one on top of the other, about 
a thin toroidal core (such as the one shown in Fig. 5.11). The core is made from a linear 
ferromagnetic material of relative permeability uw, =500. Its length is /=50cm and 
cross-sectional area S = 1 cm”. The number of wire turns is N, = 400 for the first coil and 
N2 = 600 for the second one. Compute the mutual inductance of the coils. 


Solution Let us adopt the same reference orientations for the two coils (this will give us 
a positive mutual inductance of the coils) and assume that the first coil carries a current of 
intensity i;. This current produces a magnetic field of the same intensity (H;) everywhere 
inside the core. From Eq. (5.53), H; = Nji;/l, so that the total magnetic flux through the 
second coil (®2) is given by [see also Eq. (5.96)]| 


UN N2Si, 
Peingle tum =HH{S (w=) —> O2= N29 single tum = eee (729) 
and the mutual inductance between the coils comes out to be 
® N,N2S 
ee eee (7.30) 


aT l 


Finally, substituting the numerical data gives L7; = 30 mH. 

Note that the same result is obtained by assuming a current i, to flow in the second 
coil and computing the mutual inductance Lj from the total magnetic flux through the first 
coil (1). 


Selly wasme Magnetic Coupling between a Toroidal Coil and a Loop 5 


An open-circuited toroidal coil with a rectangular cross section has N = 500 turns of wire 
that are uniformly and densely wound about a ferromagnetic core. The relative permeability 
of the material is ~; = 1000. The inner and outer radii of the toroid are a= 2 cm and 
b = 4 cm (thick toroid), and its height is h = 1 cm. A wire loop is placed around the toroid, 
as shown in Fig. 7.8. There is a low-frequency time-harmonic current of intensity i = Jp cos wt 


L2, — two coupled coils on a 
thin toroidal core 
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72, ~— transfer impedance 
between two circuits (unit: Q) 


Figure 7.8 Magnetic coupling 
between a coil wound over a 
thick toroidal core and a wire 
loop encircling the toroid; for 
Example 7.8. 


flowing along the loop, where Jp = 2 A and w = 7 x 10° rad/s. Find the voltage between the 
terminals of the coil. 


Solution Let us denote the wire loop as circuit 1 and the toroidal coil as circuit 2. There 
is no current in the coil (it is open-circuited) and the voltage across the coil terminals is [see 
Egs. (6.62) and (7.22)]} 


v= =€ing = in (i, =i). (7310 
However, the mutual inductance L2; is extremely difficult to find using Eq. (7.21). Namely, 
the field B, due to i}, which would have to be integrated through each of the turns of 
the toroidal coil in order to compute the flux 2, is not only highly nonuniform but also 
impossible to find analytically for a loop of arbitrary, irregular shape. 

On the other side, we can use the identity in Eq. (7.24) and find the inductance Lj 
instead. To this end, we assume a current of intensity i2 in the toroidal coil, and no cur- 
rent in the loop (i; = 0), find the flux ©; through a surface bounded by the loop, and use 
Eq. (7.23). Under these circumstances, there is no field outside the coil [see Example 4.12], 
so that the flux ©; equals the negative of the flux ® through a cross section of the toroid given 
by Eq. (5.84), where the minus sign (negative) comes from different reference directions of 
the fluxes in Figs. 7.8 and 5.26. Hence, 

Lie ee = seo (732) 
th) I 20 a 

Finally, combining Eqs. (7.31), (7.24), and (7.32), the time-harmonic voltage between the 

coil terminals in Fig. 7.8 comes out to be 


v= bo = —wL17/ sinwt = 9.7sin(7 x 10°) V(t ins). (7335 


Note that the amplitude of the voltage v can be written as 


Nh. b 
Vo— Zullo | where 2 — In= =-4859. (7.34) 


This amplitude (or the corresponding rms value‘) can be measured by a voltmeter connected 
to the terminals of the coil. Thus, by directly measuring Vo, we can indirectly measure the 
amplitude (or rms value) of the current (/p) in an arbitrary conductor, without inserting an 
ammeter in its circuit. In such cases, the coil in Fig. 7.8 is used as a test transformer, where 
the current to be determined is transformed to the voltage that is indicated by the voltmeter 
by means of magnetic coupling and transformer electromagnetic induction. The constant Z; 
in Eq. (7.34), expressed in ohms, is said to be the mutual impedance or transfer impedance 


4Note that most instruments show rms (root-mean-square) values of measured quantities instead of their 
amplitudes (maximum values). 


Section 7.2 Mutual Inductance 
| between the two circuits (Z;2 = Z)). It is negative here, as the mutual inductance between 


| the circuits is, because of the particular reference orientations of the contours and reference 
| directions of i and v in Fig. 7.8. 


| Example 7.9 | (A: Mutual Inductance p.u.l. of Two Two-Wire Lines 


Fig. 7.9(a) shows a cross section of a system composed of two infinitely long thin two-wire 
lines running parallel to each other in air. The first line has conductors marked as 1 and 1’, 
and the second one as 2 and 2’. The distances between axes of the first and second conductor 


of the first line and each of the conductors of the second line are 149, ry, ry2, and ry, 


respectively. Find the mutual inductance per unit length between the two lines. 


Solution We assume that the first line (line 1-1’) carries a current of intensity i), as indicated 
in Fig, 7.9(b). Our goal is to find the magnetic flux ®2 due to this current through a surface S$ 


| of length / bounded by the conductors of the second line (line 2-2’), and to apply Eq. (7.21) 


for the mutual inductance between the lines. 

Let us first find the flux ®, through S due to the conductor 1 alone. The corresponding 
magnetic flux density vector, Bj, is circular with respect to the axis of the conductor and its 
magnitude is [Eq. (4.22)] 

Molt 

W Qnr’ 
where ris the distance from the axis. To integrate B;, however, it is not convenient to adopt S$ 
simply as the flat surface spanned across the conductors 2 and 2’. Instead, a more complicated 
surface, the cross section of which is shown in Fig, 7.9(c), is adopted. It consists of a cylindrical 
part of radius rj2 and a flat part (strip) whose width is equal to rjy — rj2. The flux through 
the cylindrical part of the surface is zero, because B, is tangential to the surface (B, L dS) in 
this part of integration (note the analogy with the electric potential computation in Fig. 1.23). 
The integration over the rest of S (flat part) is quite simple to perform, because B, is now 
perpendicular to the integration surface (B, || dS). Hence, the flux computation practically 
reduces to the one in Eq. (6.64), and we have 


Vy0r - 
Bas = | * HOM) dy = 
r 


“4 2nr 


(39) 


"12! Loi! 


2n 


112! 
If =" 
r12 


®, = (7.36) 


r=1}2 

Similarly, the flux ®, due to the current i; in the conductor 1’ alone can be found by inte- 

grating the corresponding magnetic field through a surface conveniently placed with respect 

to this conductor. However, instead of repeating the above computation for a new position of 

the conductor (now conductor 1’), we can use the final result in Eq. (7.36) with just changing 
the notation: : 

_ bol! | 
2 
where the minus sign comes from the reference direction of the current i; in the conductor 1’ 

being opposite to the direction of the current in the conductor 1. 


By superposition, the total magnetic flux through the line 2-2’ at the length / of the 
system amounts to 


12! 


Dp = ; 
ry2 


(7.37) 


Wl ry 
ee ain et (7.38) 
20 1274/2! 
The corresponding flux per unit length (for one meter) of the system is obtained as 
23 
PO )pu = — (7.39) 


so that the mutual inductance per unit length of the two lines for the orientations of the lines 
given in Fig. 7.9 is 


N2vy2 
c= 


; 7.40 
r2r12' ( 


is 
Ly = (Laput = 
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Second line 


(a) 


(c) 


Figure 7.9 Evaluation of the 
mutual inductance per unit 
length of two parallel 
infinitely long thin two-wire 
lines in air: (a) cross section 
of the system with given 
geometrical data, (b) 
three-dimensional view 
showing a part of the 
system of length / that is 
only considered, and (c) 
integration of the magnetic 
field due to the conductor 1 
over a conveniently chosen 
surface bounded by the 
conductors of the line 2-2’; 
for Example 7.9. 


L,, — two parallel thin 
two-wire lines (unit: H/m) 
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current-voltage characteristic 
of two magnetically coupled 
circuits 


Figure 7.10 Analysis of two 
magnetically coupled circuits Pp, 
with slowly time-varying CY 


currents. 


Depending on the actual mutual position of the lines, L4, can be both positive (when 
ryzry2 > ry2ryz) and negative (when ryyry2 < ry2r\/2'). The unit for L4, is H/m. 

This formula is of great importance in assessing (usually undesired) magnetic coupling 
and mutual electromagnetic induction between different combinations of parallel two-wire 
transmission lines in practical applications (e.g., coupling between a phone line and nearby 
power line or between pairs of wire conductors in an electronic device). It can be used also 
for other types of transmission lines that can be approximated by wire lines in some con- 
siderations (e.g., rough computation of mutual inductances within multiconductor microstrip 
and strip transmission lines that give rise to the so-called inductive “cross talk” between 
conductors in printed circuit boards in computers). 


Problems: 7.10-7.15; Conceptual Questions (on Companion Website): 7.11-7.21; 
MATLAB Exercises (on Companion Website). 


7.3 ANALYSIS OF MAGNETICALLY COUPLED CIRCUITS 


Having now in hand the concepts of both self- and mutual inductance, let us assume 
that slowly time-varying currents exist in both contours (circuits) of Fig. 7.7 at the 
same time, as shown in Fig. 7.10. The total magnetic flux ©; through the first circuit 
is now caused by both i; and /2. Using Eqs. (7.1) and (7.23) and the superposition 
principle, we have 

® = Ly + Lia, (7.41) 
with L; being the self-inductance of the first circuit and Lj7 the mutual inductance 
between the circuits. Similarly, the total magnetic flux through the second circuit is 


Oy = Lai) + Lat, (7.42) 
where L2; = Lj? and Ly is the self-inductance of the second circuit. By the same 


token, the induced emf in each of the circuits is composed of both self-induction 
and mutual-induction terms, which can be written as 


do, di, di> 
€ind1 7 lea ea Ag} 
do, di, din 
op = = 7.44 
Cind2 7 La af aa ( ) 


Finally, from Fig. 7.10 [see also Figs. 6.6 and 6.11(b)], voltages across the terminals 
of the circuits are given by 


| diy di> 
= —¢; = L;— + Ly —. 7.45 
Vj €indl laa toi | (7.45) 


di din 
v2 = —Cing2 = Lo) a Hie (7.46) 


J 


we 


{ cL 


Cind| 
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In words, the voltage across the terminals of each of the circuits is a linear combi- 
nation of time derivatives of currents in both circuits, with L;, L2, and L172 = Ly as 
linearity (proportionality) constants. 

Shown in Fig. 7.11 is the circuit-theory representation of the two magnetically 
coupled circuits of Fig. 7.10. This is a two-port network whose current-voltage char- 
acteristic is given by Eqs. (7.45) and (7.46). It consists of two coupled ideal inductors, 
where, in addition to modeling the emf due to self-induction in each inductor, the 
effect of the emf due to mutual induction between the inductors is also modeled. 
The mutual inductance between the inductors is customarily written as 


iyo = zh LiLo, (7.47) 


where k is a positive dimensionless constant called the coefficient of (magnetic) 
coupling of the inductors (circuits) and defined as 


|Li2| 
ade = 1; (7.48) 
/ PRL 


We shall see in the next section that k is always less than or eventually equal 
to unity. The coefficient k in Fig. 7.11 thus provides the information about the 
magnitude of the mutual inductance between the circuits of Fig. 7.10. The sign 
of L142, however, depends on the adopted reference directions of currents i; and 
iz, and therefore cannot be given as a single piece of information (positive or 
negative) along with k, independently from the current directions. That is why 
we use a so-called two-dot notation to include the information about the sign of 
Lj2 in the representation in Fig. 7.11, by placing two big dots near the particular 
ends of the two inductors. According to this notation (convention), if both cur- 
rents (ij and iz) enter the inductors at ends marked by a big dot (as in Fig. 7.11), 
the mutual inductance, for that particular combination of reference directions of 
currents, is positive (note that Lj2 > 0 in Fig. 7.10). The same is true if both cur- 
rents leave the inductors at marked (dotted) ends. Otherwise, if one current enters 
and the other leaves the inductor at marked ends, the mutual inductance is neg- 
ative (note that a change of the reference direction of one of the currents in 
Figs. 7.10 and 7.11 would result in L127 becoming negative). Finally, if k = 0, the 
two inductors in Fig. 7.11 become decoupled and independently described by the 
current-voltage characteristic in Eq. (7.3) for a single inductor [Eqs. (7.45) and 
(7.46) with Ly2 = 0]. 
Note that Eqs. (7.41) and (7.42) can be represented in matrix form: 


[®] = (LILA, (7.49) 


where [®] and [i] are column matrices whose elements are the fluxes and cur- 
rents of the coupled circuits, respectively, and [L] is a symmetrical square matrix 
of inductances, 


[L] = = (7.50) 


(Li; = L; and Lz2 = Lz). Note also that these equations, as well as Eqs. (7.43)— 
(7.46) for the electromotive forces and voltages, can be generalized to the system 
with an arbitrary number (N) of coupled contours (circuits), in which case [L] is an 
N x N matrix. 


Figure 7.11 Circuit-theory 
representation of two 
coupled inductors. 


coefficient of magnetic 
coupling between two circuits 
(dimensionless) 


inductance matrix 


326 Chapter 7 


equivalent inductance of two 
coupled inductors in Series 


Inductance and Magnetic Energy 


Example 7.10 [IM Coupled Inductors Connected in Series and Parallel 


Find the equivalent inductance of two coupled inductors of inductances L; and Lz and 
coupling coefficient & if they are connected in (a) series, as in Fig. 7.12(a), and (b) parallel, 
as in Fig. 7.12(b). 


Solution 


(a) Voltages v; and v2 of individual inductors are given by Eqs. (7.45) and (7.46). The current 
through the inductors in Fig. 7.12(a) is the same, i; = i2 =i, so that the voltage across 
their connection is 


di di di di di 
= =1,—4+Lhj2—4+Ly2— 4+ Lo— = (L In +2L)2) —. 7 Sil 
veut bi +l tip tio — iis elie (7.500 
Nt ere! a eee” 
inductor 1 inductor 2 


By comparison with the current-voltage characteristic for a single inductor, Eq. (7.3), we 
conclude that the total (equivalent) inductance of the connection in series equals 


L=L)- £34 2h; 


where the mutual inductance between the inductors, for the situation given in 
Fig. 7.12(a), is positive (the current enters both inductors at their ends marked by a big 
dot) and, using Eq. (7.47), amounts to 


Ly = kV LL. 


(b) The voltage across the inductors in Fig. 7.12(b) is the same, vj = v2 = v. Assuming it to 
be known, Eqs. (7.45) and (7.46) provide the following system of equations with di; /dt 
and di2/dt as unknowns: 


(7.52) 


(7.53) 


dij diz dij diz 
— —= d Lyj,—+L,— =v. 7.54 
Ly thin, ay Band Eee (7.54) 
Its solution is ¥ ian. pas 
ae = ee v and ann = a Vv (755) 
dt L,L2—- Bes dt L,L2—- Lip 
As the current through the terminals of the parallel connection of inductors is i = 1 + 12, 
a di di di L,+L2-—2L 
a _ 0 eee (7.56) 
dt edie dr L\L2- Li, 


By expressing v in terms of di/ dt, 
Ljl,—@ di 


7 <9 (7.57) 
Lj +L2—2L;2 dt 


Vv 
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Figure 7.12 Evaluation of the 
equivalent inductance of two 
coupled inductors connected in 
(a) series and (b) parallel; for 
Example 7.10. (a) 
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we conclude that the two coupled inductors of Fig. 7.12(b) can be replaced by a single 
equivalent inductor of inductance 


_ Lybb- i 


———————— 
Li + Lz —2L42 


(7.58) 


The particular (given) placement of big dots in Fig. 7.12(b) tells us that the mutual 
inductance Ly is negative, and hence Eq. (7.47) yields 


Ei = lege (7.59) 


Note that for k=0 and Lz =0, Eqs. (7.52) and (7.58) reduce to expressions for 
equivalent inductances of two ordinary inductors of inductances L; and Lp (that are 
not magnetically coupled together) connected in series and parallel, respectively. Note 
also that these expressions (with Liz =0) have the same form as the correspond- 
ing expressions for two connected resistors of resistances R; and R2 [see Eqs. (3.86) 
and (3.94)]. 


| Example 7.11 [QR Coefficient of Two Coils on a Toroidal Core 


Compute the coefficient of coupling between the coils on the thin toroidal core from 
Example 7.7. 


Solution Using the expression in Eq. (7.29) for the magnetic flux through the cross section 
of the core due to the current i; in the first coil, the self-inductance of the first coil is 


(7.60) 


Similarly, the self-inductance of the second coil is Lz = uNZS /l. The mutual inductance 
between the coils is given by Eq. (7.30). Hence, their coupling coefficient turns out to be 


|L12| ud N1N2 
LiL 2 ny 
VL\L2 [N2N2 


This maximum coupling is a consequence of the magnetic flux due to the current of each of 
the coils being concentrated entirely inside the core (flux leakage from the core is negligible), 
so that the entire flux passes through every turn of both coils. 


Sell) (wapae Voltage Transformation by Two Coupled Coils 


Consider a magnetic circuit in the form of a thin toroidal ferromagnetic core with two wind- 
ings shown in Fig. 7.13(a). The windings have N; = 1000 and Nz =500 turns of wire, 
respectively. The ferromagnetic material can be considered to be linear. Losses in the 


he =a (7.61) 


equivalent inductance of two 
coupled inductors in parallel 


L —coil ona thin toroidal 
core 


maximum coupling — coils on 
a toroidal core 


Figure 7.13 (a) Magnetic 
circuit with two windings and 
(b) equivalent schematic 
diagram with two coupled 
inductors; for Example 7.12. 
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voltage transformation by 
coupled coils 


current transformation by 
coupled coils 


windings and the core can be neglected. The primary winding is connected to an ideal ac 
voltage generator of emf eg = 100 cos 377t V (tins). The secondary winding is open-circuited. 
Find the voltage across the secondary winding. 


Solution Fig. 7.13(b) shows the equivalent schematic diagram with two coupled induc- 
tors, where L2 is positive for the reference orientations of windings in Fig. 7.13(a). As the 
secondary winding is open-circuited, Eqs. (7.45) and (7.46) give 


= diy a di, - 
y=l, ay and v2 =L» ra (in = 0). (7.62) 
Using Eqs. (7.60) and (7.30), we can write 
a fn = Ny = Ni (7.63) 
wy Lip NGN Ne 


that is, the ratio of the voltages across the primary and secondary windings is equal to the 
ratio of the numbers of wire turns. The voltage across the secondary winding is hence 

N2 N2 

— vy = — ey =50cos377t V (tins). 7.64 
Ni 1 MN 2 ( ) ( ) 
We can say that the circuit in Fig. 7.13 operates as a transformer of voltage from its primary 
port to its secondary port, with the transformation (multiplication) factor being equal to the 
wire turns ratio N2/Nj. 


Seni wAbee Current Transformation by Two Coupled Coils 


Assume that the primary winding in the magnetic circuit in Fig. 7.13(a) is connected to 
an ideal ac current generator of current intensity ig = 15sin377t mA (¢ in s), while the 
secondary winding is short-circuited, and determine the current of the secondary winding. 


v2= 


Solution From the equivalent schematic diagram shown in Fig, 7.14 and Eq. (7.46), 
di : 
Ly2— + li =0 (%=0). (7.65) 
This means that 


(7.66) 


i.e., the ratio of the currents in the primary and secondary windings is equal to the negative 
inverse ratio of the numbers of wire turns. Solving for the current in the secondary winding, 
we have 


nN M1 j, = —30sin3771 mA (tins). (7.67) 
2 


We see that the circuit in Fig. 7.14 performs a transformation of current between its 


ports, with the magnitude transformation factor being the reciprocal of that for the voltage 
transformation in Eq. (7.64). 


Figure 7.14 Current 
transformation by two 
magnetically coupled coils; 
for Example 7.13. 
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Example 7.14 Coupling Coefficient of Two Coaxial Solenoids 


Fig. 7.15 shows a cross section of two very long solenoidal coils positioned coaxially with 
respect to each other. Radii of solenoids are a; and az, their length is the same, /, and 
numbers of wire turns are N; and N>, respectively. The inner coil is wound on a core made 
of a linear ferromagnetic material of relative permeability 4;, while the space between the 
coils is air-filled. Neglecting the end effects, calculate the coefficient of coupling between the 
two coils. 


Solution Let us adopt counter-clockwise reference directions of currents in both coils 
(Fig. 7.15). Assume first that a current, of intensity /, (steady current), exists only in the first 
(inner) coil, while 7 = 0. Under this assumption, the magnetic field is nonzero only inside 
the first coil and is given by [see Eq. (6.48)] 

Nil 
= ay . 
Therefore, the magnetic fluxes through a single turn of both coils are the same, 


Hy (7.68) 


> MrboNihxat 


Psingle turn = LrboHi nay = 7 (7.69) 
Figure 7.15 Cross section 
Using this expression, the self-inductance of the first coil is found to be of two coupled coaxial 
a ne Nea? solenoids; for Example 7.14. 
: ma 
Te @1 _ N1"single turn _ Myron; ay (7.70) 


if i i 


[note that this can also be obtained by multiplying the inductance in Eq. (7.6) by ur]. Using 
the same expression (for ®single turn), the mutual inductance between the coils is obtained as 


a 2 ma N2®single turn oN Norat 


Ly, = 
e qh vA l 


(7271) 
On the other hand, the assumption of a current, of intensity /, existing only in the second 

(outer) coil (while /; = 0) in Fig. 7.15 gives a nonzero magnetic field everywhere inside the 

second coil, of intensity 

_ Noh 

tana 


The magnetic flux density in the core is By = u,;uoH2, while By = oH? in the air-filled 
space between the coils, which leads to the following for the total magnetic flux through the 
second coil: 


Hp (7.72) 


oN3m Ip (uca + a - a2) 


D2 = N2[Bomai + Boon (ay —a‘)| = (7273) 
core air 
The self-inductance of the second coil is hence 
2, 2A 2 
b= 2 _ HoNga [Cur — Nay + 45] (7.74) 


th i ; 
whereas computing ®, through the first coil and Lj2 = ®;/J2 would, of course, give the same 


result for the mutual inductance as in Eq. (7.71). 
Finally, the coefficient of coupling between the coils, Eq. (7.48), comes out to be 


|L12| Lr 
k= = ————_ ‘ 
JVI{L2 VY ur—1+(a2/a)? ez) 


Note that for very large relative permeabilities jz; (e.g., 4; = 1000), k is very close to unity 
(coupling is very strong), which is a consequence of the magnetic flux © due to J) in the 
second coil being practically entirely concentrated in the core of the first coil for uw; > 1 
[uray > a — a? in Eq. (7.73)]. 
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(b) 


Figure 7.16 Analysis of 
magnetically coupled 
circuits containing two thin 
two-wire lines: (a) structure 
geometry and (b) equivalent 
schematic diagram with two 
coupled inductors; for 
Example 7.15. 


Example 7.15 Magnetically Coupled Circuits Containing Two-Wire Lines 


Fig. 7.16(a) depicts two parallel thin two-wire lines (1-1’ and 2-2’) in air, where b = 20 cm 
and c= 5 mm. The radii of all wires are a = 0.3 mm. The first line is connected at one end 
to an ideal voltage generator of time-harmonic emf g(t) = Eggcoswt, where E.9 =3 V 
and w= 10° rad/s, and the other end of the line is short-circuited. The second line is 
short-circuited at both ends. Neglecting internal inductances, losses in the wires, capacitive 
coupling between the lines, end effects, and propagation effects, find the amplitudes of 
currents in the lines. 


Solution Using Eq. (7.11), self-inductances per unit length of the lines in Fig. 7.16(a) are 


3 
= 2 In = = 1.565 wH/m and Ly = - In = = 1.125 wH/m. (7.76) 


respectively, where we neglect internal inductances of the lines. Eq. (7.40) gives the mutual 
inductance per unit length of the lines (rjy = rj2 = 2c and rj2 = ry = Cc): 


2 
a _ Ho ca 
2 — oem In ee In2 = 277 nym, C7} 


We neglect the end effects and the propagation effects, so that the total self-inductances 
and mutual inductance of the magnetically coupled circuits formed by the lines are obtained 
by multiplying the per-unit-length inductances by the corresponding lengths of the lines, L; = 
L3b = 939 nH, L2 = Lb = 225 nH, and L)2 = L},b = 55.4 nH (the length of the shorter of 
the two lines, b, is relevant for the mutual inductance between the lines). 

Fig. 7.16(b) shows the equivalent schematic diagram of the two coupled circuits (we 
neglect the losses in wires and capacitive coupling between the circuits). According to this 
diagram, 


di; diy 1 diz 
Ly — + Lj2— =eg, Lig — +1l2— = 0. 748 
Te Se Bay, | OE (eta 
The solution of these two equations for the time derivatives of currents in the circuits is 
di L di it 
a ee Egg coswt and peal See eI 2 Ego COS wl, (7.79) 


dt LiL) —L, dt Ly Ll) — L3, 


which is then integrated with respect to time to obtain the solution for the currents. 
Integration in time of time-harmonic quantities results in an additional factor 1/@ in the 
expressions for amplitudes, so that the amplitudes (peak-values) of the currents in the circuits 
(and the lines) are, respectively, 


~ L2Eg0 
w(L Lz — Li,) 


Example 7.16 Inductance p.uwl. of a Two-Wire Line above a PMC Plane 


A symmetrical thin two-wire line is positioned in air over a ferromagnetic (44 >> “y) plane, 
as Shown in Fig. 7.17(a). The wire radii are a, the hcight of the axcs of both wires with respect 
to the plane is 4 (4 > a), and the distance between the wirc axes is d (d >> a). Compute the 
inductance pcr unit length of the line (in the presence of the planc). 


L12€g0 


=3.24A and lo. = —————— 
w(L1L2 — Lt) 


they =0.8A. (7.80) 


Solution Assume that a slowly time-varying currcnt of intensity / is established in the line 
[Fig. 7.17(a)]. By image theory for the magnetic ficld, Fig. 5.14, we can remove the fcrromag- 
netic plane by introducing positive imagcs of the original current conductors. The equivalent 
system in Fig. 7.17(b) is thus obtained, which consists of two (magnetically coupled) parallel 
thin two-wire lines with the same current (/) in air. The total magnctic flux per unit Icngth of 
the upper (original) linc is thercfore {sce Eq. (7.41)] 


Section 7.4 Magnetic Energy of Current-Carrying Conductors 


where L/ is the self-inductance p.u.|. of the upper line when isolated in free space and L{, is 
the mutual inductance p.u.l. of the upper and lower lines in the equivalent system in air. These 
inductances are computed using Eqs. (7.11) and (7.40), respectively, so that the inductance 
p.u.l. of the original line in Fig. 7.17(a) comes out to be 


om 


2h 


Ho 


Ho, ave + 41? 


nt 2ah 


(7.82) 


j d 
I 
Obviously, L;, represents the influence of the ferromagnetic material in the lower half-space 
on the line inductance. 


Problems: 7.16-7.24; Conceptual Questions (on Companion Website): 7.22-7.28; 
MATLAB Exercises (on Companion Website). 


7.4 MAGNETIC ENERGY OF CURRENT-CARRYING 
CONDUCTORS 


Every system of conducting loops with currents contains a certain amount of energy, 
called magnetic energy, in a manner analogous to a system of charged conducting 
bodies storing electric energy. In other words, current-carrying (coupled or uncou- 
pled) inductors in an ac or de circuit store magnetic energy, much like charged 
capacitors store electric energy. By the principle of conservation of energy, the mag- 
netic energy of a system of loops (or inductors) with currents equals the work done 
to the system in the process of establishing these currents from zero to their final 
values. Thus, by simulating this process of “loading” the loops by currents, we can 
find general expressions for computing the magnetic energy in terms of the current 
intensities and associated magnetic fluxes (final values) of the loops. 

Let us consider first a single loop with a slowly time-varying current of inten- 
sity i. The current flow is maintained in the circuit by an ideal voltage generator of 
emf ég, as shown in Fig. 7.18. As the magnetic flux through the loop, ®, changes in 
time, an emf @jnq is induced in the loop, given by Faraday’s law of electromagnetic 
induction, Eq. (6.34). Using Kirchhoff’s voltage law, Eq. (3.119), we can write 


(7.83) 


where R is the resistance of the loop. The emf ejng (emf due to self-induction) 
opposes the current change in the loop (Lenz’s law), that is, it acts against the emf 
ég. Therefore, an amount of work must be done in establishing the current in the 
loop to overcome this induced emf. This work is done by en external agent, with the 
energy transfer to the circuit being modeled by the generator (of emf eg) in Fig. 7.18. 

To investigate the energy balance in the circuit during a differentially short time 
interval dt, we multiply both sides of Eq. (7.83) by idt, 


€gi dt = Ri? dt + (—€inai dt). 


ey = Ri ina, 


(7.84) 


By means of Eq. (3.121), the term on the left-hand side of this equation is the work 
done by the emf of the generator during the time interval dr. It equals the energy of 
external sources delivered to the circuit during that fraction of time. From Joule’s 
law, Eq. (3.77), the first term on the right-hand side of the equation represents 
Joule’s (ohmic) losses in the loop during di. Finally, the last term in the equation 
(including the minus sign) is the work done against the emf eing in dt. Eq. (7.84) 
thus expresses the principle of conservation of energy for the circuit in Fig. 7.18, 
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Figure 7.17 Evaluation of 
the inductance per unit 
length of a two-wire line 
above a ferromagnetic (or 
PMC) plane: (a) original 
system and (b) equivalent 
free-space system with two 
magnetically coupled 
two-wire lines; for 

Example 7.16. 


Figure 7.18 Wire loop of 
inductance L and resistance 


R with a slowly time-varying 
current of intensity i, 
maintained by an ideal 
voltage generator of emf eg. 
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energy of inductor (unit: J) 


energy of N magnetically 
coupled loops 


magnetic energy of two 
coupled inductors 


telling us that the work done by the generator during di is partly converted into 
Joule’s losses and partly used to overcome the induced emf in the loop. While the 
first part is lost to heat, the second part is given to the emf ejng, i.e., to the flux ® of 
the loop. Ultimately, it represents the energy delivered to the magnetic field of the 
current / in the loop during the time dt. Using Eq. (6.34), —eing dt = d®, so that the 
elementary work done by external sources to the magnetic field of the loop can be 
written as 


dWm = —eCingi dt =id®. (7.85) 
If the medium surrounding the loop is magnetically linear, the use of Eq. (7.1) yields 
dW =id® =id(Li = Lidi, (7.86) 


where L is the inductance of the loop. The magnetic field, on the other hand, is capa- 
ble of storing the received energy, and this stored energy is the magnetic energy 
of the loop, expressed in joules (J). Consequently, the work dW, in Eq. (7.86) 
represents an increment of the magnetic energy of the circuit in Fig. 7.18. 

When the current in the loop is zero, the loop has no energy. The total energy 
stored in the magnetic field of the loop when its current is i equals therefore the net 
work done to the magnetic field in changing the loop current from i = 0 to its final 
value i, and is obtained by adding up all elementary works dWy: 

i 
= — Li. (7.87) 

0 

From the circuit-theory standpoint, this is also the energy of a linear inductor of 

inductance L in an arbitrary electric circuit. Employing Eq. (7.1), the equivalent 

expressions for the energy of an inductor are 


i t i2 1 
We=) dWe2r ia 
a i a [ici 2 2 


=0 


(7.88) 


We note the complete analogy (duality) with the corresponding expressions for the 
electric energy (W¢<) of a capacitor in Eq. (2.192). 
Generally, for a system with N (N > 1) magnetically coupled loops (inductors), 


(7.89) 


where the magnetic fluxes through the loops are given by linear relationships in 
Eqs. (7.41)-(7.42) or (7.49). Using these relationships, the energy of the system can 
be expressed only in terms of the currents and self- and mutual inductances of the 
loops. For example, for N = 2, the magnetic energy of two coupled loops can be 
written in the form 


1 OY * ie ee on 
| Wn = ple + Lyia)ii + (Lian + Loin = 5 Lyi, + 5 fey + Ly2022. 
®; 2 


H : See ee , = a 


(7.90) 


This energy can be both larger and smaller than the sum of energies of the two 
loops when magnetically isolated from each other (when Lj2 = 0), because Lj2 can 
be both positive and negative. Note that the expression in Eq. (7.89) is entirely 
analogous to the expression for the electric energy of a linear multibody system in 
Eq. (2.195). 
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The magnetic energy can also be expressed in terms of distributions of the cur- 
rent density vector, J, and the magnetic vector potential, A, throughout the volume 
of current-carrying loops. Namely, the magnetic flux ©, through the loop C, of the 
system with N loops equals the circulation of A along Cx, [see Eq. (4.121)], so that 
Eq. (7.89) becomes 
N ix 
Wn=x>d kp A-dk==) f A-igdly, (7.91) 

kal 2 2 a1 
— a 
Px 
where the current i, can be brought inside the integral sign in the line integral 
because it does not change along the wire (currents are slowly time-varying). As 
ix dl, = J dvz, Eq. (4.10), we then have 
N 
Wn = 5 BS A -Jxdvx, (7.92) 
ka1° "* 
with v, standing for the volume of the kth loop. Finally, the sum of N integrals over 
volumes of individual loops can be joined together into a single volume integral: 


1 
Wn = 5 f J. Ady. (7.93) 
Veurrent 


Since any slowly time-varying volume current distribution can be considered as con- 
sisting of an infinite number of filamentary current loops, this is a general expression 
for evaluation of the magnetic energy of a system of current conductors of arbitrary 
shapes in a linear medium. In general, the volume integration is performed over 
all parts of the system populated by current (Vcurrent). We again note the duality 
with the corresponding expression for the electric energy, namely, with the volume 
integral expression in Eq. (2.196) for We in terms of the charge density () and the 
electric scalar potential (V) for an electrostatic system with a volume charge. 


Magnetic Energy of Two Coupled Two-Wire Lines 


Find the time-average magnetic energy of the system of two coupled two-wire lines shown in 
Fig. 7.16 and described in Example 7.15. 


Solution From Eqs. (7.79), instantaneous intensities of currents in the lines have the fol- 
lowing forms: i; (t) = Jo, sin wt and i2(t) = —Io2 sinwt, where the current amplitudes Jp, and 
Io2 are given in Eqs. (7.80). Using Eq. (7.90), the instantaneous magnetic energy contained in 
the magnetic field of the two lines is 


1 F 1 r Da. aeae 
Wn = 5 L120 + 5 Loh) + Lyi Dir) 


1 1 
= 7) eile, sin? wt + 5 ole sin’ wt — Li2loilo2 sin” wt, (7.94) 


where the self-inductances and mutual inductance of the coupled circuits in Fig. 7.16(b) are 
also found in Example 7.15. Eq. (6.95) tells us that the time-average value of the function 
sin’ wt is 1/2, so that the time-average magnetic energy of the system is 


1/1 1 
(Windave = 5 (5 Lal + 5 Lal — Lizlovlon) = 2.43 wl. (7.95) 


This energy can also be obtained using the equivalent inductance, L, seen by the gen- 
erator in Fig. 7.16. To find L, we rewrite the first equation of Eqs. (7.79) in the following 


magnetic energy in terms of 
volume currents 
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form: 


eal) di 
. ' 
a ( ' 72) t dr pA 
Hence, ; 
jb, 
L=Ll,- Te = 925.4 nH. (7.97) 


In other words, this is the inductance of an inductor that, as far as the generator is concerned, 
can replace the two coupled inductors in Fig. 7.16(b). Consequently, the energy of the two 
coupled two-wire lines is the same as the energy of the equivalent inductor, and Eq. (7.88) 
can be used. Since the current of the equivalent inductor is ij, 


Wan(t) = 5 LR, (7.98) 


which, averaged in time, gives the same result as in Eq. (7.95). 


Seva Proof that the Maximum Coupling Coefficient is Unity 


Prove that the largest possible value for the magnitude of the mutual inductance of two 
magnetically coupled circuits equals the geometric mean of the self-inductances of circuits. 


Solution The inequality that we have to prove, |Li2| < “LL, is a consequence of the 
simple fact that the stored magnetic energy is always positive (or eventually zero). To show 
this, we start with the expression for the energy stored in the magnetic field of the two circuits 
in Eq. (7.90) and write it in the following form: 


ide Lo (n\  ,lrin|_1, 2 
Wha Se ee pat = = 
m=5 Lif p+ 2 (2) +274 2] 5 Lik feo. (7.99) 
where ; L L 
f(x) = ax? + bx +1, Pees pee and b=2=") (7.100) 
ty Ly Ly 


From the fact that Wy, > 0, we conclude that the quadratic function f(x) must be nonnegative 
for all values of x. This, in turn, is satisfied only if the minimum of f, given by 


L> L? inoue 1 
2712 _9 22a), 2a (7. 1G 


tmin = f(—2/ 2a) =| C2) — Ty 1 jig oe LiL2 


is nonnegative. Hence, 
fnin =O — Las <L,L2. or |Ly2|\<JVLil2 — k<i, (7: 192) 


which concludes our proof. We realize that these inequalities can also be written in terms of 
the coefficient of coupling of the two circuits, defined by Eq. (7.48), as k < 1 (that the coupling 
coefficient cannot be larger than unity we noted earlier, in Section 7.3, but without a proof). 


Problems: 7.25 and 7.26: Conceptual Questions (on Companion Website): 7.29 and 
7.30, MATLAB Exercises (on Companion Website). 


7.5 MAGNETIC ENERGY DENSITY 


In analogy with the concept of electric energy density (Section 2.16), we shall now 
define and use the magnetic energy density to describe the actual localization and 
distribution of the magnetic energy of a system of current-carrying conductors, 
the total amount of which is given by Eqs. (7.89) and (7.93). To this end, let us 
consider first a simple case of a magnetic field of uniform intensity in a thin toroidal 


— eee eS Ee 
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ferromagnetic core with a winding that carries a slowly time-varying current of 
intensity i. Let the number of wire turns of the winding be N, the length of the core 
1, and its cross section S in area. From Eq. (5.53), the current in the winding can 
be expressed in terms of the magnetic field intensity H in the core asi = H1/N. On 
the other hand, the magnetic flux through the winding (all of its turns) can be writ- 
ten as 6 = NO gingle tum = NBS, where B is the magnetic flux density in the core. 
Substituting these two expressions in Eq. (7.85) leads to the following expression 
for the work of external sources needed for a change d® in the magnetic flux of the 
winding (not counting Joule’s losses in the winding): 


Hl 
dWm =idd = W d(NBS) = HdB SI = HdBv, (7.103) 


where v = S/ is the volume of the core, i.e., the volume of the domain where the 
magnetic field exists. The net work in changing the flux from zero to its final value 
® or, equivalently, the flux density from zero to the final value B is hence 


B B 
Wn = dv = vf HaGB. (7.104) 
B= 0 


Dividing it by v, we get the magnetic energy density (energy per unit volume) of the 


core (in J/m?), 
W. B 
Wn = = =,, HB. (7.105) 
0 


More precisely, for an arbitrary magnetic material of the core, this is the energy per 
unit volume of the material spent by external sources in establishing the field, and 
not the energy stored in the field per unit volume of the material. Namely, as we 
shall see later in this section, in the case of materials that exhibit hysteresis effects 
(see Fig. 5.21), this energy can only partially be returned by the field to the sources in 
the reverse process of reducing the field intensity H to zero, because of losses occur- 
ring during the magnetization (while establishing H) and demagnetization (while 
reducing 7) of the material. These losses, appearing as heat, are a consequence of 
microscopic frictions encountered as elementary magnetic domains (see Fig. 5.2) 
change their size and rotate in the magnetization-demagnetization process of the 
material and are known as hysteresis losses. For materials with no hysteresis losses, 
on the other side, Eq. (7.105) gives the energy that is contained in the field per unit 
volume of the core and can be obtained from it at any time in its entirety by reduc- 
ing to zero the current in the coil. While using the term magnetic energy density for 
the integral expression in Eq. (7.105), we shall always keep in mind this distinction 
in its actual meaning between materials with pronounced hysteresis behavior and 
those for which hysteresis effects are not present or can be neglected. 

Although derived for a special case of a coil on a thin toroidal core, the result in 
Eq. (7.105) can be generalized to an arbitrary magnetic field, which can be visualized 
as a collection of elementary flux tubes (toroids) formed by the lines of vector B 
[see Fig. 4.26 and the proof of the law of conservation of magnetic flux, Eq. (4.99)]. 
In general, the magnetic energy of a differentially small cell of volume dv in an 
arbitrary (nonuniform) magnetic field in an arbitrary (nonlinear) material is 


where the energy density is given by Eq. (7.105). By summing up the energies of all 
of the cells, that is, by integrating the energy dW, over the entire domain with the 


magnetic energy density, 
arbitrary medium (unit: J/m*) 
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magnetic energy density, 
linear medium 


O 


(b) 


Figure 7.19 
Correspondence between 
the magnetic energy density 
given by the integral in 

Eq. (7.105) and the area 
between the magnetization 
curve and the #-axis for 

(a) nonlinear and (b) linear 
magnetic materials. 


magnetic field (volume v), we obtain the total magnetic energy of the system: 


B 
Win = [mar | (f a8) dv. (7.107) 
v v \v0 


In the case of a linear magnetic material of permeability 1, B = H, so that 
the integral with respect to B in the expression for the magnetic energy density in 
Eq. (7.105) can easily be solved, 


(7.108) 


Note that these expressions are entirely analogous to the corresponding expressions 
in Eq. (2.199) for the electric energy density we in a linear dielectric of permittivity 
e.° The expression for the total magnetic energy becomes 


1 
Wm = 5 | B Hew. (7.109) 
2 Jy 


For nonlinear magnetic materials, the integral in Eq. (7.105), in general, cannot 
be solved analytically (in a closed form). Having in mind a typical initial magneti- 
zation curve of a nonlinear ferromagnetic material (e.g., that in Fig. 5.20), we note 
that H dB is proportional to the area of a thin strip of “length” H (length measured 
in A/m) and “width” dB (width measured in T) positioned between the curve and 
the B-axis at the “height” B with respect to the H-axis, as indicated in Fig. 7.19(a). 
This means that the integral in Eq. (7.105) represents the sum of areas of all such 
strips as the point P’ with abscissa H and ordinate B moves in the integration pro- 
cess from the coordinate origin to its final position (P). We conclude, thus, that the 
magnetic energy density in the material is proportional to the area between the 
magnetization curve and the B-axis, that is, to the area of the curvilinear triangle 
OPQ in Fig. 7.19(a). The proportionality constant (wm/area) can be expressed in 
terms of the ratio of the magnetic field intensity H in A/m that corresponds to a cer- 
tain physical length along the H-axis and the length (e.g., a 1-cm division along the 
axis may represent a 100-A/m field intensity) and the similar ratio (B/length) for the 
B-axis. This conclusion, of course, applies also to linear materials, which can always 
be considered as a special case of nonlinear ones. In a linear case, the hypotenuse 
of the triangle OPQ becomes straight, and the area of the triangle is computed as 
BH /2, Fig. 7.19(b), which is the same result as in Eq. (7.108). 

In ferromagnetic materials that exhibit hysteresis effects, the function B(/2) is 
not only nonlinear, but also has multiple branches. Thus, if H is reduced from its 
value at the point P in Fig. 7.19(a) to zero, B does not go to zero, but to the remanent 


5s in the electrostatic case, the magnetic energy of a system of current-carrying conductors might alter- 
natively be viewed to reside in the system current, and not the magnetic field [see the corresponding 
discussion on the two energy localization viewpoints (field-based and charge-based) for an electrostatic 
system, in Section 2.16]. With this approach, the magnetic energy density would be evaluated as being 
equal to J- A/2 at points where the current exists in the system [from Eq. (7.93)] and would be zero 
elsewhcre. Although this viewpoint is also “correct” and has its merit, we choose to describe the mag- 
netic energy localization of a system in terms of the magnetic field distribution (energy exists wherever 
and whenever the field exists) and use the associated energy density expressions in Eq. (7.108). As noted 
in the discussion of the electric energy localization, the field-based approach is much better suitcd to 
modeling electromagnetic wave propagation and the associated energy flow, where both electric and 
magnetic fields of a wave exist (and carry energy) independent of the charge and current that produced 
them at previous instants of time. 
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returned 


B “(h ot 


demagnetization of the material. 


magnetic flux density B = B, (see Fig. 5.21). As B also decreases, dB is negative. 
This means that the energy H dB per unit volume of the material given to the mag- 
netic field in this process is negative, that is, the field is returning its energy to the 
external sources (e.g., to the generator in Fig. 7.18). However, this returned energy, 
which is proportional to the area of the curvilinear triangle RPQ shown in Fig. 7.20, 
is smaller than the energy spent by the sources in increasing the magnetic field in 
the material (curvilinear triangle OPQ). The difference in energy is lost to heat in 
the material in the process of its magnetization and demagnetization (hysteresis 
losses), and the difference in area in Fig. 7.20 is the area of the curvilinear triangle 
OPR. Consequently, the energy of hysteresis losses per unit volume of the material 
is proportional to the area of the triangle OPR. 

Finally, let us consider a full hysteresis cycle in the material. The density of 
energy spent on changing the magnetic field in this cycle is given by the integral 
in Eq. (7.105) with the integration being carried out all around the hysteresis loop. 
Dividing the loop (contour C),) into four characteristic segments, as indicated in 
Fig. 7.21, we note that H dB > 0 along the first line segment (H > 0 and dB > 0) 
and the third segment (H < 0 and dB < 0), while H dB < 0 along the second line 
segment (H > 0 and dB < 0) and the fourth one (H < 0 and dB > 0). The areas 
between line segments 1 and 3 and the B-axis are therefore a measure of the energy 
density given to the field at a point in the material, while the areas between line 
segments 2 and 4 and the B-axis correspond to the energy density returned to the 
sources at the same point. The difference, the area enclosed by the hysteresis loop, 
Sh, represents hysteresis losses in the material. In other words, the energy density 


Figure 7.20 Evaluation of hysteresis losses in a 
ferromagnetic material as the difference between 

the energy given to the field and the energy returned 
to the sources in the process of magnetization and 


Figure 7.21 Evaluation of hysteresis losses in a complete 
@ magnetization-demagnetization hysteresis cycle of the material. 
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Figure 7.22 Cases with no hysteresis losses: nonlinear 
material with retracing of the initial magnetization curve 
in the periodic magnetization-demagnetization of the 
material, which results in zero loop area, and linear 
material (or material whose magnetization curve can be 
approximated by a linear function). 


energy density of hysteresis 
losses (see Fig. 7.21) 


time-average power of 
hysteresis losses for an ac field 


RB nonlinear linear 


of hysteresis losses, wp, in one complete magnetization-demagnetization hysteresis 
cycle is proportional to the area Sh, 


Wh=Wm = HdB « Sh. (7.11 OF 
Ch 


If the field is time-harmonic (ac field), with a frequency f, the time of one cycle 
of the periodic magnetization-demagnetization of the material, that is, the time dur- 
ing which the point P’ circumscribes once the hysteresis loop, equals the period of 
the field variation, T = 1/f. The time-average power of hysteresis losses, (Ph)ave, iS 
obtained by dividing the energy lost within a cycle by 7, 1.e., by multiplying it by f. 
Thus, in the case of a uniform field intensity in the material, we can write 


CPrvave Cofasnvs (FAA 


where v is the volume of the material with losses. 

We now recall that hard ferromagnetic materials, having large Sp (see Fig. 5.23), 
are used primarily for dc applications, so that f = 0 in Eq. (7.111) and hysteresis 
losses do not represent any problem. Soft ferromagnetic materials have small Sh, 
and that is why they are very suitable for ac applications. In the limiting case, if 
no hysteresis is present and the initial magnetization curve is retraced, as depicted 
in Fig. 7.22, Sy = 0 in Eq. (7.111) and the periodic magnetization-demagnetization 
process is accomplished with no hysteresis losses. Finally, S$, = 0 for linear magnetic 
materials as well (Fig. 7.22). 

In general, total losses in a ferromagnetic material in an ac field are the sum 
of hysteresis losses and Joule’s losses due to eddy currents, given by Eq. (6.137). 
We recall that the time-average power of eddy-current losses is proportional to the | 
frequency squared [Eq. (6.152)]. 


Example 7.19 Energy Distribution in a Thick Linear Toroidal Core 


Consider the toroidal coil from Example 5.11, and assume that a slowly time-varying current 
of intensity i is established in the coil. Under these circumstances, find (a) the distribution of 
magnetic energy in the core and (b) the total energy of the coil. 
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Solution 


(a) The distribution of energy in the core is described by the magnetic energy density, wm. 
As the material of the core is linear, we use Eq. (7.108). The magnetic field intensity in 
the core is given by Eq. (5.83), and hence 

uN?2i2 

8x2r2 


Wm(r) = 5 MEP) = (a<r<pb), (7.112) 


where sr is the distance from the toroid axis. 


_ (b) The energy of the coil, that is, the total magnetic energy stored in the core, can be 
obtained by integrating the energy density wm over the volume v of the core [Eq. (7.109)]. 
Because wy is a function of the coordinate r only, we adopt dv in the form of a differ- 
entially thin toroid of radius r and thickness dr, the cross section of which is the thin 
strip of length A and width dr shown in Fig. 5.26. The volume of this elementary toroid is 
thus dv =/dS, where / = 2r7rr (length of the toroid) and dS = Adr, so that the magnetic 
energy comes out to be 


b DDD b Die; 
a — BNth dr _ uNth, b 
Wn = ie Mvmt) ene a : i = Te In a (7.113) 
Vv 


The above result can also be obtained from Eq. (7.88), as Wm = Ptotali/2, where Protal is 
N times the flux through the cross section of the core, found in Eq. (5.84). 


| Besculscwazume Energy of a Simple Nonlinear Magnetic Circuit 


| Calculate the energy spent for establishing the field in the magnetic circuit shown in Fig. 5.30 
and described in Example 5.13. 


Solution Final (established) values of the magnetic flux density and field intensity in the 
ferromagnetic core and the air gap, (B, H) and (Bo, Ho), are found in Example 5.13. As the 
| material of the core is nonlinear and the operating point P of the circuit, in Fig. 5.30(b), does 
| not belong to the first segment of the idealized initial magnetization curve (which could be 
| described by an initial permeability), we must use Eq. (7.105) for the density of energy spent 
to change the field in the core from zero to (B, H). Having in mind Fig. 7.19(a), this density is 
proportional to the area of a polygon formed by the curve and the B-axis, from the coordinate 
origin to the point P, as shown in Fig. 7.23. This polygon, in turn, is a sum of a triangle and a 
trapezoid, which gives the following solution for the integral in Eq. (7.105): 


B 
1 1 
wn = | HdB= —H,.By, += (Hk + D(B —B,) = 2723 /m?, (7.114) 
2 2 
triangle trapezoid 


, where By = 0.4 T and Hy = 1000 A/m are the magnetic flux density and field intensity at the 

point K (“knee” point between the two segments of the curve) in Figs. 7.23 and 5.30(b). 

| Air is a linear medium, so that the magnetic energy density in the gap can be obtained 
using Eq. (7.108), 


i 
Wmo = 5 BoHo = 77 kJ/m?. (7.115) 
Finally, the total magnetic energy of the circuit amounts to 
Wm = WmS! + WmoSolo = 290 mJ. (7.116) 


, This energy can be completely returned by the field only if the initial magnetization curve is 
retraced in the process of reducing the field intensities in the circuit, as in Fig. 7.22. 


| Example 7.21 | Energy Lost in Magnetization and Demagnetization 


In a thin toroidal core of cross-sectional area S = 1 cm* and length / = 20 cm, a magnetic 
field is established of intensity H, = 1 kA/m, and then reduced to H = 0. In this process, 


Figure 7.23 Evaluation of 
the density of energy spent 
for establishing the field in 
the core in Fig. 5.30; for 
Example 7.20. 
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Hy 
Figure 7.24 Evaluation of 
the net magnetic energy 
spent in the magnetization- 
demagnetization of a 
ferromagnetic core; for 
Example 7.21. 


magneuc force from energy 
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the operating point described the path shown in Fig. 7.24, where the initial permeability is 
ta = 0.001 H/m. Find the net magnetic energy spent in the magnetization-demagnetization 
of the core. 


Solution The magnetic energy spent to establish H = Hp is positive, while it is neg- 
ative in the process of reducing H to zero. The net magnetic energy, Wm, spent in the 
entire magnetization-demagnetization process represents hysteresis losses in the core (see 
Fig. 7.20). Its density is proportional to the area of the shaded triangle OPR in Fig. 7.24 and 
is given by 


Bm 1 


P R 1 
—_ [ Hoa : HaB = 5 Hm = BmMm =2503/m, (7.117) 
20h ss, eae _—————— 
magnetization demagnetization AOPR 
where Bm = UtaHm = 1 7T,so that Wy = wy 5S] = 5 mJ. 


| Example 7.22 UCU NE Power of Hysteresis Losses in a Core 


Consider the core depicted in Fig. 6.13(a) and (c), and assume that a low-frequency time- 
harmonic current of intensity i = Jp sin(27ft) is established in the coil, where Jp = 0.1 A and 
f = 1kHz. Compute the time-average power of hysteresis losses in the core. 


Solution The energy density of hysteresis losses in one magnetization-demagnetization 
hysteresis cycle of the material is given by Eq. (7.110), with S,; now being the area of the 
parallelogram in Fig. 6.13(c). The current amplitude is the same as in Example 6.10, so that 
the peak-values of H(t) and B(f) are also the same, Hm = 100 A/m and By, = 0.1 T [note 
that B(f) is not a time-harmonic function, due to the nonlinearity and hysteresis behavior of 
the core material]. Thus, computing the parallelogram area, we obtain 


wh=) HdB=2BmHm = 20J/m’. 
Ch 


(7.118) 


Based on Eq. (7.111), the time-average power of hysteresis losses in the volume v = S/ of the 


core is 
(Ph)ave = fu, Sl = 0.8 W. 


Sel) waveee Evaluation of Force from Energy for an Electromagnet 


An electromagnet consisting of an iron core in the shape of a horseshoe and a coil is sketched 
in Fig. 7.25. The cross-sectional area of the core is S. With a steady current established in 
the coil, the electromagnet is capable of lifting a weight W (made also of iron). Assuming 
that there are two tiny air gaps between the core and the weight and that the magnetic flux 
density in the core and the gaps is B, find the lifting force of the electromagnet. 


(7.119) 


Solution The lifting force of the electromagnet is a consequence of the magnetic field in 
the magnetic circuit in Fig. 7.25, namely, it is the magnetic force, Fm, on the lower part of 
the circuit that is lifting its weight. This force can be determined from the magnetic energy 
of the system using the principle of conservation of energy. Let us suppose that Fm moves 
the weight by an elementary distance dx upward. We recall the energy considerations in 
connection with Fig. 7.18. Here, however, the elementary work of external sources id@ from 
Eq. (7.85) is split to the change in the magnetic energy of the system dW, and the work dWp 
of the force F, along the displacement dx. As dWr = Fm dx, we can write 


id@ = dWm + dWre = dWm + Fm dx. (7.120) 


If the magnetic flux is maintained at a constant value (®) in this experiment, which means that 
the current i in the coil is varied appropriately, then d@ = 0 and the above equation yields 


— dWnl 
—_ dx ool 


(7.121) 


| 
| 
i 
| 
i 
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Figure 7.25 Evaluation of 

the lifting force of an 
electromagnet from the 
magnetic energy contained in 
air gaps B the air gaps; for Example 7.23. 


When the weight is moved upward by dx, the only change in magnetic energy of the 
system is the reduction in energy contained in the two air gaps due to their decreased length. 
The energy change dW, in Eq. (7.121) is thus negative and corresponds to the energy con- 
tained in the parts of the air gaps that are dx long and that vanish in our experiment. In 
other words, it equals the negative of the magnetic energy density wy in the air gaps, given 
by Eq. (7.108) with ~ = jo, times the change in the volume of the gaps: 


B B?S dx 
dWp = —- —— 2Sdx = — (e122) 
17)! men Ho 
“M— dv 
Wm 


(2S is the total cross-sectional area of the gaps). From Eq. (7.121), the lifting force of the 
electromagnet is 


Fy = -—— = —.. CNZ3) 
As a numerical example, for B = 1 T and S = 0.125 m2, Fm * 100 KN, which means that 
this electromagnet can lift a weight of m = Fm/g © 10 tons (g = 9.81 m/s? — standard accel- 


eration of free fall). Such powerful electromagnets are used in cranes for lifting large pieces 
of iron. 


Sells (-waye a Magnetic Pressure = 


(a) For the electromagnet of Fig. 7.25, determine the magnetic pressure, that is, the pressure 


| of the lifting force F,,, on the surface of the iron piece that is being lifted. (b) Based on the 


| 
) 
| 


| 
| between a ferromagnetic material (with ~ >> mo) and air (or any other nonmagnetic 


result in (a), compare the maximal values of the magnetic and electric pressures attained in 
practical situations. 


Solution 


(a) The force acts on the parts of the surface of the iron piece that form the air gaps with the 
core in Fig. 7.25, that is, on the surface of area 2S in total. The corresponding pressure is 
therefore given by 


Fy,  B 


Pn = 


and is called the magnetic pressure. This expression is valid for any boundary surface 


magnetic pressure (unit: Pa) 
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ratio of maximal magnetic 
and electric pressures 
attained in practice 


inductance from magnetic 
energy 


medium), with B being the local magnetic flux density in air near the surface. We see 
that the pressure pm actually equals the local magnetic energy density on the nonmag- 
netic side of the surface. It acts from the ferromagnetic material toward the medium with 
= po. 

Note that the expression in Eq. (7.124) is entirely analogous to the expression in 
Eq. (2.133) for the electric pressure on a metallic surface in air. These two expressions 
provide us now with an opportunity to compare the electric and magnetic pressures and 


forces. Combining them, we get 
2 
Le (3) (7.125) 
Pe eho \E 

To estimate the ratio of the maximal magnetic and maximal electric pressure attained 
in practical situations, we recall that the maximal permissible electric field intensity, E, 
is determined by the dielectric strength of air, Eq. (2.53), and we take therefore Emax = 
3 MV/m in this estimation. On the other side, there is no such limit for B. However, 
maximal magnetic flux densities that are normally attained in typical magnetic circuits 
are on the order of one tesla and it is reasonable to assume that Bmax = 1 T for the 
comparison. Hence, 


(b 


_— 


(Pm)max = I (= 


2 
— = 10,000. 7.126 
(Pe)max eoHo \ Emax ) ( ) 


We conclude that practically attainable magnetic pressures are several orders of magni- 
tude stronger than electric ones. This is why magnetic forces, and not electric ones, are 
the actual workhorses of our industrial world. Practically all devices for electromechani- 
cal energy conversion, such as different types of electric motors and generators, are based 
on magnetic forces and their work and power. 


Problems: 7.27-7.35; Conceptual Questions (on Companion Website): 7.31-7.33; 
MATLAB Exercises (on Companion Website). 


7.6 INTERNAL AND EXTERNAL INDUCTANCE IN TERMS OF 
MAGNETIC ENERGY 


In this section, we revisit the concept of self-inductance and techniques to compute 
it, now from the energy standpoint. We consider, thus, an arbitrary conductor in 
a linear magnetic medium. From Eq. (7.88), if we assume a slowly time-varying 
(or steady) current of intensity i to flow in the conductor, the inductance (self- 
inductance) of the conductor, L, can be expressed in terms of the energy contained 
in the magnetic field due to i, Wm, as 


(7.127) 


This expression can be viewed as the third equivalent definition of self-inductance, 
the other two being the flux definition in Eq. (7.1) and emf definition in Eq. (7.2). It 
can hence be used, as an alternative general means for computing the inductance of 
different structures, where the magnetic energy of the structure is computed using 
the integral expression in Eq. (7.109). 

Since the energy W, can be written as the sum of energies localized inside and 


outside the conductor, 
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the inductance L can be decomposed accordingly into the internal inductance, Lj, 
and external inductance, Le, of the conductor: 


L=Lj+Le. (7.129) 


In other words, 


(7.130) internal and external 
inductances 


| where the internal and external magnetic energies of the conductor are obtained by 
| integrating the energy density over the conductor interior (volume v;) and exterior 
| (volume v_), respectively, that is, 

1 


Ht 
2 Vj 2 Ve 


| More precisely, ve is only that part of the conductor exterior which is occupied by 
| the magnetic field (there is no need to integrate zero energy density). 

| In all of the examples of Section 7.1, we only evaluated the external inductance 
| of conductors, by employing the flux (or emf) definition of self-inductance with only 
| the external magnetic flux taken into account. Evaluation of L; from the internal 
| magnetic flux is also possible, but is physically less clear and mathematically more 
/ complicated than from the internal stored magnetic energy. 

At high frequencies, due to skin effect (see Fig. 6.23), the current and magnetic 
| field in a conductor are confined to a very thin region on the surface of the conduc- 
| tor, which considerably reduces the high-frequency value of the internal inductance 
of the conductor from its low-frequency (or dc) value. Therefore, in most high- 
| frequency applications, Lj is negligible as compared to Le, and assumption that 
| L * Le yields very accurate results. 


| Example 7.25 | Internal Inductance p.u.l. of a Cylindrical Conductor 


Find the internal inductance per unit length of an infinitely long cylindrical conductor of 
; radius a. The permeability of the conductor is y. Skin effect is not pronounced. 


Solution Assume that the conductor carries a current of intensity i that is uniformly dis- 
_ tributed over its cross section (skin effect not pronounced). The magnetic flux density in the 
conductor is given by the expression for r < a in Eq. (4.56) with zo substituted by u and J by 
i, that is, 


— 


ds 


pir 
Bi) = =, FA32 
2 2na* ( ) Figure 7.26 Evaluation of 
with r being the distance from the conductor axis, as shown in Fig. 7.26. From the first expres- the low-frequency internal 
sion in Eqs. (7.131), the internal magnetic energy per unit length of the conductor is obtained ‘Nductance per unit length 
by integrating the magnetic energy density over the cross section S of the conductor [see of an infinitely long 


Bas (22 9 ae : fl ; cylindrical conductor of 
qs. (2.206) and (2.207) for the similar integration of the electric energy density], acidity a 


a pB2 2 pa 2 Example 7.25. 
a 2a = — | Pare’. (2133) P 
pL = 4ra* Jo 167 


| 
) 
by 


S ) 


where dS is the surface area of an elementary ring of radius r and width dr (Fig. 7.26). 
The first equation of Eqs. (7.130) then gives the following expression for the low- 
frequency internal inductance per unit length of the conductor: 


low-frequency internal 
(7.134) — inductance p.u.l. of a 
cylindrical conductor 


| 
| 
| 
| 
| 
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low-frequency total 
inductance p.u.l. of a thin 
two-wire line 


low-frequency total 
inductance p.u.l. of a coaxial 
cable 


We note that this inductance is independent of the conductor radius. For nonmagnetic 
conductors, L; = o/(87) = 50 nH/m. 


Example 7.26 Internal Inductance p.u.l. of a Thin Two-Wire Line - 


Determine the total (internal plus external) low-frequency inductance per unit length of the 
two-wire line in Fig. 7.4, assuming that the conductors are nonmagnetic. 


Solution Since the distance between the conductors of the line is much larger than the 
conductor radii, the internal magnetic energies of individual conductors (for an assumed low- 
frequency current in the line) can be evaluated independently from each other. Therefore, 
the low-frequency internal inductance per unit length of the line can be found as twice that 
of a single isolated conductor, Eq. (7.134) with « = zo (conductors are nonmagnetic), which 
yields 
Li = Ly + Ly = 2L4 = 2 = 100 nH/m. (7.135) 
TT 
Using the expression for the external inductance p.u.l. of the line, Eq. (7.11), its total 
low-frequency per-unit-length inductance is 


L= Lit, = (7 4+m2), (7.136) 


Sei waeae inductance from Energy for a Coaxial Cable 


Find the total low-frequency inductance per unit length of the coaxial cable from 
Example 4.11. 


Solution If we assume that a dc current of intensity / is established in the cable conductors, 
as in Fig. 4.17, the magnetic flux density at a distance r from the cable axis, B(r), is given by 
Eqs. (4.61)-(4.63). We use the energy definition of inductance, Eq. (7.127). The total (internal 
plus external) magnetic energy per unit length of the cable can be obtained by integrating 
the magnetic energy density over the cross section of the cable (the magnetic field outside 
the cable, for r > c, is zero) in the same manner as in Eq. (7.133), 


c B2 
Wi = ih Oenrar (7.137) 
r LN ape 
— dS 

Wm 
As the function B(r) for 0 <r < c is given by three different expressions in Eqs. (4.61) and 
(4.62), we break the integration with respect to r up into three parts: from 0 to a, from a to b, 
and from b to c. This yields 


pol? pol? , b ol? cA c  3c*— 5b? 
Wo = —— + —— In- + — | —— 5 In= - ———_}. 7.138 
"ion | de a) decom eee n (71? 
—— es 
We i Wine Uy 
mil Wie 
where W/.,, Wi,-. and W/_.. are the magnetic energies residing in the inner conductor, dielec- 


tric, and outer conductor of the cable per unit of its length, respectively. The total de (or 
low-frequency) inductance per unit length of the cable is hence 


je Wn pega 1 ct cc 3c—b? po, 6b 
= a Bl eta (aon - +7 )| aa 
iS Lo 


where L; and Lj are the internal and external inductance, respectively, per unit length of the 
cable. 
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The above result for Li is, of course, the same as that in Eq. (7.12), which was obtained 
using the flux definition of inductance. Note that the first component of L;, that corresponding 
to the magnetic energy in the inner conductor, equals the internal inductance per unit length 


of an isolated cylindrical conductor in air, Eq. (7.134) with u = po. 


As a numerical example, the internal and external inductances per unit length of a 
coaxial cable with a=1mm, b=4mm, and c=5mm amount to Li = 66.6 nH/m and 
a= 277.3 n/m. 


Problems: 7.36—7.38; Conceptual Questions (on Companion Website): 7.34; 
MATLAB Exercises (on Companion Website). 


Problems 
7.1. Induced emf and voltage of an inductor. A 
current of intensity i(t) = Ipe~/", where Ip 


7.2. 


ies 


7.4. 


75 


and t >0 are constants, flows through an 
inductor of inductance L. Calculate (a) the 
magnetic flux, (b) the induced emf, and (c) the 
voltage of the inductor. Specify the reference 
directions/orientations for all quantities. 


Inductance of a solenoid with a two-layer 
core. If the solenoidal coil described in 
Example 7.1 is wound over a ferromagnetic 
core with two coaxial layers of relative perme- 
abilities 47; = 500 and yy = 1000, as shown 
in Fig. 7.27, where the cross-sectional area of 
the inner layer is S; = 1 cm”, find the induc- 


tance of the coil. 
Figure 7.27 Solenoid with 


S2 a core composed of two 


He coaxial linear ferromagnetic 
N,1 layers; for Problem 7.2. 


Toroidal coil with a two-layer core. Repeat 
Example 7.2 but for the two-layer core shown 
in Fig. 7.28. 


Inductance of a coil in a simple linear mag- 
netic circuit. Find the inductance of the coil in 
the simple linear magnetic circuit with an air 
gap from Example 5.14. 


Two-wire line with ferromagnetic coatings 
over conductors. Let the conductors of the 
thin symmetrical two-wire transmission line 
in Fig. 7.4 be coated by ferromagnetic 


7.6. 


(ele. 


Figure 7.28 The same toroidal coil as in 
Fig. 7.3 but with ferromagnetic layers 
stacked on top of one another; for 
Problem 7.3. 


layers of permeability « and thickness a, 
analogously to the line with dielectrically 
coated conductors in Fig. 2.31. Determine the 
external inductance per unit length of the 
new line. 


Coaxial cable filled with an inhomogeneous 
magnetic material. Compute the external 
inductance per unit length of a coaxial cable 
filled with a piece-wise homogeneous ferro- 
magnetic material composed of two coaxial 
layers of relative permeabilities w,; and p,2 
and dimensions as in Fig. 2.50. 


Planar line with two magnetic layers. For the 
planar transmission line in Fig. 3.24, assume 
that the two material layers between metallic 
strips are lossless (0; = 02 = 0), but magnetic, 
with permeabilities 4; and 2. Let w >> dy + 
dz, so that fringing effects can be neglected, 
i.e., the magnetic field of the line can be con- 
sidered to be uniform and localized only in 
the two layers, and not in the air around 
(also see the magnetic field computation in 
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7.10. 


7.11. 


Woes 
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Example 11.10). Under these circumstances, 
find the p.u.]. external inductance of the line. 


External inductance p.u.l. of a three-wire line. 
What is the external inductance per unit 
length of the transmission line consisting of 
an isolated wire and two short-circuited wires 
in air described in Example 2.16? 


Bringing a superconducting contour in a mag- 
netic field. A superconducting square contour 
of edge length a and inductance L is first sit- 
uated outside any magnetic field, and there is 
no current in it. The contour is then brought 
in a uniform time-invariant magnetic field of 
flux density B and positioned so that the vec- 
tor B is perpendicular to the plane of the con- 
tour. Orienting the contour in accordance to 
the right-hand rule with respect to the direc- 
tion of B, find (a) the magnetic flux through 
the contour and (b) the current intensity 
along it — in the new steady state. 


Mutual inductance between a loop and 
two-wire line. Find the mutual inductance 
between the rectangular loop and the two- 
wire line in both cases in Fig. 6.32, in the 
following two ways: (a) from the definition of 
mutual inductance in Eq. (7.21) or (7.23) and 
(b) using Eq. (7.40), respectively. 

Mutual inductance of two coils on a thick 
toroidal core. Repeat Example 7.7 but for 
a thick toroidal core of a rectangular cross 
section, as the one shown in Fig. 5.26, with 
the inner and outer radii and height of the 
toroid being a=3cm, b=Gem andes — 
2 cm, respectively. 

Mutual inductance between a toroidal coil 
and axial wire. Consider the thick toroidal 
coil with a rectangular cross section in 
Fig. 4.18, and assume that an infinitely long 
straight wire runs along the axis of the toroid 
(z-axis). Find the mutual inductance between 
the coil and the wire, computing it both as (a) 
Ly2 and (b) L3}. 


. Mutual inductance between a solenoid and 
rectangular loop. Assume that the length of 
the solenoid in Fig. 6.29 is / (/ >> a), so that 
the total number of wire turns amounts to 
N = N’'l,as well as that its terminals are open. 
If the rectangular loop positioned around 
the solenoid at the middle of its length 


7.14. 


TAS 


7.16. 


TAT: 


7.18. 


(Fig. 6.29) carries a low-frequency time- 
harmonic current of intensity i= /ycosoat, 
determine the voltage between the terminals 
of the solenoid. 


Mutual inductance between large and small 
concentric loops. If in the two-loop system 
in Fig. 6.33 a slowly time-varying current of 
intensity i(t) flows along the small circular 
loop, while the large square loop is open- 
circuited, compute the induced emf in the 
large loop. 


Emf in a phone line due to a nearby power 
line. A power conductor of a cable car and 
track form a transmission line that can be 
approximated by a two-wire line, in a vertical 
plane, with distance between wire axes h = 
5m. In the same horizontal plane contain- 
ing the power conductor, running in parallel 
to it, there is a two-wire telephone line, and 
the distances of axes of wires of this line 
from the power-conductor axis are dj = 5.5m 
and d2 = 5.9 m, respectively. Both lines can 
be considered to be thin. If a time-harmonic 
current of amplitude (peak-value) Jp = 150 A 
and frequency f = 60 Hz is established in the 
power line, find the amplitude of the induced 
emf per /=1 km length of the phone line, 
neglecting the influence of the earth, ie., 
assuming that the two lines are in free space. 


Equivalent input inductance of structures 
with coupled coils. Two magnetically cou- | 
pled coils, wound on a cardboard core, have | 
inductances L; = Lz = 50 #H and coupling 
coefficient k = 0.1. Calculate the equivalent 
inductance between terminals 1 and 2 of the | 
structure for connections between coils as in 
Fig. 7.29(a), (b), and (c), respectively. 


Equivalent inductance for a unity coupling 
coefficient. Repeat the previous problem - 
assuming that the cardboard core is replaced 
by a linear ferromagnetic one, with which , 
Ly = ih =60mH and ka | 


Coupling coefficient of two circuits from 
charge flow. Fig. 7.30 shows the circuit- | 
theory representation of two magnetically 
coupled circuits, where the inductances of , 
the circuits are L; = 10 mH and L2 = 3 mH, 
and their resistances Ry = 10Q and R2 =? 
8 Q, respectively. When the switch K in: 


( 


| 


| 
| 


7.19, 


Figure 7.29 Three 
different connections 
of two magnetically 
coupled coils, wound 
on a cardboard core; 
(c) for Problem 7.16. 


the primary circuit is closed, connecting it 
to an ideal de voltage generator of emf 
E€ = 20 V, the charge flow indicated by the 
ballistic galvanometer (whose resistance is 
included in Rz) in the secondary circuit is 
Q =1 mC. What is the coefficient of coupling 
(k) between the circuits? 


Figure 7.30 Magnetically coupled circuits 
with a dc voltage generator and a ballistic 
galvanometer (BG) on the primary and 
secondary sides, respectively; for Problem 7.18. 


Thick toroidal coil and three-turn loop 
around it. An air-filled thick toroidal coil of 
a rectangular cross section, defined by the 
inner and outer radiia =5cmandb=15cm 
and height h = 7 cm of the toroid, has N = 
1800 wire turns of negligible resistance. The 
toroid is encircled by three turns of wire 
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that are connected to an ideal low-frequency 
time-harmonic current generator, as shown in 
Fig. 7.31. When the switch K between the ter- 
minals P and Q of the coil is open, the voltage 
across it is Vp9 = 100sin377t mV (¢ in s). (a) 
What is the current intensity ig(t) of the cur- 
rent generator? (b) If the switch K is then 
closed, find the current through it in the new 
steady state. 


Figure 7.31 Magnetically coupled circuits 
with a thick toroidal coil and a three-turn 
loop around it; for Problem 7.19. 


7.20. Coupling coefficient of two coaxial toroidal 


coils. Shown in Fig. 7.32 is a system of two air- 
filled thick toroidal coils, wound uniformly 
and densely on cardboard cores with rect- 
angular cross sections, that are positioned 
coaxially one inside the other. The inner and 
outer radii of the inner toroid are a; and bj, 
while those of the outer toroid are a and bz 
(a2 < a; <b; < bp), and the heights of the 


Figure 7.32 Two coupled coaxial air-filled 
thick toroidal coils; for Problem 7.20. 
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toroids are /ty and hz (hy < hz), respectively. 
The numbers of wire turns are N, for the 
inner and N> for the outer coil. Determine the 
coefficient of coupling between the two coils. 


. Magnetically coupled circuits with coaxial 


solenoids. For the system of two coupled 
coaxial solenoids in Fig. 7.15, let aj = 2 cm, 
a2 =6cm, /=1m, Nj = 2000) No = 4000, 
and pu, = 200. In addition, let the outer 
solenoid be connected to an ideal time- 
harmonic voltage generator of emf eg = 50 
cos377t V (t in s), and the inner solenoid 
be short-circuited. Compute (a) the equiv- 
alent input inductance seen by the generator 
and (b) the amplitudes of currents in the 
solenoids. 


Voltage transformation by two coupled two- 
wire lines. If the second (inner) two-wire line 
in Fig. 7.16 is short-circuited at one end but 
open at the other, compute the amplitude of 
the current in the first line and voltage across 
the open terminals of the second circuit. 


. Current transformation by two coupled two- 


wire lines. Considering the system in Fig. 6.32 
as two magnetically coupled circuits contain- 
ing two two-wire lines, assume that a = 8 mm, 
b=—25 cm, 1,9 =1 Agandi@ — l0grad/s, as 
well as that the length of the longer line 
is /= 90cm and the radii of all wires ry = 
0.4mm, and compute the amplitude of the 
current in the shorter line (of length b) for 
cases in Fig. 6.32(a) and Fig. 6.32(b), respec- 
tively. Neglect internal inductances, losses in 
the wires, capacitive coupling between the 
lines, end effects, and propagation effects. 


. Two-wire line in a vertical plane above a 


PMC surface. Repeat Example 7.16 but for 
a two-wire line in a vertical plane above the 
horizontal PMC plane, with the wires running 
in parallel to it, and h denoting the height 
of the axis of the lower wire with respect to 
the material surface and equaling d/2. Does 
the prescnce of the ferromagnetic material 
increase or decrcasc the p.u.l. inductance of 
the line? 


. Energy of magnetically coupled coil and loop. 


For magnetically coupled circuits containing 
an air-filled thick toroidal coil of a rectangular 
cross section and three-turn wire loop around 


7.26. 


Teaks 


7.28. 


720. 


fre) | 


it shown in Fig. 7.31 and described in 
Problem 7.19, find the total instantaneous 
and time-average magnetic energies of the 
circuits in both steady states, namely, with the 
switch K open and closed, respectively. 


Energy of magnetically coupled two-wire 
lines — three cases. Compute the time-average 
magnetic energy of systems with two cou- 
pled two-wire lines from (a) Problem 7.22, (b) 
Problem 7.23 for the case in Fig. 6.32(a), and 
(c) Problem 7.23 for the case in Fig. 6.32(b), 
respectively. 


Magnetic energy of two coupled coaxial sole- 
noids. Consider the system of two coupled 
coaxial solenoids described in Problem 7.21, 
and find the time-average magnetic energy 
of the system — in the following three ways, 
respectively: (a) using the equivalent input 
inductance seen by the voltage generator, (b) 
by means of self- and mutual inductances of 
the coupled circuits and Eq. (7.90), and (c) 
from the magnetic field intensity and energy 
density throughout the system. (d) What 
portion of the total energy is stored in the 
ferromagnetic core, inside the inner coil, and 
what in the air-filled region between the two 
coils? 

Energy distribution in thick linear two-layer 
toroidal cores. Find the magnetic energy den- 
sity in the material, energy stored in each 
linear ferromagnetic layer, and total energy 
of the coil for thick toroidal coils with two- 
layer cores in (a) Fig. 7.3 and (b) Fig. 7.28, 
respectively, assuming that a slowly time- 
varying current of intensity i(t) is established 
in the coil. Compute the energies by intcgrat- 
ing the energy density throughout the volumes 
of individual layers, as well as using the expres- 
sions for inductances where appropriate. 


Energy distribution in a planar line with two 
magnetic layers. Assuming that the planar 
transmission line with two magnetic lay- 
ers between metallic strips described in 
Problem 7.7 carries a dc current of intensity /, 
compute the magnetic energy density and total 
energy per unit length of each of the layers, as 
well as the p.u.l. energy of the entire line. 


Energy of a nonlinear magnetic circuit with 
three branches. Computc the magnetic 


Pos 


7.32. 


BBS 


energy spent for establishing the field in 
each of the three branches, as well as the 
total energy, of the nonlinear magnetic cir- 
cuit shown in Fig. 5.32 and described in 
Example 5.15. 


Energy of another nonlinear magnetic circuit. 
Repeat the previous problem but for the mag- 
netic circuit from Problem 5.22 (Fig. 5.42). 


Magnetization-demagnetization energy of a 
thick toroidal core. Consider the thick 
toroidal coil with a rectangular cross section 
and nonlinear ferromagnetic core described 
in Example 5.12, and assume that its current 
is first established at an intensity of J =1 A, 
so that the distribution of the magnetic flux 
density, B(r), in the core is exactly that in 
Fig. 5.27(c), and then reduced to J = 0. In this 
process, the operating point at different loca- 
tions in the core first moves up the idealized 
initial magnetization curve, and then back to 
the B-axis, where the magnetic flux densities 
drop to a half of the previously reached value, 
so either to By,/2 in the part of the core that 
is in saturation (r < c) or to B(r)/2 [B(r) < 
Bm] in the part of the core in the linear 
regime (r > c), as indicated in Fig. 7.33 (simi- 
larly to the process in Fig. 7.24). Find (a) the 
density of the net magnetic energy spent in 
the magnetization-demagnetization process 
at every point of the core (for everyr,a<r< 
b) and (b) the energy spent in the entire core. 


Figure 7.33 Magnetization and demagnetiza- 
tion of the thick toroidal nonlinear ferromagnetic 
core in Fig. 5.27; for Problem 7.32. 


Power of hysteresis losses in the core of a 
solenoid. An infinitely long solenoid with 
a circular cross section of radius a and 
N’ turns of wire per unit of its length is 


7.34. 


(a 
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Problems 


wound about a nonlinear ferromagnetic core 
whose idealized hysteresis loop is shown in 
Fig. 7.34, where By /Hm = “pn = const. There 
is a low-frequency time-harmonic current of 
amplitude Jy) and angular frequency w flow- 
ing through the winding. Saturation is not 
reached in the core. Determine the time- 
average power of hysteresis losses per unit 
length of the core. 


Figure 7.34 Idealized 
hysteresis loop of a 
ferromagnetic core 
filling an infinite 
solenoid; for 

Problem 7.33. 


Power of hysteresis losses in a thick toroidal 
core. Assume that a low-frequency time- 
harmonic current of intensity i = [9 cos(2zf t) 
is established in the thick toroidal coil with a 
nonlinear ferromagnetic core in Fig. 5.27(a), 
where Jp = 1 A and f = 10 kHz (a, b, h, and 
N are specified in Example 5.12), that the 
idealized hysteresis loop of the core material 
is that in Fig. 6.13(c), where Bn/Hm = “pn = 
0.001 H/m for all locations in the core, and 
that saturation is not reached at any location. 
Note that, from Eq. (5.83), Hm = NJo/(271r) 
(a <r <b). Under these circumstances, find 
(a) the energy density of hysteresis losses in 
one magnetization-demagnetization hystere- 
sis cycle at every point of the material (for 
every r) and (b) the total time-average power 
of hysteresis losses in the core. 


Frequency dependence of hysteresis and eddy- 
current losses. A conducting ferromagnetic 
body is placed in a uniform low-frequency 
time-harmonic magnetic field, and the total 
time-average power of losses in the body is 
measured to be P; and P>2 at two different 
frequencies, f; and fo, respectively, for the 
same amplitude of the applied magnetic flux 
density. What are the time-average powers of 
(a) hysteresis losses and (b) Joule’s losses due 
to eddy currents in the body, at each of the 
frequencies? 
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Chapter 7 Inductance and Magnetic Energy 


Magnetic energy p.u.l. of a triaxial cable. 
Find the internal, external, and total mag- 
netic energy per unit length of the triaxial 
cable from Problem 4.11. 


Internal inductance p.u.l. of a hollow cylin- 
drical conductor. Determine the dc or 
low-frequency internal inductance per unit 
length of the infinitely long hollow cylindrical 
copper conductor in Fig. 4.43. 


7.38. Total inductance of a coaxial cable with 


magnetic inhomogeneity. From energy, find 
the total low-frequency inductance per unit 
length of a coaxial cable filled with two coax- 
ial magnetic layers, described in Problem 7.6. 
Assume that the conductors of the cable 
are nonmagnetic and that the inductance of 
the outer conductor (which is very thin) is 
negligible. 


SN eeeeeEeEaEy—EEEEEyEyE>* 


Rapidly Time-Varying 


Electromagnetic Field 


Introduction: 


his chapter is devoted to the rapidly time- 

varying (e.g., high-frequency time-harmonic) 
electromagnetic field, which cannot be analyzed 
without taking into account the electromagnetic 
retardation effect (lagging in time of fields and 
potentials behind their sources). We shall first 
correct the quasistatic version of the generalized 
Ampére’s law (Maxwell’s second equation) by 
adding a new type of current, so-called displace- 
ment current, in parallel to the conduction current. 
The introduction of the notion of a displacement 
current was, in fact, a crucial step in Maxwell’s 
development of the electromagnetic theory. The 
addition of this new term in Maxwell’s equations 
corresponds to the inclusion of the time retardation 
in the expressions for the potentials and field vec- 
tors. It enables modeling of electromagnetic wave 
propagation and radiation. We shall then summa- 
rize and discuss the full set of Maxwell’s equations 
for the most general field — rapidly time-varying 
electromagnetic field — in integral and differential 


notation, as well as in the form of boundary condi- 
tions at an interface between two arbitrary electro- 
magnetic media. The existence of electromagnetic 
waves, as predicted by general Maxwell’s equations, 
will be viewed as a process of successive mutual 
induction of electric and magnetic fields in space 
and time. Different forms of the continuity equa- 
tion for rapidly time-varying currents will also be 
studied. Next, we shall focus on time-harmonic 
(steady-state sinusoidal) electromagnetic fields in 
linear media and introduce Maxwell’s equations 
in the complex domain for such fields. As these 
equations contain no time and no time derivatives 
(nor integrals), the complex-domain (or frequency- 
domain) analysis of linear electromagnetic systems 
(including linear electric circuits) with time- 
harmonic excitations is considerably simpler than 
the time-domain analysis of the same structures. 
The expressions for Lorenz (retarded) electromag- 
netic potentials will be derived from Maxwell’s 
equations and the associated wave equations for 
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potentials. The potentials due to volume, surface, expresses the principle of conservation of energy 
and line distributions of rapidly time-varying (high- for electromagnetic phenomena, will be derived 
frequency) currents and charges will be evaluated from Maxwell’s equations and applied to computa- 
in both time and complex domains. The electric tions of generated and stored energies, losses, and 
and magnetic field vectors will be computed from power transfers, as well as overall power balances, 
the potentials. Finally, Poynting’s theorem, which in dynamic and static electromagnetic systems. 


8.1 DISPLACEMENT CURRENT 


The quasistatic (low-frequency) version of the generalized Ampére’s law, Eq. (6.30), 
is not true for rapidly time-varying (high-frequency) fields. Additionally, in some 
(rare) situations, it leads to meaningless results regardless of the rate of the time- 
variation (frequency) of fields, so even under quasistatic assumptions. A capacitor 
with a time-varying current is one such example, but only if the surface S for 
evaluating the total current on the right-hand side of the equation is placed 
between the capacitor plates. We shall use this simple example to illustrate the 
need for correcting the quasistatic version of Ampére’s law (Maxwell’s second 
equation). Moreover, it will help us actually discover on our own a necessary cor- 
rection, namely, Maxwell’s displacement-current term, which makes this equation 
always true. 

Consider a circuit containing an air-filled parallel-plate capacitor and an ideal 
voltage generator of a time-varying emf, as shown in Fig. 8.1. There is a time-varying 
current in the circuit, equal to the product of the capacitor capacitance and the time 
rate of change of the voltage across the capacitor, Eq. (3.45), where the voltage 
equals the emf of the generator. This current, in turn, is accompanied by a time- 
varying magnetic field, of intensity H, in the space surrounding the circuit. Let us 
apply the version of Ampére’s law in Eq. (6.30) to a contour C encircling the wire 
conductor of the circuit (Fig. 8.1) and two different characteristic surfaces, 5; and 
S>, bounded by the contour (S$; intersects the conductor, while Sz is completely in 
air, with a part of it being placed between the capacitor plates). This yields 


i for surface Sy 
Bisis: 8.1 
pu = | 0 for surface S$ (8.1) 


Figure 8.1 Application of 
Ampere’s law to a circuit with 
an air-filled capacitor and 
time-varying current. 


— 
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which, of course, is a contradictory result, as i 4 0. We conclude that something is 
indeed wrong with Ampére’s law, at least if this example is concerned. 

It seems that there must be a sort of nonconduction current in the air-filled 
space between the capacitor plates as a continuation of the conduction current flow 
i through the wire conductors. This new type of current has to be included on the 
right-hand side of Eq. (6.30) in a manner that ensures that the choice of either $1 
or 52 gives the same result in Eq. (8.1). To find its density, we note that the current i 
actually does not vanish at the capacitor terminals. Instead, it is terminated by time- 
varying charges Q and —Q that accumulate on the capacitor plates. This termination 
is governed by the continuity equation for time-varying currents, Eq. (3.36), which 
gives [see Fig. 3.5 and Eq. (3.44)] 

2 

i=. (8.2) 
The charges on the plates, on the other hand, produce an electric field, of intensity 
E. Neglecting the fringing effects, this field is localized in the capacitor only and is 
uniform. From Gauss’ law [see Fig. 2.18(a) and Eq. (2.125)], 


Q=DSp, (8.3) 


where D is the electric flux density in the capacitor (D = e9£) and Sp is the plate 
area. Combining Eqs. (8.2) and (8.3), we can write 
aD 

5. 8.4 

l ar ”P (8.4) 
The expression 0D/dt has the dimension of a current density (it equals i/Sp, and is 
thus expressed in A/m7), and this is the density of the new type of current that exists 
in air between the capacitor plates. It is called the displacement current density and 
is denoted by Jg. In vector form, 


p=, (8.5) 


The conduction current (of density J) is the only current in the wire conductors 
in Fig. 8.1, whereas the displacement current is the only current in the capacitor. In 
the general case, however, both types of current may exist in the same material [e.g., 
if we fill the capacitor in Fig. 8.1 with an imperfect (lossy) dielectric, a conduction 
current will flow through the dielectric along with the displacement current]. The 
total current density vector is 


aD 
Fiot = Fda = I+ — (8.6) 


If we now correct Eq. (6.30) by including both types of current as sources of the 
magnetic field, we obtain the following form of Ampére’s law: 


i al= [ (s+ 52) 48. (8.7) 


which, reapplied to the contour C and the two surfaces in Fig. 8.1, results in 


fe for surface 
fu ill JaSp for surface S2 ee) 


displacement current density 
vector (unit: A/m2) 


total (conduction plus 
displacement) current density 
vector 


corrected generalized 
Ampeére’s law 
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corrected generalized 
differential Ampére’s law 


(note that f, Jq- dS = JgSp because the fringing effects are neglected and Jq is uni- 
form in the capacitor while zero outside it). There is no inconsistency any more 
between the applications of Eq. (8.7) to S; and Sz because i = JgSp (Eqs. (8.4) 
and (8.5)]. 

Note that the same meaningless result i = 0 obtained from the application of the 
quasistatic version of the generalized Ampére’s law in Eq. (8.1) would have been 
obtained also from the quasistatic version of the continuity equation, Eq. (6.45), if 
applied to the structure in Fig. 8.1. Namely, if we consider a surface S enclosing com- 
pletely one of the capacitor plates (like in Fig. 3.5), the total conduction current leay- 
ing the domain enclosed equals +i (the sign depends on which plate is enclosed), 
so that Eq. (6.45) gives i = 0. This shows that essentially the same problems exist 
with quasistatic versions of the two equations. In other words, the addition of the 
displacement current in Ampére’s law, Eq. (8.7), is equivalent to the addition of the 
time derivative of the enclosed charge in the continuity equation, Eq. (3.36). 

Let us now introduce the same correction into the differential form of the 
generalized Ampére’s law in Eqs. (6.42), which becomes 


Pe jae (8.9) 
ot 

This equation tells us that the sources producing locally circular components of the 
time-varying magnetic field intensity vector at a point in space (see Fig. 4.24) are 
described by the densities of both conduction and displacement currents at that 
point. In other words, the net curl of H exists at a point whenever a time-varying 
electric field (of flux density D) is present, even in the absence of J. This relationship 
between H and D is analogous to that between E and B in Faraday’s law of electro- 
magnetic induction in differential form, Eq. (6.39), which states that curl E exists at 
a point whenever a time-varying magnetic field (of flux density B) is present at that 
point. 

Eggs. (8.8), (8.5), (8.3), and (8.2) indicate that the full (high-frequency) version 
of the generalized Ampére’s law is consistent with the corresponding version of the 
continuity equation, at least for the structure in Fig. 8.1. To show that the same is 
true in general, we consider the two equations in their differential form and take 
the divergence of both sides of Eq. (8.9), as in Eq. (5.130) for the static case. This 
leads to 


aD dD ) 
0=V-{J+—]=V-J+V-(|—]=V-J+—(V-D), 8.10 
(s+) + (>) a an ) (8.10) 
where the time derivative operator in the expression for the displacement current 
density can be brought outside the divergence operator because these two opera- 
tions are entirely independent from each other and can be performed in an arbitrary 
order. Combined with the generalized Gauss’ law in differential form, Eq. (2.45), 


poy eee 
ot 
and this is the same as Eq. (3.39), that is, the full (high-frequency) version of the 
continuity equation in differential form. 

In the slowly time-varying field, the rate of the time-variation in the electric 
flux density vector, D/dr, at a point is slow enough to be neglected with respect 
to the conduction current density vector, J, so that Eq. (8.6) becomes Stor © J 
and Ampérc’s law in Eq. (8.7) can be approximated by its quasistatic version 
in Eq. (6.30). Exceptions are slowly time-varying fields in nonconducting media 


Section 8.1 Displacement Current 355 


(such as the air dielectric of the capacitor in Fig. 8.1), where there cannot be any 
conduction current, and the displacement current density, Jy = dD/dt, as the only 
current term cannot be omitted in Eq. (8.7). In addition, in poorly conducting 
media (e.g., in an imperfect dielectric of a capacitor), J is so small that Jy cannot 
be neglected even in the slowly time-varying case. Similarly, assumption d0/dt ~ 0 
for slow time-variations in the charge density leads to the quasistatic version of the 
continuity equation, Eq. (6.45). Exceptions here are large reservoirs of time-varying 
charges, such as the capacitor plates in Fig. 8.1, that serve as terminations of con- 
duction currents at the boundaries with nonconducting media [e.g., dQ/dt cannot 
be neglected in Eq. (8.2) for any rate of the time-variation in charge]. 

From the definition of the electric flux density vector, Eq. (2.41), the dis- 
placement current density vector can be written as the sum of the following two 


components: 
aD dE aP 


lim ope at | aT 
We know that the polarization vector, P, is proportional to the average of moments 
of small electric dipoles representing a polarized material [see Eq. (2.7) and Fig. 2.2], 
where each dipole moment, in turn, is proportional to a displacement between the 
positive and negative charges in an atom or molecule [see Eq. (1.116) and Fig. 1.28]. 
If the electric field changes with time, these microscopic displacements also change 
with time, such that the second component in Eq. (8.12), dP/dt, characterizes the 
average motion of bound (polarization) charges in the dielectric (note that a time 
variation of small dipoles in Fig. 2.3 would result in a motion of bound charges 
through the surface dS). This motion of charges as a result of time-varying dis- 
placements of microscopic electric dipoles in a dielectric material thus constitutes a 


(SZ) 


macroscopic current, so-called polarization current, of density 


aP 
y= (8.13) 


The other component of the displacement current density in Eq. (8.12), 


dE 
Jao = €0—., 8.14 
do = el, (8.14) 


does not represent any motion of charges and, although expressed in A/m*, is not 
a real current density. It exists also in air, where P = 0, and even in a vacuum, in 
the complete absence of material media, provided, of course, that a time-varying 
electric field is present. The component Jgo is therefore termed the displacement 
current density in a vacuum. In fact, the most brilliant achievement of Maxwell was 
to imagine that a displacement current could also occur in a vacuum. Most impor- 


| tantly, the displacement current in a vacuum produces a magnetic field in the same 
_ fashion as the conduction and polarization currents. However, we note that the term 


“displacement current density,” used for both components of dD/dt in Eq. (8.12), 
has an associated physical meaning only for the second component (polarization 


| current density), while the component ¢9 9E/9t is not related whatsoever to the dis- 


placement process and polarization charge, whether being considered in a vacuum 
or in an arbitrary dielectric medium. 


Se lulytesmmee Displacement Current in an Ideal Capacitor a 


A parallel-plate capacitor of plate area S is filled with a perfect, homogeneous dielectric of 
permittivity «. The distance between the plates, d, is much lesser than the dimensions of 


polarization current density 
vector 


displacement current density 
in a vacuum 
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Figure 8.2 Evaluation of the 
magnetic field in a nonideal 
capacitor connected to a 
time-varying voltage; for 
Example 8.2. 


the plates, so the fringing effects can be neglected. The capacitor is connected to a slowly 
time-varying voltage v(t) = Vo cos wt. Find the displacement current density in the dielectric. 


Solution As the voltage v(f) is slowly time-varying and the fringing effects are negligible, 
the electric field in the capacitor can be considered as quasistatic and uniform throughout the 
dielectric. From Eq. (2.126), the electric field intensity in the dielectric is E(t) = v(t)/d (the 
same everywhere). Eq. (8.5) then gives us the following expression for the displacement 
current density between the capacitor plates: 


dD dE edv weVo 
tO ears ia 
This result can also be obtained using the capacitance of the capacitor, C = ¢S/d 


[see Eq. (2.127)]. Namely, the current intensity through the capacitor terminals (leads) is 
[Eq. (3.45)]} 


sin wt. (8.15) 


: dv ESoVo . 
= —5 s > — : %| 
it) =C 7 7 sin wt (8.16) 
Hence, 
i(t) weVo . 
=—_— => . J 
Ja(t) 5 7 sin wt (8.17) 


Seeswa Evaluation of the Time-Varying Magnetic Field ina Capacitor 


Assume that the electrodes of the capacitor from the previous example are parallel circular 
plates of radius a, as shown in Fig. 8.2, and that the dielectric between the plates is imperfect, 
with parameters ¢, 0, and wg. Under these circumstances, obtain the magnetic field intensity 
vector in the dielectric. 


Solution Since the dielectric is now imperfect (conducting), there is also a conduction cur- 
rent flowing (leaking) between the capacitor plates. Its density is determined by Ohm’s law 
in local form, Eq. (3.18), 

oe) = cosa, (8.18) 
Both this current and the displacement current with density given in Eq. (8.15) are sources 
of the magnetic field. Due to symmetry, the lines of the vector H in the dielectric are circles 
centered at the capacitor axis perpendicular to the plates [see Fig. 4.15(b)]. Applying the 
corrected generalized Ampére’s law in integral form, Eq. (8.7), to a circular contour C of 
radius r (r <a) centered at the capacitor axis and the flat surface (Sc) spanned over the 
contour (Fig. 8.2), in exactly the same way as in Fig. 4.15(a) and Eqs. (4.54)-(4.56), yields 


JO =cE(t) = 


dD 
Honr= (14D) ar, (8.19) 
and the following solution for H: 
V 
SG pee = oT (o cos wt — we Sin wf). (8.20) 


We note that the conduction current is in phase with the electric field in the dielectric | 


(and capacitor voltage), whereas the displacement current is 90° out of phase. We also note 
that the amplitude (peak value) of the conduction current density in practical capacitors, 
which have excellent (almost nonconducting) dielectrics, is much smaller than the amplitude 
of the displacement current density (o « we) even at very low frequencies. 


Example 8.3 Conduction to Displacement Current Ratio for Rural Ground 


For a sample of rural ground with e, = 14 and o = 10~? S/m that is occupied by a time- 


varying electric field of intensity E(t) = Eg coswt, find the frequency f = w/2m at which 


| 
| 
i 
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the amplitude of the density of the conduction current in the ground is n times that of the 
displacement current, where n takes values 0.001, 1, and 1000, respectively. Assume no 
changes in the material parameters as a function of frequency. 


Solution From Eq. (8.20), we conclude that the ratio of the amplitudes of the conduction 
and displacement current densities is given by 


[J max & (8.21) 


lJa|max we” 
which, for the given parameters of the ground sample, becomes 
na 2 — 12,84 x 10° 

i 27 e,c5 if 


Hence, frequencies at which n = 0.001, 1, and 1000 are fj = 12.84 GHz, fp = 12.84 MHz, and 
f3 = 12.84 kHz, respectively. 


(f in Hz). (8.22) 


Problems: 8.1-8.6, Conceptual Questions (on Companion Website): 8.1-8.10; 
MATLAB Exercises (on Companion Website). 


8.2 MAXWELL’S EQUATIONS FOR THE RAPIDLY 
TIME-VARYING ELECTROMAGNETIC FIELD 


Having now in place the corrected version of the generalized Ampére’s law that 
includes the displacement-current term and is always true, we are ready to summa- 
rize the full set of Maxwell’s equations for the most general field — rapidly time- 
varying electromagnetic field. Ampére’s law is Maxwell’s second equation. The 
remaining three equations are the same as in the slowly time-varying case, described 
by Eggs. (6.42). Maxwell’s equations for the slowly time-varying field, in turn, have 
the same form as the corresponding equations governing the time-invariant field, 
Eqs. (5.129), except for the first one (Faraday’s law of electromagnetic induc- 
tion). Hence, the four equations in integral notation for the rapidly time-varying 
electromagnetic field in arbitrary electromagnetic media are Eqs. (6.37), (8.7), 
(2.44), and (4.99). We list them here, together with the three constitutive equa- 
tions describing material properties of electromagnetic media, Eqs. (2.46), (5.56), 
and (3.21): 


fcE-dl=— f, 3} -ds 


fo -dl = fy (I+ 9?) ds 

f,;D-dS =f, pdv 

§;B-dS =0 (8.23) 
D = D() (D = <E] 

B = BM) [B = nH] 

J = JE) [J =oE] 


[e, uw, and o are the permittivity, permeability, and conductivity, respectively, of 
| linear materials, defined by Eqs. (2.47), (5.60), and (3.18)]. The first equation tells 


conduction to displacement 
current ratio 


Maxwell's first equation, 
integral 

Maxwell’s second equation, 
integral 

Maxwell’s third equation, 
integral 

Maxwell’s fourth equation, 
integral 

constitutive equation for D 


constitutive equation for B 


constitutive equation for J 
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us that, briefly, a magnetic field that changes in time produces an electric field. 
In parallel, the second equation states that, in general, both conduction currents 
and a time-varying electric field are the sources of a magnetic field. According 
to the third equation (generalized Gauss’ law), the sources of an electric field 
are also electric charges, whereas the fourth equation (law of conservation of 
magnetic flux) expresses the fact that there are no analogous “magnetic charges.” 
Finally, constitutive equations describe polarization, magnetization, and conduction 
properties, respectively, of materials and include such concepts in characterization 
of materials as linearity (and nonlinearity), homogeneity (and inhomogeneity), and 
isotropy (and anisotropy), as well as hysteresis effects. 

We recall] that external electric energy volume sources, analogous to ideal volt- 
age and current generators in circuit theory, are modeled by impressed electric 
fields and currents (see Figs. 3.16 and 3.17). These sources are incorporated in 
Eqs. (8.23) through the constitutive equation for vector J. Specifically, for linear 
conducting materials, the impressed electric field intensity vector, Ej, is included as 
in Eq. (3.109), while Eq. (3.124) takes into account the impressed current density 
vector, Jj, in the source region. 


HISTORICAL ASIDE 


James Clerk Maxwell 


(1831-1879), a Scottish 
physicist and the greatest 
name in_ electromag- 
netic theory, was the first 
Cavendish Professor of 
Physics at Cambridge. 
He possessed exception- 
al mathematical _ skills 
and talent but also a pro- 
found understanding and 
appreciation of  physi- 
cal reality. His early education took place at the 
Edinburgh Academy, and then at the University 
of Edinburgh. In 1850, he went to Cambridge 
University, where he graduated in mathematics 
from Trinity College in 1854. His interest in elec- 
tricity and magnetism began immediately after 
graduation. In 1856, he became professor of nat- 
ural philosophy (physics) at Marischal College 
in Aberdeen. Upon reading Faraday’s three vol- 
umes of “Experimental Researches in Electricity” 
(published from 1839 to 1855), Maxwell was fas- 
cinated with Faraday’s experimental results and 
thcoretical speculations, and especially with his 
ficld approach to electromagnetism. In his papers 
“On Faraday’s Lincs of Force” (1856) and “On 
Physical Lines of Force” (1861), Maxwell trans- 
lated Faraday’s conccpt of lincs of force into a 
mathematical form and established it as a gencral 


analytical tool for describing electric and mag- 
netic phenomena. In 1860, he moved to London to 
teach natural philosophy and astronomy at King’s 
College. In a series of brilliant papers in the 1860s 
culminating in his famous book “A Treatise on 
Electricity and Magnetism” (1873), he formulated 
the complete classical electromagnetic theory. He 
provided a unified mathematical framework for all 
fundamental laws of electricity and magnetism dis- 
covered experimentally by his predecessors and 
compiled and completed the four fundamental 
equations of electromagnetics that bear his name. 
As stated by Albert Einstein (1879-1955), “the for- 
mulation of these equations is the most important 
event in physics since Newton’s (1642-1727) time.” 
Within his mathematical derivations, Maxwell con- 
cluded that a changing electric field must always be 
accompanied by a changing magnetic field, even 
in situations where a conduction current (flowing 
through conductors) is not present. This brought 
him to his famous idea to introduce a hypothetical 
entity, a displacement current, as an equivalent 
source of the magnetic field. The notion of a 
displacement current enabled him to theoreti- 
cally explain the propagation of electromagnetic 
energy in space, i.e., to mathematically predict 
the existcnce of electromagnetic waves. As a mat- 
ter of fact, he calculated the exact speed of light 
from his equations. He showed that oscillations of 
electric charges were sources of electromagnetic 
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radiation and, since the charges could oscillate 
at any rate, he believed that a whole family of 
radiated electromagnetic waves (that is, the elec- 
tromagnetic spectrum, as we call it today) was 
possible. Finally, he identified visible light as 
an electromagnetic radiation and a part of the 
family of electromagnetic waves, which is bril- 
liantly summarized in the following sentence from 
his classical work “A Dynamical Theory of the 
Electromagnetic Field” (1864): “We have strong 
reason to conclude that light itself — including 
radiant heat and other radiation, if any — is an 
electromagnetic disturbance in the form of waves 
propagated through the electromagnetic field 
according to electromagnetic laws.” In 1871, he 
accepted a position as the first professor of exper- 
imental physics at Cambridge, where he founded 
the world famous Cavendish Laboratory in 1874. 
His theoretical predictions were experimentally 
verified after his death, in laboratory experiments 
by Heinrich Hertz (1857-1894), whose first trans- 
mission and reception of radio waves in 1887 came 
as a glorious confirmation of the entire Maxwell’s 
work in electromagnetics. It was not later than by 
the early 1900s, that Guglielmo Marconi (1874— 
1937) turned Hertz’s laboratory demonstration 
and subsequent inventions in radio engineering 
by Nikola Tesla (1856-1943) into a practical means 
of wireless communication over long distances. 
Maxwell also provided great contributions to 


thermodynamics. In his paper “On the Dynamical 
Theory of Gases” (1867), he proposed a new 
mathematical basis for the kinetic theory of gases. 
He developed a formula that determines the dis- 
tribution of molecular speeds for a system of 
gaseous molecules of a given molecular weight 
at a given temperature, which, in a combination 
with the work of Ludwig Boltzmann (1844-1906), 
is now known as the Maxwell-Boltzmann distribu- 
tion of molecular speeds. In addition, as his major 
contribution to astronomy, Maxwell showed math- 
ematically in 1857 that Saturn’s rings must consist 
of a vast number of small solid particles in order to 
be dynamically stable (this was confirmed more 
than a century later in the spacecraft Voyager 
explorations of Saturn in 1980-1981). However, 
it is his equations for the electromagnetic field of 
an arbitrary time variation, above all, that place 
Maxwell as one of the top few greatest contrib- 
utors to the prosperity and progress of humanity 
ever, which cannot be emphasized better than by 
the following quote of Richard Feynman (1918- 
1988) from “The Feynman Lectures on Physics” 
(1963-1965): “From a long view of the history 
of mankind, seen from, say, ten thousand years 
from now, there can be little doubt that the most 
significant event of the nineteenth century will 
be judged as Maxwell’s discovery of the laws of 
electrodynamics.” (Portrait: AIP Emilio Segré Visual 
Archives) 


Maxwell’s equations in differential form relate the curl and divergence of basic 
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| field vectors (E, H, D, and B) at a point to the corresponding field sources at the 

same point. They are referred to also as Maxwell’s equations at a point and are 

derived from their integral counterparts. Note, however, that the original notation 

| that James Clerk Maxwell used in “A Treatise on Electricity and Magnetism” in 

1873, where his fully developed system of electromagnetic equations first appeared, 

was in the form of partial differential equations. For the rapidly time-varying elec- 

| tromagnetic field, Maxwell’s equations at a point in an arbitrary electromagnetic 

medium are given by Egs. (6.39), (8.9), (2.45), and (4.103), which completes the fol- 

lowing general list of four partial differential equations of space coordinates and 

| time: 

Maxwell’s first equation, 
differential 

Maxwell's second equation, 
differential 

Maxwell’s third equation, 
differential 

Maxwell’s fourth equation, 
differential 


(8.24) 
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The above differential equations are valid always and everywhere, except at 
points where material properties of electromagnetic media change abruptly from 
one value to another, that is, at boundary surfaces between electromagnetically 
different media. At such points, basic field vector functions change abruptly as 
well across the boundary surface, which means that their spatial derivatives in the 
direction normal to the surface are not defined. Namely, a jump in a field function 
between two close points on the two sides of the boundary surface corresponds to 
an infinite partial derivative (rate of change) of that function with respect to a local 
coordinate normal to the boundary, and thus to undefined differential operators in 
Eas. (8.24). 


Selule(eee- me Continuity Equation from Integral Maxwell’s Equations 


Starting from Maxwell’s equations in integral notation for the rapidly time-varying electro- 
magnetic field, derive the corresponding form of the continuity equation. 


Solution Consider an arbitrary closed surface S in the field and a contour C that splits 
S into two parts, the upper part S; and the lower part S> (similarly to Fig. 4.27 for S; and 
S3). Let the surfaces S$; and $2, which are both enclosed by C, be oriented in the same way, 
that in accordance with the right-hand rule with respect to the orientation of the contour. 
Applying Maxwell’s second equation (corrected generalized Ampére’s law) in integral form, 
Eggs. (8.23), to the contour C and either S, or Sz must give the same result, i.e., the fluxes 
through S$; and S> of the total current density vector, J + dD/dt, are the same. This means in 
turn that [note the similarity with Eq. (4.101)] 


f (3 a 7) =) (8.25) 


which itself is an interesting general conclusion. Hence, 


$ 3-08 = — wr dS=-5 J D-ds, (8.26) 
S 5 ot dt Js 

where the time derivative in the expression for the displacement current density can be 
brought outside the surface integral because these two operations are entirely independent 
from each other (provided that the surface S is stationary). Combining with Maxwell’s third 
equation (generalized Gauss’ law) in integral form [Eqs. (8.23)] then gives 


d ap 
cds = == =— | — dy. 827 
$3 dS 5 few [F v ( ) 


that is, the general (high-frequency) continuity equation in integral form, Eq. (3.38). 
We note that this derivation parallels in its entirety the one given by Eqs. (8.10) and 
(8.11) in differential notation. 


Example 8.5 Maxwell's Fourth Differential Equation from the First One 


Consider general Maxwell’s equations in differential form, and derive the fourth equation 
from the first one. 


Solution By taking the divergence of both sides of the differential form of Maxwell's first 
equation (Faraday’s law of electromagnetic induction), Eqs. (8.24), in the same way as in 
Eq. (5.130) or Eq. (8.10), we get 


eee () Bs 1a) (8.28) 


and hence 
V - B =const. (8.295 


| 


| 
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This equation tells us that the magnetic flux density vector at the point considered has had 
the same value always. However, if we go back far enough in time, we have that B = 0 — 
before the field was created, which means that the constant in Eq. (8.29) is equal to zero, 
| as in Maxwell’s fourth equation (law of conservation of magnetic flux) in differential form 
| [Eqs. (8.24)], and thus completes our derivation. 
{ 


Seu eememe No Dynamic Fields in Perfect Conductors 


| Prove that in a perfect electric conductor (PEC) there can be no time-varying electro- 
magnetic field nor its sources (time-varying currents and charges). 


Solution For perfect electric conductors, a0 —> oo, and Eq. (3.27) proves that there can be no 
(time-varying or time-constant) electric field (E = 0) inside a PEC body. From Maxwell’s first 
equation in differential form [Eqs. (8.24)], we then get 0B/dt = —V x E =0, i.e., B = const. 
| This means that no time-varying magnetic field is possible in a perfect conductor, but only a 
; time-constant magnetic field. Furthermore, E = 0 and B = 0 imply, through the constitutive 
equations in Eggs. (8.23), that D = 0 and H = 0, respectively, which, substituted in Maxwell’s 
second equation in differential form, yield J = V x H — dD/dt = 0. More precisely, this is 
true only for time-varying currents, while H = const gives J = V x H = const in the static 
case. This tells us that a time-constant volume current, as a source of a time-constant magnetic 
field, can flow through a PEC material. Finally, using Maxwell’s third equation in differential 
form, we obtain p = V-D=0. 

In summary, we have proved using general Maxwell’s equations in differential form 
that there can be no time-varying electromagnetic field (E = 0, D = 0, B= 0, H = 0) nor 
its sources (J = 0, p = 0) inside perfectly conducting materials, whereas magnetostatic fields 
(B = const) and steady currents (J = const) can exist in PEC bodies. 


Problems: 8.7-8.9; Conceptual Questions (on Companion Website): 8.11-8.15; 
MATLAB Exercises (on Companion Website). 


8.3 ELECTROMAGNETIC WAVES 


The most important implication of Maxwell’s equations for the rapidly time-varying 
electromagnetic field is the concept of electromagnetic waves that can exist in free 
space and in material media and represent a means of transmitting energy and 
information over a distance. Electromagnetic waves consist of electric and magnetic 
fields which, once created by rapidly time-varying sources (currents and charges), 
travel through space independent of the sources that produced them. To qualita- 
tively illustrate how electromagnetic waves expand based on Maxwell’s equations,! 
consider, for example, Eqs. (8.23) for a linear, homogeneous, and lossless (o = 0) 
' medium, with permittivity « and permeability 4. Away from the source region, the 
first two equations (circulation equations) can be written as 


oH 
fp E-d=-n | as (8.30) 
C s Or 


E 
pu-di=e/ as (8.31) 
C s Ot 


1The complete analysis and quantitative characterization of electromagnetic wave propagation in dif- 
ferent homogeneous media based on Maxwell’s equations for the rapidly time-varying electromagnetic 
| field will be provided in the next chapter. 
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Their cyclic combination gives rise to the phenomenon of electromagnetic wave 
propagation: in an electromagnetic wave, a time-varying magnetic field produces a 
time-varying electric field, which in turn generates a magnetic field, and so on, with 
a resulting propagation of the electric and magnetic (electromagnetic) energy. An 
electromagnetic wave is initiated whenever a rapid time change of either the electric 
or magnetic field takes place at a point in space. 

In specific, suppose that a time-varying electric field E; is detected at a point 
in space as a result of a change in the current through a distant vertical wire con- 
ductor (transmitting antenna), as shown in Fig. 8.3. According to Eq. (8.31), this 
field produces a time-varying magnetic field, H;, along a small horizontal contour 
C; surrounding it. On the other hand, Eq. (8.30) tells us that the field Hy, itself 
generates a time-varying electric field, Ey, along a small contour C) lying in a ver- 
tical plane. Invoking Eq. (8.31) again, we have that E2 is then accompanied by 
Hb, and the electric and magnetic fields thus continue to generate one another — 
indefinitely, as indicated in Fig. 8.3. However, we note that E> must be differ- 
ent from E, and H> cannot be the same as H, for this process to be carried on, _ 
because the net line integrals on the left-hand sides of Eqs. (8.30) and (8.31) must 
be nonzero. Therefore, Fig. 8.3 actually shows that the time variations of E (e.g., 
dE,/dt) produce the space variations of H (e.g., AH = H2 — Hj), and the same for 
time variations of H causing space variations of E, so that both E and H travel dur- 
ing the course of time away from the sources (antenna currents). We also note that 
the wave, once created, continues to propagate in space with no connection what- 
soever with its sources, which might not even exist any more (e.g., the current in the 
antenna in Fig. 8.3 might be shut down while the wave still propagates away from 
the antenna’). 

The theoretical and practical importance of the concept of electromagnetic 
waves as traveling electromagnetic fields can hardly be overemphasized. Most of 
the material in the chapters to follow will be devoted to the analysis of various 
forms of electromagnetic wave propagation and its application in high-frequency 
electromagnetic systems. 


antenna 


{current 


Figure 8.3 Electromagnetic wave propagation viewed as a 
process of successive mutual induction of electric and 
magnetic fields in space and time, as dictated by Maxwell’s 
equations for the rapidly time-varying electromagnetic field. 
(Note that the imaginary contours, presented here drastically 
enlarged for the clarity of the figure and a better visualization 
of the process, are supposed to be very small and are far away 
from the antenna.) 


2 As another example, a star that we sce in a clear night sky might have been “dead” for a long time as 
the electromagnetic waves constituting visible light once launched from the star continue to propagate 
indefinitely through space away from it. 
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8.4 BOUNDARY CONDITIONS FOR THE RAPIDLY 
TIME-VARYING ELECTROMAGNETIC FIELD 


Boundary conditions are essentially the third form of Maxwell’s equations, formu- 
lated at boundary surfaces between different media. They represent the relations 
between the tangential or normal components of basic field vectors at two close 
points on the two sides of the boundary surface and, like Maxwell’s equations in 
differential form, are also derived from the respective equations in integral form, 
out of Eqs. (8.23). If we apply Faraday’s law of electromagnetic induction in inte- 
gral form to a narrow rectangular elementary contour of Fig. 2.10(a), we get the 
same boundary condition as in Eq. (2.84) for the static case, because the flux of the 
vector 0B/dt appearing on the right-hand side of the equation reduces to zero when 
the contour side Ah shrinks to zero. Similarly, if we reconsider the application of the 
generalized Ampére’s law in integral form to the elementary contour of Fig. 5.12, 
but now with the general version of the law that includes the displacement-current 
term, what we get is the same boundary condition as in Eq. (5.74) for the static case, 
because the displacement current enclosed by the contour (flux of dD/dt through 
the contour) is zero, while the conduction current may be nonzero if a surface con- 
duction current, of density J;, exists on the boundary. The remaining two Maxwell’s 
equations have the same form for both static and dynamic fields, including the 
high-frequency case, which means that the corresponding boundary conditions for 
the rapidly time-varying electromagnetic field are the same as in Eqs. (2.85) and 
(5.76) for the time-invariant field. In summary, the four general electromagnetic 
boundary conditions, for the tangential components of vectors E and H and normal 
components of vectors D and B, respectively, at a boundary surface between two 
electromagnetic media (regions 1 and 2) are given by 


nx E; —nx E, =0 


x H; -nx Hp = J, 
(f directed from region 2 to region 1), (8.32) 


-D; —n- D2 = ps 


n-B,; —n- Bo =0 


where ni is the normal unit vector on the surface, directed from region 2 to region 1. 

As we shall see in later chapters, boundary conditions for the rapidly time- 
varying electric and magnetic field vectors are essential for the analysis of different 
types of electromagnetic waves in the presence of interfaces between different 
material media, including PEC surfaces. 


Sell twa Dynamic Boundary Conditions on a PEC Surface 


Write down the full set of boundary conditions for a surface of a perfect electric conductor 
in a dynamic electromagnetic field. 


Solution Let us mark the PEC as region 2. The electromagnetic field in a perfect electric 
conductor is always zero under dynamic conditions (see Example 8.6), so that Ey = 0, H2 = 
0, Dz = 0, and Bz = 0 in Eqs. (8.32). Designating by E; = E, H, = H, D; = D, and B; = B 
the field vectors close to the boundary in the surrounding medium (region 1), we can write 


nxE=0 (£; =0), 
(Dn = Ps), 


nxH=J, 
n-B=0 


Cen = Js), 
(Bn = 0), 


iD — 7 (8.33) 


boundary condition for E, 
boundary condition for H, 
boundary condition for Dy, 


boundary condition for By 


boundary conditions on a 
PEC surface; m outward 
normal 
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continuity equation, integral 


continuity equation, 
differential 
boundary condition for Jn 


with n standing for the normal unit vector on the conductor surface, directed from the con- 
ductor outward. In words, the tangential component of the electric field intensity vector and 
normal component of the magnetic flux density vector at the PEC surface are both zero, 
whereas the tangential component of the magnetic field intensity vector and normal compo- 
nent of the electric flux density vector equal the local surface current and charge densities, 
respectively, over the surface. We also note that the electric field lines near the PEC surface 
are normal to the surface, while the magnetic field lines are tangential to it. Finally, we recall 
from Example 8.6 that J = 0 and p = O inside the PEC volume, so that J, and p, are the only 
local sources of the field near the PEC surface. 


Conceptual Questions (on Companion Website): 8.16 and 8.17; MATLAB 
Exercises (on Companion Website). 


8.5 DIFFERENT FORMS OF THE CONTINUITY EQUATION 
FOR RAPIDLY TIME-VARYING CURRENTS 


The continuity equation expresses the principle of conservation of electric charges 
and can be derived from Maxwell’s equations. In analysis of electromagnetic sys- 
tems, we often use it as the fifth equation added to the set of four Maxwell’s 
equations. In this section, we discuss different forms of the continuity equation, for 
rapid time variations of currents and charges. Eqs. (3.38) and (3.39) represent the 
integral and differential forms, respectively, of the equation, for volume spatial dis- 
tributions of currents and charges. We write them down here again, together with 
the corresponding boundary condition, Eq. (3.53), for the normal components of 
the current density vector at a conductor-conductor boundary: 


fsJ-dS = — f, 2 dv 


vV-J=—% (8.34) 
a-J, —a- Jp = —% 


with n being directed again from region 2 to region 1. This last equation can be 
added as the fifth general electromagnetic boundary condition to the set of four 
standard conditions in Eqs. (8.32). We note that only this boundary condition, hav- 
ing the time derivative of the surface charge density (on the right-hand side of the 
equation), differs from its static version, Eq. (3.55). We also note that it is valid only 
if there is no surface current flowing over the boundary (J; = 0). Otherwise, this 
current must also be included in the current continuity balance. 

The continuity equation in differential form in Eqs. (8.34) relates the spatial 
derivatives of the volume current density vector, J, at a point to the time deriva- 
tive of the volume charge density, p, at that point. Similar relationships can be 
derived also for line and surface currents and charges. Consider first a line current 
of intensity / along a line / of arbitrary shape (e.g., current through a thin metallic 
wire in a nonconducting medium). In the general case (rapidly time-varying cur- 
rent), / is a function of both the position (length coordinate) along the line (wire) 
and time, i = 1(/, tf). We apply the continuity equation in integral form to a closed 
surface S enclosing a differentially small segment A/ along the line, as shown in 
Fig. 8.4(a). Let i; and i7 designatc the intensities of current entering and leaving S, 
at the beginning and cnd of the segment A/, respectively. The net outflow of current 
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through S is hence 
igut = bo — ty = Al. (8.35) 


The change Ai in current intensity over the distance A/ along the line is enabled 
by an excess charge that accumulates along the line. The line density of this charge, 
Q’, is also dependent on both / and t. However, as Al is very small, the total charge 
along it, that is, the total charge enclosed by the surface S, can be found essentially 
with no integration, simply as 


Os = Al, (8.36) 
so that the continuity equation, Eq. (3.34), becomes 
d 
Ai = —— (Q’Al). co7 
i=-< (QA) (8.37) 
Dividing both sides of this relationship by A/ and letting A/ — 0, we get 
di aQ’ 
a 8.38 
al ot 2) 


This is the continuity equation in differential form for line currents, also known as 
the continuity equation for wires. It is very important for analysis of transmission 
lines and wire antennas. It tells us that, indeed, the intensity of a rapidly time- 
varying current in a wire conductor can change along the conductor. Consequently, 
a rapidly time-varying current can exist even in wires with open ends (such as an 
open-ended two-wire line or a wire dipole antenna), where the current intensity 
drops to zero at wire ends. More precisely, Eq. (8.38) quantifies the rate of change of 
the current intensity with the length coordinate (partial derivative of i with respect 
to /) at a point along the wire as being equal to the negative of the rate of change of 
the line charge density with time (negative partial derivative of Q’ with respect to 
t) at the same point. In the slowly time-varying (low-frequency) case, on the other 
hand, dQ’/dt ~ 0 in Eq. (8.38), which means that di/d/ ~ 0 as well, i.e., that a slowly 
time-varying current practically does not change along the wire. Of course, this is 
also true (exactly) for a steady (time-invariant) current along the wire. 

For a surface current distribution described by the surface current density vec- 
tor, Js, over a surface S [e.g., current through a thin metallic plate or through 
the “skin” region of a solid metallic body with the skin effect pronounced — see 
Fig. 6.23(b)], we evaluate the local net current outflow through the contour C 
enclosing a differentially small patch AS on S, as depicted in Fig. 8.4(b). From the 
definition of the surface current density vector in Eq. (3.13), the total current leaving 
AS across the contour C is given by 


tout = § Js : fic di, (8.39) 
Cc 


where fic is the unit vector normal to an element d/ along C. This vector is locally 
tangential to S and directed from the patch outward. In other words, the elemen- 
tary vector nc d/ in Eq. (8.39) replaces the corresponding vector dS = ndS in the 
analogous equation for volume currents, Eq. (3.35). The total charge on the patch 
amounts to 

Os = ps AS, (8.40) 


with p, being the surface charge density of the patch, so that Eq. (3.34) with AS > 0 
yields 


(8.41) 


continuity equation for wires 
(for line currents) 


(b) 


Figure 8.4 Derivation of the 
continuity equation in 
differential form for rapidly 
time-varying line currents 
(a) and surface currents (b). 
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continuity equation for plates 
(for surface currents) 


Figure 8.5 Evaluation of the 
surface charge distribution 
from a current distribution 


over a hollow circular plate; 
for Example 8.8. 


The expression on the left-hand side of this equation represents, by definition, the 
so-called surface divergence of a vector (Js), namely, the surface version of the (vol- 
ume) divergence operator in Eq. (1.172). It is denoted as div,J, or V; - Js, where V; 
is the surface del (nabla) operator, i.e., the surface version of the standard (volume) 
del operator. Hence, the differential form of the continuity equation for rapidly 
time-varying surface currents can be written as 


V5 d= =. (8.42) 


This equation is used in analysis of antennas and scatterers composed of metallic 
surfaces (plates), and is also referred to as the continuity equation for plates. 

For example, if the surface current density vector is given by its x- and y- 
components in the xy-plane in the Cartesian coordinate system, the surface del 
operator is obtained by omitting the z-component in Eq. (1.100), 

) as 


V5 =—x+— ¥, 8.43 
2 a ay ( ! 


and the continuity equation for this case becomes [see Eq. (1.165)] 
OJ sx OJ sy = Ops 
Oxemmioy Gee Or 


Selly eae Application of the Continuity Equation for Surface Currents 


A time-harmonic surface current of angular frequency w flows circularly over a hollow 
circular plate of radii a and b, as shown in Fig. 8.5. The surface current density vector is 
given by Jx(r, ¢, 1) = Js9 cos(¢/2) cos(wt + kr) > (a<r<b, -—1 <¢ <1), where Jog and k 
are constants. Find the associated charge distribution over the plate. 


(8.44) 


Solution We use the expression for the divergence in cylindrical coordinates, Eq. (1.170), 
with only the second term left, as J; in Fig. 8.5 has only a ¢-component (Jsg). The continuity 
equation for plates, Eq. (8.42), and differentiation with respect to ¢ then give 

1 oJ; Joo. eye) 

V<°3s = = a. = = sin $ cos(wt + kr) = “ae (8.45) 
Hence, integrating with respect to time, we obtain the following expression for the surface 
charge density over the plate: 


J 
p(r, 9,1) = 0 a’ / const ken) de = en Sere (8.46) 
2r 2 2wr 2; 


Problems: 8.10; Conceptual Questions (on Companion Website): 8.18-8.20; 
MATLAB Exercises (on Companion Website). 


8.6 TIME-HARMONIC ELECTROMAGNETICS 


Maxwell’s equations hold true for electromagnetic quantities with an arbitrary time 
dependence. The actual type of time functions that the fields (E, H, D, and B) 
assume depends on the current and charge density functions, J and p, in the sys- 
tem, and ultimately on the time variation of external sources, i.e., on the impressed 
electric field intensity and current density functions, Ej and Jj, in source regions 
[see Eqs. (3.109) and (3.124)]. Very often, the time variation of external sources in 
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the system is sinusoidal. If the system is also linear, meaning that all electromag- 
netic materials in the system are linear, then all fields in the system vary in time 
sinusoidally as well. Namely, since Maxwell’s equations for linear systems are lin- 
ear integral or differential equations, sinusoidal time variations of source functions 
(excitations) of a given frequency produce, in the steady state, sinusoidal varia- 
tions of the fields (responses to excitations) at all points of the system, with the 
same frequency. By the same token, in a linear electric circuit, as a special case 
of linear electromagnetic systems, with all excitations (voltage and current genera- 
tors) being sinusoidal time functions of the same frequency, all responses (voltages 
across circuit elements and currents in circuit branches) in the steady state are also 
sinusoids with the same frequency. Here, we focus on steady-state sinusoidal, also 
known as time-harmonic, field and circuit quantities, discuss their properties, and 
then (in the next section) introduce their complex equivalents. Maxwell’s equations 
in the complex domain will be introduced in the section to follow. These equations 
are much simpler to use than the equivalent equations in the time domain, thus 
providing an extremely convenient basis for solving problems in time-harmonic 
electromagnetics. 

Consider a time-harmonic voltage of frequency (repetition rate) f and ampli- 
tude (peak-value) Vo. Its instantaneous value, that is, the value at an instant t, can 
be written as either a cosine or a sine function, as they both give the same gen- 
eral shape for the waveform over time. In this text, we choose the cosine function 
(so-called cosine reference) and write 


v(t) = Vo cos(wt + 9), (8.47) 


where w is the angular frequency (or radian frequency) of time-harmonic oscilla- 


tion, given by 
2.49) 


Units are the hertz (Hz) for f (Hz = 1/s) and radian per second (rad/s) for w. The 
function ¢(t) = wt + @ is the instantaneous phase (in radians) of the voltage v(r), 
while @ is the initial phase (phase at an instant t = 0) for the cosine reference.’ 
Since the period of change of a cosine function, cos ¢, is 2x (for ¢ as independent 
variable), the time period of change (for t as independent variable) of v(t) is defined 
by the relation wT = 27, which yields 


T=—=-. (8.49) 


In other words, after each T, a time-harmonic function repeats itself over time. 

We note that the time-average value of v(t) is zero (over one complete cycle, 
the average value of cos ¢ is zero). On the other hand, the root-mean-square (rms) 
value of v(t), which, by definition, is found as the square root of the time-average of 
the voltage squared, amounts to 


ee pig Vo 
rms T | Vv (t) T i, 0 COs (wt F 0) dt V2 


3Note that, as cos ¢ and sin ¢ are shifted in phase by 90° (2/2) with respect to each other, but otherwise 
the same waveforms, the same voltage v(t) in Eq. (8.47) written as a sine function is v(t) = Vo sin(wt + 6’), 
with 6’ = 6 + 2/2 being the initial phase for the sine reference. 


(8.50) 


time-harmonic voltage 


w@ — angular or radian 
frequency (unit rad/s); 


f — frequency (unit: Hz) 


time period 


rms (root-mean-square) 
value 


367 


368 Chapter 8 Rapidly Time-Varying Electromagnetic Field 


V —rms value (used much 
more frequently than the 
peak-value) 


time-average powers and 
energies in terms of rms 
quantities 


[the average value of cos” ¢ or sin? ¢ is 1/2, as shown in Eq. (6.95)]. We can now 
rewrite Eq. (8.47) as* 


v(t) = VV2cos(ot +6) (V= Vins): (8.51) 


In fact, rms values of time-harmonic quantities are used much more frequently 
than their maximum values (amplitudes). Most instruments are calibrated to read 
rms values of measured quantities. For instance, if an ac voltmeter plugged into 
a household electric outlet reads 110 V, that is an rms voltage, so that the max- 
imum value of the voltage at the outlet is V2 x 110 V © 155 V. In addition, it is 
very convenient to use rms values of field and circuit quantities in the expressions 
for time-average power and energy in the time-harmonic operation of electromag- 
netic systems. To illustrate this, note that the instantaneous power of Joule’s (ohmic) 
losses in a resistor with a time-varying current can be expressed using Joule’s law as 


Py) Re (8.52) 


where R is the resistance of the resistor and i(t) is the instantaneous intensity of 
the current. If the current is time-harmonic, with amplitude Jp and rms value / = 
Io/V2, the time-average power of Joule’s losses in the resistor turns out to be [see 
Eq. (8.50)] 


ee gis a 1 op 2 
(Pa)ave = [ Py(t) dt = R =. p PW dt = 5 Rij = RP. (8.53) 


We see that the expression for (Py)aye via the rms current has the same form as 
the expression for the instantaneous power in Eq. (8.52) and looks the same as the 
expression for the power of Joule’s losses in a resistor with a time-invariant (dc) 
current, Eq. (3.77), with 7 standing there for the time-constant current intensity. 
Generally, all expressions for time-average powers, energies, and power and energy 
densities in the time-harmonic operation in circuit theory and electromagnetics can 
be computed just as for the time-invariant operation, if rms values of currents, volt- 
ages, field intensities, and other circuit and field quantities are used. For example, 
the time-average power density of Joule’s losses at a point in a conducting material 
can be obtained using Joule’s law in local form, Eq. (3.31), for the static case with J 
and E now being the rms current density and electric field intensity, respectively, at 
the point. In the same manner, time-average electric and magnetic energy densities 
for linear media and time-harmonic field variations are given by the corresponding 
time-constant expressions in Eqs. (2.199) and (7.108) with E, D, H, and B now 
representing rms quantities. On the other hand, the expression for (P})ave using the 
current amplitude (J/g) in Eq. (8.53) contains an additional factor 1/2, and this extra 
factor, in general, inconveniently appears in all kinds of time-average power and 
energy calculations under the steady-state sinusoidal assumption if peak (and not 
rms) values are used. 

Time-harmonic expressions for electromagnetic quantities that vary also in 
space are written in a completely analogous way to that in Eq. (8.51), while keep- 
ing in mind that both the rms value and initial phase are, in general, functions of 
spatial coordinates. In addition, for a vector, separate expressions are written for 
each of its components. For example, if the Cartesian x-component of the electric 


4 As rms quantities will be used regularly throughout the rest of this text, we drop the subscripts (“rms” 
identifying them. With such convention, V;ms will be denoted simply as V, Hyms as //, and so on. 
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field intensity vector is a sinusoidal function of time and an arbitrary function of 
coordinates x, y, and z, we have 


Ex, y, z,t) = Ex(x, y, 2)V2 cosfot + x(x, y, z)], (8.54) 
and similarly for Ey and Ez. 


Conceptual Questions (on Companion Website): 8.21-8.23. 


8.7 COMPLEX REPRESENTATIVES OF TIME-HARMONIC 
FIELD AND CIRCUIT QUANTITIES 


Time-harmonic quantities can be graphically represented as uniformly rotating vec- 
tors. To show this, consider a vector of magnitude Vo rotating in the Cartesian 
xy-plane about the coordinate origin with a constant angular velocity w in the 
counter-clockwise (mathematically positive) direction, as in Fig. 8.6(a). If the angle 
between the vector and the x-axis at an instant t = 0 is 0, then this angle at an arbi- 
trary instant t equals ¢(t) = wt + 6 [see Eq. (6.88)]. This means that the projection 
of this vector on the x-axis equals Vo cos(wt + @), that is, v(t) in Eq. (8.47). Thus, all 


jim 


Vo e j(wt+6) 


Vo cos(wt+6) Re{ Vo el@)} 
= v(t) =Vpo cos(wt+6) = v(t) 
Figure 8.6 Representing 
time-harmonic quantities by 
(a) (b) phasors and complex numbers: 
(a) a phasor (rotating vector) 
jIm c=atjb whose magnitude and angular 
=cel? velocity equal the amplitude 
=c (cos +jsind) (peak-value) and angular 


frequency, respectively, of the 
instantaneous quantity [see 

Eq. (8.47)], (b) a complex 
number with magnitude 
(modulus) and phase angle 
(argument) equal to the 
amplitude and instantaneous 
phase of the instantaneous 
quantity, (c) different forms of a 
complex number, in general, 
and (d) the final adopted 
complex root-mean-square 
(rms) representative of a 
time-harmonic quantity with 
(c) (d) the time factor e! suppressed. 


Seen ° (a, b) 
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complex number (c); 
j — imaginary unit 


c in polar form (c - 
magnitude, @ — argument) 


the quantities in a linear system with time-harmonic excitations can be visualized 
as projections of vectors with magnitudes equal to the amplitudes of the respective 
sinusoids that rotate in the same plane with a constant angular velocity, equal to the 
angular frequency of the sinusoids. These rotating vectors are called phasors. We can 
manipulate with phasors in a phasor diagram [drawing like the one in Fig. 8.6(a), but 
with all relevant quantities for the system under consideration represented] just as 
with any other geometrical vectors. For example, we can sum time-harmonic quanti- 
ties with different amplitudes and different initial phases by vectorially adding their 
phasors and taking the projection of the resultant vector. 

However, instead of drawing complicated phasor diagrams for realistic prob- 
lems and geometrically or analytically manipulating with phasors (vectors), we can 
translate the problem from phasor to complex domain and employ complex alge- 
bra to analyze circuits and fields under the time-harmonic assumption. Namely, we 
can formally proclaim the x- and y-axes of Fig. 8.6(a) to be the real (Re) and imag- 
inary (Im) axes of the complex plane, as indicated in Fig. 8.6(b), and use complex 
numbers to represent time-harmonic quantities. 

A complex number c is a number composed of two real numbers, a and b.° Its 
rectangular (algebraic) form reads 


c=a +jb, where a=Re{c}, b=Im{c}, and j=v-1, (8.55) 
so a and b represent the real and imaginary parts, respectively, of c, and j stands 
for the imaginary unit (j? = —1). Every complex number corresponds to a point, 


(a, b), in the complex plane, as illustrated in Fig. 8.6(c), or, equivalently, to a vector 
representing the position vector of the point (a, b) with respect to the coordinate 
origin. Alternatively, ¢ can be written in polar (exponential) form as 


where c = |c| is the magnitude (or modulus) of c, that is, the magnitude of the vector 
c in Fig. 8.6(c), and ¢ is the phase angle (argument) of c, which is the angle between 
the vector c and the real axis. From the right-angled triangle with arms |a| and |b| 
in Fig. 8.6(c), we obtain the following formulas for transforming a complex number 
from its rectangular to polar form: 


c=vVat+b2 and ¢=arg(a,b), (8.57) 


where the argument (arg) function equals the inverse tangent of b/a if the point 
(a, b) is in the first or fourth quadrant, while some modifications are necessary for 
the point in other quadrants, 


arctan(b/a) fora>0O 
a Oe fora=Oandb>0 
—1/2 fora =Oandb <0 


arg(a, b) = (8.58) 


arctan(b/a)+2 fora<Qandb>0 
arctan(b/a)-—x fora<QOandb <0 
not defined fora = D0 
(arctan = tan~!). From the same triangle, 

a=ccos¢@ and b=csin¢@. (8.59) 


>In this text, letters denoting complex numbers and complex variables are underlined, which is in 
compliance with the recommendation of the International Electrotechnical Commission (IEC). 
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Combining Eqs. (8.55) and (8.59) leads to the following expression for c: 
c=c(cos¢+jsing), (8.60) 


which is referred to as the trigonometric form of a complex number. Omitting the 
magnitude of c, we obtain the relation 


e? = coso +jsing, (8.61) 


known as Euler’s identity and frequently used in time-harmonic electromagnetics. 

With the above review of complex numbers, it is now clear that the rotating vec- 
tor in Fig. 8.6(a) can be identified as a complex number equal to Vg el? = Vo elt 9), 
The projection of the vector on the real axis in Fig. 8.6(b) equals the real part of the 
complex number, 


Re {Yo cid = Vocos¢ = Vocos(wt + @) = v(t), (8.62) 


which means that representations in Fig. 8.6(a) and Fig. 8.6(b) are indeed formally 
equivalent. As all the phasors representing time-harmonic quantities in a system 
rotate with the same angular velocity (all the quantities have the same frequency), 
they always have the same relative positions with respect to each other. Hence, 
the picture with all the vectors frozen at instant ¢t = 0 contains all relevant data for 
the quantities in the system: their amplitudes, initial phases, and phase differences 
between individual quantities. We can, therefore, disregard rotation of phasors in 
Fig. 8.6(a) or increase in phase angles with time in Fig. 8.6(b), and use the complex 
representation shown in Fig. 8.6(d). In other words, as 


Vo el (@t+) = Vo el? clot, (8.63) 


all the quantities in the system contain the same factor e!®', which then appears on 
both sides of all of the field/circuit equations governing the system. Ignoring the 
rotation in time of vectors in Fig. 8.6(d) is thus equivalent to dropping the time 
factor e!” from the associated equations. The resulting complex term Vo e!’, which 
does not contain time, is called the complex magnitude of the instantaneous voltage 
v(t). Dividing it by V2, we obtain the complex root-mean-square value of v(t), 


Vo. ; 
V=— ef =Ve", (8.64) 
V2 
Inversely, the instantaneous voltage, Eq. (8.51), can be obtained from the complex 
rms voltage as 


v(t) = Re | V2 eln| (8.65) 


We shall use complex rms values as complex representatives of time-harmonic 
quantities, Fig. 8.6(d). The above equation pair, Eqs. (8.64) and (8.65), can be 
regarded as a direct/inverse transform pair for switching between time and complex 
domains. The time-complex correspondence can also be summarized as 


(8.66) 


Vv2 cos(at+@) <-> Ve. 
ee =—— 


instantaneous v(t) complex V 


In words, the magnitude and phase angle (argument) of the complex representative 
equal the rms value and initial phase of the time-harmonic quantity, respectively. 


Euler’s identity 


extraction of the common 
time factor 


complex rms value 


instantaneous from complex 
rms voltage 


time-complex conversion 
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replacement of time 
derivatives 


complex current-voltage 
characteristic of an inductor 


k. - complex electric field 


vector 


The magnitude of the complex quantity is represented with the rms value rather 
than with the amplitude of the corresponding instantaneous quantity because engi- 
neers and scientists normally assume that all time-harmonic quantities are reported 
as rms values and, as already mentioned and illustrated on two examples (reading 
of instruments and computation of time-average power) in the previous section, it 
is more convenient to deal with rms quantities. 
From Eq. (8.65), 

dv d F dy ; F 

— = —Re {vv2 ei| = Re {yvi= cm = Re fio v2ei"| ; (8.67) 

dt dt dt 
which means that taking the time derivative of the instantaneous quantity in the 
time domain is equivalent to multiplying its representative by jw in the complex 
domain, that is, 

dv 
dt 

This feature of the time-complex conversion allows us to replace all time deriva- 
tives in field/circuit equations by the factor jw (second time derivatives are replaced 
by jwxjw = —w*), which enormously simplifies the analysis. For instance, the 
complex-domain equivalent of the time-domain element law for an inductor, 
Eq. (7.3), reads 


jo. (8.68) 


V =joLI, (8.69) 


i.e., its form is as simple as that of Ohm’s law for a resistor. Namely, Eq. (8.69) tells 
us that the voltage of the inductor equals a constant times the current, the same as 
in Eq. (3.72), but with all the quantities now being complex. Similarly, 


[va — + (8.70) 
jo 

showing that integration in time is equivalent to division by jw in the complex 

domain. 

For time-harmonic electromagnetic quantities that change also in space, the 
time-complex conversion is performed in a usual way, as the spatial dependences 
of the rms value and initial phase are, of course, not affected by the conversion. 
In the case of time-harmonic spatially distributed vectors, the conversion is done 
for each vector component separately (three components in general). For example, 
the complex representative (complex rms value) of the Cartesian vector component 
E(x, y, z, t) in Eq. (8.54) is 


Ey (x, y, 2) = Ex(x, y, 2) POND, (8.71) 


Analogous expressions hold for the y- and z-components of E, and the complex 
electric field intensity vector is given by 


E(x, y,z) = E,(, y, 2% + Ey(x, y, zy + E,(, y, 2). (8.72) 
Of course, 
Ex(x, y.z, 0) = Re | Exasy, zv2eim'| (8.73) 


and similarly for the other two components of E. Hence, the following relationship 
can be established between an instantaneous time-harmonic vector and its complex 
rms represcntative: 


E(x, y, z,0) = Re {EC y, avid} | (8.74) 
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Note that a complex vector, in general, is a set of six numbers, three real and 
three imaginary parts of its components. This is why a complex vector, unlike its 
instantaneous counterpart, cannot be drawn as an arrow in space, except in some 
special cases (as we shall see in the next chapter). 


| Example 8.9 Me Time-to-Complex and Complex-to-Time Transformations 


Find (a) the complex rms equivalent of a time-harmonic voltage given by v(t) =2/2 
sin(10°®t + 2/3) V (t in s) and (b) the instantaneous current i(t) if J=(—1+j) A in the 
complex domain and the angular frequency is w = 5 x 10° rad/s. 


Solution 


(a) We use the cosine reference for representing time-harmonic quantities, Eq. (8.51), and, 
therefore, the instantaneous voltage v(t) needs first to be written as a cosine function: 


v(t) = 2v2sin (10% + z V =2V2c0s (10% & 2) V (tins), (8.75) 


where the trigonometric identity sina = cos(a —z/2) is employed. According to 
Eq. (8.66), the complex rms voltage is then found to be 


V = 26-F!6 v= 2 (cos — —j sin = ) V = (V3 —-)j) V. (8.76) 


(b) The magnitude of the complex current J is 


f=|J=J(-1)? +122 A=V2A4A. (8.77) 


As the point (—1, 1) lies in the second quadrant of the complex plane, we refer to 
Eq. (8.58) to obtain the phase angle (argument) of J as follows: 


3x 

4 
(this can also be read directly from the position of the complex number —1 +] in the 
complex plane). Hence, the instantaneous current is [see Eq. (8.66)] 


w = arg(—1, 1) =arctan(—1) +2 = -4 +r= (8.78) 


i(t) = 2 cos (s ~ 10% 4 7) A (tins). (8.79) 


Problems: 8.11 and 8.12; Conceptual Questions (on Companion Website): 8.24; 
MATLAB Exercises (on Companion Website). 


8.8 MAXWELL’S EQUATIONS IN COMPLEX DOMAIN 


We now assume the steady-state sinusoidal regime for the rapidly time-varying 
electromagnetic field, which gives rise to the high-frequency time-harmonic electro- 
magnetic field, and convert the associated time-domain Maxwell’s equations into 
their complex equivalents. We use the time-complex correspondence rule com- 
pactly expressed by Eq. (8.66), and elaborated in Eqs. (8.64)-(8.74). Of course, 
complex equations make sense only for linear electromagnetic media (of param- 
eters e, “, and a). From Eggs. (8.23), we thus obtain the following complete set 
of integral Maxwell’s equations in the complex domain (with the constitutive 
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Maxwell's equations in 
complex domain, integral 
form 


Maxwell’s equations in 
complex domain, differential 
form 


equations added): 
E- dl = —jo f,B-dS | 
-dl = f5 (J +joD) - dS 


-dS = f, pdv ; (8.80) 
.dS =0 


where the external energy sources are included as an impressed electric field, of 
complex rms intensity E; [Eq. (3.109)]. Note that the material parameters, in gen- 
eral, are functions of frequency, ¢ = ¢(w), “ = “(w), and o = o(w), which will be 
discussed in the following chapter. In the low-frequency case, the displacement- 
current term, jwD, in the second equation can be neglected with respect to the 
conduction-current term, that is, we can assume that w ~ 0 on the right-hand side 
of the equation. The complete set of differential Maxwell’s equations for the high- 
frequency time-harmonic electromagnetic field in the complex domain, equivalent 
to Eqs. (8.24), reads 


(8.81) 


The conversion of the boundary conditions in Egs. (8.32) and different forms of the 
continuity equation, Eqs. (8.34), (8.38), and (8.42), from time to complex domain 
is also straightforward. For instance, the complex-domain continuity equation in 
differential form for high-frequency time-harmonic volume currents is given by 


V-J=—-jop. (8.82) 


All these equations contain no time and, most importantly, no time derivatives (nor 
integrals), and are, therefore, considerably simpler to work with than the corre- 
sponding equations in the time domain. Note that, as an alternative to the analysis 
in the time domain, the electromagnetic analysis using complex representatives 
is often referred to as the analysis in the frequency domain. In the rest of this 
text, we shall deal predominantly with time-harmonic fields and signals and use 
frequency-domain field and circuit equations and solution techniques. 

Phasors and complex representatives can also be used for analyzing linear 
electromagnetic systems and electric circuits driven by arbitrary (nonsinusoidal) 
periodic time functions (such as a sequence of rectangular pulses). By expanding 
these functions (excitations) into a Fourier series of sinusoidal components of dif- 
ferent frequencies, we can solve for desired field and circuit quantities (responses) 
using the complex-domain analysis for each Fourier component separately. By 
virtue of the superposition principle (which holds for linear systems), the total solu- 
tion for any of the quantities is obtained as the sum of the partial (single-frequency) 
solutions due to all of the excitation components. Moreover, transient nonperiodic 
functions (such as a single pulse in time) can be expressed as Fourier integrals, and 
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a similar application of the principle of superposition can be used as well. Finally, 
in many practical applications with more than one frequency present in the spec- 
trum of time-varying signals (fields) in a system, the bandwidth of the signals is in 
fact very small, with a carrier frequency accompanied by some form of modulation 
giving a narrow spread of frequencies around the carrier. In such cases, the analysis 
in the complex domain at a single frequency, that of the carrier, is usually sufficient 
for the characterization of the system and evaluation of the fields and other quan- 
tities of interest, provided that the material parameters in the system do not vary 
significantly with frequency over the bandwidth. 


Seluleiceem time No Time-Harmonic Charge in Homogeneous Media 


Prove that the interior of a homogeneous lossy medium with a time-harmonic electromag- 
netic field and no external energy volume sources (impressed electric fields or currents) is 
always charge-free. 


Solution ‘Transforming the charge-relaxation differential equation for a homogeneous 

medium of conductivity o and permittivity e, Eq. (3.66), to the complex domain, we have 

Git JOS sa 
am 


jop +p =p 0 (8.83) 
[note that this equation can also be derived directly from differential Maxwell’s equations 
and the continuity equation in the complex domain, Eqs. (8.81) and (8.82)]. As o, ¢, and w 
are all nonnegative real quantities, this condition can be satisfied only if p = 0, which proves 
that there cannot be volume excess time-harmonic charges in homogeneous lossy media. 
In addition, the differential form of the generalized Gauss’ law in the complex domain 
can now be written as 
V-D=c«V-E=0, (8.84) 


which means that the time-harmonic electric field in a homogeneous conducting medium is 
always divergenceless (div E = 0). 

Note that this is true for any frequency, that is, for both high-frequency and low- 
frequency time-harmonic fields, including the static case [see Eq. (3.62)]. 


Sells}: Complex Surface Charge Density on a Material Interface 


Find the complex surface charge density on the boundary surface between medium 1 (with 
conductivity 0; and permittivity ¢;) and medium 2 (with o and €2), if the normal component 
of the complex current density close to the boundary in medium 1 is J,,, (defined with 
respect to the normal directed from medium 2 to medium 1) and the angular frequency of 
the field is w. 


Solution The solution procedure is similar to that in Eq. (3.63), given for the static case, 
and we write 
zg A €1 . &2 £2 
=n-D, -n-D,=—n-J,-—n-J,=—J,,-— J,. 
Be ai ot in! | Gh ua oat ee = 


(8.85) 


However, Jn, in general, is not continuous across material interfaces in the dynamic case, so 

we use here the high-frequency form of the boundary condition for normal components of the 

current density vector [the third equation of Eqs. (8.34)], whose complex-domain version is 
n-J,;—n-J,= -jop, or Jin —Jon = —jop,. (8.86) 


Solving for J,,, 
Jon = Sin + Jo, (8.87) 
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and substituting this expression in Eq. (8.85), we obtain 


3 21/e1 — £2/02 
oe a 1 + jwez/o2 Jin: (8.88) 


Problems: 8.13-8.16. 


8.9 LORENZ ELECTROMAGNETIC POTENTIALS 


Consider an arbitrary distribution of rapidly time-varying volume currents and | 
charges in a source domain of volume v, as shown in Fig. 8.7. Let the current and 
charge densities, J and p, in v be known functions of spatial coordinates and time. 
With r’ denoting the position vector of a source point P’ with respect to the coor- 
dinate origin (O), we can write J = J(r’, ) and p = p(r’, t). Of course, the source 
distributions J and p cannot be specified independently, but must be related to one 
another through the continuity equation. Our goal is to derive the expressions for 
the electric and magnetic field intensity vectors due to these sources, at an arbitrary 
point, P, in space (field or observation point), assuming that the medium in which 
the sources reside is linear, homogeneous, and lossless, with permittivity e and per- 
meability uw (o = 0). Instead of solving the original form of Maxwell’s equations 
directly for the fields, we shall first evaluate the electromagnetic potentials, namely, 
the electric scalar potential, V,° and magnetic vector potential, A, at the point P, 
as an intermediate step in finding fields. Once the potentials, as functions of spatial 
coordinates and time, so V = V(r, t) and A = A\(r, ), r being the position vector of 
the point P with respect to O, are known, the field vectors E and B can be evaluated 
(by differentiation in space and time) using Eqs. (6.43) and (6.28). 

In the slowly time-varying case, the potentials (for e = ¢9 and jz = pg) are given 
by Eqs. (6.19) and (6.29). These are quasistatic potentials (evaluated in the same 
way as static ones), with the time retardation (lagging in time of time-varying poten- 
tials and fields behind their sources) being neglected. In the rapidly time-varying 
case, however, the retardation effect must be taken into account [time variations 
in the system are so fast that even slight time delays between the sources and 
fields (potentials) cannot be ignored]. Mathematically, the time retardation in the 
expressions for the potentials and field vectors is a consequence of the addition of 
the displacement-current term, 9D/dt, in Maxwell’s equations for the rapidly time- 
varying electromagnetic field. In this section, we derive and discuss the time-domain 


Figure 8.7 Evaluation of 
electromagnetic potentials and 
field vectors due to rapidly 
time-varying volume currents 
and charges in a linear, 
homogeneous, and lossless 
medium. 


®As mentioned in Section 1.6, the electric potential is symbolized by ® as well. 
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expressions for V and A in the most general case (for arbitrary time variations of 
sources), while the complex expressions for time-harmonic potentials and fields at 
high frequencies will be derived and used in the next section. 

Let us substitute Eq. (6.43) into the generalized Gauss’ law in differential form 
[the third equation of Eqs. (8.24)] with D previously replaced by cE. The result is 

V- (WV) = VV =—* ss (V- A), (8.89) 
where ¢ and @/dt can be brought outside the divergence sign because the permittiv- 
ity is a constant (the medium is homogeneous) and the time derivative operator is 
entirely independent from the divergence operator (which implies spatial differen- 
tiation), respectively, and the identity in Eq. (2.92) defining the Laplacian operator 
(V2) is used [the expression for V7V in the Cartesian coordinate system is given 
in Eq. (2.94)]. In a similar manner, substituting Eqs. (6.28) and (6.43) into the 
corrected generalized Ampére’s law in differential form [the second equation of 
Eqs. (8.24)] with H represented as B/ leads to the following equation: 
2 

~ _ eure, (8.90) 
where the use is made of the identity in Eq. (4.124) defining the Laplacian of a 
vector function [Eq. (4.126) gives the expression for VA in Cartesian coordinates]. 

In order for the vector potential A to be uniquely defined, we must specify both 
its curl and its divergence. While the curl of A is already specified as V x A= B, 
we are at liberty to choose div A in an arbitrary way. The choice that leads to the 
solution of Eqs. (8.89) and (8.90) that is mathematically the simplest and physically 
the most meaningful is given by 


VeAsneus. (8.91) 


This differential relation between A and V is termed the Lorenz condition (or 
Lorenz gauge) for electromagnetic potentials. It is consistent with the analogous 
relation between the source distributions J and p given by the continuity equation in 
differential form in Eqs. (8.34) and is also called the continuity equation for poten- 
tials. With V - A replaced by the expression from Eq. (8.91), Eqs. (8.89) and (8.90) 
become 


Vx(VxA=V(V-A)—-VA=yS —eu 


(8.92) 


(8.93) 


These are second-order partial differential equations with spatial coordinates and 
time as independent variables. They are called the wave equations for the poten- 
tials, because, as we shall see, their solutions represent waves traveling from source 
points toward field points in the system. What is very important, the equations are 
uncoupled, that is, each wave equation has only one of the potentials as unknown. 
Moreover, although one of them is a scalar equation and the other a vector one, they 
have practically identical forms, so that the scalar solution for V in terms of p (more 
precisely, o/e) will have the same form as the vector solution for A in terms of J (or 
uJ). For instance, we can decompose Eq. (8.93) into three scalar differential equa- 
tions in the Cartesian coordinate system, with the equation for the x-component of 


Lorenz condition (gauge) 
for potentials 


wave equation for V 


wave equation for A 
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the magnetic vector potential being 


077A, 


V7 Ay ep ae Md 


(8.94) 


and analogous equations for the y- and z-components. Eqs. (8.94) and (8.92) have 
the same form, and we can use the solution for V due to p to directly write the 
analogous solutions for Ay, Ay, and A; due to J,, Jy, and J;, respectively. In what 
follows, therefore, we solve only Eq. (8.92) for the potential V. 


HISTORICAL ASIDE 


1 
ectromagnetic wave 


Ludwig Valentine Lorenz (1829-1891), a Danish 
mathematician and physicist, was a professor at 
the Royal Military Academy in Copenhagen. In 
his studies of light based on Maxwell’s electromag- 
netic field equations, Lorenz proposed in 1867 vec- 
tor and scalar potentials that included the time of 
propagation from the sources — the retarded poten- 
tials. He showed that such potentials were related 
to each other by the condition given in Eq. (8.91), 
which became known as the Lorenz condition or 
Lorenz gauge. This was published in his paper 
“On the Identity of the Vibrations of Light With 
Electrical Currents” (Annalen der Physik und 


Chemie, June 1867). The retarded potentials them- 
selves are also referred to as the Lorenz potentials. 
Note, however, that it is a common mistake in just 
about all textbooks and research articles dealing 
with retarded potentials that Dutch physicist and 
Nobelist Hendrik A. Lorentz (1853-1928), whose 
historical aside appears in Section 4.12 of this text, 
is erroneously credited for the invention of the 
Lorenz gauge and Lorenz potentials. Lorenz, now 
jointly with Lorentz, is also known for the so-called 
Lorentz-Lorenz formula for the index of refraction 
as a function of the density of a medium, devised 
indcpendently by the two scientists. 


In our solution procedure, we subdivide the domain v into differentially small 
cells of volume dv and evaluate the electric scalar potential due to a charge p dv in 
a cell whose center is at a point P’ (source point) in Fig. 8.7. By the superposition 
principle, the total potential equals the sum (integral) of the elementary potentials 
due to all of the cells over v. While considering the potential duc to the charged 
cell at P’ alone, p = 0 everywhere outside the cell, so that the potential at the field 
point P outside the cell satisfies the version of Eq. (8.92) with the source term on 
the right-hand side of the equation annulled. In addition, as the charged cell can be 
considered as a point charge at the point P’, the function V must be spherically sym- 
metrical with respect to that point, i.e., it depends only on the distance R between P’ 
and P. Therefore, we use the expression for the Laplacian of V in the spherical coor- 
dinate system, Eq. (2.97), with the coordinate origin at P’, so r= R, and the terms 
containing partial derivatives with respect to @ and ¢ droppcd, which simplifies the 
source-free version of Eq. (8.92) to 


1 9a aVv a°V 
pennies (ay out) Oy = (0). 8.95 
R? OR ( a oar abe eg 
With a new variable defined by 
V=-, 8.96 
R (8.96) 
it further becomes 
} ur fe / 92 ¢ 2 | 
ation, locity (PU _ dail = (), where c= 5 (8.97) 
| OR2 2 ar en 


Section 8.9 Lorenz Electromagnetic Potentials 


The constant c is the velocity of propagation of electromagnetic disturbances in the 
medium (of parameters ¢ and yz). If the medium is air (vacuum), substituting the 
values for ¢9 and jo from Eggs. (1.2) and (4.3) yields co = 1/,/éo0 © 3 x 10° m/s, 
which equals the speed of light (and other electromagnetic waves) in free space. 
Eq. (8.97) is the well-known one-dimensional source-free wave equation (it is one- 
dimensional because it has only one spatial dimension or “degree of freedom,” 
that in terms of the variable R). In various notations, it is often encountered in 
electromagnetics, as well as in other areas of science and engineering. 

Any twice-differentiable function f of the variable ¢’ = t — R/c is a solution of 
Eq. (8.97), which can be verified by direct substitution. Namely, writing U as 


U(R,) =f) =f (: = *), (8.98) 


and using the chain rule for taking derivatives, the partial derivatives of U with 
respect to ¢t and R can be expressed as 
ee ee of au _ df ar __idf (8.99) 
ot dt dot dt’ dR dt dR edt 
In an analogous fashion, the expressions for the second partial derivatives are 
ody df oe def CU af i df\ i1dfar 1 af 
ef Otdr’ = dr? at dt?’ ee eee 
(8.100) 
Substituting these expressions into Eq. (8.97), we see that the wave equation is 
indeed satisfied for the function f in Eq. (8.98).’ In addition, noting that 


R+AR R 
UR+ AR I+ A) =f (r+ ar—-A 25) _7(1— 2) if AR=cAt, 


(8.101) 
we conclude that after a time Art, the function f retains the same value at a point that 
is AR = cAt away from the previous position in space (defined by R), as illustrated 
in Fig. 8.8. This means that an arbitrary function of the form f(t — R/c) represents 
a wave traveling with a velocity c (c = AR/At = 1/,/ej2) in the positive R direction 
as the time t advances. From Eq. (8.96), we now have 


UPd Ric) 
Re eRe 


The particular solution for the function f(¢’) is determined from the condition 
that its value in the vicinity of the source point must be the same as the quasistatic 


V= (8.102) 


Figure 8.8 Sketch of a function 
f(t— R/c) at two instants of 
time, according to Eq. (8.101), 
which illustrates that any 
function of this form represents 
a wave traveling with velocity c 
along the R-axis. 


7It can be verified in a similar way that any twice-differentiable function of the form f(t+ R/c) is also a 
solution of Eq. (8.97). However, as we shall see later in this section, such a function does not correspond 
to a physically meaningful solution for the potentials, and that is why we do not consider it in the analysis. 
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retarded electric scalar 
potential 


retarded magnetic vector 
potential 


time lag between source and 
observation points 


solution for the potential V due to pdv as R > 0. By means of Eq. (6.19), the 
quasistatic potential is given by 
fo 1 p(t)dv 
—~ = — ——_ (R-> 0). : 
R 4ne R o Ce 


Hence, for an arbitrary R, 
1 p(t—R/c)dv 


1 
t ——— t _ 
fe) Ane PLY ? dite R 


(8.104) 
Finally, the total electric scalar potential is 


i p(t — R/c) dv 


V(t) = <3 


ny (8.105) 


R : 
where, to shorten the writing, by V(t) we actually mean V(r, £4), and p(t — R/c) 
stands for p(r’,t — R/c) in Fig. 8.7. Note also that the source-to-field distance R 
in the integral can be expressed as R = |r —r'|. 

By analogy (duality), the solution of Eq. (8.94) for the x-component of the 
magnetic vector potential is 


UL [SS dv (8.106) 


A,;(t) = — 
x(t) An R ’ 


which gives rise to the following expression for the total magnetic vector potential 
at the point P: 


i Po as (8.107) 


The potentials given by Eqs. (8.105) and (8.107) are called the Lorenz or 
retarded electromagnetic potentials. Since the time ¢ in the equations is the time 
at the field (observation) point (P), while t’ = t — R/c is the time at the source point 
(P’), we conclude that there is a time delay (retardation) between the sources and 
the potentials (and therefore the fields) equal to 


ae 
==. 


T (8.108) 
In other words, the electromagnetic disturbances caused by a time variation of ele- 
mentary sources p dv and J dv at the point P’ propagate over the distance R in the 
form of electromagnetic waves of velocity c and are conveyed to the potentials (and 
fields) at the point P after the propagation time t in Eq. (8.108). The velocity of 
waves, given in Eq. (8.97), depends only on the parameters ¢ and yu of the medium 
in which the sources are embedded. As the waves originated by the elementary 
sources at the point P’ expand at the same rate in all radial directions with respect 
to P’ and the corresponding disturbances have uniform properties at all points of a 
sphere of radius R (Fig. 8.7), they belong to a class of so-called spherical electromag- 
netic waves. In addition, we note that the magnitudes of potentials due to individual 
elementary sources are inversely proportional to the distance RK from the sources. 


Problems: 8.17 and 8.18; Conceptual Questions (on Companion Website): 8.25. 


811 is now clear that a funetion of the argument ¢’ = / + R/c eannot be a physieally useful solution, sinee 
it would imply a negative time delay, i-e., that the effects of p and J are felt at the field point before they 
oeeur at the souree point. 


| 


: 
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8.10 COMPUTATION OF HIGH-FREQUENCY POTENTIALS 
AND FIELDS IN COMPLEX DOMAIN 


We now assume a steady-state sinusoidal regime in the system in Fig. 8.7 at high 
frequencies and convert the time-domain expressions for the Lorenz potentials in 
Egs. (8.105) and (8.107) into their complex equivalents. To see how the time retar- 
dation is translated into the complex domain, consider a time-harmonic current of 
intensity i(f) = I /2.cos(wt + y) and note that 


i(tt—t)= IV2cos{w(t — Tt) + y] = Re {Ev2eiet—| = Re {uv2 eniet eim'| ; 
(8.109) 
where J is the complex rms value of the current [see Eqs. (8.64) and (8.65)]. This 
means that shifting (retardation) in time by t is equivalent to multiplication by 
eJ@t in the complex domain. This complex factor contributes only to the phase 
angle (argument) of the complex representative of the retarded time-harmonic 
quantity, while its magnitude is unity. For t in Eq. (8.108), 


e-jot — g-joR/c _ IPR. (8.110) 


The constant £, in units of rad/m, is called the phase coefficient or wavenumber? 
and is given by 


(8.111) 


where i is the wavelength of the waves, measured in meters and defined as the 
distance traveled by a wave during one time period T of time-harmonic variations 
[see Eq. (8.49)], 


c 
N=(cCh= (8.112) 
f 
Hence, the complex rms Lorenz scalar potential, V, and vector potential, A, can be 
written as 
1 pe IPR dy 
Y= — | =>———_,,, Sls 
—  47te i R ( ) 
uw f Le IBR dy 
A=— | =——-—_.. 8.114 
=e R ( ) 


The complex-domain Lorenz condition comes out to be 
V-A=-—jwenV, (8.115) 


and the associated version of the continuity equation is that in Eq. (8.82). 
In the case of time-harmonic surface currents and charges of complex densities 
J, and p, over a surface 5S, the expressions for complex potentials in Eqs. (8.113) 


and (8.114) become [see Eqs. (1.83) and (4.109)] 


1 p_e JPR ds —jpR q 
ee, ee eg aa [ bees 


—_— 8.116 
4ne Js  R a Ps. ue 


where J, and p. are related to each other through the complex-domain version of 
the continuity equation for surface currents, Eq. (8.42). 


*Note that the symbol k is also used to denote the wavenumber. 


phase coefficient or 
wavenumber (unit: rad/m) 


wavelength (unit: m) 


complex Lorenz electric 
potential 


complex Lorenz magnetic 
potential 


complex Lorenz potentials 
due to surface sources 
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complex Lorenz potentials for 
wire structures 


high-frequency field vectors 
from potentials 


gradient of source-to-field 
distance 


Finally, for time-harmonic line currents of complex intensity / and charges of 
complex density Q’ along a line (e.g., a metallic wire) /, the complex potentials are 


obtained as [see Eqs. (1.84) and (4.110)] 


Comet ae Idle ib 
V= a{[=- and eae J Oreaas (8.117) 
4x 1 R 


Are 


and the continuity equation for wires, Eq. (8.38), applies. 

The electric field intensity vector, E, and magnetic flux density vector, B, at the 
point P in Fig. 8.7 can now be evaluated using Eqs. (6.43) and (6.28), respectively. 
In the time-harmonic case, 


E = -jwA - W=-io|A+ 5 V(V- | (8.118) 


B=VxA, 


(8.119) 


where the complex form of the Lorenz condition, Eq. (8.115), is used in Eq. (8.118) 
to express the complex electric field intensity vector in terms of the complex 
magnetic vector potential only. 

Eqs. (8.118) and (8.119) together with Egs. (8.113), (8.114), (8.116), and (8.117) 
represent a general means for computing the electromagnetic field (E, B) due to 
an arbitrary distribution of high-frequency time-harmonic sources in a homoge- 
neous, linear, and lossless medium. The computation involves integration over the 
source domain (to find the potentials), and then differentiation at the field point 
(to find the fields from potentials). However, differential operators in Eqs. (8.118) 
and (8.119) can be moved inside the integrals and applied directly to the functions of 
the distance R appearing in the integrands, which gives rise to an alternative way for 
field computation, with the reversed order of operations — first differentiation (with 
respect to R) and then integration (over the source domain). The two operations 
can be performed in an arbitrary order, independently from each other, because 
the gradient and curl in Eqs. (8.118) and (8.119) are taken with the coordinates 
of the field point (r) as independent variables, while the integrals in Eqs. (8.113), 
(8.114), (8.116), and (8.117) are evaluated with respect to the coordinates of the 
source point (r’). Within this alternative approach, the gradient of V in the case of 
volume charges can be expressed as 


e JB dy 1 eJBR dy 1 e7IBR 
weary [= fv [eavv- ra (8.120) 
Vv 


Are R 4re R Are 


where the elementary charge p dv can be brought outside the gradient sign because 
it is a function of the coordinates of the source point (r’) and thus represents a 
constant for taking derivatives at the field point. Using the chain rule, 


—jpR -jpR iBR) e~iPR 
Cs © = (5 ) va = Se 


= ae, 7m UR. (8.121) 


For a spherical coordinate system centered at the point P’ in Fig. 8.7, the formula 
in Eq. (1.108) for the gradient in sphcrical coordinates with the radial coordinate r 
denoted as R (r = R) gives 


R=R. (8.122) 
=| 
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where, according to our usual notation, R stands for the unit vector along R directed 
from the source point (P’) to the field point (P). Note that the gradient of the 
source-to-field distance R can be computed also by expressing the position vec- 
tors of the source and field points in Fig. 8.7, r’ and r, in terms of their Cartesian 
(rectangular) coordinates (x’, y’, z’) and (x, y, z) [see Eq. (1.7)], 


Y=xXK+y¥t+2z2 and r=xk+yyt+7zzZ, (8.123) 


respectively, from which 


R=|r—-r|=/(@«—x)?+(—y)? 4 (e-2)?. (8.124) 


The operator V acts on the coordinates of the field point, and a straightfor- 
ward application of the formula for gradient in the Cartesian coordinate system, 
Eg. (1.102), with x, y, and z as independent variables (x’, y’, and z’ are fixed in 
this operation) leads to the result in Eq. (8.122).'° Hence, the complex electric field 
intensity vector due to high-frequency volume sources becomes 


rome: Je JPR dy 1 | (1+ jBR) eJbR 
ee a eS oo dy -———" —--__ R. 
An | R 4re Jy— i R2 


(8.125) 


and analogous expressions can be written for surface and line sources. 
In a similar fashion, the complex magnetic flux density vector due to high- 
frequency volume currents can be expressed as 


JePRdvy ou | Je IPR dy 
——_—_—_ = — | V x ——__.. 
R Ar Jy R 
The curl of the product of the scalar function e~/®/R and the current element 


Jdv, which is a vector function of the coordinates of the source point, can be 
expanded as!! 


B=vxA=ivx [ (8.126) 
4n lies 


eJBR eJbR e—JbR 
Vv x JdvJ)={V x (Sdv) + [V x (Jdv)] 
R R 
—jBR ~ (1+iBR) ebR 
= (v5 x dv) = ddv) ~R OTE, (8.127) 


where the gradient of e/6*/R is substituted by the expression given by Eqs. (8.121) 
and (8.122) and the curl of J dv is zero because J dv is a constant for differentiation 


104 third way to obtain this important result (identity), in Eq. (8.122), in a less formal, and more physical, 
fashion, not associated with any particular coordinate system, invokes Eq. (1.111), which expresses the 
physical meaning of the gradient operator in relation to the direction in which the function on which 
it operates changes most rapidly in spatial coordinates and the magnitude of the maximum spatial rate 
of change. Namely, if we perform a virtual experiment of moving the field point P for an elementary 
displacement d/ in various directions around its current location, the function R, that is, the distance 
between points P’ and P, increases the most if P is moved along the existing (before the movement) R 
line in Fig. 8.7, which means, according to Eq. (1.111), that the gradient of R is in that direction, or that 
the unit vector of VR is R (VR = |VR|R). Eq. (1.111) then also tells us that the magnitude of VR equals 
this maximum change of R, and this exactly is d/ (R increases exactly by d/ if P moves for d/ along R). 
Consequently, |VR| = di/di = 1, i.e., VR is a unit vector, and VR = 1 x R=R. 


"Using the rule for calculating the derivative of the product of two functions, the curl of the product of 
a scalar function, f, and a vector function, a, can be written as the following expansion in terms of the 
gradient of f and the curl of a: V x (fa) = (Vf) x a+ f(V xa). 


complex high-frequency 
electric field 
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at the field point. This oe the ae ag neta ae for B: 


1+ jBR)eiPR | 
complex high-frequency ‘eu — # fas yx at Lie edit y | (8.128) 
magnetic field 


with analogous Resi for B in terms of J, and /. 

If the time lag t in Eq. (8.108) for all combinations of source and field points 
in a domain of interest is much shorter than the time period 7 in Eq. (8.49) for 
time-harmonic sources, the retardation effect in the system can be neglected and 
the system can be considered as quasistatic. The definition of quasistatic systems 
can be expressed also in terms of the electrical size of the system (or the useful part 
of the system), that is, by comparing the maximum dimension D of the domain that 
contains all sources and all field points of interest, Fig. 8.9, to the wavelength A given 
in Eqs. (8.112) and (8.111). Namely, if 


quasistatic condition D ae (8.129) 


(Fig. 8.9 
ee in which case the domain is said to be electrically small, we can write 
R 
pR= se < i (8.130) 


for all distances R in the domain (R < D). Since e* ~ 1 for |x| < 1, we conclude that 
eJ8® can be approximated by 1 in Eqs. (8.113) and (8.114), which then simplify to 


| 1p edv JSdv 
quasistatic potentials \V= | —— anda a (8.131) 


4re J, R 


These are nonretarded, quasistatic complex slecvonaete potentials, the same 
as in Eqs. (6.19) and (6.29) in the time domain (and free space). They can also be 
obtained by solving the quasistatic versions of Eqs. (8.92) and (8.93), which have 
the same form as the corresponding static equations — scalar and vector Poisson’s 
equations. Eqs. (2.93) and (4.132). The quasistatic forms of the Lorenz condition 
and continuity equation for volume currents are those in Eqs. (4.119) and (6.44), 
respectively. 

With BR ~ 0 in Eggs. (8.125) and (8.128), we obtain the following expressions 
for the quasistatic (low- WegUenSy) come field vectors: 


— —— 


a fad ; (Jdv) x R 
quasistatic fields = “io [ R +a foe RS and = & (anne (8.182) 


Figure 8.9 For the definition of 
a quasistatic system in 

Eq. (8.129); D is the maximum domain of interest 
dimension of the domain that 
contains all sources and all field 
points of interest. 
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The first term on the right-hand side of the first equation is the complex-domain 
expression for the induced electric field intensity vector (Ejnqg) due to slowly 
time-varying volume currents, Eq. (6.3), and the second term corresponds to 
the Coulomb electric field (E,) due to excess volume charges, Eq. (6.17), for 
arbitrary medium parameters ¢ and jx. The second equation (for B) represents 
the Biot-Savart law for low-frequency volume currents in the complex domain, 
the time-domain free-space version of which is given in Eq. (6.27). Of course, 
expressions analogous to those in Eqs. (8.131) and (8.132) can also be written 
for low-frequency complex potentials and field vectors due to surface and line 
sources. '” 

In practice, a useful rule of thumb for quantifying the quasistatic condition in 
Eq. (8.129) is that a given electromagnetic system (domain) can be considered to 
be electrically small and quasistatic analysis used when D < 0.1 or, only in very 
stringent applications, when D < 0.01\. The electrical size of the system depends 
on its physical size and material properties, as well as on the frequency of time- 
harmonic sources. For instance, at f = 60 Hz in free space (c = co = 3 x 108 m/s), 
the wavelength is as large as 4 = co/f = 5000 km, so that the retardation even across 
distances on the order of 100 km can be disregarded and such large electromag- 
netic systems that extend over hundreds of kilometers can be treated as electrically 
small domains. At f = 10 GHz, on the other hand, even very small electromagnetic 
systems whose physical dimensions are comparable to 4 = co/f = 3 cm (assuming 
propagation at c =cg) cannot be analyzed without taking into account the travel 
time of electromagnetic disturbances (waves) from one point in the system to 
another. 


Example 8.12 Loop with a High-Frequency Current of Constant Amplitude 


A circular wire loop of radius a in free space carries a high-frequency time-harmonic current 
of intensity i(t) = 1/2coswt. Find (a) the line charge density along the loop, and then 
compute (b) the electric scalar potential, (c) the magnetic vector potential, (d) the electric 
field intensity vector, and (e) the magnetic flux density vector at an arbitrary point along the 
axis of the loop perpendicular to its plane. 


Solution 


(a) We shall perform the analysis in the complex domain. By means of Eq. (8.66), the com- 
plex representative (rms value) of the current intensity i(t) is J = J e!° = J. Noting that 
the complex-domain version of the continuity equation for wires, Eq. (8.38), reads 


di ns 
Fy = ied (8.133) 


and that J does not change, i.e., d//d/ = 0, along the loop, we conclude that there is no 
excess charge along the loop. 


(b) As Q’ =0 at all points of the loop, the first expression in Eqs. (8.117) tells us that the 
electric scalar potential is zero everywhere in space. 


!21t is important to have in mind that the low-frequency expressions for electromagnetic potentials and 
fields are included in the corresponding high-frequency expressions. In other words, we can use high- 
frequency expressions also at low frequencies. However, although the result will be (approximately) 
the same, it is mathematically much simpler and physically more clear to use low-frequency solutions 
whenever the quasistatic criterion in Eq. (8.129) is satisfied. 


continuity equation for wires 
in complex form 
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(c) From the second expression in Eqs. (8.117), the magnetic vector potential along the axis 
of the loop normal to the loop plane (see Fig. 4.6) appears to be 


[dl e7i6R Le iBR 
a ea § dl= 


A= we RR 4nR__ 


(8.134) 
because both / and R are constants for the integration process and the integral of dl 
along any closed path is zero [see Eq. (4.173) and Fig. 4.37]. However, no such symmetry 
exists and hence A # 0 for observation points that do not belong to the axis (R 4 const 
as the source point is moved around the loop in the integration process). 

(d) Since V = 0 everywhere, the same is true for VV, so that Eq. (8.118) yields E = 0 at the 
loop axis (note that E = —jwA # 0 elsewhere). 

(e) Finally, applying Eq. (8.128) to the geometry in Fig. 4.6 and carrying out the same inte- 
gration (that includes decomposition of dB into radial and axial components) as in 
Eqs. (4.14)-(4.19), we obtain the following expression for the complex magnetic flux 
density vector at the loop axis: 


~ (1+iBR)e7JbR Taz R) e7JBR 
B= 2 $ raxk <7" ye _ bolat(1 +56 ye 5 (R= Ve +2), 


R2 2R3 
(8.135) 
where £ = w,/éouo. Using Eq. (8.65), its instantaneous value is 


A 2 / 2R2 
B(t) = Re {Bv2ci*| = Seb aa 


Note that B is nonzero at the loop axis in spite of A being zero at the axis. These two 
results are not contradictory with respect to each other, given that A # 0 at points off of 
the axis. Namely, the curl of a vector function at a point is determined not only by the 
value of the function at that point or along a specific line (e.g., loop axis) but also by the 
values and dynamics of the function in a small volume region around the point (which, 
in our example, includes points off of the loop axis as well). In other words, translated to 
a one-dimensional situation, we cannot judge on the derivative (slope) of a f(x) curve at 
xX = Xg just based on the f(xo) value. 

In the case of a low-frequency current in the loop, BR « 1 [see Eq. (8.130)] in 
Egs. (8.135) and (8.136), which leads to the following quasistatic expressions for the 
magnetic flux density vector at the loop axis: B = yola* z/(2R*) (complex) and B(f) = 
gl V2a? cos wt 2/(2R?) (instantaneous). We observe that these expressions have the 
same form as their static (dc) counterpart in Eq. (4.19). 


cos(wt —BR-+arctanBR)z. (8.136) 


Seem eme LOOp with a High-Frequency Current Changing Along the Wire 


Repeat the previous example but for a loop with a high-frequency current of intensity 
i(t, @) = IgpV2.cos(¢/2) cos wt (—2 < ¢ < 2), shown in Fig. 8.10(a). 


Solution 


(a) The complex rms current intensity along the loop is /(¢) = /9 cos(¢/2). From Eq. (8.133) 
and the relationship d/ = add, the corresponding complex rms line charge density 
amounts to ay i A 

, J aL J ae jJfo 
g wo di wa dd 2wa a 2 ( ) 


(b) Using the first expression in Eqs. (8.117), the electric scalar potential at the loop axis 
{z-axis in Fig. 8.10(a)], where R = Va? + z?, turns out to be 


i f Q(eyeWPRdI jy e“H6R 
(G 


aft 
. @ 
a pe Lay a) 8.138 
ue R Sevan [.. si ee ( ) 


An &0 


(c) 
| k 


(d) 


(e) 
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Referring to Fig. 8.10(b), the elementary line vector dl along the loop can be repre- 


sented as 
dl = —dlisingx+ dicos@y. (8.139) 


With this, the vector integral in the second expression in Eqs. (8.117) can be decomposed 
into two scalar ones, for the x- and y-components of the magnetic vector potential (A, = 
0). For an observation point at the z-axis, 
wo { L(g) disin pe PR pola e IPR | a Et 

A, = -— 0 ———___ = - — < dg=0 (8.140 

ox oo R Foammanen 5 gn Cao ( ) 
(integral of an odd function of ¢ within symmetrical limits with respect to ¢ = 0 is 
zero) and 


uo [ I(d)dlcosdeFR = uglnae FR ™ = gb 
= = ep | (OS 5 cosede 
- Pia 


oy ~ an R 4nR J_ 
Beooaeds (39 / T1¢ _ Hola e1PR 
=—=p [cos d¢é + Bes Ae == 339 = (8.141) 


{cos A cos B = [cos(A + B) + cos(A — B)}/2}, where B = w,/eguo, so that A = pola 
e JPR $/(37R). 
At the point P in Fig. 8.10(a), the first part of the expression in Eq. (8.118) for the com- 
plex electric field intensity vector equals —jwA, y, where Ay is given in Eq. (8.141). 
The second part, —VY, is not zero, although V = 0 [Eq. (8.138)] at the same point. 
Moreover, it is impossible to find grad V from V in this case, because we know V, i.e., 
that V = 0, only at points along the z-axis, which is not enough, as pointed out in the 
discussion following Eqs. (8.135) and (8.136) in the previous example. Therefore, we 
shall find grad V by directly computing the field due to the charge along the loop, as in 
Eq. (8.125). 

The x-, y-, and z-components of the unit vector R along the line connecting the 
source and field points in Fig. 8.10(a) are obtained in the same way as for the elementary 
electric field intensity vector dE in Fig. 1.12 [see Eqs. (1.46) and (1.47)], 


R= -= cospk— 5 sino +— é. (8.142) 
Substituting this expression in Eq. (8.125), the y-component of E at the z-axis is 
computed as 


(1 + jBR) eJbR ( a 


1 
B= —j0A,+—-— 6 O’ asin ON | 
Ey JoA, + are, f Q(@) dl Fe sin) joA, 


R2 
joa +jpRye FPR p* ob . jopoloa eiPR 1+j6R 
8 weyR? iD SD te Oe aR 1 “aR? 
(8.143) 


{sin A sin B = [cos(A — B) — cos(A + B)]/2}. The other two Cartesian componets of E 
are zero, because 


<i) 7 > 
accl sin — cos@¢d@=0 and E,« | sin — dd = 0, (8.144) 
ye Ur ge” 

so E = By. 

Finally, the complex magnetic flux density vector at the loop axis is found from the 
integral expression in Eq. (8.135) with J (constant) substituted by J(@). To represent 
the elementary vector dl x R by its Cartesian components, suitable for integration, we 
can either use the decomposition of the elementary magnetic flux density vector dB’ in 
Fig. 4.9, given by Egs. (4.24) and (4.25), or take the cross product of the expressions in 
Eqs. (8.139) and (8.142). The result is 


dl x R= di = cos ok + d= sing y+ dle a. (8.145) 


(b) 


Figure 8.10 Evaluation of 
potentials and fields at an 
axis of a wire loop with a 
high-frequency current 
whose intensity changes 
along the wire; for 
Example 8.13. 
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Figure 8.11 Evaluation of 
the Lorenz potentials and 
electric field at the center of 
a sphere with a uniformly 
distributed high-frequency 
time-harmonic volume 


current; for Example 8.14. 


Hence, 

B, = Holeee HERE N f cos coseag = Melos HARMEN (9.146) 
2S a iL cos $ sitpde= 0. (8.147) 
B, = eC FEDS I cost ges (8.148) 


and the final expression for the complex B-vector: 
oloa(1 + jBR) eIP® 
3 R? 


Note that B at the point P cannot be obtained from the expression for A in 
Eq. (8.141) using Eq. (8.119). To be able to find B as curlA, it is necessary to know 


B= (z% + 3a). (8.149) 


A also at neighboring points off of the loop axis. 


Sells (-eme me High-Frequency Volume Current ina Sphere 


A high-frequency time-harmonic volume current is uniformly distributed inside a sphere 
of radius a, as shown in Fig. 8.11. The complex rms density of the current is J =Jz, and 
its radian frequency is w. The medium parameters are ¢9 and yo everywhere. Find (a) 
the distributions of volume and surface charges inside the sphere and over its surface, 
respectively, (b) the Lorenz potentials at the sphere center, and (c) the electric field intensity 
vector at the sphere center. 


Solution 


(a) As J = const at all points inside the sphere, the divergence of J is zero. The continu- 


(b 


~— 


ity equation in differential form and complex domain for high-frequency time-harmonic 
volume currents, Eq. (8.82), then tells us that p = 0, i.e., there is no excess volume charge 
in the sphere. i 

To find the surface charge distribution on the sphere surface, we consider the bound- 
ary condition for normal components of the high-frequency current density vector in the 
complex domain, Eq. (8.86). Marking the external space (with no current) as region 1 
(J; = 0) and sphere interior as region 2 (J, = J), the complex surface charge density at 
the point M in Fig. 8.11 is obtained in practically the same way as the bound surface 
charge density fps in Fig. 2.7 and Eq. (2.30): 

-+(.3,-a-J,.) =—-+i-y=—LJeos6, Os 027. (8.150) 
w w 

To find the complex electric scalar potential at the sphere center (point O in Fig. 8.11), 
we use the corresponding integral expression for surface charges, in Eqs. (8.116). Noting 
that R = a in this case, we have 


i 


jl —_ p.e IPR as e Ba 


. = as $40) ds OMG (8.151) 


Arey 
as it is obvious, because the charge distribution given by Eq. (8.150) is antisymmetrical 
with respect to the plane z = 0, that the total charge over S is zero. 

For the magnetic vector potential, we use the integral expression for A due to vol- 
ume currents, Eq. (8.114). Since J, as a constant, can be brought outside the integral sign, | 
we nced to integrate only with respect to R. Moreover, since the observation point is the 
sphere center, R equals the radial coordinate r in Fig. 8.11, and we adopt dv in the form 
of a thin spherical shell of radius r and thickness dr. The volume of the shell is given in 
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Eq. (1.33). Hence, 


—jBR a —jpr a ; 
A= fo f Se oe an?-dr = uo | re JB dr 
Sy R 4n r=0 r d 0 
v 
J ; -=# 
= Fr [A+ ibe —1], B= ove (R=) (8.152) 


where the last integral is solved by integration by parts [f xe~* dx = —(1+x)e* + C]. 
Finally, to find the complex electric field intensity vector at the point O, we start with 
Eq. (8.125) and carry out essentially the same surface integration procedure as in 
Eq. (2.32) for the uniformly polarized dielectric sphere under static conditions in Fig. 2.7: 


, (1+ jBR) ei8R 


a R = —jwA 


1 
Beja f ps(6) dS 
4reg Js 


vs ae —jBa ™ iJ 2 : 
pee iioe™ oe E a cos? 6 sing do = = : 3 (1 + jBa) ete! (R =a), 


=0 WEQ 
(8.153) 


where R in the integral is replaced by its z-component, cos 0 2, as it is obvious (before the 
integration) that E has a z-component only, due to symmetry. In addition, since the func- 
tion in the integrand depends on the angle 6 only, the surface dS’ in Fig. 2.7 is extended 
to the surface dS in the form of a thin ring of radius asin 6 and width a dé [see the expres- 
sion for dS in Eq. (1.65)] — our surface-integration strategy is always to adopt as large as 
possible d§ (Section 1.4). 

Note that the spherical domain with a uniform volume current in Fig. 8.11 may 
represent a uniformly polarized dielectric sphere with a high-frequency time-harmonic 
polarization vector P = Pz of angular frequency w. In such a model, J would stand for 
the polarization current density vector in the dielectric, J+> J, = joP [see Eq. (8.13)] 
and p. in Eq. (8.150) for the associated polarization (bound) surface charge density on 
the dielectric surface, p. +> bas fig - P [see Eq. (2.30)]. While computing the potentials 


V and A and the field E due to the polarized dielectric, current and charge distri- 
butions J,, and Pag could be considered to be in a vacuum [medium parameters in 


Eqs. (8.151)-(8.153) are ¢9 and yuo]. 
If the dielectric sphere is electrically small, that is, ifa < 4 or Ba < 1, then the result 
in Eq. (8.153) reduces to 


J 
ee Ee ne), (8.154) 
0 


This is the quasistatic (low-frequency) result of the problem of a uniformly polarized 
dielectric sphere in the time-harmonic regime. We realize that it has the same form as the 
expression in Eq. (2.32) for the electric field intensity vector at the center of a dielectric 
sphere with static (time-invariant) uniform polarization. 


Problems: 8.19-8.27; Conceptual Questions (on Companion Website): 8.26-8.29; 
MATLAB Exercises (on Companion Website). 


8.11 POYNTING’S THEOREM 


The rest of this chapter is devoted to energy and power considerations associ- 
ated with the general electromagnetic field and its sources. The focal point of the 
material is Poynting’s theorem, which represents the mathematical expression of 


Poynting’s Theorem 
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the principle of conservation of energy as applied to electromagnetic fields. It is 
derived directly from Maxwell’s equations in either time or complex domain, and 
can be used also in static situations. The theorem details the power balance for the 
fields and sources in a region of interest including the transfer of electromagnetic 
power into and out of the region. In this section, we assume an arbitrary time depen- 
dence of sources and discuss Poynting’s theorem in the time domain; formulation 
of the theorem in the complex (frequency) domain, for time-harmonic sources, is 
presented in the next section. 

Consider an arbitrary spatial domain of volume v with rapidly time-varying cur- 
rents of density J, charges of density p, and electromagnetic field vectors E, H, D, 
and B. We assume that the domain is filled with a linear, isotropic, generally inho- 
mogeneous, and lossy material of permittivity ¢, permeability 4, and conductivity 
o. Let the external electric energy volume sources (excitations) in the domain be 
represented by an impressed electric field (analogous to an ideal voltage generator 
in circuit theory) of intensity Ej. 

We start with Maxwell’s equations for the rapidly time-varying electromagnetic 
field in differential form and time domain, Eqs. (8.24), and take the dot product of 
both sides of the first equation with H and the second equation with —E, and then 
add up the two equations thus obtained. What we get is 


oB dD 
H-(V xB) —B (Vx H) = Hee (8:15) 
The expression on the left-hand side of this equation equals the divergence of the 
cross product of E and H.'° In addition, using the constitutive equations for B and 
D in linear media [see Eqs. (8.23)], the two terms with the time derivatives can be 


written as 
0B 0H 0 fl 2 
H — — /4- = — = H | 6 

ar or G e ) ie 


and similarly for E - dD/dt. Finally, from the constitutive equation for J (in a linear 
conducting medium) that incorporates the impressed electric field intensity vector, 
Eq. (3.109), 


2 
Et=(2-8)-s=2 Bs, (8.157) 
o a 
Hence, Eq. (8.155) can be recast to read 


By Sato (508+ Sul?) +¥-(E xB. (8.158) 


13The divergence of the cross product of vectors E and H (or any two vectors), V- (E x H), can be 
expressed in terms of the curl of E and curl of H using the formula for the derivative of the product of 
two functions, in which the derivative (del opcrator) first acts on one function (E) and then on the other 
(H). This combined with the fact that cyclic permutation of the order of vectors does not change the 
scalar triple product of three vectors, a - (b x ¢) = ¢- (a x b) = —b- (a x ¢), with a, b, and ¢ substituted 
formally by vectors V, E, and H, respectively, gives 


V-(Ex H)=H-(V x E)-E-(V x H). 


Of course, this identity, like all other similar idcntitics of vector calculus, can be verified representing E 
and 41 by thcir components in the Cartesian coordinate system and applying formulas for the divergence 
and curl in Eqs. (1.167) and (4.81). 
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Multiplying both sides of this new equation by an elementary volume dv and 


integrating them over the total volume v yield 


d 1 


2 2 


a 1 
[esas [= a4 5 (508 + 5 ut?) ov + $e x ds, 
v y O S 


(8.159)  Poynting’s theorem 


where S is the closed surface bounding v and the divergence theorem, Eq. (1.173), 


is applied to convert the volume integral of the divergence of the vector E x H over 


v to the net outward flux (surface integral) of the same vector through S. 


John Henry Poynting 
(1852-1914), an English 
physicist, was a profe- 
ssor of physics at Mason 
College (later the Uni- 
versity of Birmingham). 
Poynting studied at 
Owens College (now the 
University of Manches- 
ter) from 1867 to 1872, 
and then entered Camb- 
ridge University’s Trinity 
College and graduated there in 1876. In 1880, 
he was appointed as first professor of physics 
at Mason College, subsequently the University 
of Birmingham, the position he held until his 
death. Based on Faraday’s (1791-1867) and 
Maxwell’s (1831-1879) field and energy concepts 
[in “A Dynamical Theory of the Electromagnetic 
Field” (1865), Maxwell stated that “the energy in 
electromagnetic phenomena resided in the elec- 
tromagnetic field, in the space surrounding the 


HISTORICAL ASIDE 


electrified and magnetic bodies, as well as in those 
bodies themselves”], Poynting developed the the- 
ory of electromagnetic energy transfer, known 
today as Poynting’s theorem. In his famous paper 
“On the Transfer of Energy in the Electromagnetic 
Field” (1884), he showed that the flow of electro- 
magnetic power (rate of energy) at a point can be 
expressed by a simple formula in terms of the elec- 
tric and magnetic forces (or field vectors) at that 
point, and the vector describing this flow bears 
his name as well (Poynting vector). He also made 
accurate measurements of the density of the earth 
(in 1891) and the gravitational constant (in 1893) 
using the torsion balance method pioneered by 
Henry Cavendish (1731-1810). In 1903, Poynting 
suggested the existence of a combined effect of 
the sun’s gravity and radiation that causes small 
particles orbiting the sun to slowly spiral into it, 
the idea later (in 1937) developed by Howard 
Percy Robertson (1903-1961), and now known as 
the Poynting-Robertson effect. (Portrait: Library of 
Congress) 


Eq. (8.159) is known as Poynting’s theorem. Having in mind Eq. (3.123), we 
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ene 


) recognize that the integral on the left-hand side of Eq. (8.159) equals the total 
instantaneous generated power P; of the sources (represented by the impressed 
_ field) in the domain v. The terms on the right-hand side of the equation show how 
this power is used. The first term equals the total instantaneous power of Joule’s 
(ohmic) losses, Py, in v [see Eg. (3.32)], i.e., the part of P; that is lost to heat. 
To interpret the second term, we recall that the total stored instantaneous elec- 
tric and magnetic energies in v can be obtained from the integrals over v given by 
Eqs. (2.202) and (7.109), respectively. Summing up these energies, we arrive to the 
total stored instantaneous electromagnetic energy Wem in v, 


1 
Wen =We+Wa= fwedv+ | wmdv= [> 28% dv+ [> ut? av (8.160) 
Vv Vv 72 ee 


stored electromagnetic 
energy in a domain v 
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Poynting vector (unit: W/ m? ) 


power flow through a closed 
surface S (unit: W) 


This means that the second term on the right-hand side of Eq. (8.159) represents the 
time-rate of change of the total energy localized in the electromagnetic field in v. 
Finally, from conservation of energy, the last term in Eq. (8.159) must equal the total 
instantaneous net power (rate of energy) leaving the domain through the surface S$ 
enclosing it. The vector E x H has the dimension of a surface power density (power 
per unit area), and is thus expressed in W/m? (the unit for E, V/m, times the unit for 
H, A/m). It is called the Poynting vector and is designated by P (calligraphic P), 


(161 


Note that S is also widely used to denote the Poynting vector. We see that P is 
perpendicular to both E and H. Its magnitude depends on the magnitudes of the 
electric and magnetic field intensity vectors and on the angle between them: P = 
EH sin Z(E, H). 

The power transferred through S (power flow), Ps, can now be written as 


P= fp . dS. (8.162) 
AY 


This assertion alone, namely, that the outward net flux of the Poynting vector 
through any closed surface (S) is equal to the instantaneous power leaving the 
enclosed domain (v), is also frequently considered as Poynting’s theorem. Locally, 
the Poynting vector is a measure of the rate of energy flow per unit area at any point 
on the surface S§. More precisely, as the power flow through a surface element dS 
on S is 

dP; = P -dS = PdScosa =P cosa dS = P, dS, (8.163) 

P 


where a is the angle between P and dS (i.e., the normal to dS), the local surface 
power density at a point on S, dP;s/dS, equals the normal component of P with 
respect to the patch dS, Py, while the tangential component of P, P} = P sina, does 
not contribute to the power transfer. We notice that dP; can be positive (for 0 < 
a < 2/2), meaning that this amount of power indeed leaves the domain v through 
dS, negative (for 2/2 < @ <7), in which case the actual direction of power flow is 
from the surrounding space into the domain and the power | dP| enters v through 
dS, or zero (for a = 2/2), implying no power flow through that particular patch. In 
addition, since dP; can also be represented as 


dP; = P dScosa = P dSn, (8.164) 
ds 


where dS, is the projection of dS on the plane normal to P (see Fig. 1.30), the — 
full magnitude of P equals the surface power density if computed through an ele- — 
mentary surface positioned normal to P. In other words, the power flow through a 
surface element of a given area is maximum when it is set normal to the lines of P. 
We conclude that (1) the direction of the Poynting vector at a point coincides with 
the direction of the power flow at that point and (2) the magnitude of the Poynting 
vector equals the maximum transferred surface power density at a point. 

If the excitations in v are represented by an impressed electric volume current 
(analogous to an ideal current gencrator in circuit theory) of density Jj, Eq. (8.157) 
becomes 

E-J=E-(E+J) =cF +E-Jj, (8.165) 
where the version of the linear constitutive equation for J that takcs into account 
the impressed current density vector, Eq. (3.124), is used. This leads to the following 
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formulation of Poynting’s theorem: 


d i 1 
-fE-tav= foav+ = [ eh = i dv + p PAS, (8.166) 
v v dey y <2 2 S 


with the term on the left-hand side of the equation (including the minus sign) being 
the total instantaneous source power Pj generated by the impressed current in v 
[see Eq. (3.129)]. 

Poynting’s theorem, given by Eggs. (8.159) or (8.166), can concisely be written as 


Wem 


d 
Pi) = PjJO+ Al 


m1 4(). (8.167) 


At an instant ¢, all the terms in this equation can be both positive and negative 
except P;(f), which is always nonnegative (there cannot be negative Joule’s losses). 
A negative P;(t) means that the impressed sources (generators) receive energy from 
the electromagnetic field in v and/or its surroundings. When dWe,,/dt < 0, the elec- 
tromagnetic energy in v decreases, i.e., the field in v delivers some of its stored 
energy to the sources in v and/or to the region outside S, in addition to the power 
conversion to heat throughout v in the form of Joule’s losses. Finally, a negative P(t) 
implies that the net instantaneous power flow is directed from the space exterior to 
v inwards, where the energy is partly received by the sources and/or field and partly 
dissipated as heat in v. 

Let us list several special cases of the application of the general Poynting’s theo- 
rem in Eq. (8.167). (1) If the region of concern (v) is occupied by the time-invariant 
(static) electromagnetic field, the term dWem/dt vanishes and the remaining terms 
are time-constant. (2) When the region v does not contain impressed sources, 


_ P(t) = 0 at all times. (3) In the case of a lossless material throughout v, Py(t) = 0 


| 
| 


always. (4) Finally, for a domain enclosed by a PEC surface (.S), P;(t) = 0 for any ¢ 
and any field distribution in v, because the electromagnetic field in a PEC is always 
zero under nonstatic conditions (see Example 8.6), and consequently there cannot 
be energy exchange through S$ with a PEC environment. 

Poynting’s theorem, in its various forms, is of great theoretical and practical 
importance in electromagnetics, and will be used on many occasions throughout the 
remaining chapters of this text. The examples in this and the next section are aimed 
at illustrating its application and usefulness in several characteristic configurations 
with different geometries and different regimes of operation. 


Example 8.15 Poynting Vector in a Leaky Coaxial Cable in a dc Regime 


A coaxial cable with perfect conductors and an imperfect dielectric of conductivity og and 
permeability 9 is connected at one end to an ideal voltage generator of time-invariant emf 
€, while the other end of the cable is open, as shown in Fig. 8.12(a). The radius of the inner 
conductor and inner radius of the outer conductor are a and b, respectively, and the length 
of the cable is /. Find the flux of the Poynting vector through an arbitrary cross section of 
this cable. 


Solution There is a leakage volume steady (dc) current through the dielectric of the cable, 


, as shown in Fig. 3.20. From Eqs. (3.175) and (3.178) with Ry — oo (the line is open), and 


employing the expression for the conductance per unit length of the cable (G’), Eq. (3.158), 
the voltage and current intensity along the cable (0 < z < /) are given by 


21 Og 


V@=V=E and I(z)=GEU-—z), where G= In(b/a)’ 


(8.168) 


Poynting’s Theorem 


Poynting’s theorem in 
condensed form 
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first way: computing the flux 
of P through the cross 
section S- in Fig. 8.12(a) 


(b) 


Figure 8.12 Applications of Poynting’s theorem to a leaky coaxial cable in a dc regime; for Example 8.15. 


With the use of Eqs. (3.155) and (3.157), the electric field intensity vector in the dielectric, 
Fig. 8.12(a), equals 

G'V a V 5 

~ rin(b/a) * 


Due to symmetry of the current distribution in the cable (see Fig. 3.20), the magnetic field 
in the dielectric is circular with respect to the cable axis (z-axis), as in Fig. 4.17, so that the 
generalized Ampére’s law, Eq. (5.49), gives the following expression for the magnetic field 
intensity vector between the cable conductors [see also Eq. (4.61)]: 

I(z) » 


H(r, z) = Onr d. (8.170) 


By means of Eq. (8.161), the Poynting vector in the cable [Fig. 8.12(a)] is then 


VI(z) oa€(l—2) , 
2x r? In(b/a) r2 In?(b/a) 


[note that Z(E, H) = 90°]. The direction of P, which coincides with the direction of the power 
flow through the dielectric between the conductors of the cable, is, of course, from the gen- 
erator toward the rest of the cable. The flux of the Poynting vector through a cross section of 
the cable defined by the coordinate z for the reference direction toward the load comes out 
to be 


| e Vi(z) f? dr InogE2(1 — z) 

Vp = e P-dS,= ‘io P(r, z) 2xrdr= ioral ae = V/(z) = in(o/aia 

(8.172) © 

where dS, =2zrdr is the surface area of an elementary ring of radius r and width dr 
centered at the z-axis [see Fig. 7.26]. 

Let us now obtain this same result in a different way — applying Poynting’s theorem, 

Eq. (8.167), to the closed surface S shown in Fig. 8.12(a). Since there are no generators in the — 

domain enclosed by S and the electromagnetic energy in the domain is time-invariant (as are 

the electric and magnetic fields, voltage, and currents in the cable), P;} =O and dWem/dt =O _ 

in Eq. (8.167), and the theorem reduces to 


O = Py + Py. (8.173) 


EQ) = (8.169) 


2mogr 


P(r.z) = Er) «AG 2) — ix $= (8.171) 


Invoking the per-unit-length power of Joule’s losses in Eq. (3.179), the total loss power Py in 
the part of the cable enclosed by S is 


Py=P\l-2 = GE (=z). (8.174) 
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Considering the term P; in Eq. (8.173), we note that there is no field outside the cable, which 
means that the flux of P through the parts of S outside the cable is zero. In addition, P is 
tangential to the parts of S that “cut” the conductors of the cable, because the vector E in 
the conductors is axial (parallel to the z-axis) like the current streamlines in the conductors, 
so that the flux of P through these parts of S is also zero (P - dS = 0). Consequently, the net 
flux of P through the entire surface S appears to be equal to the flux just through the part of 
the surface that is in the dielectric of the cable, that is, 


P= P-dS=—Yp, (8.175) 
S 


where the minus sign comes from dS = — dS, (the reference direction of the flux of P in 
Poynting’s theorem is outward with respect to the enclosed domain). Hence, 


‘Up = G'Er(I - 2.| (8.176) 


The third way to compute Wp is to apply Poynting’s theorem to another closed surface 
containing the cross section S; as its part, that (S’) enclosing the generator in Fig. 8.12(a). 
This yields 


Pi = Py + Vp, (8.177) 


where Py; is now the power of Joule’s losses in the part of the cable between the generator 
and the cross section S; and P; is the power of the generator (ideal voltage generator), given 
by Eq. (3.181). The result is 


Wp = Pj — Py = E10) — Pyz = EG'cal El — G'E*z = G'E*(- 2. | (8.178) 


Finally, as the fourth way to solve this problem, we can substitute (compensate) the part 
of the cable to the left of S; by an ideal current generator of current intensity J; = /(z), as 
shown in Fig. 8.12(b). The flux Yp can now be found as being equal to the power generated 
by this compensating current generator (this power is transferred through the cross section S, 


and delivered to the rest of the cable), which is actually yet another application of Poynting’s 


| 


: b co EP ofb—-a 1 
Up =) P - Sp: = Py 2mrdr+ [ Py Qmr dr = — ( fe =) = 955 kW. 
ie b 02 


theorem — to the closed surface S” in Fig. 8.12(b). Having in mind the expression for the 
power of an ideal current generator, Eq. (3.130), we obtain 


8.179 


which again is the same result as in Eq. (8.172). 


Example 8.16 Poynting Vector on the Earth’s Surface around a Grounding 


Electrode 


Consider the hemispherical grounding electrode in a two-layer earth from Example 3.17, 
and determine the flux of the Poynting vector through the surface of the earth. 


Solution The expressions for the electric field intensity vector, E, in each of the layers of 
the earth (expressions for E; and E2) are found in Example 3.17. Because of symmetry, lines 
of the magnetic field intensity vector, H, on the earth’s surface are circles centered at the 
point O in Fig. 3.28, as indicated in Fig. 8.13, and the generalized Ampére’s law yields 


i= 5, (a<r<oo). (8.180) 
2nr 


| The Poynting vector on the earth’s surface (Spr) is P1 = E;Hzfora <r < band P2 = E,Hi 


for b < r < oo, so that its flux through Sg, for the reference direction downward (into the 
earth) is 


r=a 2b o71a 


(8.181) 
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second way: applying 
Poynting’s theorem to the 
closed surface S in 

Fig. 8.12(a) 


third way: applying 
Poynting’s theorem to the 
closed surface S’ in 

Fig. 8.12(a) 


fourth way: applying 
Poynting’s theorem to the 
closed surface S” in 

Fig. 8.12(b) 
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Figure 8.13 Evaluation of the 
flux of the Poynting vector 
through the surface of a 
two-layer earth around a 
hemispherical grounding 
electrode with a steady current; 
for Example 8.16. 


The flux Yp can be evaluated also from Poynting’s theorem. Let us apply it to the closed 
surface S shown in Fig. 8.13, which consists of a hemispherical part of radius a (right on the 
hemispherical surface of the grounding electrode), another hemispherical surface of infinite 
radius, and the flat surface of the earth, Sg,. The flux of P through the first hemispherical part 
of S (for r = a) is zero, because the vector E is normal to the electrode surface, which makes 
P =E x H tangential to the surface no matter how the vector H at that point is directed. The 
flux of P through the other hemispherical surface is also zero, because the electromagnetic 
field is zero for r > oo. Eq. (8.167) then results in 


Up =-p PS = Py = Rel? = 955 kW (8.182) 
S 

(note that dS = —dSp;), where Py is the power of Joule’s losses in the earth, given in 
Eq. (3.201), and Rg; is the grounding resistance of the electrode in Fig. 8.13, given in 


Eq. (3.199). 


See eM vae Poynting Vector inside a Solenoid with a Low-Frequency Current 


A very long air-filled solenoid of length / and circular cross section of radius a (/ >> a) carries 
a time-harmonic current of intensity i(t) = /ycoswt in its winding. The frequency is low, 
such that w,/eo0 4 < 1 [quasistatic condition, Eq. (8.129), for this case]. The number of 
wire turns per unit of the solenoid length is N’. Calculate (a) the Poynting vector inside 
and outside the solenoid and (b) the time-average electromagnetic energy stored inside the 
solenoid. 


Solution 


(a) The induced electric field intensity vector, Ejng, inside the solenoid is given by Eq. (6.47) 
and the first cxpression in Eqs. (6.51), and the magnetic field intensity vector, H, by 
Eq. (6.48), so that the instantaneous Poynting vector inside the solenoid comcs out to be 

e 2 di N2oI2 
Pah = Kind oe = ope ole — — te ri r= er sin 2a # (r <a). 
(8.183) | 
Outside the solenoid, H = 0, and hence P = 0. 
(b) The instantancous electric cnergy inside the solenoid is [see Eq. (8.160)] 


1 , meguAN?l ( di ek 
We = [wedv= | 5 cobhy 2ardrl = 4 dt I oe 


DOIN oat? 
TM Egp N’a' ll A 
pe esi (8.184) 
16 
whcre v stands for the volume of the solenoid intcrior and dv for an element of that — 


volume in the form of a thin cylindrical shell of radius r, thickness dr, and length / [as in 
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Eq. (1.144) and Fig. 1.34]. The instantaneous magnetic energy amounts to 


1 N? "1 NCTE 
Wa Wav 5 poH?ra?l = a P= SS cos? wt. (8.185) 
As the time-average of both sin? wt and cos? wt is 1/2 [Eq. (6.95)], the time-average total 
electromagnetic energy inside the solenoid is 
mo eguaNatlh? mpugN? alle 
a2 4 


fj m ugN’a7lIe eee se | rf m uoN”a7lIp 


(Wem)ave = (Weave + (Wm)ave = 


= 7 3 Z =(Wm)ave, (8.186) 


where B = w./é€oj/0 is the phase coefficient, Eq. (8.111), in air (we are given that Ba < 1). 

Let us now check the power balance for this system by using the above results and 
applying Poynting’s theorem to a closed cylindrical surface S laid on the solenoid winding 
from its interior side (the radius of the surface is r = a~). From Eqs. (8.162) and (8.183), 


the outward net flux of the Poynting vector through S is 
N?071P 
el sin 2a (8.187) 


(the fiux of P through the cylinder bases is zero since P is tangential to S at those points). 
Combining Eqs. (8.184) and (8.185), on the other hand, we have 


P= fp -dS=P(a ,t)2zal = 
S 


dWen  dWe dWm  twpuoNa°ll§ | (Ba)? 
ied) d= 2 Cueee ie oe 
mopoN?al dWr 
ee 0 ae es 4 
5 sin 2w@t a (8.188) 
(2sina cosa = sin 2a). We see that 
dW 
a +P; =0, (8.189) 


which is the same as Eq. (8.167) for this case (P; = 0 and P; = 0, as there are no genera- 
tors nor losses inside the solenoid), i.e., the result for the Poynting vector in Eq. (8.183) 
and energy expressions in Eqs. (8.184) and (8.185) comply with Poynting’s theorem 
applied to S. 


Problems: 8.28-8.33; Conceptual Questions (on Companion Website): 8.30-8.32; 
MATLAB Exercises (on Companion Website). 


8.12 COMPLEX POYNTING VECTOR 


In the case of time-harmonic sources and fields in the region v, Poynting’s theorem 


can be formulated also in the complex domain, as the mathematical expression of 
the balance of complex powers for the region and its surroundings. It is derived 
from complex Maxwell’s equations for the high-frequency electromagnetic field 
in differential form and complex domain, Eqs. (8.81), and is based on a complex 
equivalent of the instantaneous Poynting vector in Eq. (8.161). As an introduction 
to dealing with the complex Poynting vector and complex electromagnetic powers 
in the general case, let us consider first a simple example of an arbitrary lumped 
impedance load with a time-harmonic voltage v(t) = VV2cos(wt + @) and current 
i(t) = 1/2 cos(wt + yw). The instantaneous power of the load (power that the load 
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instantaneous power 


complex power 


time-average power 


reactive power 


complex Poynting vector 


time-average from complex 
Poynting vector 


Poynting’s theorem in the 
complex domain 


receives) is obtained as the product of the instantaneous voltage and current: 
P(t) = v(t)i(t) = 2V1 cos(wt + 8) cos(wt + 6 — ) 
— oy, 


where ¢ = 6 — w (the phase difference between the voltage and current of the load) 
and the trigonometric identity 2 cosa cos B = cos(a + B) + cos(a — f) is used. We 
see that P(t) periodically oscillates in time about the constant value V/ cos ¢, which 
represents the time-average power of the load, Paye [also see Eq. (6.95)]. On the 
other hand, the complex power of the load (S) is defined as the product of the 
complex rms voltage and conjugate" rms current: 


= Vi {cos @ + cos[2(wt + @) (8.190) 


S=P 


=-complex 


= VI* = Vel? (reiv)" = VieiO-») = viele 


= V/icos¢+jV/sing, (8.191) 


so that its real part equals the time-average power, also referred to as the active 
power, of the load, 
Pave = Pactive = Re{S} = VI cos. (8.192) 


The imaginary part of the complex power is equal to the so-called reactive power 
(Q) of the load, 
Q = Preactive = Im{S} = V/sing, (8.193) 


which describes the periodic oscillation of energy between the load and the rest of 
the circuit.» 

Analogously, the complex Poynting vector is defined as the cross product of the 
complex rms electric field intensity vector, E, and complex conjugate rms magnetic 


field intensity vector, H*: 
(8.194) 


so that the time average of the instantaneous Poynting vector, in Eq. (8.161), equals 
the real part of the complex Poynting vector, 


T T 
Pave = al P(t) dt = zi [E(t) x H(t)] dt = Re{P} = Re{E x H"*}, | (8.195) 
0 0 


| 


while the imaginary part of P represents the reactive power flow per unit area. 

The derivation of the complex Poynting’s theorem is similar to that given by ~ 
Eqs. (8.155)-(8.159) for the theorem in the time domain. The principal difference is 
that, in taking dot products of both sides of the two curl equations with the respec- 
tive field intensity vectors, the first equation is multiplied by H* (and not H) and 
the second equation is first transformed to the complex conjugate form and then 
multiplied by —E. The result (for the sources represented by an impressed field) is 


[peter | Bava [Farin 


fur = ne a fe x H*)-dS,| (8.196) — 


14The eomplex conjugate of c = a + jb = ce!” (denoted by asterisk) is ct =a —jb = cei, 


1SNote that only the phase differenee @ between the voltage and eurrent, and not the individual initial 
phases 6 and w, is relevant for both the active and reactive powers of the load, and that is why the current 
in the definition of complex power in Eq. (8.191) is set in the complex eonjugate form, whieh enables 6 
and ¥ to be replaced by @ = 6 — yw in the final expression for S. 
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with J, H, and E standing here for the rms current density, magnetic field inten- 
sity, and electric field intensity, respectively, in v, which are obtained as J = Jims = 
|J| = /J. J* and similarly for H and E.'° Eq. (8.196) expresses the general princi- 
ple of conservation of complex power in time-harmonic electromagnetic systems. 
Analogous complex equation can be written for a region with an impressed current 
of complex rms density J; [see Eq. (8.166)]. The integral on the left-hand side of 
Eq. (8.196) is the complex power generated by the impressed field in v. The first 
integral on the right-hand side of the equation is the time-average power of Joule’s 
or ohmic losses in v. The second integral equals the difference of maximum (peak) 
magnetic and electric energies in v (H and EF are rms values). Multiplied by o, it 
represents the reactive power oscillating back and forth between the electromag- 
netic field in v on one side and the impressed sources in v and/or the fields and 
sources outside § on the other side. Finally, the last integral in Eq. (8.196) equals 
the complex power flow through S out of the domain v. 


Example 8.18 Poynting Vector in a Lossless Coaxial Cable in an ac Regime 


A lossless coaxial cable with conductor radii a and b (a < b) is connected at one end to an 
ideal voltage generator of low-frequency time-harmonic emf eg(t) = E/2cos wt, and the 
other end of the cable is terminated in a capacitor of capacitance C. Find the flux of the 
Poynting vector through a cross section of the cable. 


Solution As the frequency is low, we can neglect the propagation effects along the cable 
and assume the same voltage, v(t) = eg(t), between the conductors and the same current 
intensity, i(t) = C dv/dt [Eq. (3.45)], in the conductors in every cross section of the cable. 
In the complex domain, 


V=EM=E and L=joCV =joCE€. (8.197) 


The electromagnetic field in the dielectric of the cable is quasistatic and has the same 
spatial distribution as in Fig. 2.17 and Eq. (2.124) for the electric field and in Fig. 4.17 and 
Eq. (4.61) for the magnetic field. The electric field intensity vector is radial with respect to 
the cable axis, the magnetic field intensity vector is circular, and their complex rms values are 


I 
~  rIn(b/a) Mat 2ar oo <2) ( ) 
respectively, where r is the radial distance from the axis. 
The complex Poynting vector, P, in the dielectric, computed by Eq. (8.194), has an axial 
component only, which equals 


(8.199) 


- wa One /a) 


Noting that P has the same dependence on r as in Eq. (8.171) and that it does not depend on 
| z (axial coordinate), its flux through any cross section of the cable (S,) is obtained in exactly 

the same way as in Eq. (8.172) for the leaky coaxial cable with a steady current, and the 
result is 


| Se [ P.dS, = VI", (8.200) 
Sz 
i 


16The validity of this formula for time-harmonic vectors having just one (say x) Cartesian component 
[see Eq. (8.54)}, I(t) = Jrms V2 cos(wt + w) x, is obvious, since J - I* = Jims JY &) + Irms EY X) = i 
That it is also true for time-harmonic vectors represented by two or three mutually orthogonal compo- 
| nents with arbitrary peak-values and initial phases will be proved in the next chapter (when studying 
, polarization of electromagnetic waves and their field vectors). 


complex Poynting vector 
(axial) in a coaxial cable 


complex power flow along a 
transmission line 
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Figure 8.14 Application of 
Poynting’s theorem to a 
series RLC circuit with a 
slowly time-varying current; 
for Example 8.19. 


conservation of instantaneous 
power in a series RLC circuit 


which, given the expressions for V and / in Eqs. (8.197), becomes S = —jwCE? in our case. 
We know from Poynting’s theorem in complex form, Eq. (8.196), that this is the complex 
power flow along the cable through the dielectric from the generator toward the load.!” In 
our case, it is purely reactive (negative imaginary), which is to be expected because there are 
no losses in the cable and the load is purely reactive (capacitive). 


See meee Poynting’s Theorem for a Simple RLC Circuit 


Consider a series RLC circuit with an ideal voltage generator of slowly time-varying emf 
eg(t), as in Fig. 8.14. Apply Poynting’s theorem to a surface enclosing the RLC load and 
discuss the individual terms in the power-balance equation. 


Solution Assuming a time dependence of arbitrary form (but slowly varying) for e,(t), we 
first carry out the analysis in the time domain. Then, we also discuss the complex-power terms 
for the circuit (and a time-harmonic emf). 

In Eq. (8.167), as applied to the surface S in Fig. 8.14, P; = 0 (the generator is outside S), 
Py is the instantaneous power of Joule’s losses in the resistor, and Wem = We + Wm, with We 
and W, being the instantaneous electric and magnetic energies stored in the capacitor and 
inductor, respectively. From Eqs. (8.52), (2.192), and (7.88), 


‘ 1 
The net outward flux of the Poynting vector through S (P,) multiplied by —1 equals the power 
delivered through S from the generator to the load in the circuit. Hence, using Eq. (8.200), 
we have 


= § P dS = vi = ei, (8.202) 
S 


where the last expression is the instantaneous power generated by the emf ey in Fig. 8.14 [see 
Eq. (3.121)], so that Eq. (8.167) becomes 


(8.203) 


This equation expresses the theorem of conservation of instantaneous power in ac circuits 
applied to the simple RLC circuit in Fig. 8.14.'® It tells us how the instantaneous power of the 
generator in Fig. 8.14 is used in the RLC load and quantifies the portions of this power that 


-are transformed into heat in the resistor and spent to change (increase if positive, decrease 


if negative) the electric energy stored in the capacitor and magnetic energy stored in the 
inductor. 
Note that Eq. (8.203) can be rewritten as 


ae .di QdQ 
See ae See 8.204 
epi a a ( ) 
and then both sides of the equation divided by i = dQ/dt [see Eq. (8.2)] to yield 
; di Q 
eg = Rit+ Lee + ra (8.205) 


17 Although derived for a specific geometry, that of a coaxial cable, the expression for the complex power 
flow in Eq. (8.200) is true for an arbitrary transmission line with complex rms voltage V and current Jin | 
a cross section of the line. Note that this expression holds also in the high-frequency case, where V and/ | 
are functions of the z-coordinate along the line. 


181m general, the theorem on conservation of (instantaneous or complex) power in circuit theory is a 
special casc of Poynting’s thcorem (in time- or complcx-domain) in electromagnetics. 
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| 

This is the loop equation for the RLC circuit in Fig. 8.14, and the fact that it has been derived 
from Eq. (8.167) can be considered as a proof of Poynting’s theorem for this circuit. 

Let us now assume a time-harmonic variation for e,(t) in Fig. 8.14 and check the 

complex-power balance for the circuit in light of the general Poynting’s theorem in complex 

form, in Eq. (8.196). To this end, we start with the complex equivalent of Eq. (8.205), 


j 
E, = RL+ joLl — = 1, (8.206) 


and multiply both sides of this equation by J*. What we obtain is 


(8.207) conservation of complex 
power in a series RLC circuit 


where J is the rms current intensity through the circuit (J? = IJ*) and Vc = I/(wC) is the rms 

voltage across the capacitor. Noting that the maximum energy in the inductor equals (bit | 
| LI?, with Ip = [V2 being the amplitude of the current i [see Eq. (8.50)], and, similarly, that the 
maximum energy in the capacitor equals CVE. we conclude that the two-term expression in 
| parentheses in Eq. (8.207) equals the difference of maximum magnetic and electric energies 
in the domain enclosed by the surface S in Fig. 8.14. With this, it is obvious that Eq. (8.207) 
represents a version of Eq. (8.196) for the circuit in Fig. 8.14, i.e., that it expresses the complex 
Poynting’s theorem for this case. 


Stew General Impedance Load — ; 


A general impedance load in the form of an arbitrary three-dimensional material object 
with a pair of terminals and no impressed sources inside it is positioned in air and fed at 
the terminals by a time-harmonic current of an arbitrary frequency. Given are the complex 
rms intensity of the input current, J, and complex rms electric and magnetic field intensity 
vectors, E and H, at every point of the surface S of the object. Find (a) the time-average 


power of Joule’s losses and reactive power inside the object, and (b) resistance andinternal =, 
reactance of the object with respect to its terminals. EG 
Solution z 


Figure 8.15 General 
impedance load; for 
Example 8.20. 


(a) Using Poynting’s theorem in complex form, Eq. (8.196), the time-average power of 
Joule’s losses, (P})ave, and reactive power, Q, inside the object are 


(Pine = Re | fE x Has} in Q=1m|pexn-<s|, (8.208) 
S AY 


| where the vector surface element dS is oriented into the object (inward flux), as shown 
in Fig. 8.15. 

(b) Denoting by Z the complex impedance of the object (load) with respect to its terminals 
(see Fig. 8.15), the complex rms voltage across the terminals is V = Z/, and 


A Re (8.209) 


( 
| where R is the resistance and Xj internal reactance of the load. From Eq. (8.191), the 
complex power of the load, whose real and imaginary parts are given in Eqs. (8.208), can 
now also be written as 
S=VI* = ZII* = (R+jX))|LI’. (8.210) 
| 
} 
| 
| 


Hence, R and_X; are obtained as 
(2:2) resistance and internal 


reactance of a general 
impedance load 


Note that Xj; is referred to as the internal reactance because it takes into account 

the reactive power inside the load (Q) only. In general, the electromagnetic field exists 

also outside the load, and the associated external reactive power (in the vicinity of 
the object in Fig. 8.15) is not included in the power balance in Eqs. (8.208). In circuit 
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theory, on the other hand, it is assumed that the field and the power are concentrated 
only in the circuit elements, so that the imaginary part of Z in Eq. (8.209) is simply 
called reactance and marked as X (X = Xj) in the circuit-theory model of the load in 
Fig. S215: 


Sell e-wame Complex Poynting Vector from Magnetic Potential 


The high-frequency complex magnetic vector potential in a region in the form of a cube of 
edge length a is given by A = Ao(x? & + jy” Z)/a”, where Ag is a real constant and the region 
(cube) is defined as 0 < x, y, z < a. The medium is air, the angular frequency is w, and there 
are no impressed sources in the region. Compute (a) the complex Poynting vector in this 
region and (b) the complex power flow into the region. 


Solution 


(a) Using Eqs. (8.194), (8.118), and (8.119), the complex Poynting vector can be expressed 
in terms of A as 
»__ je I * 
P =ExH* =-—/A+—V(V-A)| x (Vv xA"). 
Ho B 


The expressions for divergence, gradient, and curl in Cartesian coordinates, Eqs. (1.167), 
(1.102), and (4.81), then yield 


jo [ Ao moat 2A0 2jAoy » 2jwAry> . 
P= 28 E (x? & + iy?) Tao? i x (es =. y. 


(8.212) 


5 a (8.213) 

lg La a Loa 

(b) The complex power flow into the region equals the inward net flux of P through the 
boundary surface of the region. This net flux reduces to the flux through the cube side 
defined by y =a only (BP is zero for y = 0 and is tangential to the remaining four cube 
sides), so that the inward power flow is 


: 2 
(an) oe 
15 Ho 
We note that S;, is purely imaginary, which means that the power inside the region 
is entirely reactive. This can also be concluded from the Poynting’s theorem in com- 
plex form, Eq. (8.196), since there are no losses (air) nor impressed sources in the 
region. 


Qe 2 (8.214) 


Problems: 8.34-8.41; Conceptual Questions (on Companion Website): 8.33-8.35; 
MATLAB Exercises (on Companion Website). 


Problems 


8.1. Displacement current in a capacitor with two conduction current intensity in the capacitor 


diclectric layers. A parallel-plate capacitor of 
plate area S is connccted to a time-harmonic 
generator operating at a low frequency f. The 
capacitor is filled with a two-layer perfect 
dielectric. The thickness of the first layer is dy 
and its permittivity ¢;, whilc these paramcters 
are dz and €2 for the sccond layer, as in 
Fig. 2.25(a). The amplitude (peak-value) of the 


8.2. 


terminals is /y. Neglecting the fringing effects, 
find (a) the amplitude of the displacement cur- — 
rent density vcctor in each of the dielectric 
layers, (b) the amplitude of the electric field 
intensity vector in each of the layers, and (c) the 
amplitude of the voltage across the capacitor. 


Magnetic field due to the displacement current. 
If the plates of the capacitor from the previous | 


BJ 


8.4. 


8.5. 


8.6. 


8.7. 


8.8. 


8.9. 


problem are circular, a in radius, and so is the 
cross section of each of the two dielectric lay- 
ers, and the voltage between the plates is given 
by v(t) = Vo sin wt, compute the magnetic field 
intensity vector at an arbitrary point in the 
dielectric. In particular, what is the magnetic 
field at the dielectric-air interface? 


Displacement current in an ideal spherical 
capacitor. A spherical capacitor with inner 
electrode radius a and inner radius of the 
outer electrode b (b >a), filled with a per- 
fect, homogeneous dielectric of permittivity ¢«, 
is connected to a low-frequency time-harmonic 
voltage v(t) = Vo cos wt. Find the displacement 
current density vector at an arbitrary point in 
the dielectric. 


Displacement current in a nonideal spherical 
capacitor. Repeat the previous problem but for 
an imperfect dielectric, with parameters ¢ and 
o, filling the capacitor. Also compute the total 
current density vector in the dielectric, and the 
conduction current intensity in the capacitor 
terminals. 


Displacement current in a coaxial cable. A 
coaxial cable with conductor radii a and b (a < 
b) and dielectric permittivity e is connected to 
a slowly time-varying voltage v(t). Find the dis- 
placement and total current density vectors at 
an arbitrary point in the cable dielectric if it is 
(a) perfect and (b) lossy, with conductivity o, 
respectively. Cable conductors are perfect. 


Conduction to displacement current ratio for 
water. Repeat Example 8.3 but for samples of 
(a) fresh water with e, = 80 ando = 10-3 S/m 
and (b) seawater with e, = 80 and o = 4 S/m, 
respectively. 


Divergence Maxwell’s equations from curl 
equations. Starting from the two curl Maxwell’s 
equations for the rapidly time-varying elec- 
tromagnetic field and the continuity equation, 
derive the two divergence Maxwell’s equations. 


Flux Maxwell’s equations from circulation 
equations. Repeat the previous problem but for 
the integral form of equations, namely, obtain 
the two flux general Maxwell’s equations 
combining the two circulation equations and 
the continuity equation. 


Magnetic from electric field of an antenna 
using Maxwell’s equations. The electric field 


8.10. 


8.11. 


8.12. 


8.13. 
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Problems 


intensity vector radiated by an antenna 
placed at the coordinate origin of a spheri- 
cal coordinate system is given, far away from 
the antenna, by E(r,6,t) = Epsin@ cos(wt — 
Br) 6/r, where Ep is a constant and B= 
w./€oj40- Using Maxwell’s equations in differ- 
ential form, find the magnetic field intensity 
vector of the antenna, at the same far point. 


Charge accompanying volume current with 
pulse time dependence. A volume current flow- 
ing in a region has the density vector given by 
J(x, t) = Jox T(t) x, where Jo is a constant and 
II(d) is the unit rectangular pulse time function 
of duration fp, so II(t) =1 for 0 <t <% and 
Il@) =0 for t < 0 and t > fo. Determine the 
associated volume charge density in this region. 


Transferring time-harmonic field vectors to 
complex domain. Determine the complex rms 
equivalents of the following time-harmonic 
electric and magnetic field vectors: (a) E = 
10e~°-* cos(3 x 10! r— 250x + 30°) ¥ V/m, 
(b) H = [cos(10°s — z) & + sin(108s — z) §] A/m, 
and (c) E = —0.5sin0.01ysin(3 x 10°) 2 V/m 
(tins; x, y,zinm). 

Converting complex vectors to instantaneous 
expressions. Obtain the instantaneous coun- 
terparts of the following complex rms field 
intensity vectors, assuming that the oper- 
ating angular frequency is w: (a) E=jE, 
sin Bz eJ* & + Ecos Bz e IPXG (Eo = Eo el), 
(b) H = jhHy sin(rx/a) eH? & + Hy cos(rx/a) 
e624 (Hy, = Hoe), and (c) E= bleh 
(2(1/GBr)? +. 1/GBr)*18 + [1/GBr) + 1/GBr)? + 
1/GBr)°] 8} (L = Tel”). 

Divergence-free equivalent electric displace- 
ment vector. Consider a high-frequency time- 
harmonic electromagnetic field of angular 
frequency w in an inhomogeneous lossy 
medium of parameters ¢, uw, and o, and a 
vector defined as ¢,E, where ¢, = ¢ —jo/w 
(this is the so-called equivalent complex per- 
mittivity of the medium, which will be intro- 
duced and discussed in the next chapter) and 
E is the complex electric field vector. (a) 
Using complex Maxwell’s equations in differ- 
ential form, show that e,.E (which may be 
termed the equivalent electric displacement 
vector) is a divergence-free vector, namely, 
that V - (¢,.E) = 0, at any point of the medium. 
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(b) From the corresponding integral Maxwell’s 
equations, also show that the flux of ¢.E 
through any closed surface is zero. 


Boundary condition for the equivalent dis- 
placement vector. Consider a boundary surface 
between two media, whose electromagnetic 
properties are described by ¢), 1, and oj for 
medium 1 and ¢), 442, and o2 for medium 2, and 
which, in general, is not free of surface charges 
(ps # 0). For a time-harmonic variation of elec- 
tromagnetic fields with angular frequency o, 
use the appropriate boundary conditions to 
show that the normal component of the vector 
&-E (€, = € —jo/w) is continuous across the 
boundary, that is, n- (€,,E,) — fi: (€.,E>) = 0, 
where €,, = &% — jox/ (k = 1, 2). 

Analysis of a nonideal capacitor in the complex 
domain. Redo Example 8.2 but in the complex 
domain, assuming that the angular frequency of 
the applied voltage v in Fig. 8.2 equals w = a/e. 


Antenna magnetic field from electric — in the 
complex domain. Redo Problem 8.9 but in 
the complex domain: (a) find the complex 
representative of the antenna instantaneous 
electric field E(r,6,t), and (b) use complex 
Maxwell’s equations in differential form to 
obtain the complex magnetic field vector (H) 
of the antenna. 


Wave equations for Lorenz potentials in com- 
plex form. (a) Transfer wave equations for 
Lorenz potentials, Eqs. (8.92) and (8.93), to 
the complex domain. (b) Derive complex wave 
equations in (a) from complex Maxwell’s equa- 
tions in differential form, paralleling the time- 
domain derivation in Eqs. (8.89)-(8.93). 


- One-dimensional source-free wave equation 


in complex form. Write the complex-domain 
equivalent of the one-dimensional wave equa- 
tion (for U) in Eq. (8.97). Show that U = 
eR with B (phase coefficient) given in 
Eq. (8.111), is a solution of this equation. Why 
is then V = e~/4®7R a solution of the three- 
dimensional wave equation in complex form 
for the electric potential (from the previous 
problem)? 

Gradient of the source-to-field distance. 
Obtain the gradient of the source-to-field dis- 
tance (R) in Fig. 8.7 using Eq. (8.124) and the 
formula for gradient in Cartesian coordinates, 


8.20. 


8.21. 


8.22. 


and verify that the result matches that in 
Eq. (8.122). 

High-frequency current in a semicircular wire 
conductor. A wire conductor in the form of a 
semicircle of radius a, representing a part of 
a more complex wire contour, carries a time- 
harmonic current of a high frequency, f, and 
complex rms intensity /(@) = Jo cos@, where 
Io is a constant and 0 < @ <z, as shown in 
Fig. 8.16, and the surrounding medium is air. 
Find (a) the complex rms line charge den- 
sity accompanying J(@), as well as the complex 
expressions for (b) the electric scalar potential, 
(c) the magnetic vector potential, (d) the elec- 
tric field intensity vector, and (e) the magnetic 
field intensity vector at an arbitrary point along 
the z-axis due to the current and charge of the 
semicircular wire. (f) Write down the instanta- 
neous (time-domain) expressions of the results 
from (c) and (d). 


Figure 8.16 
Semicircular wire 
conductor with a 
high-frequency 
current whose 
intensity varies along 
the wire; for 
Problem 8.20. 


High-frequency line current along 3/4 of a 
circle. Repeat the previous problem but for 
a wire conductor along three quarters of the 
circle, Fig. 8.17, and current intensity /(@) = 
Iosing (0 < @ < 37/2). 


Figure 8.17 
High-frequency 
current with a 
varying magnitude 
along three quarters 
of a circle; for 
Problem 8.21. 


Abrupt change of current intensity in a 
circular loop. A current of intensity i(t, @) = 
cos(3@/2)sin(10'°r) A (0<@ <2; ¢ in s) 


| 8.23. 


8.24. 


8.25. 


flows in the positive ¢ direction along a circular 
wire loop of radius a = 10 cm in free space. (a) 
Verify that this is a high-frequency current. (b) 
From the complex rms current intensity along 
the loop, /(¢), determine the charge distribu- 
tion of the wire, namely, the complex rms line 
charge density, Q’(¢), for 0 < ¢ < 27 and the 
point charge, Q,, at the point defined by ¢ = 0 
[apply the continuity equation in integral form 
to a small closed surface enclosing this point, 
as in Fig. 8.4(a), and identify the intensities of 
current entering the surface, at ¢ = 27, and 
leaving it, at ¢ = 07]. (c) Compute both elec- 
tromagnetic potentials at an arbitrary point (P) 
along the axis of the loop perpendicular to its 
plane (z-axis). (d) Show that the electric field 
intensity vector at the point P does not have a 
z-component. 


High-frequency circular surface current over a 
hollow plate. Assume that the high-frequency 
time-harmonic surface current in Fig. 8.5 is 
given by J;(r, t) = JsoV2(a/r) cos ot b (a<r< 
b), where Jgg is a constant. Using the result for 
the magnetic field due to a loop with a current 
of constant magnitude in Eq. (8.135), along 
with Eq. (1.62) to change variables in integra- 
tion (see Fig. 1.14) and the expression for the 
derivative in R of e~!®/R in Eq. (8.121) to 
carry out the integration (instead of differen- 
tiation), find the magnetic flux density vector 
along the z-axis (in Fig. 8.5). 

Uniform high-frequency plate current. A high- 
frequency time-harmonic surface current flows 
uniformly over a circular plate of radius a in 
free space. The complex rms density of the cur- 
rent is J,, the same at every point of the plate, 
and its angular frequency is w. (a) Determine 
the magnetic vector potential at an arbitrary 
point along the plate axis normal to its plane. 
(b) Starting with Eq. (8.128) and performing a 
similar integration procedure as in the previous 
problem, compute the magnetic flux density 
vector at the same point. (c) Obtain the result 
in (b) from that in (a), using Eq. (8.119). 
High-frequency surface currents over a sphere, 
6-directed. Consider the distribution of high- 
frequency time-harmonic surface currents over 
the surface of a sphere of radius a in free 
space given by the following expression for 
the instantaneous current density vector in the 
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spherical coordinate system with origin at 
the sphere center: J,(0, t) = Js97V2sin@ sin ot 6 
(0 <6 <7), where J, is a constant. Carrying 
out a similar surface integration procedure as 
that in Egs. (2.32) and (8.153), find the mag- 
netic vector potential at the sphere center. 


High-frequency surface currents over a sphere, 
¢-directed. If the current distribution over the 
sphere from the previous problem is given by 
Js(t) = JeoV2 cos wt b, calculate (a) the mag- 
netic vector potential and (b) the magnetic flux 
density vector at the sphere center. 


High-frequency volume current in a hollow 
hemisphere. A high-frequency time-harmonic 
current is uniformly distributed throughout 
the volume of a hollow hemisphere of inner 
and outer radii a and b (b>a), respec- 
tively, as shown in Fig. 8.18. The complex 
rms current density vector, given by J = JZ, is 
perpendicular to the flat surface of the hemi- 
sphere. The angular frequency of the current is 
w, and the medium parameters are ¢9 and po 
everywhere. Under these circumstances, find 
(a) the distribution of volume and surface 
charges of the hemisphere and (b) the electric 
scalar potential at its center (point O). 


Zt AS 


Poynting’s theorem for a leaky coaxial cable. 
Consider the coaxial cable with perfect con- 
ductors and a continuously inhomogeneous 
imperfect dielectric described in Problem 3.18, 
and assume that it is driven at one end by 
an ideal voltage generator of time-constant 
emf € and terminated at the other end in a 
load of resistance Ry. The permeability of the 
dielectric is 49 and the length of the cable 
is /. Under these circumstances, find the flux 
of the Poynting vector through an arbitrary 
cross section of the cable — in the following 
four ways, respectively: (a) integrating P, as in 
Eq. (8.172), (b) applying Poynting’s theorem to 
a closed surface S enclosing the load as shown 
in Fig. 8.12(a), (c) applying the theorem to a 
closed surface S’ enclosing the generator, also 


Figure 8.18 Hollow 
hemisphere with a uniformly 
distributed high-frequency 
time-harmonic volume 
current; for Problem 8.27. 
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shown in Fig. 8.12(a), and finally (d) to a closed 
surface S” enclosing a compensating ideal cur- 


rent generator of current intensity J, = /(z), as 
in Fig. 8.12(b). 


Poynting’s theorem for another coaxial cable. 
Repeat the previous problem but for the coax- 
ial cable with two coaxial homogeneous layers 
of imperfect dielectric shown in Fig. 3.34 and 
described in Problem 3.17. 


Poynting’s theorem for a leaky planar trans- 
mission line. Repeat Problem 8.28 but for the 
leaky planar transmission line with a two-layer 
dielectric (of permeability 49) from Fig. 3.24 
and Example 3.14. Assume that w > d; + d2, 
so that fringing effects can be neglected, and 
compute the magnetic field between the metal- 
lic strips as suggested in Problem 7.7. 


Poynting’s theorem for a grounding electrode. 
Find the flux of the Poynting vector through 
the surface of the continuously inhomoge- 
neous earth around the hemispherical ground- 
ing electrode shown in Fig. 3.38 and described 
in Problem 3.23, in the following two ways: (a) 
integrating P, as in Eq. (8.181), and (b) apply- 
ing Poynting’s theorem to the closed surface $ 
in Fig. 8.13, respectively. 


Flux of the Poynting vector for a deeply 
buried electrode. For the spherical grounding 
electrode in a homogeneous earth shown in 
Fig. 3.29(a) and described in Example 3.18, 
compute the flux of the Poynting vector 
through the surface of the earth. 


Poynting vector due to slowly time-varying 
line currents. Consider (a) the square wire 
contour carrying an EMI pulse current from 
Example 6.2 and Problem 6.3 and (b) the con- 
tour composed of semicircular and linear parts 
with a low-frequency time-harmonic current 
from Example 6.4 and Problem 6.5, and find 
the Poynting vector at the point M in Fig. 6.2(a) 
and point O in Fig. 6.4, respectively, neglect- 
ing the electric field due to excess charge in the 
contours. 


Deriving complex Poynting’s theorem. Derive 
Poynting’s theorem in complex form, 
Eq. (8.196), in the way suggested in the text 
preceding this equation. 


8.35. 


8.36. 


8.37. 


8.38. 


8.39. 


Poynting vector in a lossless planar line in an 
ac regime. Consider an air-filled lossless pla- 
nar transmission line, with the width of both 
conducting strips being w, and the separation 
between them d. The line is driven, at one end, 
by a low-frequency time-harmonic generator, 
and is terminated at the other end in a complex 
impedance load. The complex rms voltage and 
current of the line are V and J, respectively, in 
every cross section. Assuming that w > d, and 
thus neglecting the fringing effects, determine 
the complex Poynting vector between the strips 
of the line, and its flux through the line cross 
section. 


Poynting vector of an electromagnetic wave 
in a coaxial cable. An electromagnetic wave 
propagates along a lossless coaxial cable with 
conductor radii a and b (a <b) and homo- 
geneous dielectric of parameters e and yw. In 
the cylindrical coordinate system whose z-axis 
coincides with the axis of the cable, the electric 
field intensity vector of the wave in the cable 
dielectric is given by E(r, z, t) = Eg cos(wt — 
Bz)ft/r, with Ep being a constant and p= 
w/e. Under these circumstances, find: (a) the 
magnetic field intensity vector in the dielec- 
tric, (b) the complex Poynting vector in the 
dielectric, (c) the complex power flow along 
the cable (through the dielectric), and (d) the 
time-average power flow of the cable. 


Poynting’s theorem for a parallel RLC circuit. 
Repeat Example 8.19 but for a simple parallel 
RLC or GLC circuit driven by an ideal current 
generator of slowly time-varying current inten- 
sity ig(f). Write equivalents of all equations in 
the analysis and discussion in both the time and 
the complex domains, Eqs. (8.201)—(8.207), for 
this circuit. 


Poynting vector in a nonideal capacitor m an ac 
regime. For the nonideal capacitor with slowly. 
time-varying displacement and conduction cur- ~ 
rents in the dielectric from Example 8.2 and 
Problem 8.15, find both the instantaneous and 
complex Poynting vectors at an arbitrary point 
of the dielectric (take w = o/e). Show that the 
two vectors are related as in Eq. (8.195). 


Poynting’s theorem in complex form for a non- 
ideal capacitor. Consider the capacitor from 


8.40. 


the previous problem, and assume that its 
dielectric is low-loss (and nonmagnetic) so that 
ugo2a” < ©. Then apply Poynting’s theorem in 
complex form, Eq. (8.196), to a closed cylindri- 
cal surface coinciding with the surface of the 
dielectric (in Fig. 8.2). Compute all individual 
terms in the power-balance equation, and show 
that the theorem holds true. 


Poynting vector due to a high-frequency line 
current. For the loop with a high-frequency 


8.41. 


Problems 407 


cosine current distribution along the wire 
described in Example 8.13, calculate the instan- 
taneous and complex Poynting vectors at the 
point P (along the z-axis) in Fig. 8.10(a), 
and show that they satisfy the relationship in 
Eq. (8.195). 

Poynting vector due to antenna radiation. 
Repeat the previous problem but for the 
antenna field at a far point from Problems 8.9 
and 8.16. 


Uniform Plane 


Electromagnetic Waves 


radio waves microwaves 


Introduction: 


lectromagnetic waves, i.e., traveling electric 

/and magnetic fields, are the most important 
consequence of general Maxwell’s equations, dis- 
cussed in the preceding chapter. In Section 8.3, 
we studied qualitatively the propagation of electro- 
magnetic waves as a process of successive mutual 
induction of electric and magnetic fields in space 
and time based on the first two integral Maxwell’s 
equations for the rapidly time-varying electromag- 
netic field. We now proceed with a formal (quantita- 
tive) analysis of electromagnetic wave propagation 
starting with general Maxwell’s equations in dif- 
ferential form. Our goal here is not to investigate 
how the electromagnetic radiation is originated 
(undoubtedly by rapidly time-varying currents and 
charges in a source region, such as the one in 
Fig. 8.7, which is simply a transmitting antenna), 
but to describe the properties of waves as they 
propagate away from their sources. In this chapter, 
we study propagation of electromagnetic waves in 
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unbounded media; analysis of wave interaction with 
interfaces between material regions with different 
electromagnetic properties, namely, wave reflection 
and transmission at such interfaces, follows in the 
next chapter. 

We shall first derive three-dimensional wave 
equations for the electric and magnetic field inten- 
sity vectors, as a starting point for the characteri- 
zation of electromagnetic waves in free space and 
in material media. Uniform-plane-wave approxi- 
mation of nonuniform spherical waves will then be 
introduced, as a means for much simpler analysis 
of waves radiated by remote sources (antennas). 
We shall next perform detailed discussions of uni- 
form plane electromagnetic waves in lossless media, 
based on computations in both time and com- 
plex domains. A general theory of time-harmonic 
waves in media that exhibit ohmic losses, derived 
from the concept of equivalent complex permit- 
tivity, will be followed by several special cases of 


wave interaction with electromagnetic materials. 
These include investigations of wave propagation 
in good dielectrics, good conductors, and ionized 
gases (plasmas). We shall also discuss frequency 
behavior of electromagnetic materials and associ- 
ated wave propagation effects, as well as dispersion 
(signal distortion due to a frequency-dependent 
wave velocity in the medium). Finally, polariza- 
tion of time-harmonic electromagnetic waves will 
be studied, based on the analysis of the curve traced 
in the course of time by the tip of the electric field 
intensity vector of the wave. 
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Theory of uniform plane electromagnetic 
waves has direct application in radio communi- 
cation systems, wireless propagation, radar engi- 
neering, optics, etc. However, the theoretical and 
practical importance and usefulness of the topics to 
be covered in this chapter are beyond the model 
of uniform plane waves and their interaction with 
various electromagnetic media, as this material is 
crucial for understanding all other wave topics that 
will follow in later chapters, including guided elec- 
tromagnetic waves (e.g., in a coaxial cable) and 
electromagnetic radiation (antennas). 


} 9.1 WAVE EQUATIONS 


We consider an electromagnetic wave whose electric and magnetic field intensity 
) vectors are E and H, respectively, in an unbounded region filled with a linear, 
} homogeneous, and lossless (o = 0) material of permittivity « and permeability wp. 
, The region is assumed to be completely free of sources, whether that be impressed 
generators (E; = 0 and J; = 0) or induced currents and charges (J = 0 and p = 0). 
For such a source-free region, general Maxwell’s equations in differential form, 
Eqs. (8.24), can be written as (note that J = 0 also follows from o = 0) 


(9.1) 


(72) 
source-free Maxwell's 
equations in time domain 


(253) 
(9.4) 


| These are first-order partial differential equations with spatial coordinates and time 
| as independent variables and E and H as unknowns (unknown functions, to be 
| determined, of space and time). They can be combined to give second-order partial 
| differential equations in terms of E or H alone. Namely, taking the curl of Eq. (9.1) 
| and substituting V x H on the right-hand side of thus obtained equation by the 
| expression on the right-hand side of Eq. (9.2), along with transformations similar to 
those in Eq. (8.90), yield 


E 
Vx(VxE)=V(V-E)-V-E= uy (9.5) 
The divergence of E is zero [Eq. (9.3)}], and hence 
E 
TS rer ==) (9.6) wave equation for E 


In an entirely analogous fashion, starting with the curl of Eq. (9.2), we can obtain a 
second-order partial differential equation in H: 


| 5 
0-H 
2 
WH — su =0. 


; (9.7) 


wave equation for H 
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Helmholtz equation for E 


Helmholtz equation for H 


Eqs. (9.6) and (9.7) are three-dimensional source-free wave equations for the elec- 
tric and magnetic field intensity vectors, respectively. Note that these equations, 
which are commonly referred to simply as wave equations, have the same form 
as the source-free version (with J = 0) of Eq. (8.93). They have natural solutions in 
the form of traveling waves in lossless homogeneous material media (of parameters 
€ and 2) with no sources. The velocity of the waves is given in Eq. (8.97). 

The advantage of using wave equations in the analysis of wave propagation is 
in that each of them is an equation with one unknown (E or H), whereas Maxwell’s 
equations represent a system of simultaneous equations with two unknowns (FE and 
H). However, Egs. (9.6) and (9.7) are not independent from each other, because 
they are both obtained from the same two curl Maxwell’s equations, Eqs. (9.1) and 
(9.2). Therefore, the system of two wave equations is not sufficient for obtaining 
both E and H. In other words, while Eqs. (9.6) and (9.7) are a consequence of 
Eqs. (9.1)-(9.4), so that any solution to the full set of Maxwell’s equations automati- 
cally satisfies both wave equations, an equivalent reasoning in the opposite direction 
is not valid [since Eqs. (9.1)-(9.4) cannot be obtained from Egs. (9.6) and (9.7)]. 
Consequently, a possible approach to solving wave propagation problems makes use 
of one of the two wave equations and two (one curl and one divergence) of the four 
Maxwell’s differential equations. In specific, we can find from Eq. (9.6) a solution 
for E that satisfies Eq. (9.3), and then solve Eq. (9.1) for H (by “back substitution”). 
An analogous solution procedure starting with Eq. (9.7) is, of course, also possible. 

In the case of time-harmonic electromagnetic fields (waves) of angular fre- 
quency w, Eqs. (9.6) and (9.7) can be converted into their complex equivalents 
[or, alternatively, derived from Maxwell’s differential equations in the complex 
domain, Eqs. (8.81)]. We recall that taking the time derivative of an instanta- 
neous quantity is equivalent to multiplying its complex representative by jw [see 
Eq. (8.68)], so that the second time derivatives in Eqs. (9.6) and (9.7) ought to be 
replaced by jw x jw = —w in the complex domain, which results in 


V7E + B°E =0, (9.8) 


V7H + 67H = 0, (9.9) 


where f is the phase coefficient (wavenumber) given in Eq. (8.111). Wave equa- 
tions in complex form are known as the Helmholtz equations. Eqs. (9.8) and (9.9) 
are also mutually dependent, and the same comments given above with regards to 
the possible solution procedures in the time domain using the corresponding wave 
and Maxwell’s equations together apply also in complex-domain analysis of wave 
propagation based on Helmholtz equations. 

The solutions of wave (or Helmholtz) equations describe the characteristics 
of electromagnetic waves as dictated by Maxwell’s equations, and Eqs. (9.6)-(9.9) 
thus represent a starting point in many branches of theoretical, computational, and 
applied electromagnetics concerned with wave propagation. In addition, second- 
order partial differential equations of similar types occur in many other disci- 
plines of science and engineering, making a wave equation (in different forms 
and notations) one of the mathematical concepts with the most important and 
comprehensive implications in the modeling of physical processes. 


Settee Scalar Helmholtz Equations for Cartesian Field Components 


For an electromagnetic wave whose electric and magnetic complex ficld vectors, E and H, 
are expressed as functions of Cartesian coordinates and lossless propagation medium, show — 


| 
| 


Section 9.2 Uniform-Plane-Wave Approximation 


that each of the two vector Helmholtz equations reduces to three scalar partial differential 
equations with individual Cartesian components of E or H as unknowns. 


Solution Since, in general, the Cartesian components of the Laplacian (V*) of a vec- 
tor (E or H in this case) equal the Laplacian of the corresponding vector components 
(scalars), Eq. (4.127), the vector Helmholtz equation for the electric field, Eq. (9.8), can be 
written as 


VEX + VE, I+ VE, 2+ f (E,X+E,9 +E,2) =0 
— WE,+f'E,=0, VE, +f6°E,=0, and V’E,+f’E,=0, (9.10) 


i.e., it decouples onto three scalar Helmholtz equations, for E,, E,, and E,, respectively 
[also see Eqs. (8.93) and (8.94), for a similar decomposition]. The H-field vector Helmholtz 
equation, in Eq. (9.9), is decoupled onto scalar equations in an analogous manner. 


Problems: 9.1; Conceptual Questions (on Companion Website): 9.1-9.3. 


9.2 UNIFORM-PLANE-WAVE APPROXIMATION 


Consider an arbitrary distribution of rapidly time-varying sources (currents and 
charges) in an unbounded linear, homogeneous, and lossless medium (Fig. 8.7). Far 
away from the source domain v, the elementary spherical electromagnetic waves 
originated by the elementary sources p dv and Jdv over v form a unified global 
spherical wavefront! with respect to the center of v, as illustrated in Fig. 9.1(a). In 
other words, the superposition of elementary waves due to a faraway distribution 
of sources can be replaced by an equivalent spherical wave emanating from a single 
point source (note that this discussion is not restricted to volume sources, shown 
in Fig. 8.7, but applies also to surface and line source distributions). To a distant 
observer (e.g., at the receiving end of a wireless link), the wavefront of a spherical 
wave appears to be approximately planar, as if it were a part of a plane (or pla- 
nar) wave — the wave whose wavefront is a plane (sphere with infinite radius). In 
addition, the electromagnetic energy (transmitted signal) is actually received at the 


\. receiving | 
\ \ aperture | 


(b) space. 


'The wavefront of a wave, in general, is the geometrical locus of points in space reached by the wave in 
all directions at a given time. 


Figure 9.1 (a) A unified global 
\ spherical wavefront formed 
& \ \ from many elementary 
} IG ~~ spherical waves due to a 
y | faraway distribution of sources 
/ and (b) an approximation, over 
a receiving aperture, of the 
radiated global spherical wave 
by a uniform plane wave 
propagating through the entire 
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receiving end only over a finite surface area representing a small portion of the 
entire spherical wavefront, called a receiving aperture, as indicated in Fig. 9.1(b). 
Therefore, although the global spherical wave is generally nonuniform (fields at the 
same distance from the center of v are stronger in some directions than in oth- 
ers), its part over a receiving aperture can be considered to be uniform (fields are 
the same at every point). Overall, the nonuniform spherical global electromagnetic 
wave produced (radiated) by the sources in Fig. 8.7, if considered only over a receiv- 
ing aperture far away from the sources, can be treated as if it were a part of a 
uniform plane wave. Such a wave has planar wavefronts and uniform (constant) 
distributions of fields over every plane perpendicular to the direction of wave prop- 
agation. Most importantly, we can completely remove the spherical wave from the 
analysis and assume that a uniform plane wave illuminating the aperture exists in 
the entire space [Fig. 9.1(b)]. 

The uniform-plane-wave approximation of nonuniform spherical waves enables 
considerably simpler analysis of waves radiated by remote rapidly time-varying 
sources. Once this model is established, we then deal with uniform plane waves only, 
and study their propagation not only in unbounded media with and without losses 
(this chapter) but also in the presence of planar interfaces between material regions 
with different electromagnetic properties (next chapter). However, the importance 
and usefulness of the concept of uniform plane waves is beyond the approxima- 
tion of spherical waves in Fig. 9.1. For instance, it can be shown that an arbitrary, 
nonuniform and/or nonplanar (not necessarily spherical), wave may be expressed as 
a superposition of uniform-plane-wave components, and some analysis techniques 
use such wave decomposition to reduce complex wave propagation and interaction 
problems to essentially the analysis of uniform plane waves. 


9.3 TIME-DOMAIN ANALYSIS OF UNIFORM PLANE WAVES 


We start with an arbitrary time dependence of uniform plane electromagnetic waves 
propagating in unbounded media without losses and perform time-domain analysis 
of such waves based on wave equations. Complex-domain analysis of time-harmonic 
uniform plane waves will be introduced in the next section. 

A plane wave can be described using rectangular (Cartesian) coordinates. If 
the coordinate axes are oriented such that the direction of wave propagation is 
along the z-axis, then the electric field intensity vector of the wave at any instant 
of time is constant in every plane perpendicular to the z-axis (uniform wave), i.e., E 
depends only on z and time. Furthermore, E cannot have a z-component (E£; = 0), 
because Eq. (9.3) must be satisfied (source-free region). Namely, as 0E,/dx = 0 and 
dE, /dy = 0 (since E does not depend on x and y), Eq. (9.3) reduces to dEz/dz = 0 
[see Eq. (1.167)], which in turn implies that EF, = 0 [the possibility of a constant 
solution (with respect to z) for Ez is not of interest, because the electric field 
intensity must change along the direction of the wave propagation (see Fig. 8.3)]. 
Consequently, E lies entirely in a plane perpendicular to the z-axis, and we can 
position the othcr two axes of the Cartesian coordinate system such that E be 
directed along any one of them. For instance, if we choose the x-axis to represent 
the direction of E, as shown in Fig. 9.2, and eliminate the coordinates on which the 
field is not dependent, we are left with 


E=£,@.) (9.119 


| 
| 
| 
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With this, Eq. (9.6) simplifies to [see Eqs. (4.126) and (9.10), and note that 
a7E,,/ax* = 0 and 87E;/ay* = 0] 


(9.12) 


This is a one-dimensional (1-D) scalar wave equation of the same form as Eq. (8.97), 
so that its solution must have the same form as that in Eq. (8.98): 


Zz 
Ex =f ( =) (9.13) 
where f(-) is an arbitrary twice-differentiable function. 

To find the solution for the magnetic field intensity vector of the wave, we 
invoke Eq. (9.1) and note that curl E on the left-hand side of the equation becomes 
dE,/dzy [see Eqs. (9.11) and (4.81)]. This means that H (on the right-hand side of 
the equation) must be in the following form: 


H= A(z, 09, (9.14) 
as indicated in Fig. 9.2, with which Eq. (9.1) becomes 
OEy aH, 
=-u-——. 2 Fea hes 
az Ot le 
From Egg. (8.99), df/dz = —(1/c)df/dt, so that 
i, 
Ce ee 8 (9.16) 
ot oz pc dot 
and finally 
(9.17) 


Having the solutions for both E and H in Fig. 9.2, we now summarize the basic 


_ properties of uniform plane electromagnetic waves in general, regardless of any par- 


ticular coordinate system. Based on Eqs. (9.11), (9.13), (9.14), and (9.17), a uniform 


| plane wave consists of electric and magnetic fields that are uniform in planes per- 


pendicular to the direction of wave propagation (uniform wave), belong to these 


| planes (plane wave), and are perpendicular to each other and to the direction of 
, propagation. Such a wave also belongs to a class of so-called TEM (transverse 
| electromagnetic) waves, since both E and H are transverse to the direction of prop- 
| agation (planes z = const are called transversal planes of the wave). We see that the 
| variations in space and time of the electric and magnetic fields of the wave in Fig. 9.2 


are identical, that is, both field intensities are proportional to the same function (f) 


, of z and ¢. This means that both E and H propagate in unison along z, having their 


maxima and minima at the same points of space and at the same instants of time. 


| The orientation of the field vectors is such that their cross product, E x H, is in 


the positive z direction in Fig. 9.2 (x x y = 2), that is, in the direction of the wave 
propagation. 

That the electric and magnetic fields described by Eqs. (9.13) and (9.17) move 
with the velocity c in the positive z direction is evident from the analogy with 
Eq. (8.101) and Fig. 8.8. This velocity is given by 


(9.18) 
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1-D wave equation for E 


E-field of a uniform plane 
wave 


H.-field of a uniform plane 
wave 


Figure 9.2 Electric field 
intensity vector (E), 
magnetic field intensity 
vector (H), propagation 
unit vector (mn), and 
Poynting vector (P) of a 
uniform plane 
electromagnetic wave 
propagating in an 
unbounded medium. 


velocity of uniform plane 
electromagnetic waves (unit: 


m/s) 
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velocity of electromagnetic 
waves in free space 


proportionality of E and H of 
a plane wave 


intrinsic impedance of a 
medium (unit: Q) 


vector relations between E 
and H of a TEM wave 


intrinsic impedance of free 
space 


instantaneous electric and 
magnetic energy densities of 
a plane wave 


i.e., it is determined solely by the properties (¢ and yz) of the medium. For a vacuum 
or air (free space), Eqs. (1.2) and (4.3) give 


le 8 
co an 3 x 10° m/s. (9.19) 
This constant, first calculated by Maxwell, is commonly referred to as the speed 
of light.2 However, we see that light travels with this velocity only in free space 
and, more importantly, that this is the speed of not only (visible and invisible) light 
but electromagnetic waves in general, in free space. This very fact led Maxwell to 
suggest that visible light is nothing but an electromagnetic radiation. 
Eqs. (9.11), (9.13), (9.14), and (9.17) also tell us that the ratio of the electric 
and magnetic field intensities at any instant of time and any point of space equals a 
constant, which is denoted by n, 


W' (9.20) 


and evaluated from the medium parameters as 


= (9.21) 


E 
m 
This new quantity has the unit of impedance, Q [the units for E and H are V/m 
and A/m, respectively, and (V/m)/(A/m) = V/A = Q], and is called the intrinsic 
impedance of the medium (of parameters ¢ and 2). Using n, the following vector 
relations between the electric and magnetic field vectors of the wave can be written 
independently of any given coordinate system: 


: 
C =-nxE and E=7H xn, (9.22) 
Ui 


where nis the unit vector defining the direction of the wave propagation (in Fig. 9.2, 
h =z), which we refer to as the propagation unit vector. If the medium is air 
(vacuum), 


no = .[H2 = 1207 2 3772 (9.23) 
£0 


[eo = 1/(uocd) = 10-°/(367) F/m, so that uo/e9 = 1442? x 10? H/F]. 
Using Eqs. (2.199), (7.108), (9.20), and (9.21), the electric and magnetic energy 
densities of the wave are given, respectively, by 


| 


aes tf E\ eee 
We = 5B and wm = 5 HH? = 5n(=) = 56k. (9.24) 


It comes out that they are the same at all points and at all instants. In other words, 
the energy of the wave is equally distributed between the electric and magnetic 
fields. The total electromagnetic energy density of the wave is hence 


Wem = We + Wm = 2We = eB? = cEX(z, t) = ef? (1 =). (9.25) 


2A more accurate value of the specd of light in a vacuum, adopted (in 1983) as the “exact” constant, is 
Co = 299,792,458 m/s. Note that meter as a unit of length is defined relative to this value ~ as equaling 
the length of the path traveled by light in a vacuum during a time interval of 1/299,792,458 of a second. 


{ 
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The time-rate with which the electromagnetic energy flows through space car- 
ried by the wave is described by the associated Poynting vector. From Eq. (8.161), 
the Poynting vector of the wave is 


(9.26) 


E* 3 P 
P =Ex H= EHa= — f= na [= 7? (¢-=)a= Pena. 
n UL e 


Of course, the direction of P (Fig. 9.2) coincides with the direction of the wave prop- 
agation (m) and its instantaneous magnitude, P, equals the surface power density 
transported by the wave, i.e., the power per unit area of the wavefront (plane per- 
pendicular to n), at a given point of space and instant of time. Comparing Eqs. (9.26) 
and (9.25), we note that P is proportional to the electromagnetic energy density of 
the wave. The constant of proportionality is the wave velocity, c, which is evident 


from 
iS 


/ il 
P a an £ CWem ( ) 


Finally, let us write the field expressions for a uniform plane wave having an 
x-oriented electric field intensity vector, as in Eq. (9.11), but propagating in the neg- 
ative z direction, oppositely to the wave in Fig. 9.2. Noting that travel with velocity 
c in the negative (backward) z direction can be interpreted as travel with velocity 
—c in the positive (forward) z direction? and knowing that the orientation of the 
magnetic field intensity vector of the wave must be such that the Poynting vector is 
in the propagation direction (Mpackward = — Z), we have 


Ze if BY 
Epackward = f (« a =) x and backward = ma (« te =) y (9.28) 
[x x (—y) = —Z], which is also in agreement with Eqs. (9.22). 


Seu ewe 1-D Wave Equations from 1-D Maxwell’s Equations 


Starting from the one-dimensional curl Maxwell’s equations in scalar form specialized for a 
uniform plane electromagnetic wave with field components E,(z, t) and Hy(z, t) propagating 
in a lossless homogeneous medium of permittivity e and permeability , Fig. 9.2, derive the 
associated 1-D wave equations, with only E, and only Hy as unknowns, respectively. 


Solution The specialized 1-D Maxwell’s first equation in this case is that in Eq. (9.15), and 
the 1-D version of the general Maxwell’s second differential equation, Eq. (9.2), simplified 
for E and H in Egs. (9.11) and (9.14) using the formula for the curl in Cartesian coordinates, 


| Eq. (4.81), reads 


aHy _ = ORs 
az ot 


We now take the derivative with respect to z of both sides of Eq. (9.15), and combine the 
result with Eq. (9.29) as follows: 


o> gy a (dHy a (aHy 07 Ex 
= 05 (Gr) =a (Ge) ae i 


and this exactly is the 1-D wave equation for the electric field, Eq. (9.12). The H-field 1-D 
wave equation, which has the identical form, in terms of Hy alone, as Eq. (9.12), is obtained 


(2529) 


3 Alternatively, we can introduce a new axis, z’, in the direction of the backward wave travel, and (since 
z’ = —z) write f(t — z’/c) = f(t + z/c) for this wave. 


instantaneous Poynting 
vector of a plane wave 
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instantaneous field intensities 
of a time-harmonic uniform 
plane wave 


instantaneous phase of a 
uniform plane wave 


in a similar way — by taking the derivative with respect to z of Eq. (9.29) and substituting its 
right-hand side by the corresponding expression from Eq. (9.15). 


Problems: 9.2; Conceptual Questions (on Companion Website): 9.4-9.6; MATLAB 
Exercises (on Companion Website). 


9.4 TIME-HARMONIC UNIFORM PLANE WAVES AND 
COMPLEX-DOMAIN ANALYSIS 


In the case of harmonic (steady-state sinusoidal) time variations of uniform plane 
electromagnetic waves, the function f(t’) in Eqs. (9.13) and (9.17), where f =t— 
z/c, acquires the form given by Eq. (8.51), so that the expression for the electric 
field becomes 


Ex = Emm cos(eot’ + 6) = EpV2c0s [w (1 = =) + 60], (9.31) 
where Ey is the amplitude,* Eo the rms value (Ey = Em /V2), and 69 the initial (for 
t = 0) phase in the plane z = 0 of the electric field intensity of the wave, a is its 


angular frequency, and Hy = E,/n. Using the phase coefficient (wavenumber), B, 
defined in Eq. (8.111), we have 


r2) 


E 
ig EoV2cos(wt — Bz+%) and Hy= ay J/2 cos(wt — Bz +6): 
Uf} 


From Egs. (9.32), we see that 8 represents the rate with which the instantaneous 


phase of the wave, 
$(Z,t) = wt — Bz + %, (9733) 


changes (decreases) with z, and that is why it is called the phase coefficient [the 
decrease with z of the phase is a consequence of a time retardation (lagging) of 
the fields — see Eq. (8.110)]. The initial phase of the wave, 0(z) = —Bz +p, is 
constant for z = const, and therefore each transversal plane of a uniform plane 
time-harmonic wave is said to be an equiphase plane of the wave. This phase is 
the same for the electric and magnetic fields of the wave, i.e., E and H are in phase 
at every point of space. Note also that the field intensities are periodic in both time 
(t) and space (along z). The time period, 7, is given in Eq. (8.49). The space period 
is obtained from the relation Bz = 27, namely, it comes out to be the wavelength 
of the wave, 4, defined in Eq. (8.112). The wavelength equals the distance between 
two adjacent (closest) transversal planes in which the field intensities are in phase 
with respect to each other. Finally, from 6 = 27/A [Eq. (8.111)], we see that 6 can 
be interpreted as a measure of the number of wavelengths in a complete cycle of a 
cosine function, 27, and hence its other name, the wavenumber. The wave behav- 
ior in time and space is illustrated in Fig. 9.3. In Fig. 9.3(a), we observe that the 
same sinusoid in time appears at z = 0 (solid line) and then at z = A/4 (dashed 
line) delayed by At = Az/c = (A/4)/c = T/4. In Fig. 9.3(b), we notice that the curve 


4In the analysis of wave propagation, it is convenient to use symbols with a subscript “O” (zero), e.g., 
Ev, to denote rms wave quantities at z = 0 (or some other reference position). For this reason, the corre- 
sponding amplitudes (maximum values) of the wave quantities will regularly be denoted using a subscript 
“m" (e.g., Em) throughout the rest of this text. 


oe 
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t=0 t= Z 
Em 
min Pas ee er a rae Sage a 
\ J \ 
; c 
O \ Pe-—eP ‘ Z 
| : ee eed Figure 9.3 Behavior in time at 
3A JA SA\ 3A. two positions (a) and in space 
! 4! 4 ‘ OT. at two instants (b) of a 


/ time-harmonic uniform plane 
wave [E;(z, 2) is given in 
Eqs. (9.32), with Em = EyV2 
(b) (amplitude) and 6 = 0]. 


for t= T/4 (dashed line) is the same sinusoid in space as the one for ¢ = 0 (solid 
line), but displaced to the right by Az = cAt = c(T/4) = 4/4. In other words, any 
constant-phase point (e.g., the point P in the figure), for which wt — Bz = const, 
moves to the right with a velocity c, equal to w/f. Analytically, 
d/dt dz dz @o 
t—Ppz= t —fp—=0 —=-. 9.34 
wt —Bz=const —> w b= ee, 2B (9.34) 
This velocity, equal to dz/ dt, is hence also called the phase velocity of the wave and 
designated by vp. In the general case, 
Vp =-, (9.35) 
8 
with vp =c =1/,/eu for wave propagation in a lossless unbounded medium of 
permittivity e« and permeability 4. However, as we shall see in later sections and 
chapters, for waves in some other electromagnetic media and structures (e.g., lossy 
materials, plasmas, and metallic waveguides), the phase velocity is not constant, but 
depends on frequency. 
Applying the time-complex conversion in Eq. (8.66) to the expressions for the 
instantaneous field intensities in Eqs. (9.32), we obtain the following expressions for 
complex rms field intensities of a time-harmonic uniform plane wave: 


| Sime ' 
and Hy, = =9 -ifz, where Ey = Eye! (9.36) 
7 
(E, is the complex rms electric field intensity of the wave in the plane z = 0). 
Note that these same expressions could have alternatively been derived from 
Helmholtz equations, Eqs. (9.8) and (9.9), combining them with the source-free 


phase velocity (unit: m/s) 


complex rms field intensities 
of a uniform plane wave 
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1-D Helmholtz equations 


time-average electric and 
magnetic energy densities of 
a time-harmonic plane wave 


complex Poynting vector of a 
plane wave 


version of complex Maxwell’s equations in differential form, Eqs. (8.81), e.g., as 
in Eqs. (9.11)-(9.17) in the time domain. In specific, the assumption that the field 
vectors of a wave are of the form E = £,(z)x and H = H(z) y, as in Fig. 9.2 
(uniform-plane-wave approximation), leads to the following simplified form of 
Eqs. (9.8)—(9.10): 


(9.37) 


and it is now a very simple task to verify by direct substitution that the expressions 
in Eqs. (9.36) are solutions of these equations (to be done for the electric field in an 
example), as well as that the corresponding Maxwell’s equations are also satisfied. 
In addition, note that the phase propagation factor e~J#2 in Eqs. (9.36), indicating 
the travel of the corresponding fields along the z-axis with the velocity c = w/B (in 
the positive z direction), has the identical form as the factor e~4® present in the 
expressions for the complex Lorenz potentials in Eqs. (8.113), (8.114), (8.116), and 
(8.117). Note finally that a factor e/<, on the other hand, would indicate plane wave 
propagation in the negative z direction [see Eqs. (9.28)]. 

We know that, in general, time-average powers, energies, and power and energy 
densities for linear media and time-harmonic field variations can be obtained by 
means of the corresponding time-constant expressions if rms values of the quantities 
involved in the expressions are used [see Eq. (8.53)]. The time-average electric and 


(9.38) 


respectively, where Hg = Eo/n is the rms magnetic field intensity of the wave. 
Of course, (We)ave = (Wm)ave and the total time-average electromagnetic energy 
density of the wave is 


(Wem)ave = 2(We)ave = 2(Wm)ave = eE} = wHe. (9.39) 


Note that, although the instantaneous energy densities of the wave, obtained from 
Eqs. (9.24), (9.25), and (9.32), depend on the spatial coordinate z, their time 
averages are constants over the entire space. 

Finally, using Eq. (8.194), the complex Poynting vector of the wave is 


OE Ee 
P =Ex Ht =£,H*i= Eye — oPt5 = On (9.40) 
n n 


(n =z). We see that P comes out to be purely real, and thus it equals the time 
average of the instantaneous Poynting vector of the wave [see Eq. (8.195)]. Namely, 
Pave = (Ed /n)ia, which can also be obtained by taking the time average of P(z, t) 
expressed in terms of the instantaneous field intensities in Eqs. (9.32). We also note 
that, as in the corresponding energy density expressions, Pave is not a function of z. 

In the rest of this chapter and in the next one, we shall deal almost exclusively 
with time-harmonic uniform plane waves. The analysis will regularly be carried 
out in the complex (frequency) domain. However, while working with complex 
representatives of the field vectors and other time-harmonic quantities associated 
with the waves, we shall always have in mind (and sometimes write) the corre- 
sponding instantaneous (time-domain) expressions, in order to fully observe and 
understand the physical behavior and characteristics of time-harmonic waves in 
different situations and problems. 
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Senyeeee Verification of Solutions of Wave (Helmholtz) Equations -_ 


Verify (directly) that the expressions for the electric field intensity of a time-harmonic uni- 
form plane electromagnetic wave propagating in a lossless medium of parameters ¢ and yw in 
Egs. (9.32) and (9.36) are solutions of the corresponding wave (or Helmholtz) equations. 


Solution In the time domain, the second partial derivatives in z and t of the electric field 
intensity E,(z, t) given in Eqs. (9.32) come out to be 


2 2 
- ze = EoV2 = cos(wt — Bz +4) = —B*EpV2cos(wt —Bz+6) and 
Zi 4 
07 Ey a? 5 
an = Eov2 a7 cos(wt — Bz + 4) = —w Ev 2.cos(wt — Bz+ 6), (9.41) 


respectively. Since B* = ew’, from Eq. (8.111), the first result equals eu times the sec- 
ond, hence verifying that the wave equation for the electric field in Eq. (9.12) is indeed 
satisfied. 

In the complex domain, we similarly take the second derivative of E,(z) in Eqs. (9.36), 


= Ey qa 0 = (jf) Eye = —B Ey, (9.42) 


and what we obtain is simply the E-field equation in Eqs. (9.37), which proves that this 
expression for E,(z) is a solution of the respective governing Helmholtz equation. 

Of course, that the expressions for Hy(z, t) and H,(z) in Eqs. (9.32) and (9.36) also satisfy 
the respective wave (Helmholtz) equations can be shown in an analogous manner. 


Seiledeeeem Magnetic Field from Electric Field in Complex Domain 


Using Maxwell’s equations, obtain H), from the solution for E, in Eqs. (9.36). 


Solution We use Maxwell’s first equation, written as the complex-domain version of 
_ Eq. (9.15), or, equivalently, as the one-dimensional version (for uniform plane waves) of the 
first equation in Eggs. (8.81), and substitute in it the expression for E,, Eqs. (9.36), to obtain 


dE, is, we oe: ae g E 
Se TA H,="0 © ee? pie [ip = 9.43 
dz OS) wp dz : WU US i ( ) 


where f and » are the phase coefficient and intrinsic impedance of the propagation medium, 
given by Eqs. (8.111) and (9.21), respectively. Of course, this is the same result for H, as 
_ in Egs. (9.36). Note that Eq. (9.43) represents the complex equivalent of the manipulations 
performed in computing Hy, from E, in Eqs. (9.15)—(9.17) in the time domain. 


| Example 9.5 | yew Oscillation in Time of the Poynting Vector 


The electric and magnetic field vectors of a time-harmonic uniform traveling plane wave 
oscillate in time at an angular frequency w. At what angular frequency does the Poynting 
| vector of the wave oscillate? 


| Solution From Eggs. (9.26) and (9.32), the expression for the instantaneous Poynting vector 
of the wave in Fig. 9.2, if time-harmonic, can be written as 


ape € SAE? y 
P=E,Hyz= 2 cos“ (wt — Bz + 6)z= ms [1 + cos(2wt — 28z + 269)]z, (9.44) 


where the use is made of the trigonometric identity cos” w = (1 + cos 2w)/2. We see that P 
oscillates in time at twice the angular frequency of the field oscillation, so at 2m. Of course, 
| this oscillation is not time-harmonic, and its time average is not zero, but that in Eq. (9.40). 
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Figure 9.4 Electric and 
magnetic field intensity 
vectors and Poynting vector 
of a uniform plane 
time-harmonic wave 
traveling in the negative y 
direction; for Example 9.6. 


c — nonmagnetic medium 


#) — nonmagnetic medium 


We also note that the periodicity of the Poynting vector in Eq. (9.44) in space (along z), being 
determined by 28, is as well at twice the respective repetition rate for fields. 


Example 9.6 Computation of Various Parameters of a Plane Wave i 


The electric field of an electromagnetic wave propagating through a lossless nonmagnetic 
material is given by 


E = 10V2cos(10°r+ y)2 V/m (tins: yinm). (9.45) 


Find: (a) the direction of propagation, time period, wavelength, and phase velocity of the 
wave, the relative permittivity and intrinsic impedance of the material, (b) the instanta- 
neous magnetic field intensity vector, and complex electric and magnetic field vectors of 
the wave, and (c) the instantaneous and time-average electromagnetic energy densities and 
time-average Poynting vector of the wave. 


Solution 


(a) The wave propagates in the negative y direction, as shown in Fig. 9.4. Having in mind 
Eqs. (9.32), the angular frequency in Eq. (9.45) is » = 108 rad/s and the phase coefficient 
B =1rad/m, so that, using Eqs. (8.49) and (8.111), the time period and wavelength of 
the wave come out to be 


2 
fe = Ze ered 3 = 6.28 m, (9.46) 
(43) 


respectively. From Eq. (9.35), the phase velocity of the wave amounts to vp = c = w/B = 
10° m/s. As the propagation medium is nonmagnetic, Eq. (9.18) reduces to 


il 
C= -_——_—_ = 
VJ ErEQ HO 


with co standing for the speed of light in free space, Eq. (9.19), and hence the rela- 
tive permittivity of the medium (dielectric) e, = (co/c)* = 3” = 9. Similarly, employing 
Eqs. (9.21) and (9.23), the intrinsic impedance of the dielectric is given by 


Ho no 
= = = 120z Q), 9.48 
n=,/ eri a (no m 82) (9.46) 


that is, 7 = 79/3 = 40m Q = 125.7 Q. 

Eq. (9.20) tells us that the rms magnetic field intensity of the wave is Ho = Eo/n = 
0.08 A/m (Eo = 10 V/m), and we see in Fig. 9.4 that the vector H is oriented in the 
negative x direction — such that the cross product, E x H, is in the direction of the wave 
propagation. Therefore, the instantaneous value of H is 


g08 Bae = 8 
Tit (u = [ij aenco ale m/s), (9.47) 


(b 


— 


H = 0.08V2cos(10°s +y)(—x) A/m (tins; yinm). (9.49) 
On the other side, complex rms field intensity vectors of the wave, Eqs. (9.36), are 
E=10e”%V/m and H=0.08e” (—% A/m (yinm). (9.50) 


(c) Finally, combining Eqs. (9.25) and (9.45), the instantaneous electromagnetic energy 
density of the wave is equal to 
Wem = €r€E” = 16 cos*(10°¢ +y) nJ/m? (tins; yinm), (9.51) 
and, by means of Eqs. (9.39) and (9.40), its time average and the time-average Poynting 
vector (Fig. 9.4), respectively, are 
F2 
(Wem)ave = Ere0E, =8nJ/m* and Pave = a (—9) =0.8(-§) W/m’. (9.52) 


Note that Pave = C(Wem)ave, Which is the same proportionality as between the corre- 
sponding instantaneous quantities in Eq. (9.27). 
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| Example 9.7 Wa Finding Material Parameters from Wave Properties 


A uniform plane wave travels at a velocity c = 2 x 10® m/s through a lossless medium, and 
its fields are expressed as 


E = 754sin(10’t+ Bz)&mV/m and H = -—3sin(10/t+ Bz) ¥ mA/m, (255) 


where f is measured in s, and z in m. Under these circumstances, compute (a) the phase coef- 
ficient and wavelength of the wave, and intrinsic impedance of the medium, (b) the relative 
permittivity and permeability of the medium, and (c) the initial phase of the electric field 
intensity of the wave in the plane z = 0. 


Solution 


(a) We see in Eqs. (9.53) that the angular frequency of the wave is w = 10’ rad/s, and 
hence the phase coefficient, Eq. (8.111), of B = w/c = 0.05 rad/m and wavelength of 
hk = 27/6 = 125.66 m. From Eq. (9.20), on the other side, the intrinsic impedance of the 
propagation medium amounts to n = E/H = 251.33 Q. 


(b) Combining Eqs. (9.21) and (9.18), the product of 7 and c and their ratio turn out to be 
1 
nce=- and i i (9.54) 
€ c 


from which the relative permittivity and permeability of the medium are ¢, = 1/(nceo) = 
2.25 and uy = n/(co) = 1, respectively (note that these are parameters of a widely used 
dielectric polyethylene). 


(c) With the help of the trigonometric identity sina = cos(a — 7/2), we rewrite the expres- 
sion for the electric field of the wave in Eqs. (9.53) as E = 754cos(10/r+ pz— 
1 /2)x V/m, and, with reference to Eqs. (9.32), realize that the initial phase of the field 
for z = 0 equals 0) = —90°. © 


Seuleesee Induced Emf in a Large Contour due to a Plane Wave = 


A rectangular contour of side lengths a and b is placed in the field of a uniform plane time- 
harmonic electromagnetic wave of angular frequency w and rms electric field intensity Eg 
propagating in free space. The magnetic field vector of the wave is perpendicular to the 
plane of the contour, and the electric field vector is parallel to the pair of contour edges that 
are b long. The electrical dimensions of the contour are arbitrary (i.e., the contour cannot be 
considered to be electrically small). Find the emf induced in the contour. 


Solution This situation is shown in Fig. 9.5. For the adopted Cartesian coordinate system, 
the field vectors of the wave are those in Eqs. (9.32). As we know, the induced emf in a 
contour, given by Eq. (6.34), can, in fact, be computed from either the left- or right-hand side 
of Faraday’s law of electromagnetic induction in integral form, in Eq. (6.37), i.e., using either 
the electric or magnetic field in which the contour is situated. In the case in Fig. 9.5, however, 
the former approach involves simpler computation, so let us pursue it first. 

The x-directed electric field vector of the wave being perpendicular to the pair of contour 
edges of length a, while parallel to and constant along each of the remaining two edges (fields 
FE; and E> in Fig. 9.5), much like the field Ejyqg in Fig. 6.17, the emf in the contour for the 
adopted counterclockwise reference orientation of the contour equals [see Eq. (6.101)] 


Ao = § E-di=—-£,5)+ 2£,b=-E,(z,)b0+ E,(z+a4,t)b 
Cc 


= EpbV2 [cos(wt — Bz — Ba) — cos(wt — Bz)], (9:55) 


where the phase coefficient, Eq. (8.111), is 8 = w./epfo, and the initial phase of the field for 
z = 0in Eqs. (9.32) is adopted to be 6) = 0. 

Let us also evaluate the emf based on the right-hand side of Faraday’s law. The y-directed 
magnetic field vector of the wave is perpendicular to the plane of the contour, and its spatial 


Bo zta 
Figure 9.5 Computation of 
the induced emf in a 
rectangular contour, of an 
arbitrary electrical size, 
situated in the field 

of a uniform plane 
electromagnetic wave; 

for Example 9.8. 
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variation is only in terms of the coordinate z in Fig. 9.5. Therefore, the computation of the 
magnetic flux through the contour is very similar to that performed in Fig. 6.12 and Eq. (6.64). 
For the positive y reference direction of the flux, Fig. 9.5, which is interconnected by the 
right-hand rule, Fig. 6.7, with the direction of the induced emf in the contour, we have 


zZ+a Z+a 
P= [s dS = ! MoHy(z’,t)b dz’ = uoEobv2 i cos(wt — Bz’) dz’ 
S et n0 z 
= Hota? isin = Bae sina aera (9.56) 
0 


with no standing for the free-space intrinsic impedance, Eq. (9.23). Taking the negative of the 
time derivative of the flux, like in Eq. (6.65), gives 


dd wpugEobV2 
dt noB 


which is the same result as in Eq. (9.55), since wio/(noB) is identically equal to unity. 

In essence, the equality of the results for ej,g obtained from the left- and right-hand 
sides of the integral Faraday’s law comes from the proportionality of the electric and mag- 
netic fields of the plane wave, Eq. (9.20). Conversely, this proportionality of fields is derived 
from Eq. (9.15), that is, from a 1-D version of Faraday’s law of electromagnetic induction in 
differential form. So, as the two ways of computing the emf in Eqs. (9.55)-(9.57) represent 
one physical phenomenon, the electromagnetic induction, the two fields in Fig. 9.5 are also 
just the two faces of the same one traveling electromagnetic wave. 


Example 9.9 Induced Emf in a Small Contour > a an 


Repeat the previous example but for an electrically small rectangular contour. 


[cos(wt — Bz — Ba) — cos(wt — Bz)], (9.57) 


€ind = — 


Solution If the contour in Fig. 9.5 is electrically small, meaning that both a and b are small 
relative to the free-space wavelength at the frequency of the wave, Ag, then the application 
of the right-hand side of Faraday’s law in Eq. (6.37) provides a very simple solution for the 
induced emf in the contour. Namely, the magnetic field of the wave can be assumed to be 
uniform all over the surface S bounded by the contour in Fig. 9.5, so that the integral in 
Eq. (9.56) reduces to 


&*B-S= poHy(z, tab = poEoabv2 cos(wt— Bz) (a,b «po), (9.58) 
no 


and the emf, Eq. (9.57), becomes 


ua = 2 ~ webs sin(wt — Bz) = BEpabV2sin(ot — Bz). (9.59) 
0 

On the other side, to obtain this same emf from the electric field of the wave, we cannot 
assume that £; * £) in Fig. 9.5, as this would result in ejng = 0, but have to take into account 
the difference between £; and E} in Eq. (9.55), which, however, is now very small. Hence, we 
first use the trigonometric identity cos(A — B) = cosA cos B + sinA sin B (with A = wt — Bz 
and B = Ba) to expand the first cosine term in Eq. (9.55), and then the fact that Ba is much 

smaller than unity [see Eq. (8.130)] to obtain the same result as in Eq. (9.59), 


Bpa<1 — ein = EgbV2{cos(wt — Bz) cos Ba + sin(wt — Bz) sin Ba — cos(wt — Bz)| 
x BEgabV2sin(wt — Bz) (cosBa*® 1; sin Ba © fa). (9.60) 


Serle emtime Absorbed Energy in a Screen Illuminated by a Plane Wave — 


A uniform plane time-harmonic electromagnetic wave of frequency f and rms electric field 
intensity Eg propagates in air, and is incident obliquely, at an angle @, on a flat, perfectly 
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Example 9.10. 


absorbing screen, as shown in Fig. 9.6. Find the absorbed energy in a part of the screen of 
surface area S during a time interval At, if At > 1/f. 


Solution Since this is a perfect absorber (also referred to as a black body), it absorbs all 
of the incident energy carried by the incoming wave. This also means that there is only one 
traveling wave (the incident wave), and no reflected wave, in the region above the screen 
in Fig. 9.6. The local surface power density delivered by the wave through the surface S to 
the absorbing material equals the normal component of the Poynting vector, P, of the wave 
on §. Since the time-average of this vector, Pave, given in Eq. (9.40), is not a function of 
spatial coordinates, the time-average power absorbed by the part of area S of the screen, 
using Eq. (8.162), can be found as 


F2 
(Pabs)ave = [ Pave -dS = Pave -S = PayeS cos 0 (Pn = =), (9.61) 


with § standing for the surface area vector of this part of the screen, which makes an angle 
6 with P (Fig. 9.6), and no for the free-space intrinsic impedance, Eq. (9.23). Furthermore, 
since the time we are considering, At, is much longer than the period T of time-harmonic 
variation of the incident wave, in Eq. (8.49), At >> T = 1/f, the absorbed energy on S, Waps, 
equals the corresponding time-average power multiplied by Az. To explain this, let us write 
the time interval as At = t2 — t) = NT + 5t, where 0 < dt < T and dt « At, yielding 


bh 1 u+NT tz 
Wabs => i Paps (f) dt = NT — / Paps (0) ar+ [ Paps(t) dt 
tt NT 4 ty—6t 


——————— 
(Pabs)ave negligibly small 
® (Pabs)aveNT © (Pabs)aveAt (6t « NT). (9.62) 


Note that for f on the order of GHz (7 ~ ns) and Ar on the order of s, for example, N is as 
large as N ~ 10°. So, indeed, we can readily compute Wap; as 


F2 
Woes = (Favs )aye Al = Wp 308 At (At>T). (9.63) 
(0) 


The absorbed energy can alternatively be determined via the electromagnetic energy 
stored in the electric and magnetic fields of the wave. Namely, we realize that the energy 
that the wave delivers to the part of the screen with area S from an instant 4 to H =t + 
At, while progressing toward the screen at velocity co, Eq. (9.19), in fact equals the total 
electromagnetic energy contained at time ft; in an oblique cylinder with the basis S and length 
! = cgAt, as indicated in Fig. 9.6. This energy can be found by integrating the electromagnetic 
energy density of the wave, Wem, throughout the volume v of the cylinder, like in Eq. (8.160). 
However, because of the condition At > T, or, equivalently, because / is much larger than 
the wavelength (space period) of the wave, Ag, Eq. (8.112), 1 = cgAt >> coT = Ag, we can 
conveniently use the time-average energy density of the wave, (Wem)ave = eoE5, Eq. (9.39), 
in the integral. This density, in turn, being constant in space, the total time-average energy 


Figure 9.6 Evaluation of the 
absorbed energy during time 
At ina part of area S of a 
perfectly absorbing screen 
illuminated by an obliquely 
incident uniform plane 
perfect absorber electromagnetic wave; for 
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Figure 9.7 Computation of 
the total power radiated by 
the sun and the portion of it 
absorbed by the earth - via 
the flux of the associated 
equivalent Poynting vector 
measured at the earth’s 
surface; for Example 9.11. 


stored in the cylinder comes out to be simply (Wem)ave times v = Sh, where h = / cos @ is the 
height of the cylinder. Hence, 


Wabs => [emo dv => (Wem)aveV => egE} Sco At cos 0, (9.64) 
v 


which, of course, is the same result as in Eq. (9.63) [note that, from the first relationship in 
Eqs. (9.54), eoco = 1/no]- 


Example 9.11 Solar Power Density on the Earth’s Surface 


The time-average surface power density of all of the sun’s radiation on the earth’s surface 
is measured to be about 1.35 kW/m’, for normal incidence on the surface. (a) Assuming, 
for simplicity, that this radiation can be represented by a single plane wave (at a single 
frequency), find the rms electric field intensity of this equivalent wave, as well as the 
absorbed energy per meter squared of a large black (perfectly absorbing) plate positioned, 
on the earth’s surface, perpendicularly to the direction of light beam — in one hour. (b) 
Assuming also that the sun radiates isotropically (equally in all directions), compute its total 
time-average radiated power (the radius of the earth’s orbit around the sun is approximately 
1.5 x 108 km). (c) With an assumption that the entire energy of the sun’s radiation reaching 
the earth is absorbed by it, determine the energy “received” by the earth in one day (the 
average radius of the earth is about 6378 km). (d) Calculate the time-average surface power 
density of the solar illumination at the surface of Mercury (Mercury to sun distance is 
approximately 6 x 10’ km). (e) How long does it take the sunlight to reach Mercury and the 
earth, respectively? 


Solution 


(a) The time-average Poynting vector magnitude of the equivalent wave is Pave * 
1.35 kW/m. This corresponds, by way of Eq. (9.61), to the rms electric field inten- 
sity of Ey = /noPave = 713.4 V/m. From Eq. (9.63) with 6 = 0 (normal incidence), the 
absorbed energy in the black plate for S= 1m? and Ar, = 1 h= 3600s amounts to 
Wabs = PaveSAt, = 4.86 MJ. 

(b) The total time-average power radiated by the sun (Praq) can be computed using 
Poynting’s theorem in complex form, Eq. (8.196), as the flux of the real part of the com- 
plex Poynting vector, that is, the time-average Poynting vector, Pave, of the equivalent 
wave in (a) through a spherical surface, So, with the sun at the center and the earth on 
its perimeter, as shown in Fig. 9.7. The sphere radius is thus rsun—earth = 1.5 x 108 km. 
The vector Paye being radial with respect to the center of the sphere, and its magnitude 
being the same at every point of the surface (isotropic radiation), the integration over So 
is carried out in exactly the same way as in the application of Gauss’ law in Fig. 1.33 and 
Eq. (1.138), yielding 


Prad = § Pave» dS = PayeSo = Petre eee = 3.82 x 10° w, (9.65) 
0 


(c) The time-average power absorbed by the earth (Pearth) equals the portion of the flux of 
the Poynting vector in Eq. (9.65) within a cone with the sun at its apex and the earth 
defining its opening (Fig. 9.7). Because the earth’s diameter is much smaller than the 
circumference of its orbit around the sun, the time-average power radiated in this cone 
can be found as Paye times the area of the earth’s cross section, so that the absorbed 
energy, Eq. (9.62), for the time duration Af) = 24 h = 86,400 s comes out to be 


Pearth = Pave Pan = 1.72 x 1017 W —> Wearth = PearthAtg = 1.5 x 107 J (9.66) 
(earth = 6378 km), which, of course, is an enormously large energy. 


(d) Since the total radiated powcr of the sun is the same whether its portions are “received,” 
in terms of the illumination surface power density, on earth or Mercury, we have 
from Eq. (9.65) and rsun—Mercury = 6 x 10’ km, (Pave)Mercury = Praa/(4nre 


sun— Méreury) = 
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| 8.44 kW/m~. Of course, the illumination is considerably stronger (power density higher) 
on Mercury than on the earth, as Mercury is much closer to the sun. 

| (e) Given the speed of light in free space (co) in Eq. (9.19), the sunlight travels times 

| ty = Ysun—Mercury/Co = 200 s = 3.33 min and f = Frsun—earth/Co = 500 s = 8.33 min from 

the sun to Mercury and the earth, respectively. 


_ Problems: 9.3-9.18; Conceptual Questions (on Companion Website): 9.7-9.12; 
MATLAB Exercises (on Companion Website). 


9.5 THE ELECTROMAGNETIC SPECTRUM 


As already discussed on many occasions throughout this text, Maxwell’s equa- 
tions, and thus the electromagnetic wave theory they govern, are valid and are 
nowadays effectively used at frequencies spanning dc to optics to astrophysics, for 
system sizes ranging from subatomic to intergalactic, and for an extremely broad 
range of application areas. Examples are antennas, RF/microwave circuits, elec- 
tronics, wireless communication systems, radar, remote sensing, electromagnetic 
compatibility, signal integrity, materials, nanoelectromagnetics, bioelectromagnet- 
ics, and radio astronomy. In specific, the equations we have derived so far, based on 
Maxwell’s mathematical model, for describing and analyzing uniform plane elec- 
tromagnetic waves and properties of these waves, are identical over the entire 
electromagnetic spectrum. Most notably, regardless of their frequency, all waves 
propagate through free space (a vacuum or air) with the same velocity, co, given in 
Eq. (9.19). Of course, the corresponding free-space wavelengths, Ag, are obtained 
from the operating frequency, f, of the wave using Eq. (8.112), namely, 


Cc 3 x 108 m/s 
oe os sally (9.67) free-space wavelength 


f i 


The frequencies of the electromagnetic waves that have been investigated exper- 
imentally range from a fraction of a hertz to as high as about 10°° Hz, and the 
range of wavelengths in the known electromagnetic spectrum is equally impressive. 
For example, the wavelength in free space corresponding to f = 1 Hz is as large as 
300,000 km (more than 20 earth’s diameters), and that at f = 1074 Hz is as small as 
0.3 fm (a millionth of the diameter of a typical atom; f = 10~}). Having covered 
in the previous section the fundamentals of time-harmonic computation of plane 
waves, we now reemphasize the huge span of frequencies and wavelengths encom- 
passed by our derived theory and used in practical applications, and introduce some 
classification and subdivision of the electromagnetic spectrum that will help us in 
further studies. This is shown in Table 9.1, where a detailed designation of frequency 
bands, with their full names and acronyms, as they are used in engineering and sci- 
entific practice is given with their ranges expressed in terms of both f and Ag, along 
with some selected applications for individual bands. 

The frequencies within the ultra high frequency (UHF), super high frequency 
(SHF), and extremely high frequency (EHF) bands combined, so those from 
300 MHz to 300 GHz, or wavelengths (in free space) ranging from 1m down 
to 1 mm, constitute the microwave region of the electromagnetic spectrum. The 
further subdivision within UHF, SHF, and EHF bands in the form of bands with 
, alphabetical designations (e.g., L-band, S-band, etc.) originate from radar work, 
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Frequency 


Free-space 
wavelength 
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The electromagnetic spectrum 


Band 


Selected applications 


30-300 Hz 


0.3-3 kHz 
3-30 kHz 
30-300 kHz 
0.3-3 MHz 
3-30 MHz 
30-300 MHz 


0.3-3 GHz 


3-30 GHz 


30-300 GHz 


0.3-3 THz 
3-400 THz 
400-789 THz 


10!5_10!8 Hz 
10!7-102! Hz 
10!9-1022 Hz 
> 107 Hz 


10-100 Mm 
1-10 Mm 


0.1-1 Mm 
10-100 km 
1-10km 
0.1-1km 
10-100 m 
1-10m 


0.1-1 m 


1-10 cm 


1-10 mm 


0.1-1 mm 
0.75-100 7m 
380-750 nm 


0.3-300 nm 
0.3 pm-3 nm 
0.03-30 pm 
< 0.03 pm 


Extremely low frequency (ELF) 
Super low frequency (SLF) 


Ultra low frequency (ULF) 
Very low frequency (VLF) 
Low frequency (LF) 
Medium frequency (MF) 
High frequency (HF) 
Very high frequency (VHF) 
TV channels 2-4 (54-72 MHz) 
TV channels 5-6 (76-88 MHz) 
FM radio (88-108 MHz) 
TV chann. 7-13 (174-216 MHz) 
Ultra high frequency (UHF) 
TV chann. 14-69 (470-806 MHz) 
Cellular (824-894 MHz) 
PCS (1850-1990 MHz) 
L-band (1-2 GHz) 
S-band (2-4 GHz) 
Super high frequency (SHF) 
C-band (4-8 GHz) 
X-band (8-12 GHz) 
K,-band (12-18 GHz) 
K-band (18-27 GHz) 
Extremely high frequency (EHF) 
Ka-band (27-40 GHz) 
V-band (40-75 GHz) 
W-band (75-110 GHz) 
Millimeter-wave (110-300 GHz) 
Submillimeter wave or terahertz 
Infrared (IR) 
Visible light 
Red (620-750 nm) 
Orange (590-620 nm) 
Yellow (570-590 nm) 
Green (495-570 nm) 
Blue (450-495 nm) 
Violet (380-450 nm) 
Ultraviolet (UV) 
X-rays 
y -Tays 
Cosmic rays 


Geophysical sensing 

Detection of buried metallic objects 

Electric power distribution (50 or 60 Hz), sub- 
marine communications, ionospheric sensing 
Telephone, audio systems, geomagnetic sensing 
Navigation, positioning, ship/submarine comm. 
Long-wave broadcasting, radio beacons, navigation 
AM radio broadcasting (0.535—1.605 MHz) 
Short-wave broadcasting, amateur radio 

TV broadcasting (all TV channels have a 6-MHz 
bandwidth), FM radio broadcasting, mobile radio 
communication, air traffic control, navigation 


Radar, TV broadcasting, cellular telephone, 

personal communication service (PCS), global 
positioning system — GPS (1.23 and 1.58 GHz), 
microwave cooking (2.45 GHz), satellite radio 


Radar, satellite communications, direct TV, 
wireless communication systems, wireless networks 


Radar, remote sensing, radio astronomy, 
satellite communications 


Meteorology, sensors, imaging, astronomy 
IR heating, night vision, optical communications 
Vision, optical devices and systems, lasers 


UV sterilization, lascrs, semiconductor processing 
Medical diagnostics 

Radiation medical therapy, astrophysics 
Astrophysics 
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but are used in other applications as well. Electromagnetic waves with frequen- 
cies lower than 300 MHz and wavelengths longer than 1 m are called radio waves 
or radio-frequency (RF) waves, as indicated in the graphical representation of the 
electromagnetic spectrum in Fig. 9.8. On the other side of the microwave range, 
the parts of the spectrum pertaining to light, i.e., infrared, visible, and ultraviolet 
light, from A9 = 100 wm to A49 = 0.3 nm, are referred to as optical wavelengths or 
frequencies, whereas submillimeter or terahertz waves occupy the “gap” between 
microwave and optical frequencies (Fig. 9.8). Above light, we have X-, y-, and cos- 
mic rays. Note that, while, of course, there is an one-to-one correspondence between 
f and Ao, Eq. (9.67), frequency is more often used than wavelength in RF appli- 
cations, waves in the optical region are almost exclusively characterized by their 
wavelength and not frequency, and both are used in the microwave range. Note, 
however, that the terms radio waves and RF are often used to mean all waves up 
to the optical region. Note, finally, that the general applications listed in Table 9.1 
are only meant to be illustrative, and by no means exhaustive, of a host of prac- 
tical devices, processes, and systems using the electromagnetic waves in various 
frequency bands. 


MATLAB Exercises (on Companion Website). 


9.6 ARBITRARILY DIRECTED UNIFORM TEM WAVES 


In cases with more than one uniform plane wave propagating in different directions, 
it is impossible to adopt a global rectangular coordinate system such that the propa- 
gation direction of each of the waves coincides with an axis (x, y, or z) of the system, 
except in some special situations (e.g., two waves traveling in the forward and back- 
ward directions along the same line or traveling in mutually orthogonal directions). 
This is why we need expressions describing a uniform TEM wave whose propaga- 
tion direction is completely arbitrary with respect to a given coordinate system, as 
is the wave shown in Fig. 9.9. The propagation unit vector of the wave is ni and its 
complex electric field rms intensity vector at a reference point (coordinate origin) 
O is Ey. Of course, Eo must be perpendicular to n, and thus it also is not positioned 
along any of the coordinate axes. To find the expressions for the field vectors at an 
arbitrary point P in space, the position vector of which (with respect to O) is r, we 
realize that the normal distance of the transversal (equiphase) plane of the wave 
that contains this point from the origin, i.e., from the reference transversal plane 
(that contains the origin), amounts to 


Aa 


l=r-n (9.68) 


(see the right-angled triangle AOP’P). As this distance obviously plays the role of z 
in Eqs. (9.36), the complex electric field intensity vector at the point P (and in the 


Figure 9.8 Graphical 
representation of 
major regions of the 
electromagnetic 
spectrum, from 
Table 9.1. 
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electric field vector of an 
arbitrarily directed TEM wave 


magnetic field vector of an 
arbitrarily directed wave 


phase factor for an arbitrary 
propagation direction 


Figure 9.9 Uniform plane wave 
whose propagation does not 
coincide with any of the axes of 
the adopted global Cartesian 
coordinate system. 


entire plane / = const) is given by 


(9.69) 


From Eq. (9.22), the associated complex magnetic field intensity vector of the 
wave is 


(9.70) 


For an explicit dependence of the expressions in Egs. (9.69) and (9.70) on the 
coordinates x, y, and z of the point P at which the fields are computed, we write 
[Eqs. (1.7) and (1.4)] 

r=xx+yy+zz and h=nyXk+nyyt+nz7, (O71) 
where nx, ny, and nz are constants (Cartesian components of n) defining the wave 
propagation direction (n generally does not coincide with any of the coordinate unit 


vectors or their opposites) and n2 + ny + n? = | (unit vector). With this, the phase 
propagation factor in Eqs. (9.69) and (9.70) can be written as the following function 


of x, y, and z: 
9.72) 


Equivalently, the instantaneous phase of the wave in Eq. (9.33) becomes 
(X,Y, 2,1) = ot — Br- + 0 = wt — B(xny + yny + 2Nz) + 6. (9.73) 


Note that xn, + yny + znz = const represents the equation of an equiphase plane of 
the wave (that is / distant from the origin O). Note also that the vector cross product 
in (9.70) is calculated from the expression for nin Eqs. (9.71) and the corresponding 
expression in terms of the Cartesian components for Ep. Note finally that a wave 


propagating along any of the coordinate axis is, of course, just a special case of | 


the general representation in Fig. 9.9. For example, Eqs. (9.69) and (9.70) with n = 
Z (ny = ny = 0 and n, = 1) and E, = Ey x simplify to Eqs. (9.36) for the wave in 
Fig. 9.2 (traveling in the positive z direction). 


Example 9.12 Plane Wave Propagation in an Arbitrary Direction 


A time-harmonic uniform plane wave of frequency f = 300 MHz propagates in the direction 
defined by the vector x + y in a rectangular coordinate system. The complex electric field 
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intensity vector of the wave at the coordinate origin is Ej = (1+ j)z V/m, and the medium 
is air. Find the expressions for electric and magnetic field vectors and Poynting vector of the 
wave at an arbitrary point in space, P(x, y, z), and specifically for x = 10m, y= 1m, and 
z=5m. 


Solution From Eq. (8.111), the phase coefficient of the wave amounts to 8 = 21f/co = 
2n rad/m, where co = 3 x 10° m/s, Eq. (9.19), is the free-space wave velocity. The propaga- 
tion unit vector of the wave is i = /2(% + §)/2 (to ensure that |fi| = 1), and its Cartesian 
components are ny = ny = 2/2 and nz = 0. Eqs. (9.69)-(9.72) then lead to the following 
expressions for the field vectors for an arbitrary (x, y, z): 


E= Ey ejbri =(1+ j) ein v2(x+y) z V/m = JZ eitl-V2(0+y) 41/4] Zz V/m, 


H = ey nxE= v2 eint-v2e4r»41/4) V2 (+ 9) x ZA/m 
70 377 2 
= 2,65 etl-V2+y) 41/4 g j)mA/m (x, yinm). (9.74) 


Fig. 9.10 shows vectors E, H, and ni (at the coordinate origin). At the particular given point, 
x=10m, y=lm, z=S5m —> E=141e953'"3v/m 
= 1.419" %V/m = 1.41?" 2V/m, H=2.65e!!2°(% — 9) mA/m. (9.75) 


Note that the phase angle of 8 x 27 = 16m is added to the initial phase of the wave computed 
from Eqs. (9.74), to make it, as is customary, fall in the range —m <0 <x. 


Combining Eqs. (8.194), (9.69), and (9.70), the complex Poynting vector of the wave 
comes out to be (Fig. 9.10) 


ert ee we Ee 
P=ExH*= = earn Qjprn a — = fi = 3.75(% + ¥) mW/m?2 (9.76) 


__ (it does not depend on the coordinates x, y, and z, and is purely real, and thus equal to the 


time-average Poynting vector, Pave). Of course, this result can as well be obtained from the 
results for E and H in Eqs. (9.74). 


Problems: 9.19; Conceptual Questions (on Companion Website): 9.13; MATLAB 
Exercises (on Companion Website). 


9.7 THEORY OF TIME-HARMONIC WAVES IN LOSSY MEDIA 


We now consider uniform plane time-harmonic electromagnetic waves in a linear 
and homogeneous medium that exhibits losses (o 4 0). The conduction volume 


. current in the medium is now nonzero, with a complex density vector J = cE, 


where E is the complex electric field intensity vector of the wave. However, from 
Eq. (8.83), we know that this medium must be charge-free (9 = 0), provided that 
there are no external energy volume sources (impressed electric fields or currents) 
in the medium. Consequently, looking at complex Maxwell’s differential equations, 
Egs. (8.81), and comparing their versions for lossy and lossless homogeneous media 
(both with p = 0), we realize that the only difference between the two sets of equa- 
tions is in the second equation (corrected generalized Ampére’s law). Its version for 
a lossy medium of parameters ¢, uw, and o reads 


V x H=J+joD = oE + jock = jo (e-j=)E. (9.77) 


Figure 9.10 Uniform plane 
wave whose direction of 
travel is determined by the 
vector x+ J; for 

Example 9.12. 
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equivalent complex 
permittivity (unit: F/m) 


Ampere’s law for a lossy 
medium 


Ampere’s law for a lossless 
medium 


complex E-field of a wave 
in a lossy medium 


complex propagation 
coefficient (unit: m=!) 


attenuation and phase 
coefficients (units: Np/m 
and rad/m) 


instantaneous E-field 


However, introducing a new quantity, 


oF 
|| 
w 


Ee 


(9.78) 


called the equivalent complex permittivity of the medium, Eq. (9.77) can be written 


in the form 


This equation is formally identical to its lossless (o = 0) version, 


(9.79) 


(9.80) 


Based on this, we can now analyze the propagation of uniform plane TEM time- 
harmonic waves in lossy media in the same way as in the lossless case (Sections 9.4 
and 9.6) by merely replacing ¢ with ¢, in all the existing expressions containing this 
parameter. We note that the equivalent complex permittivity of a medium depends 
on the permittivity (¢) and conductivity (o) of the medium, as well as on the angular 
frequency (w) of the wave propagating through it.° We also note that, while the 
real part of ¢, is always positive (€ > €g), its imaginary part (—o/w) must be either 
negative or eventually zero (for o = 0). 

From Eqs. (9.36), (8.111), and (9.78), the complex electric field intensity of a 
TEM wave in a lossy medium is 


E, = Ep ele [Ea Z =v Ep e “ = Hye * e IBZ 


(9.81) 


where y is termed the complex propagation coefficient and is evaluated as 


Y =jo/éu =a + jp. 


(9.82) 


Its real and imaginary parts, 


a= Rely) and f = Im{y}, (9.83) 


are called, respectively, the attenuation coefficient and phase coefficient (this same 
term is used also for waves in lossless media) of the wave. In the time domain, using 
Eq. (8.66), 


Ex(z, oo — Eyvie-% cos(wt — Bz +6). (9.84) 


We see that, as in the lossless case, B is the spatial rate of decrease of the instan- 
taneous phase of the wave, and thus it retains its name — the phase coefficient. The 
term e~“% obviously represents an exponential spatial decrease (attenuation) of the 
wave amplitude, 

Em(z) = Em(0)e~*?  [Em(0) = EoV2], 


and hence its name — the attenuation coefficient of the wave. In other words, the 
wave propagating in the positive z direction has a decaying amplitude (of its electric 
and magnetic fields) with increasing the distance z at any fixed instant of time, and 
the rate of this attenuation is determined by the coefficient @. Fig. 9.11 shows a time 


(9.85) 


SAt higher frequencies, so-ealled polarization losses in dieleetrie materials may result in an effeetive eon- 
duetivity that is larger than a, and that addition to the eonduetivity is also involved in the imaginary part 
of ¢,, whose frequency behavior beeomes rather complieated, including resonance effeets. Moreover, 
when viewed over very wide frequeney ranges, the real part of the complex permittivity generally is not 
a constant, but depends on frequeney as well. 


| 


~ 
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Figure 9.11 Plot of the electric 
field intensity of a uniform 
plane time-harmonic wave in a 
lossy medium, Eq. (9.84), as a 
function of z at t = 0 for 6) =0 


(A = 27/8). 


snapshot (at t = 0) of the electric field intensity in Eq. (9.84) as a function of z. Note 
that the curves +£,,(z) form an envelope of the oscillating wave pattern along z. 

Substituting e by ¢, in Eq. (8.111) and then in Eqs. (9.8) and (9.9), we obtain 
Helmholtz equations for a lossy medium, 


(9.86) 


with y being that in Eq. (9.82). The electric field intensity of a uniform plane 
wave propagating through the medium can now be found as a solution of the one- 
dimensional version (with the uniform-plane-wave approximation) of the first of 
these two equations, and, of course, the result is that in Eq. (9.81). 

Although y, aw, and f are the quantities of the same nature, we use different 


units, m~! for y, Np/m (neper per meter) for a, and rad/m for £, to distinguish one 
from another. Note that the ratio of the amplitudes of E in two different transversal 
planes separated by a distance d along the z-axis is constant, i.e., it does not depend 
on z. It is given by 


ane e4 or ad=In Em() 


Em(z + d) Em(z +d)” 
Since ad equals the natural (Napierian) logarithm of the ratio of field intensities, 
it is commonly expressed in nepers (although it is a dimensionless number), and 
hence Np/m as the unit for a. Alternatively, the attenuation can be expressed in 
decibels,® as 


(9.87) 


Em(Z) 
Em(z + d) 
[log x = log;) x (common or decadic logarithm)’], so the dB attenuation comes out 
to be 8.686 times the attenuation expressed in nepers. Dividing both attenuations 
| by d (or assuming that d = 1 m), we have 


a in dB/m = 8.686 x (a in Np/m), (9.89) 


which means that in order to express the attenuation coefficient in dB/m, we simply 
. multiply the value obtained in Eq. (9.83) by 8.686. Note that Agpg is always positive 
or eventually 0 dB (for lossless case). For instance, for the ratio of field intensities 


Agp = 20log = (20 loge) ad = 8.686ad (9.88) 


©The decibel (dB) is a unit for attenuation expressed using the decadic logarithm (logarithm with base 
10) of the ratio of relevant field or circuit quantities (e.g., electric field intensities at different positions). 
It equals 1/10 of the bel (B), which was used in early work on telephone systems, but is now superseded 
by dB. 


7Whereas “log” in our mathematical notation means “log;,,” note that many computer programming 
languages, including C and MATLAB, use “log” in place of “In,” to denote the natural logarithm. 


Helmholtz equations — lossy 
medium 


conversion from Np/m to 
dB/m 
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amounting to 2 in natural numbers, Agg = 6 dB. Logarithmic units, such as deci- 
bels or nepers, appear to be extremely convenient in a multitude of applications in 
both field and circuit theory. For example, the total attenuation (or gain) of sev- 
eral cascaded components of a system (e.g., a medium composed of several layers 
of lossy material with different conductivities or a series of amplifiers in a circuit) 
can simply be found as an algebraic sum of the attenuations (or gains) of individual 
components expressed in dB or Np. 


HISTORICAL ASIDE 


Hermann von Helmholtz (1821-1894), a German 
physicist and physiologist, taught at the Univer- 
sities of K6nigsberg, Bonn, Heidelberg, and Berlin. 


The neper (Np), used to express the values of 
quantities based on the Napierian or natural log- 
arithm, was named after John Napier (also spelled 


The bel was named in honor of Alexander Graham 
Bell (1847-1922), a Scottish-American inventor, 
who invented in 1876 the first practical telephone, 
and introduced it to the world at the Centen- 


He is considered the last great scholar whose work 
traversed practically all the natural sciences, phi- 
losophy, and fine arts. 


Neper) (1550-1617), a Scottish mathematician 
who invented logarithms. 


To exploit the invention, Bell cofounded in 1877 
the “Bell Telephone Company,’ which would 
eventually become the “American Telephone & 
Telegraph Corporation” (AT&T). 


nial Exhibition in Philadelphia the same year. 


Combining Eqs. (9.36), (9.81), and (9.21) with ¢ substituted by e,, we obtain the 
following expression for the complex magnetic field intensity of the wave: 


é 2 ae ; 
Hy, = j/=£,=—e™, (9.90) 
UL 
where 7 is the complex constant — the complex intrinsic impedance of the medium — | 
defined as the ratio of the electric and magnetic complex rms field intensities at any 


point of space. It can be written as 


(9.91) 


complex intrinsic impedance 
(unit: Q) 


which yields 


complex H -field of a wave 
in a lossy medium 


(9.92) | 


The instantaneous magnetic field intensity of the wave is hence 


cc i) = a /2e~% cos(wt — BZ +0) —¢). 
ul 
We see that the magnitude of the complex intrinsic impedance of the medium, ||, _ 


determines the ratio of the amplitudes of the electric and magnetic field intensities 
of the wave, whereas its phase angle (argument), ¢, equals the phase difference | 


(9.93) 


instantaneous /1-field 
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between the field intensities. Namely, in lossy media, the electric and magnetic fields 
are not in phase — the magnetic field lags the electric field by a phase lag @. In lossless 
media, ¢ = 0. 

The complex magnitude of the Poynting vector of the wave, P = P,7, is 
given by 


eo ee TE * 2 


(\Z,| and |. yl are, respectively, electric and magnetic rms field intensities of the 
wave, for an arbitrary z), and we can use either one of these equivalent formulas to 
further develop the expression for P,. Thus, using the first one, 
Sy os oe . Mok 
P,=E,Hy = Eye ™* eg = Boece ae 207 AIP. (9.95) 
In| In| 

and hence the time average of the corresponding instantaneous vector magnitude 
[Eq. (8.195)] 


F2 
(axe — RAP.) — Fi eo 2 cos f, (9.96) 


representing real power flow (by the electromagnetic wave) in the positive 
z direction. We see that the rate of the attenuation of Pave, i.e., of the time-average 
surface power density of the wave in the direction of its propagation, is determined 


| by twice the attenuation coefficient, a, 


Peve(Z) = Pave Ole. (9.97) 


However, the attenuation in decibels is the same whether decibels are defined for 


| power ratios or the corresponding field intensity ratios, 


E 
Aap = 10 log a = 20 log = (9.98) 
2 2 


| (note different scale factors, 10 vs. 20 in the definitions), and equals 8.686ad (dB) 


for a distance d between the two reference transversal planes along the z-axis 
[Eq. (9.88)]. 

Finally, the time-average power density of Joule’s (or ohmic) losses at a point in 
a lossy medium can be obtained from Eq. (3.31) using the rms electric field intensity 
of the wave at that point, which in turn can be found either from Eq. (9.81), as the 
magnitude of the complex rms electric field intensity, |E,|, or from Eq. (9.84), simply 
identifying the rms value of the time-harmonic field intensity, 


(P3)ave = olE,|? = o ES emer (9.99) 


| Note that this loss-power volume density has the same dependence on the spa- 


tial coordinate z as the time-average surface power density carried by the wave, 
Eq. (9.96). 


: Problems: 9.20-9.23: Conceptual Questions (on Companion Website): 9.14-9.16. 


| 
| 9.8 EXPLICIT EXPRESSIONS FOR BASIC PROPAGATION 
| PARAMETERS 


‘To obtain the explicit expressions for the attenuation and phase coefficients, a 
and £, for a given (lossy) medium at a given frequency, we need to solve for the 
; real and imaginary parts of the complex expression for y in Eq. (9.82). Squaring the 


| 
| 


time-average Poynting vector 
magnitude of a wave ina 
lossy medium 


decibel attenuation 
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left- and right-hand sides of this equation and using Eq. (9.78), we have 


y? = (a aif) = a? — p* + j2aB = —w eu = —w* eu +jwpo, (9.100) 
so that equating the real parts gives 
a? — p? = —w en. (9.101) 


On the other side, 
lv? = la +jBP? =a? + p?, (9.102) 


and, from Eq. (9.100), 


ly7| = |—o*en + jopuo| = jwte2p? + wp20?. (9.103) 


The two above results combined, since ly?| = pane lead to 


2) 
o? + B? = wep,/1 + je (9.104) 


Now, adding and subtracting Eqs. (9.104) and (9.101), we obtain the expressions for 
2a* and 267, respectively, and hence 


1/2 
2: 
a — arbitrary medium C—O a 1+ (—) - 7 ; (9.105) 
2 WE 
5 1/2 
B ~ arbitrary medium 5=o ee / as (—) + ] } (9.106) 
Z WE 


Using these expressions, we can compute the values for a (in Np/m) and £ (in rad/m) 
for an arbitrary medium based on its electromagnetic parameters, €, u, and o, as 
well as the angular frequency, w. 

To find the explicit expressions for the magnitude and phase angle, |n| and 
¢, of the complex intrinsic impedance in Eq. (9.91), we first look at those of the 
equivalent complex permittivity in Eq. (9.78), 


Pe 
Ee =E (1 ==] a ee ce) ej arctan [o/(we)] (9.107) 
and then of its square root, 
oN een 
Wes = JVé 1 ae (—) | et3 arctan [o/(we)) (9.108) 
WE 


This, substituted in Eq. (9.91), results in 


1 
. $2 arctan (9.109) 


2 WE 


ni, @ — arbitrary medium | | 
| 


which completes the expressions for direct computation of basic propagation 
parameters for a uniform plane time-harmonic wave in an arbitrary linear and 
homogeneous medium. 


Seem eme Computation of Wave Parameters for a Lossy Medium 


The amplitude of a uniform plane time-harmonic clectromagnetic wave traveling through 
a lossy nonmagnetic medium at a frequency of 5.2 MHz reduces by 25% every meter. The 
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electric field of the wave leads the magnetic field by 30°. Under these circumstances, find 
(a) the complex propagation coefficient of the wave and (b) the relative permittivity and 
conductivity of the medium. 


Solution 


(a) From Eq. (9.87) and the given per-meter reduction of the wave amplitude, we solve for 
the attenuation coefficient of the wave, 
Em (Zz ae da) 


—ad = In ————. = In(1-—25%) (d=1m) —> a=0.288Np/m. (9.110) 
a ae 


Using Eqs. (9.109), we next realize that the term o/(we) in expressions for both 
a and the phase coefficient, 6, of the wave, Eqs. (9.105) and (9.106), equals the tan- 
gent of twice the phase angle (@) of the complex intrinsic impedance of the propagation 
medium, which we know, as it equals the phase lag of the magnetic field behind the elec- 
tric field of the wave, so ¢ = 30°. Therefore, we can replace this term by a known value 
in Eqs. (9.105) and (9.106). Furthermore, we note that the ratio of a and f, which is 
needed for finding 6 from the already computed a, does not depend on the permittivity 
of the medium (e), as ./é at the beginning of both expressions cancels out in division. 
Combining these facts, the ratio w/f and then the coefficient 6 are evaluated as follows: 


(on 
— = tan2¢ =tan60° = V3 = ,/1+tan?2¢ =2 
i; an2¢@ = tan — ~u + tan’ 2¢ 


a w=) a 

— = ,|—— =0.577 = — 

= oo ee 0577 

where the temporary parameter u is introduced just to shorten the writing. The complex 
propagation coefficient of the wave, Eq. (9.82), is now 


y =a+jB = (0.288 + j0.5) m™. (9.112) 


(b) Expressing a alone, Eq. (9.105), in terms of the parameter u, Eqs. (9.111), and taking into 
account that 4 = yo (nonmagnetic medium), the relative permittivity of the medium can 
be solved from a, 


= 0.5 rad/m, (9.111) 


7,9 
= ErEQUO = -~ a a ca = 
B= 0,| —=5— Vu-1 (@w=2nf) — &= Fey En = 14, (9.113) 


with cg standing for the free-space wave velocity, Eq. (9.19). Upon the substitution of this 
result into the first relationship in Eqs. (9.111), the material conductivity comes out to be 


o = 2nfe,e9 tan2¢ = 7 mS/m. (9.114) 


( 

/ Note that the obtained values for ¢, and o indicate that the propagation medium might 
be a block of rural ground with certain characteristics (including the water content and 

| salinity). 

: 


Seem eee Fields and Poynting Vector of a Wave ina Lossy Case 


i P ‘ 9 e z 3 
| The instantaneous magnetic field intensity vector of a wave propagating in a lossy non- 
magnetic medium of relative permittivity ¢, = 10 is given by 


H = 5e~™ cos(2.4 x 108¢ — 2.83x)ZA/m (tins; xinm). (9.115) 


Determine (a) the attenuation coefficient, (b) the instantaneous electric field intensity vector, 
| and (c) the time-average Poynting vector of the wave. 


Solution 


| (a) Comparing Eq. (9.115) to the corresponding general H-field expression in Eq. (9.93), 
we read an angular frequency of w=2.4x10® rad/s and phase coefficient of 
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criterion for good dielectrics 


B = 2.83 rad/m. Having in mind Eq. (9.106) and expressing £ in the same way the atten- 
uation coefficient, a, is expressed in Eq. (9.113), we solve for the parameter u, which is 
defined in Eqs. (9.111), 

2B 


ErE 
B=o belo Ry yes) we es 
Bs wey 


—-1=15, (9.116) 
and then use the expression in terms of u of the ratio a/B from Eqs. (9.111) to obtain a, 


u-—1 

Par tl 

(b) Combining Eqs. (9.109), (9.111), and (9.48), the magnitude and phase angle of the 
complex intrinsic impedance of the medium are computed as 


a= Bp = 1.26 Np/m. (9.117) 


_Ve/e mo a 74 ae 
In| = a = = 940m C= 5 arctan Vu = 2°. (9.118) 


From Eq. (9.115), the amplitude of the electric field of the wave for x = 0 [see Eq. (9.85)] 
is now Ey, (0) = |n|Hm(O) = 97.34 Q x 5 A/m = 486.7 V/m. In addition, as the vector H 
is oriented in the positive z direction, E must be in the positive y direction to ensure 
that the Poynting vector of the wave is in the direction (positive x) of the wave travel 
(y x zZ =x), and hence the instantaneous E-field vector 


E = 486.7 e—!? cos(2.4 x 10°t —2x4+24.1°9)f V/m (tins; xinm). (9.119) 


(c) By means of Eq. (9.96), the time-average Poynting vector of the wave equals 
E2 
Pave = Tal e°* cos PK = 1.11677" KX kW/m? (x inm), (9.120) 
u 
where Eg = Em(0)/ V2 = 344.1 V/m is the rms electric field intensity of the wave in the 
plane x = 0. 


Problems: 9.24 and 9.25; Conceptual Questions (on Companion Website): 9.17 and 
9.18; MATLAB Exercises (on Companion Website). 


9.9 WAVE PROPAGATION IN GOOD DIELECTRICS 


In many applications, we do not need to use the exact expressions for a, f, |y|, and 
in Eqs. (9.105), (9.106), and (9.109), but much simpler approximate ones, special- 
ized for specific ranges of values of material parameters and frequencies. One such 
important special case of lossy materials are good dielectrics, whose permittivity (€) 
and conductivity (0) at a given frequency (f) satisfy the following condition: 


oX we, (9.121) 


where w = 27f, and this is the case for usual dielectrics (insulators) in practical sit- 
uations (note that all real dielectrics have some, however small, losses). Of course, 
perfect dielectrics, where losses can be completely neglected (o = 0), also fall under 
the category of good dielectrics. Although setting a more specific numerical expres- 
sion of the condition in Eq. (9.121) is rather arbitrary, a useful rule of thumb 
is that a given material should be classified as good dielectric if o/(we) < 1/100. For 
these materials, the amplitude of the conduction current density is much smaller 
than the amplitude of the displacement current density (see Example 8.2). By the — 
same token, the relaxation time, Eq. (3.68), is much longer than the time period, 
Eg. (8.49). With the condition in Eq. (9.121), the complex propagation coefficient 
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can approximately be evaluated [using Eqs. (9.82) and (9.78)] as 


oO 


: ey er, Pad ioe 
y = joven (1-j—) ~ jovi (1-152) = 5/4 +ieve : (9.122) 


since’ (1 +a)!/2 ~1+4a/2 for |a| <1. Eq. (9.83) then gives us the following 
simplified expressions for the attenuation and phase coefficients for good 


dielectrics: 
o 
a ie BY w/e. 
2Ve 


| Note that these same expressions can be obtained also from Eggs. (9.105), (9.106), 
and (9.121). 

Although the intrinsic impedance of good dielectrics is a complex quantity, 
| given by Eq. (9.91) or (9.109), its imaginary part is much smaller than the real part, 
yielding 


(123) 


7m 


a ts 


é 


(9.124) 


or |n|  /u/e and ¢ ~ 0. We note that expressions for both the phase coefficient 
and intrinsic impedance for good dielectrics are practically the same as those for 
perfect dielectrics. 

In practice, the losses in dielectrics are identified by specifying the so-called loss 
tangent of the material (rather than conductivity), 


o 
tanédg = —, 
WE 


which actually equals the ratio of the amplitudes of the conduction and displace- 
ment current densities, Eq. (8.21). We recall that the conduction current density 
is in phase with the electric field intensity in the dielectric, while the displacement 
current density leads the electric field intensity by 90° (see Example 8.2), and this 
phase relationship is shown in Fig. 9.12. The angle 5g in Eq. (9.125) is now identified 
in the figure as the angle by which the displacement current density leads the total 
(conduction plus displacement) current density, Eq. (8.6). Using this new parame- 
ter, the low-loss criterion in Eq. (9.121) can alternatively be written as tandg < 1. 
Typical values for tandég of dielectric materials used in most RF and microwave 
applications are on the order of 10-4 — 10-3. Combining Eqs. (9.123) and (9.125), 
the attenuation coefficient for good dielectrics can now be expressed also as 


erin 2 ita wh B 
| Se oe | — © — tan by. 
2Ve ae € 5) eae 


Of course, tan dg = 0 and a = 0 for perfect dielectrics. 

In addition to the conduction of free electrons and holes, modeled by the 
conductivity (0) of the medium, losses in dielectric materials, and the associated 
‘ attenuation of electromagnetic waves, may also occur from the polarization vector, 
| P, failing to keep in phase with the electric field intensity vector of the wave at 


(9.125) 


(9.126) 


8From the binomial series identity, 


(+x) =l+ket+ 


ee, 2 WES 


6 


| 
| 
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a, B — good dielectrics 


n — good dielectrics 


loss tangent 


Figure 9.12 Phasor diagram 
for the electric field and 


current in a lossy dielectric 
material, showing the 
relationship between the 
conduction, displacement, 
and total current densities; 
the tangent of the angle 54, 
by which the displacement 
current density leads the 
total current density, is 
referred to as the loss 
tangent of the material at 
a given frequency. 
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high frequencies. This, in turn, results in a component of the polarization current, 
Eq. (8.13), that is in phase with the electric field intensity, much like the conduc- 
tion current density, J = oE. Namely, at low enough frequencies, bound charges, 
whose displacements give rise to the vector P in a polarized dielectric [see Fig. 2.2 
and Eq. (2.7)], can oscillate in phase with the applied time-harmonic field; however, 
at higher frequencies, their inertia tends to prevent them from following the rapid 
oscillations. More specifically, the charges tend to resist acceleration by the rapidly 
changing field due to their masses and frictional forces that keep them attached to 
the molecules, so that charge displacements, and hence P, are out of phase with 
E. As a result, a portion of the electromagnetic energy of the wave is lost to heat 
in overcoming the friction in molecules (the work must be done by the electric 
field against the frictional damping forces). The phase mismatch between P and 
E and the associated losses (due to frictional damping), referred to as polarization 
losses, can be characterized by the complex electric susceptibility of the dielectric, 
X,. in Eq. (2.10), with its phase angle being equal to the phase difference between 
the two vectors. This implies that the permittivity of the dielectric [Eqs. (2.50) and 
(2.48)] is complex as well, and such permittivity that includes polarization losses is 
customarily written in the following form: 


high-frequency permittivity c=6 = ic: (9: Vzey 


where the imaginary part is always negative or zero (e” > 0). Of course, the rela- 
tive complex permittivity is e, = e/e9 = €; — jet’. At low frequencies, e’ © e (e is the 
electrostatic or low-frequency permittivity) and e” ~0. At high frequencies, e” is 
involved in a current density component in the dielectric that is in phase with E, 
so it effectively acts like the conduction current density, J. This is apparent from 
Ampeére’s law in Eq. (9.77), which now becomes 

V xH=cE 4 jo(e’ —je"JE = (o + we" JE + joe’'E 


(9.128) 


Alternatively, we can look at the polarization current density vector in the dielectric, 
J, = joP [see Eq. (8.13)], and realize that an out-of-phase P results in an in-phase 
component of J, (both with respect to E). We see that the term we” has the dimen- 
sion of conductivity, and that the power losses in the dielectric are the same as if 
the dielectric had effective conductivity amounting to ogg = o + we”. The loss tan- 
gent, Eq. (9.125), becomes tan dg = (o + we”)/(we’), and the criterion for judging 
whether the medium behaves like a good dielectric reads o + we” « we’. Ampére’s 
law can also be written as 


VxH=jo («’ -je"-j-)E. (9.129) 
@ 


and hence, in comparison with Eq. (9.79), the equivalent complex permittivity of 
the medium, Eq. (9.78), is now identified to be ¢, = e’ — je” — ja/w. In practice, for — 
dielectrics that exhibit both (nonnegligible) ohmic losses (due to nonzero a) and 
polarization losses due to appreciable we”, it is seldom necessary, and even possible, 
to distinguish between the relative contributions of the two loss mechanisms to the 
total power dissipation. The term o/w is thus usually incorporated into e” in such 
cases, and the values of the effective conductivity, given by oe = we” (with o = 0), 
or loss tangent, given by 


Ra Ge 
loss tangent via tandg = — = —, (9.130) f 


high-frequency permittivity 


- 
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are most frequently determined by measurement. In general, at higher frequen- 
cies, both the real and imaginary parts of ¢ in Eq. (9.127) for dielectric mate- 
rials are not constants, but functions of frequency. In fact, when observed over 
very wide frequency (or wavelength) ranges across the electromagnetic spec- 
trum (Table 9.1), real dielectrics may exhibit several resonances and associated 
permittivity changes. 


| Sembee Propagation through an Alumina Substrate a 


_ A 5-GHz uniform plane time-harmonic electromagnetic wave travels through the ceramic 
substrate of a printed circuit board made of alumina (aluminum oxide, Al)O3) that is 
characterized by a relative permittivity and loss tangent of 9 and 5 x 1074, respectively. Find 
the attenuation and phase coefficients and the phase velocity of the wave, as well as the 
complex intrinsic impedance of the material. 


_ Solution The alumina sample is a good dielectric, since 


tandg=5x10747<«1 — > gooddielectric. (9.131) 


So, the phase coefficient of the propagating wave is practically the same as if no losses at all, 

| Eqs. (9.123), and the attenuation coefficient can be computed from Eq. (9.126), 

B® Qnf Jéregho = oe =314rad/m, a~ Ftandg = 0.0785 Np/m. (9.132) 
0 


The phase velocity of the wave and intrinsic impedance of the dielectric are as well 
approximately given by their no-loss expressions, Eqs. (9.35) and (9.124), which in the non- 
magnetic (4% = yo) case reduce to those in Eqs. (9.47) and (9.48), respectively, and hence 
Vp © co/./ér = 10° m/s and n © no//€r = 125.7 82. We see that both vp and 7 are three times 
smaller than the corresponding free-space values, Eqs. (9.19) and (9.23). 


Problems: 9.26 and 9.27; Conceptual Questions (on Companion Website): 9.19; 
| MATLAB Exercises (on Companion Website). 


9.10 WAVE PROPAGATION IN GOOD CONDUCTORS 


Another important special case of lossy materials are good conductors, with 


| 
{ 9.133 
: 9.133) 


‘In contrast to good dielectrics, here the conduction current dominates over the 
displacement current, and the relaxation time is very short when compared to 
| the time period of time-harmonic variation of electric and magnetic fields. Perfect 
,electric conductors (PEC), with o — oo, can be said to belong to good conduc- 
tors, as an extreme case. Analogously to the numerical expression of the condition 
in Eq. (9.121) for good dielectrics, the one in Eq. (9.133) for good conductors 
may be written as o/(we) > 100 for use in practice. Note that under conditions 
‘midway between these two groups of materials - when the conduction current 
is of the same or similar order of magnitude as the displacement current, i.e., 
when 1/100 < o/(we) < 100, the material is said to be a quasi-conductor.” With 


|” Of course, we always have in mind that, in addition to the material parameters (conductivity and permit- 
tivity), frequency of the electromagnetic wave is an important factor in determining whether a medium 
acts like a good dielectric, good conductor, or quasi-conductor. 

| 


criterion for good conductors 
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a, B — good conductors 


9 — good conductors 


in|, @ — good conductors 


Eq. (9.133), the equivalent complex permittivity, Eq. (9.78), becomes ¢, © —ja/@ 
for good conductors. Hence, the complex propagation coefficient can be approxi- 


mated as 
. 0 - WOULO : 
y © jo,/-j =u = Vjouo = a+, (9.134) 


since! /j = (1 + j)/2. This means that the attenuation and phase coefficients for 
good conductors are approximately the same and equal to 


artp /—=V/Jxrpfo. (9.135) 


On the other side, the complex intrinsic impedance of a good conductor can, 
using the condition in Eq. (9.133), be simplified to the following expression: 


(9.136) 


We note that 7 (like y) also has the real and imaginary parts approximately equal 
to each other. Its magnitude and phase angle (argument) are 


In| a @ = 45°. (9.137) 
‘am oO 


Since |n| is inversely proportional to the square root of the conductivity, which is 
large, it is quite small when compared to the intrinsic impedance of free space, 
namely, |n| « no (no © 377 Q), for all frequencies up to the visible light (note that 
a PEC has zero intrinsic impedance, which is analogous to a short circuit in circuit 
theory). This means that the magnetic field intensity of a wave penetrating into a 
good conductor from air undergoes a dramatic increase in amplitude (or rms value) 
upon crossing the boundary between the two media assuming the same (or nearly 
same) amplitudes (and rms values) of the electric field intensity of the wave on the 
two sides of the boundary. For example, copper!! (o = 58 MS/m, ¢, = 1, ur = 1) 
at f = 100 MHz has |n| * 3.7 mQ, so that the magnetic field in copper is about 10° 
times stronger than that in air, for the same electric field strengths on the two sides 
of the boundary. On the other hand, we see that the magnetic field lags the electric 
field by very nearly 45° in all good conductors. 


Seem ieee Finding if a Material Is a Good Dielectric or Conductor 


For each of the following combinations of material parameters and frequency, determine 
if the material is a good dielectric, good conductor, or quasi-conductor: (a) glass (e, = 5 
and o = 107!2 S/m), fresh water (e, = 80 and o = 10-7 S/m), and copper (e; =1 and 
a = 58 MS/m) at a frequency of f = 100 kHz, and (b) rural ground from Example 8.3 at 
frequencies of f; = 12.84 GHz, fp = 12.84 MHz, and f3 = 12.84 kHz, respectively. 


!0For the square root of the imaginary unit, we ean write 


Es — (c we = 7/4 = cos = +jsin— = pal) 


ie 2: 


' Note that, at all frequencies up to and including the visible-light region, the permittivity of metallic 
eonduetors (such as copper) can be assumed to be that of a vacuum, ¢ = €9. 
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Solution 


(a) For glass, fresh water, and copper at 100 kHz, o/(we) turns out to be 3.6 x 10-8, 2.25, and 
10!5, respectively, so glass behaves as a good dielectric, water as a quasi-conductor, and 
copper as a good conductor. This is an example of three materials exhibiting extremely 
different conduction properties at the same frequency. 

| (b) For the sample of rural ground at frequencies f;, fo, and f3, o/(we) amounts, respectively, 
| to (parameter n in Example 8.3) 0.001 (good dielectric), 1 (quasi-conductor), and 1000 
(good conductor). This is an example of a single piece of matter acting effectively as three 
completely different conducting/dielectric media at different operating frequencies. 


| Problems: 9.28; Conceptual Questions (on Companion Website): 9.20-9.23; 
MATLAB Exercises (on Companion Website). 


9.11 SKIN EFFECT 


| The losses in good conductors are considerable, and an electromagnetic wave inci- 
| dent on the surface of a good conductor attenuates rapidly with distance from the 
| surface, quickly reaching rather negligible field intensities. To quantitatively express 
| the degree to which the wave can penetrate into the conductor (with still substantial 
intensity), we introduce a simple parameter defined as the depth into the conductor 
(distance from the conductor surface) at which the amplitude of the electric field of 
the wave is attenuated to 1/e (or about 36.8%) of its initial value, i.e., value at the 
surface. The same applies to the amplitude of the current density, J = oE, in the 
conductor. From Eq. (9.85), it is a simple matter to conclude that this parameter, 
denoted by 6, equals the reciprocal of the attenuation coefficient, 


Em(0) 
= | 


i 
6= — | Em) = En(0)e = (9.138) definition of skin depth, 5 
al 


(unit: m) 


It is termed the skin depth, to emphasize that the substantial wave penetration is 
| confined to a very thin layer near the conductor surface (“skin” of the conductor), 
| as illustrated in Fig. 9.13. We see from the figure that the electric field (or current 
| density) amplitude is multiplied by a factor of 0.368 for every new distance equal 
, to 6 farther into the conductor. Remembering that the time-average surface power 
density (real part of the complex Poynting vector intensity) of the wave, Pave, carries 

an exponential term e~*2 [Eq. (9.97)], we also see that the power density at z = 6 


EorJ 


step function 
Em(O) or Jp (0) 

Figure 9.13 Illustration of the 

definition of the skin depth, 4, 

for a conducting medium — the 
Ep(Z) or Jm(Z) x €% plot represents the amplitude 
of the electric field of the wave, 
Eq. (9.85), or the associated 
current density (J = cE); note 
that the areas under the 
exponential curve and the step 
56 function are equal. 


| 
| 
| En) nO) 
| ae Ee 
| 51% 
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skin depth for good 
conductors 


skin depth for copper 


Table 9.2. Skin depth for some materials, 6 (m), at different frequencies, f : 
Material f =60 Hz 1 kHz 100 kHz 1 MHz 100 MHz 1GHz 
Copper 8.61 x 1073 De Oe 24) 10-4 6.67 x 10~° 6.67 x 107° 2.11 x 10% 
Iron 65 = 10-4 1.6 x 1074 1.6 x 10> 5.03 x 10: ° 5.03 x 1077 1.6 x 1099 
Seawater 32.5 7.96 0.796 0.252 2.66 x 107? 1.28 x 1077 . 
Rural ground 649.7 159.2 15.92 5,233 1.99 1.986 . 


Plane Electromagnetic Waves 


is damped to 0.3687 = 13.5% of its initial value (at z = 0), and is further attenuated 
by the same factor (i.e., multiplied by 0.135) at every following integer multiple of 6. 
The phenomenon of predominant localization of fields, currents, and power in the 
skin of a conducting body is referred to as the skin effect. By the same token, ac cur- 
rents of higher frequencies flow practically only through the skin region below the 
surface of metallic cylindrical conductors (with circular or any other cross-sectional 
shape), and the thickness of the layer that carries most of the current is on the 
order of the skin depth, 6. Note that the skin effect in current conductors is also 
discussed in Section 6.8, as a consequence of induced (eddy) currents in the conduc- 
tor and their magnetic field, using Faraday’s law of electromagnetic induction [see 
Fig. 6.23(b)]. A similar discussion is provided in the same section explaining the skin 
effect for the magnetic flux in ferromagnetic cores of ac machines and transformers 
[see Fig. 6.23(a)]. 

Combining Eggs. (9.138) and (9.135) now gives a very useful expression for the 
skin depth in good conductors: 


(9.139% 


from which we see that 6 is inversely proportional to the square root of both 
the frequency and conductivity.” In a limit, 5 =0 for a PEC, at any frequency, 
that is, an electromagnetic wave cannot penetrate at all into a PEC [see also 
Example 8.6, proving, based on general Maxwell’s equations, that there can be 
no time-varying (including time-harmonic) electromagnetic field inside perfectly 
conducting materials]. For copper (Cu), 0 = 58 MS/m and pz = pg, so that 


66 
dcu *¥ —=mm (fin Hz), (9.140) 


vf 


which is another useful formula (since copper is so widely used in engineer- 
ing practice). The computed values of dcy at various frequencies are shown in 
Table 9.2. We see that the skin depth at 1 GHz is as small as about 2 wm. Even 
at much lower frequencies, e.g., those of 100 kHz and 60 Hz, dcy is quite small, 


‘ 
| 


!2Note that the definition of the skin depth in Eq. (9.138) applies to all lossy media, not only to good 


conductors. In the general lossy case, the attenuation coefficient needed for Eq. (9.138) is obtained from ; 
Eq. (9.105). Note also that even in situations where 6 = |/a@ is not particularly small (compared to the a 
relevant dimensions of the conductor and wavelength), the terms skin depth and skin effect are still f 
used, in a wider sense, to indicate an exponential spatial decrease of the electric-ficld and current-density i 


amplitudes into the conducting medium, not necessarily a rapid decrease to negligible levels within the 
skin of the conductor only. 
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namely, about 0.2 mm and 8.5 mm, respectively. This means that at the power 
frequency (60 Hz), skin effect becomes pronounced in copper conductors whose 
cross-sectional dimensions are on the order of 10 mm. So strong skin effect even 
at rather low frequencies is obviously a consequence of a very high conductivity 
for copper. It is important, however, to have in mind that the skin effect and skin 
depth also depend on the permeability of the conductor, not only on its conduc- 
tivity. A typical example is iron, having about six times lower conductivity than 
copper (ofe = 10 MS/m), but much smaller skin depth because of its very high 
permeability (ure = 10000), as can be seen from Table 9.2 as well. For instance, 
dpe © 0.65 mm at the power frequency, so that even a couple of millimeters thick 
iron plates in laminated cores of 60-Hz ac machines and transformers exhibit a 
substantial magnetic-flux nonuniformity due to skin effect. Shown in Table 9.2 are 
also the corresponding values of 6 for two nonmetallic conductors, seawater with 
o =4S/m and e, = 81 and rural ground with o = 10-2 S/m and ¢, = 14. Since 
these materials do not behave like good conductors at some of the higher frequen- 
cies in the table [i.e., when o/(we) < 100], the skin depth in such cases is computed 
using Eqs. (9.138) and (9.105), rather than Eq. (9.139). Note that the values for 
skin depth for seawater in the table clearly indicate that it is virtually impossible to 
use higher radio frequencies (greater than 100 kHz) for undersea radio communi- 
cations (with submerged submarines). Consequently, submarines typically use the 
very low frequency (VLF) band, 3—30 kHz (see Table 9.1), if close to the water 
surface, and even lower frequencies, down to about 10 Hz in the extremely low 
frequency (ELF) range, are required for communication with deeply submerged 
submarines. 

The rapid spatial decrease of the wave amplitude in a good conductor is, of 
course, caused by local Joule’s losses (electric power is lost to heat) throughout 
the volume of the material, Eq. (9.99). The total power of Joule’s losses in the 
conductor (for a given incident time-harmonic electromagnetic field), as we shall 
see in the next chapter, can be assessed using another important parameter related 
to the skin effect, the so-called surface resistance of the conductor (at a given 
frequency), which actually equals the real part of the complex intrinsic impedance, 
n, in Eq. (9.136). The losses in a conductor, if the skin effect is pronounced, are 
directly proportional to the square root of the frequency and permeability, and 
inversely proportional to the square root of the conductivity. For a PEC, surface 
resistance is zero at any frequency. In other words, there are no losses in a PEC 
object, since there cannot be wave penetration into it, and both E = 0 and J=0 
throughout its volume (also see Example 8.6). 

Skin effect in good conductors at higher frequencies is an extremely important 
phenomenon in the theory and practice of electromagnetic waves. It is essential for 
understanding the operation of many high-frequency electromagnetic devices and 
systems, as well as some low-frequency ones (e.g., ac machines and transformers), 
and is used to advantage in many applications. For example, there is practically no 
difference in the performance between a silver-plated brass waveguide component 
and a pure silver (much more expensive) component. For the same reason, hollow 
metallic (e.g., copper or aluminum) conductors are used instead of solid conduc- 
tors for various types of antennas, transmission lines, and other radio-frequency 
and microwave structures. In addition, effective electromagnetic shielding, 1e., 
protecting a domain from external electromagnetic fields (waves) or, conversely, 
encapsulating the fields produced by internal sources so that the domain outside 
the shield is protected from their influence, can be provided by metallic enclosures 
only several skin depths thick. On the other hand, the attenuation in transmission 
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one-percent depth of 
penetration 


Vp. 2. — good conductors 


index of refraction 
(dimensionless) 


lines and other wave-guiding structures is determined by the degree to which 
the skin effect is pronounced and is proportional to the surface resistance of the 
conductors of the line, which will be discussed in later chapters.!* 


Example 9.17 One-Percent Depth of Penetration a —— 


If the skin depth for a wave penetrating into a conducting material is 6, find the one-percent 
depth of penetration. 


Solution In addition to the skin depth, i.e., 1/e depth of penetration, we can define other 
depths into a conductor — at which the electric field intensity (and current density) decreases 
to an arbitrarily specified fraction of its initial value. For the 1% depth of penetration (4;%), 
in particular, the wave attenuation is to 1% of the initial value. This condition can be written 
as [see Eqs. (9.85) and (9.138)] 


Em(51%) = Em(0) e7%1% = Eq (0) e781%/? = 0.01 Em (0), (9.141) 


and hence the 1% depth of penetration for a conductor whose skin depth is 6 at a given 


frequency equals _ 
51%, = 6 In 100 © 4.66 | (9.142) 


(see Fig. 9.13). We see that at locations more than about 5 skin depths (5) away from the 
surface of a conductor, the penetrating wave retains less than one percent of its intensity at 
the surface. 


See atm Phase Velocity and Wavelength for Good Conductors — 


A time-harmonic uniform plane wave of frequency f travels in a good conductor of con- 
ductivity o and permeability 2. (a) Determine the phase velocity (vp) and wavelength (A) 
of the wave, and compare them to the corresponding free-space quantities. (b) Show that A 
is proportional to the skin depth (5) in the conductor. (c) Compute the values for vp, A, 4, 
and 6;% (one-percent depth of penetration) for copper (o = 58 MS/m and yz = po) at three 
different frequencies, f; = 60 Hz, f2 = 300 MHz, and f3 = 300 GHz. 


Solution 


(a) The phase velocity and wavelength in good conductors can be obtained from the phase 
coefficient, Eq. (9.135), using Eqs. (9.35) and (8.111), as 


than in free space (in free space, vp = const and 4 = const/f). We also realize that, since 
both quantities are proportional to o~!/*, they both are significantly smaller than their 
free-space values (in a PEC, both vp = 0 and A = 0 — no propagation at all). In general, 
the ratio of the phase velocity of a wave in free space (cy = 3 x 10° m/s) and that ina 
material medium (good conductor in this case), 


n=—, (9.144) 


'31n a coaxial cable (Fig. 2.17), for instance, a guided electromagnetic wave propagates along the cable 
through its diclectric and penetrates into the conductors only to the degree that the conductors are 


imperfect (the wave is mercly guided by the cable conductors). The larger the penetration into the con- fj, 


ductors, i.c., the skin depth, the larger the losses and attenuation along the cable. On the other side, an 
ideal (largely hypothetical) cable, with perfeet conductors (PEC), so absolutely no penetration into the 


conduetors, and perfect (lossless) dicleetrie, would enable unattenuated wave propagation through the 


eable along arbitrary distances. 
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Table 9.3. Various wave parameters for copper at three different 
frequencies* 

Frequency Vp (m/s) A (m) Ao (m) n 6 (m) 54%, (m) 

60 Hz 3.22 5.36x10-2 5x10® 933x100’ 85x10 3.92x10-? 
300MHz = ==7.19x 103 24x10 1 417x10* 3.82x10-° 1.76x 10> 


300GHz =. 2.27 x 10 = 7.58x 10-7 +1073 137510 21x 10" «3 5.55107 


* Values for the free-space wavelength (Ag) are also given. 


where the same ratio holds for the corresponding wavelengths, is called the index of 
refraction (or refractive index) of the (conducting) medium (a dimensionless quantity). 
So, 1 > 1 for good conductors. 
Since the phase and attenuation coefficients for good conductors are approximately the 
same, Eq. (9.135), there is a very simple approximate relation between the wavelength 
and skin depth for the material, 


~ 
i=r 
— 


A= — & — =275, (9.145) 
a 


and hence 6 © i/(2z7) © 0.16. Thus, in a good conductor, the skin depth is always much 
smaller than the wavelength. This means that the wave amplitude in the conductor 
decays to small fractions of its value at the conductor surface even within the first space 
period of the wave cosine function, Eq. (9.84). In specific, the electric field of the wave is 
damped to 1% of its initial amplitude in about 34/4 in the conductor [from Eq. (9.142), 
51% * 0.73A]. This also means that, while evaluating the skin effect in good conductors, it 
is enough to compare the skin depth to the relevant physical dimensions (usually thick- 
ness) of the conductor (e.g., for a solid metallic wire carrying an ac current, the skin effect 
is said to be pronounced and must be taken into account for analysis if 5 is smaller than 
the wire diameter), and there is no need to evaluate 5 in terms of its electrical size — it is 
always electrically small, i.e., much smaller than A. 


(c) Table 9.3 shows the computed values for vp, A, n, 5, and 51% for copper at the three 
given frequencies; values for the free-space wavelength, A49, computed from Eq. (9.67), 
are also given for comparison. We see that the reduction in vp and A for copper with 
respect to free-space values is especially dramatic at lower frequencies. At the power 
frequency (60 Hz), the index of refraction of copper is as large as nearly 10°. Even at 
a quite high radio frequency of 300 MHz, the phase velocity and wavelength in cop- 
per, Vp © 7.2 km/s and A ~ 24 wm, are very small when compared to the velocity of 
3 x 10° m/s and wavelength of 1 m, respectively, in free space.!4 


Sey emeee VLF Submarine Communications 


A 10-kHz VLF (very low frequency) plane wave is launched into the ocean, as a ship is 
trying to communicate a message to a submerged submarine. The position of the ship 
is approximately at the vertical line relative to the submarine, and the rms electric field 
intensity of the transmitted wave immediately below the water surface is 4kV/m. (a) 
_ Compute the attenuation and phase coefficients, the skin depth, phase velocity, wavelength, 


: index of refraction, and complex intrinsic impedance of the wave in seawater, taking e, = 81 


141 a transmission line (e.g., coaxial cable) with copper conductors, the travel of a 300-MHz signal is not 

| described by the computed propagation parameters for copper, but those for the dielectric between the 

| conductors. Namely, since the signal (energy) propagates along the transmission line as an electromag- 

' netic wave outside the conductors, its velocity equals c = cg/./ér for the line filled with a good dielectric 
of relative permittivity e, (and ~ = zo), and the wavelength of the wave is found from Eq. (8.112). 
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and o =4S/m for its relative permittivity and conductivity, respectively. (b) Determine 
the distribution of complex electric and magnetic fields in the ocean. (c) If the submarine’s 
receiving antenna requires a minimum rms electric field intensity of 0.01 4V/m, find the 
maximum depth of the antenna with respect to the water surface to which successful 
communication is still possible, and the time-average surface power density of the incoming 
wave at that depth. 


Solution 


(a) The operating angular frequency of the wave being w = 22f = 6.283 x 104 rad/s, 
Eq. (9.133) gives o 

aia 88,766 > 1 —» good conductor, (9.146) 

i.e., the seawater with given material parameters behaves like a good conductor at 

10 kHz. Therefore, we can use Eq. (9.135) to find the attenuation and phase coefficients 


for the medium, 
a = B = /xpofo = 0.4 Np/m or rad/m. (9.147) 


Using Egs. (9.138), (9.143), and (9.144), the skin depth, phase velocity, wavelength, and 
refractive index of the wave/material amount, respectively, to 6 = 2.5 m [note that the 
corresponding one-percent depth of penetration, Eq. (9.142), is 6) = 11.5 m], vp = 
1.58 x 10° m/s, 4 = 15.8 m (free-space wavelength is 30 km at 10 kHz), and n = 1900.!5 
Apparently, even in nonmetallic good conductors, the free space to conductor ratio for vp 
and A (index of refraction) is very large. The complex intrinsic impedance of the water, 
Eq. (9.136), is 7 = 0.1(1+j) 2 = 0.14 ei7/4 Q, so |n| is about 2693 times smaller than 
the free-space intrinsic impedance, Eq. (9.23), and, as for all good conductors, the phase 
angle of 7 is (approximately) ¢ = 45°. 

(b) By means of Eqs. (9.81) and (9.92), with a z-axis placed perpendicularly to the ocean 
surface and oriented downward, and the rms electric and magnetic field intensities for 
z= 0 (just below the surface) being Esurface =4kV/m and Hgurface = Esurface/ln| = 
28.6kA/m, respectively, the distribution of the complex fields in the water is 
given by 


E = 4e79% e042 kV /m, HH = 28.6 e792 e794 e-I7/4 kKA/m (zinm). (9.148) § 


(c) From Eq. (9.87), the maximum depth of the submarine’s antenna that would enable the 


required rms E-field for reception (Esybmarine = 0.01 4 V/m) for the available rms field 


at the sea surface turns out to be 
1 |B. 
d= = Ine ee teem (9.149) 
a Esubmarine 


15 As already discussed with reference to the data for skin depth of seawater in Table 9.2, we are forced to 


use rather low frequencies for submarine communications, because of the large attcnuation in seawater. — 


The lower the frequency the larger the wavelength, as well as the physical size of the antennas used for 
transmission or reception of signals (as we shall sce in a later chapter), which is one of the drawbacks, in 
general, of using lower frequencies for radio communications. Another drawback are small bandwidths 
for communication implied by low frequencies, meaning in turn slow signal data rates — namely, a much 
smaller number of words per minute can be transmitted as compared to radio communications at higher 
frequencies (for example, signal data rates at ELF band are so slow that a single word can take several 
minutes to transmit). However, the large phase coefficient in seawater (as compared to the correspond- 
ing phase coefficient in free space) is now very helpful for feasibility and practicality of low-frequency 


undersca submarine communications. Namely, since the travel of clectromagnetic waves transmitted or — 


reccived by an antenna that is submerged in scawater is described by the propagation parameters for 


scawatcr (at a given frequency), the electrical size of the antenna is expressed in terms of the wavelength ~ 


in scawater, not in free space. The importance of this fact is best illustrated by a simple example: a half- 
wave dipole antenna (wire antenna that is a half of the wavelength long) operating in seawater at 10 kHz 
(A = 15.8 m) within a VLF submarine communication system needs to be only about 7.9 m long, whercas 
the physical length of a 10-kHz VLF half-wave dipole antenna operating in air (A = 30 km) would be as 
large as 15 km or n = 1900 times the undersea dimension. 


Section 9.12 Wave Propagation in Plasmas 


At this depth, the associated time-average surface power density, equal to the Poynting 
vector magnitude of the incident wave in Eq. (9.96), is 


lip : 
Pave = Sas cos =5 x 10716 W/m’. (9.150) 
U7] 
We see that, due to an extremely large attenuation in the salty water, only a tiny portion 
of the power density entering the ocean, which is as high as 80 MW/m”, reaches the 
submarine. Obviously, it is practically unfeasible to use 10-kHz electromagnetic signals 
to communicate with a submarine that is about 60 m deep. 


Example 9.20 Decibel Attenuation of an Aluminum Foil ne 


Find the wave attenuation in decibels of a 5-mil thick (1 mil = 0.001 inch = 25.4 wm) alu- 
minum (oa) = 38 MS/m, é; = yr = 1) foil at a frequency of f = 100 MHz, and evaluate the 
shielding effectiveness of the foil. 


Solution At the given frequency, the loss tangent, Eq. (9.125), of aluminum is as large as 


Al 
2nfeo 


so the condition in Eq. (9.133) is definitely satisfied, and aluminum acts like a good conductor, 
as expected. This also means that the wave attenuation coefficient, a, in the material can be 
computed using Eq. (9.135). Hence, Eq. (9.88) results in the following dB attenuation of the 
foil, with thickness d = 5 mil = 0.127 mm: 


Aap = 8.686ad = 8.686,/m uofoad = 135 dB. (9.152) 


This is a very large attenuation, implying that, as given by Eq. (9.98), only a tiny (negligible) 
portion of the electric (or magnetic) field intensities on one (incident) side of the shield is 
passed to the other (protected) side (E2/E, = 1.8 x 10~7). We conclude that even a rather 
thin aluminum foil provides a very effective electromagnetic shielding at this, relatively low, 
frequency. Moreover, as can be seen in Eq. (9.152), Aap « ./f, so the shielding effectiveness 
is even greater at higher frequencies. !® 


tan dq = = 6.8 x 10? > 1, (9.151) 


Problems: 9.29-9.31; Conceptual Questions (on Companion Website): 9.24-9.27; 
MATLAB Exercises (on Companion Website). 


9.12 WAVE PROPAGATION IN PLASMAS 


Plasmas are ionized gases which, in addition to neutral atoms and molecules, include 
a large enough number of ionized atoms and molecules and free electrons that 
macroscopic electromagnetic effects caused by Coulomb forces between charged 
_ particles are notable. The plasma medium is often considered to be the fourth 
| state of matter (along with solid, liquid, and gaseous states). It, of course, has 
- many properties common with the gaseous state; however, its basic distinction with 


| 16Note that such aluminum foils find broad application in electromagnetically shielded rooms used for 
electromagnetic and other types of measurements and testing, where the foils are attached (glued) to 
walls, ceiling, and floor of the room, to prevent the electric and magnetic fields and waves from enter- 
| ing or leaving it. The two examples, out of many, are shielded anechoic chambers for measurements of 
| radiation properties of antennas or for electromagnetic compatibility (EMC) testing, and shielded rooms 

housing equipment for medical examinations based on magnetic resonance imaging (MRI) technology 
| in hospitals. 
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respect to normal gases is a high level of collective electromagnetic interaction 
effects between charged particles, enabled by a sufficiently high degree of ioniza- 
tion of the gas.!” The plasma thus resembles a fluid having higher mass density, and 
hence higher concentration of charge carriers, than a normal gas. In this section, 
we investigate the propagation of electromagnetic waves through plasmas, starting 
with the electromagnetic force on a moving charged particle (Lorentz force) in an 
ionized gas. 

The most important example of a plasma medium, as far as the electromagnetic 
wave propagation and radio communications are concerned, is the upper region of 
the earth’s atmosphere called ionosphere. This part of the atmosphere, from about 
50 to 500 km altitude above the earth’s surface, consists of a highly rarefied gas that 
is ionized by the sun’s radiation. It plays an essential role in a number of radio- 
wave applications, as it selectively reflects back or passes through waves of certain 
frequencies and incident angles. On the other hand, the most apparent manifesta- 
tion of plasmas in nature is probably that taking place temporarily in atmosphere at 
every lightning strike. In general, plasma physics is a very intense and quite broad 
research area in physics and engineering dealing with various aspects of plasma 
science and technology, including research in controlled thermonuclear fusion to 
develop a new source of energy for the world. Finally, in the most global view, note 
that more than 99% of the matter in the universe is in plasma state. 

Consider a uniform plane time-harmonic electromagnetic wave of frequency 
f propagating through a plasma medium. The Lorentz force on a charged parti- 
cle (free electron or ion) moving at a velocity v in the medium can be obtained ~ 
using Eq. (4.145), so that Newton’s second law then gives the following equation of 
motion of the particle: 


} 
\ 


; 


d 
m = = gE + poqv x H, (9.153) 


where #77 is the mass of the particle, g is its charge, and E and H are the instantaneous ~ 
electric and magnetic field intensities of the wave, respectively. These intensities 
are related through the intrinsic impedance of the medium, which is larger (as 
we shall see) than that of free space, that is, E/H > no. This, in turn, means that — 
oly x H|/E < uwovH/E < uov/no = v/co « 1 [see Egs. (9.23) and (9.19)], since the 
velocities v that the charged particles can acquire in the field (E,H) are much 
smaller than the speed of light in free space (cg). We see, therefore, that the second 
term on the right-hand side of Eq. (9.153), ie., the magnetic force on the parti- 
cle, can be neglected. Since the only remaining term on the right-hand side of thus 
obtained equation is a time-harmonic quantity, the time derivative of the particle — 
velocity and the velocity itself are also time-harmonic functions. Consequently, we ~ 
can introduce the complex equivalent y of the velocity (velocity phasor) and convert 
the equation of motion from time to complex domain, 


(9.154) | 


particle motion equation, in 
the complex domain 


jwmy = gE, 


where w = 27f is the angular frequency of the wave. The current constituted by this 
motion of charges in the gas is an example of convection current, since 0 = 0 in 
the medium and Ohm’s law in local form, Eq. (3.18), does not apply. The current 


7 The degree of ionizalion of a gas can be expressed as the ralio of Ihe concentration of ionized atoms 
and molecules 1o Ihe lotal coneentration (ionized plus ncutral) of aloms and molecules. Note that even 
very low degrees of ionizalion, on lhe order of 107> or so, arc sufficien! for a gas 10 exhibit nolable 
macroscopic cleclromagnelie propertics and bchave as a plasma. 


em eee, esa Ft 
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density is thus given by Eq. (3.28) with the charge density p = Nq and N being the 
concentration of charged particles. Solving Eq. (9.154) for vy and substituting the 
solution in Eq. (3.28), we obtain the complex convection current density vector in 
the medium, 


J = Noy = —— NE. (9.155) 
om 
Ampére’s law in Eqs. (8.81) now becomes 
; Nq? 
V x H=J+4+ jwegE = jweo | 1 - 5 E = joepE. (9.156) 
w*egm 
nd 
ep 


We see that, similarly to the concept of the equivalent complex permittivity in 
Eg. (9.79), the presence of the charged particles in the gas and their influence on 
the electromagnetic wave propagation can be taken into account by means of a 
new permittivity €p, which, here, is smaller than e9. The effective reduction in per- 
mittivity is inversely proportional to the mass m of the particle, which tells us that 
the contribution of ions to this reduction is negligible in comparison with the con- 
tribution of electrons (ions are much heavier and relatively immobile). So m, q, 
and N in Eq. (9.156) can be assumed to be the mass, charge, and concentration of 
electrons exclusively. Since the ionized gas can electromagnetically be completely 
represented by the permittivity ep, it is termed the effective or apparent permittiv- 
ity of the plasma. It can be regarded as the permittivity of a hypothetical dielectric 
(e.g., a solid one) that would be described by formally identical expression for 
Ampére’s law (and other Maxwell’s equations), thus providing the same interaction 
with electromagnetic waves. The plasma effective permittivity can be written as 


(9.157) 
where fp is called the plasma frequency and is computed as 
1 |N@ 
= — ,/— . 9.158 
Ip 2a \ egm ( ) 


This important parameter of a plasma medium is a direct measure of the concentra- 
tion of free electrons (N) in the gas. Namely, substituting the values of constants 
q=—e, Eq. (1.3), m= me = 9.1094 x 10-7! kg (electron mass at rest), and «9, 
Eq. (1.2), the expression becomes 


f= 9/N (Ninm7; fp in H.).| (9.159) 


We can now use all previous equations for the propagation of uniform plane 
time-harmonic waves in a perfect dielectric of permittivity e, and by replacing ¢ 
with €p obtain the corresponding solutions for wave propagation in plasmas. For 
instance, using Eqs. (8.111) and (9.157), the phase coefficient in a plasma medium is 


given by 
o | 
= 0./Eplo = —,{1—- =. 
B pl co f? 


For f > fp, B is purely real, and the wave propagates through the plasma like 
through an ordinary lossless dielectric. For f < fp, on the other hand, 6 becomes 


(9.160) 


plasma effective permittivity 
(unit: F/m) 


plasma frequency 


phase coefficient in a plasma 
medium 
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intrinsic impedance of a 
plasma medium 


propagating) waves in a medium that does not exhibit any losses (or the losses are 
assumed to be negligible and are not taken into account in the model), and hence 
the attenuation does not represent any absorbtion of electromagnetic energy and 
conversion into heat but is brought about by the physical properties of the medium 
or wave-guiding structure, are referred to as evanescent waves.!® We conclude that 
only electromagnetic waves whose frequency is higher than the plasma frequency 
can propagate through the medium, which apparently behaves like a high-pass filter. 
The frequency fp is thus also called the cutoff or critical frequency of the plasma. At 
f = fp, B = 0, meaning that the cutoff frequency itself also belongs to the nonprop- 
agating frequency range. From Eq. (9.21), the intrinsic impedance of the plasma 
medium is 


(9.161) 


We see that for all propagating frequencies, that is, for f > fp, n is purely real (like in 
a perfect dielectric), and is indeed larger than no [fact already mentioned and used 
in obtaining Eq. (9.154)]. However, it is frequency dependent: very large at frequen- 
cies close to the cutoff frequency (at f = fp, 7 — oo, and the plasma behaves analo- 
gously to an open circuit in circuit theory) and approaching no at frequencies much 
farther away from the cutoff (for f > fp, the plasma acts much like free space). 

The concentration of electrons, N, in the ionosphere is a function of the alti- 
tude h above the earth’s surface, but also greatly depends on the hour of the day ~ 
and season of the year, as well as the geographical location on the earth (lati- 
tude) and the activity of the sun. The typical maximum of the function N(/) ranges 
roughly from 10!! to 10!2 m~3, so that Eq. (9.159) gives the corresponding maxi- — 
mum plasma cutoff frequency roughly in the range (fp)max = 3—9 MHz. This means 
that, if (fp)max = 7 MHz, for instance, at a given time and site, all waves of fre- 
quencies f below 7 MHz cannot pass through the ionosphere in either upward or 
downward direction (and this will be illustrated in an example), but are bounced | 
off it, and the ionosphere represents a perfect shield for such waves. Waves incident 
obliquely (not vertically) to the ionosphere are reflected back at frequencies even 
higher than (fp)max- 


Sele (eewame Wave Propagation in a Parabolic lonospheric Slab 


The ionosphere can approximately be represented by a parabolic profile N(/h), of the con- — 
centration of free electrons (NV) as a function of the altitude (/7) above the earth’s surface, — 
within a plasma slab of thickness 2d as follows: j 


purely imaginary and thus effectively acts like an attenuation coefficient @ in 
Eq. (9.82), so that the wave does not propagate. Such strongly attenuated (non- 


= (h —- Tig) 
77 


where /im is the altitude at the middle of the slab and Ny, is the maximum electron con- 
centration — at this altitude, which is illustrated in Fig. 9.14. A uniform plane time-harmonic 


Nth) = Nm [ | lin —d<h<h ytd. (9.1629 


'81p addilion lo Ihe cvanescen! allenuation for f < fp. the plasma always (at all frequencics) exhibits 
some real allenuation duc to losses caused by collisions of moving charged parlicles (primarily elcc- 
Irons) wilh neulral atoms and molecules, ions, and (olhcr) eleeirons. In these collisions, a porlion of the 
cleclromagnelic energy of Ihe wave is lost 1o heat, which resulis in a nonzero altenualion coefficient (a) 
of Ihe wave in Ihe medium. 
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h 
hy+d 
Figure 9.14 Normal incidence 
of a uniform plane wave on the 
sOhosollere lower boundary of a parabolic 
P ionospheric slab with the 

iP ineidcut concentration of free electrons 

(N) given by Eq. (9.162), at 


wave , ‘ 
two different frequencies; for 


earth Example 9.21. 


electromagnetic wave of frequency f, launched from the earth’s surface, is incident verti- 
cally (normally) on the ionosphere (on its lower boundary). For hm = 300 km, d = 200 km, 
and Nm = 6 x 10!! m7, find whether the wave can pass through the ionosphere, and if not, 
determine the altitude 4 at which it bounces off, when (a) f = 8 MHz and (b) f = 6 MHz, 
respectively. 


Solution 


(a) From Eq. (9.159), maximum plasma cutoff frequency of the ionosphere is 
(fp)max = oY Nm Hz ~ 7 MHz (N in mie): Ol 63) 


Since the first considered operating frequency of the incident wave, f = 8 MHz, is higher 
than (fp)max, the propagating condition for a plasma [f > fp, resulting in a purely real 
phase coefficient (8) in the plasma in Eq. (9.160)] is satisfied at every layer of the 
ionosphere (100 km < h < 500 km), 


f>(p)max — f>fp(h) foreveryh — >» _ wave goes through ionosphere. 
(9.164) 
Therefore, the wave will pass through the entire slab in Fig. 9.14, and leave the 
ionosphere through its upper boundary. 


(b) Now, f = 6 MHz is lower than (fp) max, So there is an altitude in the first half of the iono- 
spheric slab, between hy — d and hm, in Fig. 9.14 at which f = fp. This means that the 
wave will propagate through the ionosphere to the layer at which the propagating con- 
dition in the plasma is no longer met (for f = fp, 6 is zero, and would become purely 
imaginary, effectively a large attenuation coefficient, if f < f, for even higher altitudes), 
and bounce back off that layer. Combining Eqs. (9.159) and (9.162), the bounce-off 
altitude (hp) is thus determined as 


=, 2 
f<(Qp)max —> f=fp(tv)=9/N(hy) =9 Nm [1 — Cot) 


—> wave bounces at hyp = hm + d,/1 - a =198km (Ninm™®; f inHz), 
m 


(9.165) 
where the solution hy = 402 km > hp (corresponding to the plus sign in the expression 
for hy) is eliminated, as the wave cannot reach that altitude if incident from the lower 
side of the ionosphere. 


| Problems: 9.32 and 9.33; Conceptual Questions (on Companion Website): 9.28 and 
9.29; MATLAB Exercises (on Companion Website). 
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phase velocity in dispersive 
media 


9.13 DISPERSION AND GROUP VELOCITY 


The phase coefficient of a uniform plane time-harmonic electromagnetic wave prop- 
agating through free space, 6 = w,/eouo. is linearly proportional to the angular 
(radian) frequency (w) of the wave, and to its frequency f, so that the phase velocity 
in the medium, vp, is a constant, independent of frequency. Eq. (9.35). This is also 
true for other simple and lossless (or low-loss) media, where both permittivity, e, 
and permeability, jz, of the medium can be considered to be simple, purely real con- 
stants and Joule’s (ohmic) losses, expressed by conductivity, 0, of the medium, arc 
either zero or small. Typical examples are perfect dielectrics, Eq. (8.111), and low- 
loss dielectrics, Eq. (9.123), at low frequencies. If an electromagnetic signal that can 
be decomposed onto multiple time-harmonic waves of different frequencies (and 
generally different amplitudes and phases) — Fourier components of the signal — is 
transmitted through such a medium, the different frequency components propagate 
at equal phase velocities, vp = const, and acquire equal phase delays as the signal 
travels through the medium. Hence, the relative phase distribution of the tndivid- 
ual components at signal reception is preserved, and their superposition is an exact 
replica of the original signal. 

On the other hand, the phase velocity tn some lossy and/or complex media 
depends on frequency, since the phase coefficient is a nonlinear function of w. 
Examples are media with arbitrary ohmic losses, Eq. (9.106), including good (imper- 
fect) conductors, Eq. (9.143), dielectrics at higher frequencies, where both the real 
and imaginary parts of the complex permittivity, ¢, in Eq. (9.127) are functions 
of frequency, and plasmas, Eq. (9.160). Here, different frequency components of 
a signal propagate at different phase velocities, vp(w). and thus arrive with different 
phase delays to the receiving point. This means that the relative phases of Fourier 
components are changed, so that the signal shape is changcd as well (signal is dis- 
torted). For instance, a signal in the form of a rectangular pulse in time loses its 
sharp edges and broadens as it propagates through the medium.'” In other words, 
the medium, as a result of a frequency-dependent phase velocity, causes the dis- 
tortion of the signal by dispersing its frequency components. This phenomenon is 
generally known as dispersion, and media (or wave-guiding structures) with 


hs s es S rm) (9.166) 


are referred to as dispersive media (or structures).”? The graphical representation 
of a nonlinear f-w relationship for the medium is called the dispersion diagram, 
Figs Qo: 

For the propagation of an information-carrying clectromagnetic wave (sig- 
nal) in a dispcrsive medium. in addition to the phase velocity in Eq. (9.166), it ts 
necessary to also define a new, special vclocity that would serve as a measurc of the 
speed of propagation of thc whole wave packet containing many frequcncy com- 
ponents in a certain frequency band. To this end, let us considcr, for simplicity, a 


'9Note that broadening of time pulses in a sequence as they travel in a digital system with a frequency- 


dependent phase velocity can result in an overlap of adjacent pulses (bits) at reeeption (“tail” of one — 


pulse spreads into the leading edge of another), causing ambiguities and errors in communication. 


20 As we shall see in a later chapter, metallic waveguides are a typical example of a structure exhibiting 
wave dispersion that is not duc to the nature and parameters of an electromagnetic material through 
which the wave propagates but is rather a consequence of the presence and configuration of metallic 
boundarics between which the wave progresses by bouncing back and forth off them. 
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Figure 9.15 Sketch of the B-w 
relationship of a dispersive 
medium, so-called dispersion 
diagram, with graphical 
interpretations of the 
definitions of phase and group 
velocities for the medium. 
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wave packet composed of only two components. In specific, consider a superposi- 
tion of two time-harmonic waves with equal field amplitudes and slightly different 
angular frequencies, w; and w2, propagating through a dispersive medium whose 
dispersion diagram is that sketched in Fig. 9.15. The two frequencies are labeled on 
the diagram, along with the frequency wp midway between them. The correspond- 
ing phase coefficients, 61, 62, and Bo, are also marked. The electric field vectors of 
the two waves are directed in the same way, and their instantaneous intensities [see 
Eggs. (9.31) and (9.32)] are given by 


E, = Emcos(@jt— fiz) and Ez = Emcos(wt — BZ), (9.167) 
respectively. The total electric field intensity in the medium is 


Ftot = £1 + Ez = 2Em cos(Awt — ABz) cos(wot — Boz), (9.168) 
modulation envelope rane tae 
where 
Aw =a) —@, =@2—W9 and AB = Bo — fi = f2 — Bo, (9.169) 


and the use is made of the trigonometric identity cosa, + cosa2 = 2 cos[(a2 — 
a1) /2] cos[(a@1 + a@2)/2]. The above equation for A, indicating that By obtained as 
B(wo), Fig. 9.15, falls midway between f, and £2, is approximately true since Aw is 
assumed to be small. We see that the amplitude of the total field in Eq. (9.168) is not 
a constant, but varies slowly with both time (¢), at a frequency Aw (Aw < w), and 
position in space (z), at a rate defined by AB (AB < B), between —2E,p and 2Ep. 
The resultant wave can thus be interpreted as a rapidly varying carrier wave [of 
frequency wo = (w; + w2)/2] sinusoidally modulated by a slowly varying wave [of 
frequency Aw = (w2 — @)/2], with the modulating wave representing the ampli- 
tude envelope for the modulated one. In other words, the two original waves in 
Eq. (9.167), with equal amplitudes Ey, and slightly different frequencies @; and w2, 
are “beating” each other such that a slow amplitude modulation (AM) of the carrier 
wave is formed”! (the phenomenon of beats, in general, refers to a slow variation 
superimposed on a more rapid one). Fig. 9.16 shows the shape of the resultant signal 


2INote that, mathematically obvious but physically quite abstract, effect of two slightly different frequen- 

cies beating each other to essentially create a new, much lower, frequency has an acoustical manifestation 

, that might be closer to our everyday experience. Namely, if the same tone is played by two slightly 
out-of-tune string instruments, what we hear is a new, modulated, tone at the beat frequency. 


envelope of the rapidly oscillating carrier wave pattern travels 
with the group velocity (vg) of the medium, while the carrier 
wave itself travels with the phase velocity (vp). 


in Eq. (9.168) frozen in time (at instant ¢ = 0), which clearly reveals a beat pattern 
of the signal transfer through the medium. 

We can now compute two phase velocities for the signal in Fig. 9.16: the phase 
velocity of the carrier wave and that of the modulation envelope. From Eq. (9.35), 
these velocities are 


a) Aw 
(Vp)carrier = Bo and (Vp)envelope = BB’ (9.170) 


respectively. With reference to Fig. 9.15, we note that the reciprocal of the carrier 
phase velocity, On) geometrically represents the slope of the straight line con- 
necting the coordinate origin and the operating point (wo, Bg) on the B-w curve. The 
-1 


feeioce approximates the slope of the curve 


reciprocal of the envelope velocity, (vp) 


at the operating point.” In the limit of Aw > 0, (Vp )onwelone 


slope of the curve, i.e., the line tangential to the curve, for w = wo, 


becomes exactly the 


Ane ae =I 


1m 
Aw—>0 Aw dw w= 8 


(wo). (9.171) 


Since, in an AM communication system, the modulating wave (with slow variations) 
contains information that is transmitted, the envelope velocity in Fig. 9.16 is actually 
the velocity with which the information-carrying signal is conveyed in the system. 
It also represents a measure of the speed of propagation of a group of frequencies 
(frequencies w; and w2 of the two original waves in our case) that constitute a wave 
packet, and is hence called the group velocity and denoted as vg. In general, this 
is the velocity of travel of electromagnetic energy and information carried by an 
electromagnetic wave through a given medium, and is also often called the energy 
velocity or signal velocity.”* Since the slope of the B-w curve for a dispersive medium 
changes with frequency (w), as in Fig. 9.15, the group velocity is obviously a function 
of frequency, 


(9.172) 


group velocity (unit: m/s) 
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Figure 9.16 Plot along z for ¢ = 0 of the electric field intensity 4 
in Eq. (9.168) obtained as a superposition of two 
time-harmonic waves with equal field amplitudes and slightly 
different angular frequencies, Eq. (9.167); the amplitude 
| 


When evaluated at a specified frequency w = wo, it represents the velocity of a 
group of frequencies within a wave packet centered at wo. Although derived for the . 


— 


22Note that, instead of inverting the velocities, we could have “inverted” the dispersion diagram in 
Fig. 9.15 and alternatively shown the definitions of the two velocities in thus obtained w-f diagram 
for the medium. However, wave dispersion characteristics of media in practice are almost exclusively 
represented using B-w diagrams, as in Fig. 9.15. 


23Note that the general difference between the phase and group velocities, shown in Fig. 9.16 as the 
carricr and envelope velocities, respectively, is perhaps best illustrated by a simple example from nature — 
that of a crawling caterpillar. Namely, as the eaterpillar erawls, the humps on its baek (“ripples”) move 
forward with a “phase velocity,” while the eaterpillar as a whole progresses with a “group velocity.” 
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simplest possible group of waves, that in Eq. (9.167), the concept of group velocity 
and the definition in Eq. (9.172) apply to any number of frequencies (with generally 
different amplitudes) in a group, including waves that have a continuous frequency 
spectrum, provided that all frequency components are confined to a narrow band 
around a carrier frequency. 

For nondispersive media, such as perfect and low-loss dielectrics with 6 = 
w/e, both dB/dw = ,/eu and B/w = ,/ep, so that the group velocity is equal to 
the phase velocity. Therefore, there is no real need to distinguish between these 
two velocities in electromagnetic wave applications associated with nondispersive 
media (and such applications are predominant in antennas and wireless communi- 
cations), so we simply use c, Eq. (9.18), as the velocity of electromagnetic waves in 
a nondispersive medium of parameters ¢ and yw. In summary, 


(9.173) 


For dispersive media, however, where $-w relationship is nonlinear, the phase 
and group velocities are different. Using Eqs. (9.35) and (9.172), they can be related 
to each other as 


meee | d fe\l Vp 
a Cs) - la (=) = T= (/vp) dvp/doo’ tia 


We see from this equation that vg = vp only if dvp/dw = 0 (nondispersive media). 
Media for which the phase velocity decreases with increasing frequency (dvp/dw 
< 0) or, equivalently, for which vg < vp from Eq. (9.174) are called normally dis- 
persive media. The remaining dispersive media, i.e., those with a phase velocity 
increasing as frequency is increased (dvp/dw > 0) and with vg > vp, which is the 
case in Fig. 9.15, are thus anomalously (or abnormally) dispersive media. Typical 
examples of normally and anomalously dispersive media are plasmas [as we shall 
see in an example, based on Eq. (9.160)] and good conductors [see Eq. (9.143)], 
respectively. The terms normal and anomalous are arbitrary, and are brought about 
for purely historical reasons. 


Example 9.22 Wave Dispersion in Good Conductors 


Consider a uniform plane time-harmonic electromagnetic wave propagating in a good con- 
ductor. (a) Show that the group velocity of the wave is twice the phase velocity. (b) For 
the VLF undersea ship-to-submarine communication system from Example 9.19, find the 
relative phase delay between two different frequency components, at fj = 7.77 kHz and 
fo = 10 kHz, respectively, of a signa! that is launched at the ocean surface and received at 
the depth in Eq. (9.149). 


Solution 


(a) From Eqs. (9.135) and (9.143), the phase coefficient and velocity of waves in good 
conductors can, respectively, be written as 


B(w) =k Jw and vp(o) = 2, where k= =, (O75) 


and the dispersion diagram of a good conductor looks like that in Fig. 9.15. Using 
Eq. (9.172), the group velocity comes out to be 


Vg(w) = (9.176) 


dB(w)/dw : 


nondispersive media 


Vg — good conductors 
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namely, twice the phase velocity. Of course, the same result is obtained by means of 
the expression for vg in terms of vp in Eq. (9.174). Also, as mentioned in discussions 
of this expression, good conductors are anomalously dispersive media, since their phase 
velocity increases with increasing frequency, Eqs. (9.175), or, equivalently, vg is larger (in 
fact, twice as large) than vp, Eq. (9.176). 

(b) With the conductivity of seawater specified in Example 9.19 and 4 = jo, the constant k 
in Eqs. (9.175) becomes k = 1.58 x 10-3 /s/m. So, having as well in mind Eq. (9.33), the 
relative phase delay between the two signals for the path traveled by the wave cqual to 
the depth (with respect to the water surface) of the submarine’s antenna of d = dmay = 
66.8 m, Eq. (9.149), amounts to 


phase shift between different Ad = —A(a)d — [—B(w2)d] = kV 27 (Va - Vi) he 0" (O.177) 
frequency components due to 
dispersion In general, as already explained earlier, such large phase shifts between different fre- 


quency (Fourier) components of a signal, due to their propagation at different phase 
velocities, ¥p(@), may cause significant distortions of signals at the receiving point (the 
superposition of the individual components is not an exact replica of the original signal). 
In particular, the phase difference between the two components in Eq. (9.177), appearing 
to be exactly 180°, is very illustrative of signal distortion due to dispersion of its fre- 
quency components. Namely, it makes the respective electric and magnetic fields, at the 
two frequencies, be in counter-phase and actually cancel each other at signal reception, 
instead of adding in phase if propagated in a nondispersive medium, which, obviously, 
are diametrally different results. 


Selle wee Wave Dispersion in Plasmas 


A uniform plane time-harmonic electromagnetic wave of frequency f travels through a 
plasma medium whose cutoff frequency is f,. (a) Sketch the dispersion diagram of the 
medium and (b) calculate the phase and group velocities of the wave. 


Solution 


(a) Based on the f-@ relationship for a plasma in Eq. (9.160), the dispersion diagram is 
sketched in Fig. 9.17, where w = 27f and wp = 27fp are, respectively, the operating 
radian frequency of the wave and cutoff radian frequency of the plasma. Of course, 
the phase cocfficient is zero at cutoff (f = fp), and purely imaginary (not shown) below 
it (f < fp). In the propagating region (f > fp). 6 increases with increasing frequency, 
asymptotically approaching the free-space value of Pfree-space = @/Co for f > 00. 


(b) Combining Eqs. (9.35), (9.172), and (9.160), the phase and group velocities of a propa- 
gating wave in the plasma, at frequency f (f > fp), are 
l 
Mp, Vg — plasmas af = = and CO 


a 
' 8 far 


Figure 9.17 Dispersion 
diagram of a plasma medium, 
based on Eq. (9.160), resulting 
IN Vp > Vp (Normal dispersion), 
for Example 9.23. 


| 
| 
| 
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respectively. We see that both vp > cg and vg — cg for f > fp, which is another 
confirmation that plasmas behave much like free space far above cutoff. In addition, 
it is obvious from Eggs. (9.178) that vp > co and vg < co, in the entire propagating region. 
Hence, vp > vg, which is also illustrated graphically in Fig. 9.17, based on the definitions 
of phase and group velocities, in Eqs. (9.35) and (9.172), and means that the plasma is a 
normally dispersive propagation medium. Finally, note that the fact that the phase veloc- 
ity in plasmas is larger (and even much larger near cutoff) than the speed of light in free 
space, Eq. (9.19), although it might seem alarming at the first glance, indeed does not 
violate the theory of special relativity, which states that energy and matter cannot travel 
faster than co. Namely, vp, as explained in this section, is just a velocity with which the 
constant-phase plane moves in the given direction. Rather, it is vg the velocity at which 
the electromagnetic energy and information are transported by the wave, and vg < cp 
always. 


Example 9.24 Dispersion of Pulsar Radio Waves in the Interstellar Plasma 


A distant rotating neutron star, called pulsar, emits radio waves (pulses) that can be detected 
on the earth. The interstellar medium can roughly be considered to be a plasma with an 
average concentration of free electrons of N = 3 x 10* m~?. Because of the dispersion in 
such propagation medium, a difference in arrival time of At=1s is detected of waves 
emitted simultaneously at frequencies f; = 200 MHz and fp = 500 MHz by the pulsar. What 
is the distance to the pulsar? 


Solution Eq. (9.159) tells us that the cutoff frequency of the interstellar plasma amounts to 
fp = 1.56 kHz, and both measured radio frequencies are, of course, well above it (so in the 
propagating region). The associated group velocities are thus given by Eq. (9.178), at the two 
frequencies, and the time lag between the two signals can be expressed as 


Feat d d 
Vg (fi) vg(f2)’ 
with d designating the unknown distance they travel from the pulsar to the earth (that 
we seek). In fact, frequencies f; and f2 are so high relative to fp that these velocities are 
practically the same, and equal to co, vg(f1) © vg(f2) © co, which would result in a zero 
time difference. However, to still be able to capture and use the difference of vg(f) and 


Vp(f2), namely, of their reciprocals, we turn to the following approximate expression for 1/vg., 
obtained using the binomial series identity like in Eq. (9.122): 


1 ot (a \ Soma fe 


With this in Eq. (9.179), dis computed as follows: 


df? (: 1 2cy At 
ee eee pe Oe 11973 10)? m. (9.181) 
2co\fi fF Fa, — Vf) 


As we know, such vast cosmic distances are customarily measured in light-years, 


(9.179) 


d 


Perce s enters: (9.182) 


So, the pulsar radio waves received today were emitted more than a millennium ago! 


Problems: 9.34-9.38;, Conceptual Questions (on Companion Website): 9.30—-9.35; 
MATLAB Exercises (on Companion Website). 


time lag between signals due 
to dispersions 


expressing cosmic distances in 
light-years 
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9.14 POLARIZATION OF ELECTROMAGNETIC WAVES 


All time-harmonic electromagnetic waves considered so far in this chapter exhibit 
so-called linear polarization (LP), which means that the tip of the electric field inten- 
sity vector of the wave (and the same is true for the magnetic one) at a given point 
in space traces a straight line in the course of time.” For instance, we see that the tip 
of the vector E of a uniform plane wave propagating in a lossless medium given by 


linear polarization (LP) E(z, t) = Em cos(wt — Bz + 09) X (9.183) 


[Eq. (9.32)] for a fixed z oscillates, in the course of time, along the x-axis of the 
Cartesian coordinate system. The same is true for the vector E in Eq. (9.84), for a 
wave propagating in a lossy medium. As shown in Fig. 9.18 for z = 0 and 6 = 0, at 
instants that are multiples of 7/8, where T is the time period defined in Eq. (8.49), 
E(0, t) in Eq. (9.183) periodically assumes values Em X, (Em/V2) X, 0, —(Em/V2) %, 
—Em X, —(Em/V2) X, ... as the time progresses from t = 0 on. We say that the vec- 
tor E is linearly polarized in the x direction. By the same token, the magnetic field 
intensity vector of the wave, H(z, £), given in Egs. (9.32) or (9.93), is linearly polar- 
ized in the y direction. However, the overall polarization of a time-harmonic wave is 
determined by the polarization of its electric field vector, so for the wave considered 
here we say that it is an x-polarized LP wave. 

However, if two time-harmonic uniform plane waves with mutually orthogonal 
linear polarizations at the same frequency copropagate in the same direction, the 
polarization of the resultant time-harmonic wave depends on the relative ampli- 
tudes and phases of its individual LP components. For instance, if the total electric 
field intensity vector of a wave is represented as 


E(z, ft) = Ex(z,0x+ Ey(z, oy, (9.184) 


and the two transverse components have the same amplitudes but are out of phase 
by 90° (i.e., they are in time-phase quadrature), 


E, = Em cos(wt — Bz), Ey = Emcos(wt — Bz = 90°) = Em sin(wt — Bz), 
(9.185) 
the wave is circularly polarized (CP). Namely, the resultant vector E for z = const 
rotates and its tip describes a circle as a function of time in a transversal plane 
defined by the fixed coordinate z, as discussed in an example of a rotating magnetic 
field in Fig. 6.19(b). Referring to Eqs. (6.118) and (6.119), we realize that the radius 
of the circle traced by the tip of E (so-called polarization circle) equals the ampli- 
tude of each of the wave components, Em, and that the rotation of E is uniform, 
with an angular velocity equal to the angular frequency w of the individual wave 
components. With 5 denoting the relative phase of Ey with respect to Ey, 


5 = By — Ox0, (9.186) 


where @,9 and 6,9 are the absolute initial phases in the plane z = 0 of E, and Ey, 
respectively, with 0,9 adopted to be zero in Eq. (9.185) for simplicity, Fig. 9.19(a) 


circular polarization (CP) 


Figure 9.18 Linearly polarized ~En —EmN2 O Enno ble 
time-harmonic uniform plane nnn 
wave, Eq. (9.183), for z = 0 pag lg 8 fo Pee 7) 
and 6) = 0. 2 8 a 8 


: 
24 Polarization, in general, is defined for arbitrary time-harmonic vectors; not necessarily electric and 
magnctic ficld vectors of a plane wave: not necessarily related to electromagnetic fields at all. 
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shows the rotation of the total field vector for the case 5 = —90° [Ey = Ep sin(wt — 
6z)]. At instants kT/8, where k = 0, 1,2, ..., E(O, f) cyclically acquires values Ep x, 
Em(%+ §)/V2, Em, Em(—X + §)/V2, ... We see that in this case, when the wave 
is observed from the rear (receding), i.e., toward the positive z direction, the vector 
E rotates in the clockwise (CW) direction as a function of time. Such CP wave is 
said to be right-hand circularly polarized (RHCP), given that, when the thumb of 
the right hand points into the direction of the wave travel, the other fingers curl in 
the direction of rotation of E. Conversely, the case with 6 = 90° in Eq. (9.185) [Ey = 
—Em sin(wt — Bz) gives rise to E rotating in the counterclockwise (CCW) direction 
when the wave is viewed receding, Fig. 9.19(b). Such rotation is in the direction 
defined by the fingers of the left hand when the thumb points along the direction of 
the wave propagation, which classifies this wave as a left-hand circularly polarized 
(LHCP) one. In other words, if the sense of the electric field vector rotation and 
the direction of wave propagation comply with the right-hand rule (thumb — wave 
propagation; fingers — field rotation), the wave is RHCP; otherwise it is LHCP (it 
agrees with the corresponding left-hand rule). 

If we change one of the amplitudes of the transverse components of the wave 
in Eq. (9.185) so that they are no longer the same, 


B = E,cos(wt — Bz), Ey =+E)sin(wt— Bz) (E, # En, 8 = +£90°), 
(9.187) 


>The (right- vs. left-hand) rule for determining whether a CP wave is right- or left-handed adopted in 
this text is referred to as the IEEE (Institute of Electrical and Electronics Engineers) convention for 
polarization handedness. It is largely arbitrary, as we could have adopted to look at the sense of field 
rotation by viewing the wave approaching (instead of receding) and pointing the thumb (of the right 
or left hand) to where the wave is coming from (and not to where it is heading). This latter definition, 
exactly opposite to the IEEE one, is the classical optics convention for polarization handedness, which 
is a preferred choice for most physicists and optical engineers. Note, however, that the IEEE definition 
is in perfect agreement with the radiation of so-called axial-mode helical antennas, and this is perhaps 
the basic motivation for its adoption as an IEEE standard. Namely, a helical antenna with right-hand 
sensed winding radiates a right-handed CP wave, while the polarization of the wave radiated by a left- 
hand wound helix is LH circular. Most importantly, although it is certainly unfortunate that we have two 
widely adopted and used definitions, we should understand that this is just a matter of convention, and 
simply exercise caution in interpreting what is meant when polarization handedness is stated (in different 
texts and communications). 


elliptical polarization (EP) 
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Figure 9.19 Right-hand (a) and 
left-hand (b) circularly 
polarized time-harmonic 
uniform plane wave 
(propagating in the positive z 
direction), Eq. (9.185) with 

6 = —90° (RHCP) or 6 = 90° 
(LHCP); in determining the 
polarization handedness, the 
field rotation must be viewed as 
the wave travels away from the 
observer (out of the page). 
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the tip of the resultant vector E, as it rotates in time with angular velocity equal to 
w, traces an ellipse in the plane z = const. This is evident from rewriting Eq. (9.187) 
in the form 


polarization ellipse 


(9.188) 


(cos? a + sin? = 1), which represents the equation of an ellipse with semi-axes Ey 
(along the x-axis) and E> (along the y-axis). This ellipse is termed the polarization 
ellipse, and the time-harmonic vector E(z, f), and hence the wave it represents, are 
said to be elliptically polarized (EP). The same definition for the polarization hand- 
edness applies as for the CP waves: for 6 = —90°, the wave is right-hand elliptically 
polarized (RHEP), whereas 5 = 90° yields a left-hand elliptically polarized (LHEP) 
wave, as shown in Fig. 9.20. 

The most general expressions for the two orthogonal transverse components of 
the electric field vector E(z, ¢) in Eq. (9.184) of a uniform plane wave are 


the most general EP plane Ex a cos(wt — B2), Ey = E> cos(wt — Bz it 6). (9.189) 


wave 


Namely, in the most general case, the phase difference between the components, 
Eq. (9.186), is arbitrary (—180° < 6 < 180°), in addition to an arbitrary ratio 
between their amplitudes. This wave is also elliptically polarized, with 6 > 0 imply- 
ing a left-handed polarization and 6 < 0 the right-handed one, and the polarization 
ellipse being tilted with respect to the x- and y-axes. So, elliptical polarization is 
the most general polarization of time-harmonic vectors. Circular polarization is 
a special case; when the semi-axes of the polarization ellipse are the same, the 
ellipse degenerates into a circle. Linear polarization is a collapsed ellipse with infi- 
nite major to minor axis ratio, and the other special case of Eq. (9.189). It occurs 
when £; = 0 (wave is linearly polarized in the y direction) or E, = 0 (x-polarized 
wave). The wave with both orthogonal components nonzero but in phase (6 = 0) or 
counter-phase (5 = 180°) with respect to each other, so that 


E = E, cos(wt — Bz) x + E) cos(wt — Bz) ¥y = (E,; x + E2y) cos(wt — Bz), (9.190) 


is also linearly polarized — the tip of E oscillates, in the course of time, along the line 
defined by the constant vector £; X + Ey (if E; = E>, for example, this line makes — 
an angle of 45° or 135° with the x-axis). 


Figure 9.20 Elliptical 
polarization of a time-harmonic 
uniform plane wave 
(propagating out of the page), 
Eq. (9.187): (a) RHEP 

(6 = —90°) with the major axis 
of the polarization ellipse, 

Eq. (9.188), adopted to be in 
the x direction (£; > E2) and 
(b) LHEP (6 = 90°) with a 
y-directed major axis 

(£2 > EF); the polarization 
handedness is defined in the 
same way as for the CP wave in 
Fig. 9.19. (a) 
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In radio communication systems, in general, the generators and receivers of 
electromagnetic waves, which carry the energy or information to a distance, are 
antennas (to be studied in a later chapter). The polarization of an antenna, which 
is one of its most important properties, is defined as the polarization of the elec- 
tromagnetic wave radiated in a given direction (most notably in the direction of 
maximum radiation) by the antenna when transmitting. In the receiving mode of 
operation, an antenna receives best the electromagnetic wave whose polarization 
is the same as the polarization of the antenna (if it were transmitting) in the direc- 
tion of the wave approaching [the antenna is (perfectly) polarization-matched to the 
wave]. This is achieved, for example, if both the antenna and the wave are linearly 
polarized along the same direction. 

Typical examples of linearly polarized antennas are wire dipole antennas (see 
Fig. 8.3). Linear polarization is, in communication systems, often referred to as ver- 
tical or horizontal when being perpendicular or parallel, respectively, to the earth’s 
surface. AM radio broadcast stations launch vertically polarized LP waves. Most 
TV broadcast transmitting antennas are horizontally polarized, and that is why typ- 
ical rooftop receiving antennas are composed of parallel horizontal wires (antenna 
arrays). Helical antennas are classical representatives of circularly polarized radia- 
tors, with the sense of rotation of the radiated wave being the same as that of the 
helix winding. With reference to Eq. (9.185), it is a simple matter to realize that 
two crossed (at 90°) wire dipole antennas fed with equal input powers but in time- 
phase quadrature constitute a CP antenna system as well. For example, FM radio 
broadcast stations, as well as recent TV transmitters, typically emit CP waves, which 
can be received by both horizontally and vertically oriented LP antennas (note that 
most receiving antennas attached to vehicles are vertically polarized). 

Finally, if the amplitudes EF; and E> of the transverse wave components E,, 
and Ey in Eq. (9.189) and the phase difference 6 between them are not constants 
but undergo random variations, such electromagnetic wave is said to be randomly 
polarized or, simply, unpolarized. Note that if we choose any direction in a transver- 
sal plane of an unpolarized wave, exactly half of the time-average power carried by 
the wave will be contained in a wave component polarized along that direction, and 
the other half of the power will be polarized along the transverse direction orthog- 
onal to the first polarization direction. Hence, unpolarized waves can be received 
equally well using an LP antenna of any transverse orientation, with a constant 
half-power polarization mismatch obtained at the reception. Most of natural light is 
unpolarized, as well as most cosmic radio sources and their emission. 


Example 9.25 Magnetic Field of an Elliptically Polarized Plane Wave 


An elliptically polarized time-harmonic uniform plane electromagnetic wave propagates in 
a lossless medium whose intrinsic impedance is n. The electric field of the wave is described 
in Egs. (9.187). Determine the magnetic field intensity vector of the wave. 


Solution Referring to Eq. (9.22), the magnetic field vector of a uniform plane wave whose 
electric field vector consists of an x and y Cartesian components can be obtained as 


1 i. E me Ep Ly 
H=-nx E= -2x (E,&+ £y§) = — 9 —- ik, (9.191) 
| q 7 u] 


so that Hy is associated with E, and H, with —E,. Hence, the components of H for the 
elliptically polarized time-harmonic wave with electric field in Eqs. (9.187) are 


= cos(wt — Bz). 192) 


magnetic field of an EP plane 
wave 
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E-H proportionality for an EP 
wave 


Note that this is equivalent to applying the concept of the intrinsic impedance of the medium 
and the rule by which the directions of E, H, and wave propagation are interrelated in Fig. 9.2 
to each of the two linearly-polarized waves (x- and y-polarized waves) constituting the total 
EP wave separately, and then adding together the such obtained LP magnetic field vectors. 
The total magnetic field vector rotates in synchronism with the total electric field vector (with 
the same angular velocity and same sense of rotation). From Eggs. (9.192), their instantaneous 
intensities [see Eq. (6.118)] are related as 


2 a 
IMG, 01 = [He +H} = |(-—) +(]) =" fa+g= "S| @.193) 


that is, H = E/n at every instant of time and every point of space, like for an ordinary 
(linearly polarized) TEM wave, Eq. (9.20). 


Sell ewe Instantaneous Poynting Vector of a Circularly Polarized Wave 


Find the instantaneous Poynting vector of a circularly polarized uniform plane wave of 
frequency f and electric field amplitude Em traveling through a lossless electromagnetic 
material of permittivity e and permeability yu. 


Solution Using Eqs. (8.161), (9.187), and (9.192), with E£; = Ey = Em (circular polar- 
ization) and n= ./u/e [Eq. (9.21)], the instantaneous Poynting vector of the wave is 
given by 


P =Ex H= [En cos(wt — Bz)x + Emsin(wt — Bz) ¥] x jz sin(wt — Bz)x 
| 


Ee 

—"7. (9.194) 
q 

We see that P is constant in time. Note that, therefore, its time average is this same value, 

Pave = (E2,/n) z. 


Se tuls) ee wea EP Wave as a Sum of Two Counter-Rotating CP Waves 


Show that an elliptically polarized time-harmonic uniform plane wave can be represented 
as a superposition of two oppositely rotating circularly polarized waves propagating in the 
same direction. 


2 
ie cos(wt — pas] = "8 [cos? (wr — Bz) + sin?(@t— B2)] z= 


Solution As the amplitudes of transverse components of an elliptically polarized electric 
ficld intensity vector given by Eqs. (9.187) can always be represented as E, = E’ + E” and 
E, = E’ — E”, the vector can be written as 


E = (FE + E”)cos(wt — Bz) x + (E' — E”)sin(wt — Bz) y 
Nema seme —— ee 
Fy E> 
= E' cos(wt — Bz) x+ FE’ sin(wt — Bz) ¥ + E” cos(wt — Bz) XF E" sin(wt — Bz)y (9.195) 
ees (eee 
CP wave | CP wave 2 


[and a similar decomposition can be performed for the magnetic field vector of the wave, 
starting with Eqs. (9.192)]. This indeed is a sum of two circularly polarized electric field vec- 
tors, Eqs. (9.185). The two waves have the same angular frequency (w) and propagate in the 
same direction (positive z direction) as the original (total) electromagnctic wave, but have 
uncqual amplitudes (E£’ 4 E”) and opposite senses of rotation (note the sign “>” in placc of 
“+” in the sccond term) with respect to each other. 
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Figure 9.21 Polarization ellipse 
of the electric field vector given 
by Eq. (9.198); for 

Example 9.28. 


Sell) ewe Determination of Polarization Handedness 


Two linearly polarized electromagnetic waves propagate in unison in free space, and their 
magnetic field vectors are given by 


H, = 3e’XmA/m and Hy, =j6 YimA/m (yinm), (9.196) 


respectively. Determine the instantaneous electric field intensity vector of the resultant wave, 
and the type (linear, circular, or elliptical) and handedness (right- or left-handed) of the 
polarization of this wave. 


Solution Using Eq. (8.66), the resultant magnetic field intensity vector in the time domain is 
Hoy, = Hi(y,) + Woy.) = 3/2 [cos(@t + By) X —2sin(@t+ By)z] mA/m, (9.197) 


and hence, having in mind Eq. (9.22) and that the wave travel is in the negative y direction 


(ii = —¥), the associated instantaneous electric field vector comes out to be 
Evy, f) = noH(y, f) x 8 = noHG, Dd x (—y) = —1.6[2 sin(wt + By) x 
+cos(wt+ By)z] V/m (tins; yinm), (9.198) 


where y9 = 377 Q, Eq. (9.23). This is an elliptically polarized wave, as its two transverse com- 
ponents are of unequal amplitudes and out of phase with respect to each other, which is 
obvious from Eq. (9.196) as well. The semi-axes of the polarization ellipse are 3.2 V/m and 
1.6 V/m along the x- and z-axes, respectively, as shown in Fig. 9.21. To determine, however, 
the handedness of the ellipse (sense of rotation of the total field), we sketch (as is done in 
Fig. 9.20) the vector E(y, £), Eq. (9.198), at several characteristic instants of time, that are mul- 
tiples of T/4, T being the time period in Eq. (8.49), for y = 0. From this sketch, in Fig. 9.21, 
we realize that this is a left-handed polarization (the total wave is an LHEP one). Simply, 
from the position at f = 0, at which E = —1.6z V/m, to that at t= 7/4 (@t = 2/2), where 
E = —3.2x V/m, the vector (arrow) E rotates in the counterclockwise direction when the 
wave is observed receding (see the orientation of the propagation unit vector mi), and this 
corresponds to an LH polarization (see the explanation given with Figs. 9.19 and 9.20). 

Note that the same type and handedness of the wave polarization would have been 
obtained by considering the magnetic field vector of the total wave, Eq. (9.197), in the first 
place. As already pointed out in Example 9.25, H always (for EP and CP waves) rotates in 
synchronism with E. However, the two field vectors being orthogonal to each other in space, 
when E is maximum, H is minimum (for EP waves), and vice versa, so that the polariza- 
tion ellipse for the magnetic field vector of the wave is orthogonal to that for the electric 
field vector (major semi-axis of the H-field ellipse is along the minor semi-axis of the E-field 
ellipse, and vice versa). 


Example 9.29 Complex Poynting Vector of an Elliptically Polarized Wave 


Derive the expression for the complex Poynting vector of an elliptically polarized uniform 


plane electromagnetic wave in a lossless medium of intrinsic impedance n, if the rms values 
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complex and time-average 
Poynting vector of an EP wave 


of the two mutually orthogonal components of the electric field vector of the wave are Ey 
and E\o. What is the associated time-average Poynting vector? 


Solution Let the instantaneous electric field intensity vector of the wave be given by 
Eq. (9.189), and hence Ey = E;//2 and Eyo = E>//2. In complex notation, having in mind 
Eq. (8.66), the corresponding complex rms electric field intensity vector is 


E=E,.x+E,y, where E,=E e JF? and Ey = Eyo e Pz @i8, (9199) 


Combining Eggs. (8.194), (9.192), and (9.199), the complex Poynting vector of an arbitrarily 
(elliptically) polarized wave, which includes linear and circular polarizations as special cases, 
comes out to be 


P =Ex H = (E, + E,§) x (Hy +H, 9)" = EH} a— EH i 


=—y—X 


2 2 
Eel? + 1Eyl? , _ Fro + ®yo, _ IEP, 


9.200 


and the time average of the associated instantaneous Poynting vector (Pave), Eq. (8.195), 
is the same (P is purely real). As |E|, the magnitude of the complex vector E, equals the 
rms value of its instantaneous time-harmonic counterpart E(t), we realize that the complex 
Poynting vector of a wave with any polarization is computed in the same way as that of a 
linearly polarized wave, Eq. (9.40), that is, as the square of the rms value of E(t) divided by 7 
(and multiplied by the propagation unit vector). Note also that for a circularly polarized wave 
[Eq. (9.185)], Exo = Eyo = Em/V2 in Eq. (9.199), and hence £2, + E¥y = Ef, in Eq. (9.200), 
yielding the same result for Pave as in Eq. (9.194). 


Example 9.30 Change of Wave Polarization due to Material Anisotropy 


A linearly polarized time-harmonic uniform plane electromagnetic wave propagating, with 
the free-space wavelength of Ag = 1 wm, in the positive z direction enters an anisotropic 
crystalline dielectric material. The electric field intensity vector of the wave, E, is at 45° 
to two mutually orthogonal transverse directions in the crystal, namely, x and y directions, 
along which the crystal relative permittivity has different values [Eq. (2.52)], ery = 2.25 and 
ry = 2.12, respectively. (a) Find the shortest length of the crystal (along the z-axis) for 
which the wave emerging on the other side of it is circularly polarized, and whether this 
polarization is right- or left-handed. (b) Determine the polarization state of the output wave 
if the crystal length in (a) is doubled. 


Solution 


(a) Using Eq. (8.111), the phase coefficients in x and y directions in the crystal are, 
respectively, 


2 2n 
Bx = @./emeoo = Te Vérx and py =o /eryéoHo = Ts Jéry (9.201) 


(4, = 1). The vector E can be decomposed onto E, and £, components that have equal 
amplitudes (equal to the amplitude of E times cos 45°), and travel along the z-axis with 
different phase velocities, corresponding, by means of Eq. (9.35), to the phase coefficients 
in Egs. (9.201). Therefore, a phase difference between the components is accumulated as 
thc wave progresses into the crystal. Having in mind Eq. (9.33), the relative phase 6 of 
Ff with respect to E,, Eq. (9.186), for a length d of the crystal amounts to 


2nd 
rue (v Ery — Jéty) >0 (€rx ee Ery)s 
Ko 
(9.202) 
and it turns out to be positive for the given permittivities of the matcrial. The two field 
components will be exactly 90° out of phase, which is circular polarization, Eq. (9.185), 


= dy = Px = —fyd oo (—fxd) = (Bx oan By) d= 


(b) 


for the following (smallest possible) value of d: 


1 r 
iz (LHCP output wave) —> dy = ———— > = 5.68 pm. 


Vem — Jery 4 

As 6; = +90°, this is an LHCP wave, Fig. 9.19(b). Note that crystal pieces cut at such 
length are used in optics to generate circularly polarized light at the output. 

If the crystal is made to be twice as long (d) = 2d; = 11.36 yum), the phase shift between 
components, Eq. (9.202), doubles as well, so 62 = 25; = 180°. Eq. (9.190) then tells us 
that the output wave is now linearly polarized, like the input wave. However, since the 
field transformation across the crystal can in this case be represented as 


Ein = E'(K+ 9) (82 = 180°), (9.204) 


we realize that the output electric field vector is polarized (directed) along a different 
line — that is perpendicular to the polarization axis of the LP wave entering the crys- 
tal. Obviously, anisotropic crystals of this length can be used to change the electric field 
direction, i.e., to rotate the field (by 90°). 


(9.203) 


— Eou = £"(x- y) 


Problems: 9.39-9.43; Conceptual Questions (on Companion Website): 9.36—9.40; 
MATLAB Exercises (on Companion Website). 
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9.1. 3-D Helmholtz equations from Maxwell’s 


equations. Derive both 3-D Helmholtz equa- 
tions for a lossless electromagnetic medium, 
Egs. (9.8) and (9.9), from the source-free ver- 
sion of Maxwell’s complex differential equa- 
tions, Eqs. (8.81). 


9.2. Field expressions for a different propagation 


direction. Consider a uniform plane (not nec- 
essarily time-harmonic) electromagnetic wave 
propagating in free space in the negative x 
direction, with the electric field having only a 
y-component, Ey. (a) Write down the expres- 
sion for E,, and show that it satisfies the 
corresponding 1-D wave equation. (b) Use 
Maxwell’s equations to obtain the accompany- 
ing magnetic field vector component from Ey, 
and verify that the relationships in Eqs. (9.22) 
hold true for the result. (c) What is the total 
electromagnetic energy density of the wave, 
and what its Poynting vector? 


9.3. Complex expressions for an x-directed wave 


travel. Repeat the previous problem but for 
a time-harmonic plane wave, traveling in the 
negative x direction. Parts (a) and (b) should 
be done in the complex domain. In part (c), 
use time-average energy and power density 
expressions. 


9.4. 


fe 


Plane wave in a lossless nonmagnetic medium. 
The complex rms magnetic field intensity vec- 
tor of an electromagnetic wave propagating 
through a lossless nonmagnetic medium is 
given by H = e!**% A/m (x in m) at a fre- 
quency of f = 75 MHz. Find: (a) the direc- 
tion of propagation, time period, wavelength, 
and phase velocity of the wave, the rela- 
tive permittivity and intrinsic impedance of 
the medium, (b) the complex electric field 
intensity vector, and instantaneous electric 
and magnetic field vectors of the wave, 
and (c) the instantaneous and time-average 
electromagnetic energy densities and complex 
Poynting vector of the wave. 


Plane wave computation in free space. A uni- 
form plane wave travels through free space, 
and its instantaneous electric field intensity 
vector is expressed as E = 15cos(wf + 107z + 
6)¥ V/m (¢ in s; z in m). The magnetic 
field intensity of the wave amounts to H = 
0.02 A/m at ¢=0 and z = 1.15 m. Determine 
(a) the operating frequency and initial (for 
t = 0) phase in the plane z = 0 of the electric 
field intensity (09), as well as (b) the com- 
plex magnetic field intensity vector and (c) the 
time-average Poynting vector, of the wave. 
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Finding material parameters of a propaga- 
tion medium. Field vectors of an electromag- 
netic wave traveling through a lossless medium 
are given by E = 1.333 cos(wt — By) x V/m and 
H = —4.243 cos(wt — By)zmA/m. At a point 
of space and instant of time, the surface power 
density transported by the wave and electro- 
magnetic energy density of the wave amount 
tone ley mW /m? and Wem = 16.97 pJ/m?, 
respectively. What are the relative permittivity 
and permeability of the medium? 


Complex emf in a large contour due to a plane 
wave. Redo Example 9.8 but in the complex 
domain. 


Complex emf in a small contour. Redo 
Example 9.9 but in the complex domain. 


Large contour positioned obliquely w.r.t. the 
wave travel. A square contour of edge length 
a=1m is placed in free space in the field 
of a uniform plane time-harmonic electromag- 
netic wave of frequency f = 500 MHz and rms 
electric field intensity Eg = 5 V/m so that its 
plane makes an angle of a = 30° with the direc- 
tion of wave propagation, as shown in Fig. 9.22. 
Find the emf induced in the contour, from 
(a) the left- and (b) the right-hand side of 
Faraday’s law of electromagnetic induction in 
integral form, i.e., using the electric and mag- 
netic field of the wave, respectively. 


Figure 9.22 Large square 
contour positioned obliquely with 
respect to the direction of 
propagation of a uniform plane 
wave; for Problem 9.9. 


Electrically small oblique contour. Repeat the 
previous problem but for the contour edge 
length of a = 2 cm. In part (b), assume that the 
magnetic field of the wave is uniform over a sur- 
face bounded by the contour (in Fig. 9.22) to 
dircctly compute the induced emf. In part (a), 
specialize the result from the previous problem 
to obtain the same result as in (b). 


9.11. 


oA. 


9.13. 


9.14. 


915. 


Induced current in a small wire loop. A 
uniform plane time-harmonic electromagnetic 
wave propagates in free space carrying a time- 
average power of Paye =1 W/m? per unit 
area of the wavefront, at a frequency of f = 
40 MHz. A circular wire loop of radius a = 
10 cm is positioned in the field of the wave such 
that the rms emf induced in it is maximum. The 
inductance and resistance of the loop are L = 
0.6 wH and R = 0.8 2, respectively. Compute 
the rms intensity of the current induced in the 
loop, neglecting the magnetic field it produces 
(use the impedance of the loop). 


Circulation of the magnetic field vector of a 
plane wave. Consider the electrically large rect- 
angular contour in the field of a traveling plane 
wave in Fig. 9.5. Find (a) the circulation (line 
integral) of the magnetic field intensity vector 
of the wave along the contour and (b) the flux 
of the electric field vector through a surface 
spanned over the contour. (c) Can the result in 
(b) be obtained directly from that in (a), and 
vice versa? (d) For what position of the con- 
tour in Fig. 9.5 would the integral in (a) be 
maximum? 


Displacement current bounded by a large con- 
tour. A uniform plane time-harmonic electro- 
magnetic wave of angular frequency w and rms 
magnetic field intensity Ho travels through a 
lossless medium of permittivity « and perme- 
ability uw. (a) Compute the line integral of the 
complex magnetic field intensity vector of the 
wave along a square contour of edge length a 
(arbitrary electrical size) positioned such that 
its plane is perpendicular to the electric field 
vector of the wave, and that two of its edges are 
parallel to the magnetic field vector. (b) What 
is the total rms displacement current intensity 
through a surface spanned over the contour? 


Displacement current bounded by a small con- 
tour. Repeat the previous problem but for an 
electrically small circular contour of surface 
area § (the contour plane is still perpendicular 
to the electric field vector of the wave). 


Power flow through a large rectangular aper- 
ture. A uniform plane time-harmonic electro- 
magnetic wave propagating in free space has an 
amplitude of the electric field intensity Em = 
1 V/m and frequency f = 30 GHz. The wave 
is incident normally onto an infinitcly large 


9.16. 


17. 


9.18. 


flat screen (the screen is perpendicular to the 
direction of wave propagation) with an elec- 
trically large rectangular aperture (opening) 
of edge lengths a = 20 cm and b = 10 cm. (a) 
Neglecting the scattered electromagnetic field, 
due to induced electric surface currents and 
charges on the screen, calculate the energy 
delivered by the wave to the other side of the 
screen in one hour. (b) Repeat (a) but for the 
wave propagation direction making an angle of 
a = 60° with the normal to the screen (or the 
aperture). 


Safety limits for human exposure to electro- 
magnetic radiation. There exist various effects 
of electromagnetic fields on humans and many 
quite different recommendations and stan- 
dards for the safety limits of human exposure to 
electromagnetic radiation. One of them is the 
IEEE (Institute of Electrical and Electronics 
Engineers) standard, whose recommendations 
for the maximum permissible time-average 
intensity of the Poynting vector in uncon- 
trolled environments (where individuals gen- 
erally have no knowledge or control of their 
exposure to electromagnetic fields) at frequen- 
cies between 100 MHz and 300 GHz are as fol- 
lows: (i) (Pave)max = 2 W/m? for 100 MHz < 
f < 300 MHz, (ii) (Pave)max = (f/150) W/m? 
(f in MHz) for 300 MHz < f < 15 GHz, and 
(iii) (Pave)max = 100 W/m? for 15 GHz < f < 
300 GHz. Based on this standard, compute the 
maximum permissible levels for the rms inten- 
sities of the electric and magnetic fields in air 
at frequencies of fj = 150 MHz, f2 = 1.5 GHz, 
and f3 = 15 GHz, respectively. 


Unsafe zone around a radar antenna. A radar 
antenna radiates a 15-GHz electromagnetic 
wave with the amplitude of the electric field 
intensity approximately given by the following 
function of the distance r from the radar: 
Em(r) = (5/r) kV/m (r in m). What is the 
radius of the unsafe zone around the antenna, 
according to the IEEE standard presented in 
the previous problem? 


FCC limit for EMI radiation. All electri- 
cal and electronic equipment must be tested 
against stringent requirements for control- 
ling electromagnetic interference (EMI), i.e., 
unintentional electromagnetic radiation from 
the equipment, which can interfere with 
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other devices and systems, and degrade and 
jeopardize their performance and operation. 
A requirement of the FCC (US. Federal 
Communications Commission) is that the 
EMI radiation at a distance of 3m from 
the equipment be less than Egyy(r = 3 m) = 
100 uV/m (peak-value). Calculate the corre- 
sponding time-average power density, Pave. 
How does this FCC “interference-free” safe 
power level for equipment compare to the 
IEEE health-safety level for humans? 


. Propagation along the main diagonal of the 


first octant. Repeat Example 9.12 but for 
the direction of wave propagation defined by 
the vector X+ y+ z and the complex elec- 
tric field vector of the wave at the coordinate 
origin expressed as Ey = (1 —jV3)(—%& — §+ 
22) V/m. 

More on Helmholtz equations for a lossy 
medium. For a lossy homogeneous medium 
and time-harmonic variation of the electro- 
magnetic field, (a) derive the Helmholtz equa- 
tion for the electric field, in Eqs. (9.86), 
from the governing Maxwell’s equations and 
(b) show that the field in (9.81) is its solution, 
and (c) then use this solution and Maxwell’s 
equations to obtain the accompanying mag- 
netic field. 


Different propagation direction in a_ lossy 
medium. A uniform plane time-harmonic elec- 
tromagnetic wave propagates in the negative 
y direction through a lossy medium of param- 
eters e€, 4, and o. The electric field of the 
wave has only a z-component, E,, whose com- 
plex rms value at the coordinate origin is 
Eo. (a) Write down the expression for E,, 
and show that it satisfies the corresponding 
1-D Helmholtz equation. (b) Use Maxwell’s 
equations to obtain the accompanying com- 
plex magnetic field vector component from E,, 
and verify that the relationships in Eqs. (9.22), 
employing the complex intrinsic impedance of 
the medium, Eq. (9.91), hold true for the result. 
(c) What is the time-average Poynting vector of 
the wave? 


3-D Helmholtz equations for lossy medium. 
(a) Derive 3-D Helmholtz equations for a 
lossy medium, Egs. (9.86), from the corre- 
sponding Maxwell’s equations. (b) Comparing 
Helmholtz equations in (a) with their versions 
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for a lossless medium (with o = 0), Eqs. (9.8) 
and (9.9), obtain the equivalent complex per- 
mittivity of the lossy medium, as is done with 
Ampeére’s law in Eqs. (9.77)-(9.80). 

Power ratio of two waves in decibels. The rms 
electric field intensities of two time-harmonic 
uniform plane waves propagating in a loss- 
less medium are £; and £», respectively, and 
the corresponding time-average Poynting vec- 
tor magnitudes are Py and P. (a) Compute 
the power ratio for the two waves in decibels 
(Agp), Eq. (9.98), for the following values of 
EqfE2: 100, 10; 2, 1.41980) 0.7077 0580.15 and 
0.01. (b) Find P\/P2 and £,/E> for the fol- 
lowing values of Agg: 60 dB, 14 dB, 6 dB, 1 dB, 
0 dB, —3 dB, —14 dB, and —100 dB. 


Finding parameters of a lossy medium from 
wave travel. The instantaneous electric field 
intensity vector of a wave traveling in a 
lossy nonmagnetic medium is given by E = 
e*Y cos(6.28 x 10°¢ + 204y) X V/m (t ins; y in 
m). The magnetic field of the wave lags the 
electric field by 21°. Under these circum- 
stances, find (a) the relative permittivity and 
conductivity of the medium, as well as (b) the 
complex propagation coefficient, (c) the instan- 
taneous magnetic field intensity vector, and (d) 
the time-average Poynting vector of the wave. 


Finding parameters of a biological tissue. A 
uniform plane time-harmonic electromagnetic 
wave of frequency f = 1.9 GHz propagates in 
the positive z direction through a biological 
tissue of unknown parameters. The magnetic 
field of the wave has only an x-component, 
and its rms intensity at the coordinate origin 
is [fy =25 mA/m. The wave amplitude is 
reduced by 3.25 dB for every centimeter trav- 
eled, and the phase coefficient of the wave 
amounts to fB = 260 rad/m. Determine (a) 
the permittivity and conductivity of the tissue 
and (b) the time-average Poynting vector of 
the wave. 

Finding parameters of glacier ice. The phase 
velocity and phase lag of the magnetic field 
behind the electric field of a uniform plane 
time-harmonic electromagnetic wave of fre- 
quency f = 10 GHzand rms electric ficld inten- 
sity Ey = 1S V/m propagating through glacier 
ice are found to be vp = 1.73 x 108 m/s and 


Pale 
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@=5.x 1074 rad, respectively. Compute: (a) 
the relative permittivity and loss tangent of ice, 
as well as (b) the complex propagation coeffi- 
cient and (c) the time-average Poynting vector 
of the wave. 


Wave absorption in a phantom head. To inves- 
tigate the electromagnetic coupling of cellu- 
lar telephone antennas and a human head, 
a phantom head — a plastic container filled 
with a solution that approximately resem- 
bles the dielectric and conductive properties 
of a human head —- is used for measure- 
ments. In particular, solutions are made that 
have the relative permittivity and loss tangent 
equal to the corresponding average head tis- 
sue parameters at two frequency bands allo- 
cated for wireless communications in North 
America: (i) ¢, = 44.8 and tandg = 0.408 at 
f = 835 MHz and (ii) e, = 41.9 and tandg = 
0.293 at f = 1.9 GHz. (a) Find the attenuation 
coefficient of a uniform plane wave propagat- 
ing through the phantom solution and com- 
plex intrinsic impedance of the material, at 
each of the two wireless communication fre- 
quencies. (b) If the rms electric field inten- 
sity of the wave at its entry into the solution 
is Ey =50 V/m, use Poynting’s theorem in 
complex form, Eq. (8.196), to determine the 
time-average power absorbed (lost to heat) in 
the first 1 cm of depth into the material per 
1 cm? of cross-sectional area, that is, in the first 
lcm x 1cm x 1cm of the material past the 
interface, at each of the frequencies. 


Various combinations of material parameters 
and frequency. For each of the combinations 
of material parameters and frequency from 
Example 9.16, calculate the attenuation and 
phase coefficients, dB attenuation per meter 
traveled, wavelength, and phase velocity of a 
uniform plane wave propagating in the mate- 
rial, as well as the complex intrinsic impedance 
of the material. Use approximate (simpler) 
expressions for good dielectrics or good con- 
ductors whenever appropriate. 


1/1000 depth of penetration in seawater. Find 
the ocean depth at which the electric field 
amplitude of a radio wave decreases to 1/1000 
of its value at the ocean surface, as well 
as the phase velocity, wavelength, and index — 
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of refraction in the medium, at each of 
the frequencies fj = lkHz, > = 10 kHz, f; = 
100 kHz, f4 = 1 MHz, and fs = 10 MHz, taking 
&y = 81 ando = 4 S/m for seawater. 


Radio communication with a submerged sub- 
marine. Repeat Example 9.19 but for (a) 
a 1-kHz ULF (ultra low frequency) wave 
launched into the ocean from the ship and (b) a 
less salty water with o = 0.4 S/m (near a river 
delta), respectively; all other parameters of the 
system are the same. 


. Decibel attenuation of a microwave oven wall. 


(a) What is the one-percent depth of pene- 
tration into the stainless steel (o = 1.2 MS/m, 
f4y = 500, and e, = 1) wall of a microwave oven 
at the standard frequency for microwave cook- 
ing, f = 2.45 GHz? (b) Calculate the dB atten- 
uation of a 1-mm thick wall, and evaluate its 
shielding effectiveness. 


. Wave incidence from space onto a parabolic 


ionospheric slab. Consider the parabolic iono- 
spheric slab in Fig. 9.14, and assume that hm = 
250 km, d = 100 km, and Nm = 10"? m~?. For 
a uniform plane wave vertically incident from 
space onto the upper boundary of the slab, find 
if and where (at what altitude h) it bounces 
back to space at each of the frequencies sep- 
arated by steps of Af = 0.5 MHz within a fre- 
quency range 8 MHz < f < 12 MHz. 


Wave propagation in a linear ionospheric layer. 
A uniform plane electromagnetic wave of fre- 
quency f = 5 MHz emitted by an antenna at 
the earth’s surface is incident normally on a 
layer of the ionosphere whose concentration 
of free electrons can be approximated by the 
following linear function of the altitude above 
the earth’s surface: N(h) = Noth — hy)/(h2 — 
hy) for hy <h < hg, where h; = 100 km, hp = 
200 km, and Np =5 x 10!! m73, as shown in 
Fig. 9.23. Find the highest altitude / reached by 
the wave, at which it bounces off and returns to 
the antenna. 


Wave dispersion in a lossy nonmagnetic med- 
ium. For the plane wave in a lossy nonmagnetic 
medium (rural ground) from Example 9.13, 
find the phase and group velocities at the oper- 
ating frequency of the wave, and whether the 
medium is nondispersive, normally dispersive, 
or anomalously dispersive at that frequency. 
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Figure 9.23 Normal 
incidence of a 
uniform plane wave 
launched from the 
earth’s surface on an 
ionospheric layer 
with a linear profile 
N(h); for 

Problem 9.33. 


Phase velocity as a function of wavelength. The 
phase velocity of a uniform plane wave propa- 
gating in a lossless medium is given by vp(A) = 
k./i, where 2 is the wavelength in the medium 
and k is a constant. If vp = 108 m/s at a given 
frequency, what is the group velocity of the 
wave at that frequency? Is the dispersion of the 
medium normal or anomalous? 


Frequency-dependent index of refraction. The 
index of refraction of a lossless nonmag- 
netic medium is expressed as n(f) =n, + 
(nz — 1) (f — fi)/(2 — fi) between frequencies 
f, and fo (fi < f2), where nm, and nz are posi- 
tive constants. In this frequency range, find the 
phase and group velocities of a propagating 
plane wave, and whether the medium is nondis- 
persive, normally dispersive, or anomalously 
dispersive. 


Time lag between signals due to dispersion. 
The carrier frequencies of two narrow-band 
signals launched at the same instant of time to 
travel as free (unguided) waves along the same 
path in a marshy soil of parameters e¢, = 20, 
o = 10-7 S/m, and p; = 1 are fj = 40 kHz and 
f2 = 50 kHz, respectively. What is the time lag 
between the signals as they are received on the 
other end of the path, if its length is / = 50 m? 


Time lag between signals in a plasma medium. 
(a) Repeat the previous problem but for 
the signals propagating in a plasma medium 
with concentration of free electrons of N = 
10’ m-?. (b) Then repeat (a) but for the carrier 
frequencies of signals changed to f; = 40 MHz 
and f2 = 50 MHz, respectively. 


Instantaneous Poynting vector of an ellipti- 
cally polarized wave. Find the instantaneous 
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Poynting vector of an elliptically polarized 
time-harmonic uniform plane electromag- 
netic wave whose electric field is given by 
Eqs. (9.187), if the permittivity of the medium is 
€ and permeability jz. What is the time-average 
Poynting vector of the wave? What are both 
results if E} = Ez and if Ez = 0, respectively? 


Superposition of two counter-rotating CP 
waves. Two oppositely rotating, right- and left- 
handed, circularly polarized time-harmonic 
uniform plane electromagnetic waves of the 
same frequency travel in the same direc- 
tion, and the amplitudes of their electric 
field intensity vectors are E; and E32, respec- 
tively. Determine the type (linear, circular, 
or elliptical) and handedness (right- or left- 
handed) of the polarization of the resultant 
wave (obtained by superposition of the two CP 
waves) for different combinations of values of 
Ey and E>. 


Determination of polarization state in dif- 
ferent cases. The electric field intensity vec- 
tors of two linearly polarized electromag- 
netic waves traveling in unison through free 
space are given by E, = e7)*%-925) § V/m and 
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E, = ae7i*@+0.256) > V/m (z in m), respec- 
tively, where a and b are constants. Determine 
the complex magnetic field intensity vector, 
instantaneous electric and magnetic field vec- 
tors, and polarization state (type and handed- 
ness) of the resultant wave in the following 
cases: (a) a=1 and b=1; (b) a=~—i and 
b=1; (c) a=-—1 and b=3; (d)¥a= eae 
b=1; (e) a=—-3 and b=1; and Gigae 
and b = -1. 

More different polarization states. Consider 
the electromagnetic wave whose electric field 
vector is the sum of vectors E, and E, defined 
in the previous problem. Determine the polar- 
ization state of this wave for the following 
values of constants a and b in the expression 
for E,: (a) a= 0.5 and b=1; (b) a=0.5 and 
b = —1; (c) a= —2 and b =2; (d) a=0 and 
b =0; (ec) a=5 and b=5; (f) a= Wandihes 
—5; (g) a= 1 and b =7; (h) a=1 and b =0; 
and (i) a= —1 andb =0. 

Poynting vector of waves in various polar- 
ization states. Compute the time-average 
Poynting vector of all resultant waves, in cases 
(a)-(i), from the previous problem. 
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Reflection and 


Transmission of Plane 
Waves 


Introduction: 


his chapter is a continuation of our studies of 

the theory and applications of uniform plane 
electromagnetic waves, in a two-chapter sequence. 
Capitalizing on the concepts and techniques of the 
analysis of wave propagation in homogeneous and 
unbounded media of various electromagnetic prop- 
erties from the previous chapter, we now proceed 
to develop the concepts and techniques for the 
analysis of wave interaction with planar boundaries 
between material regions. In general, as a wave 
encounters an interface separating two different 
media, it is partly reflected back to the incident 
medium (wave reflection) and partly transmitted 
to the medium on the other side of the interface 
(wave transmission), and hence the title of this 
chapter. Our evaluations of reflection and transmis- 
sion at material interfaces in various situations will, 
in addition to the underlying physical processes and 
mathematical relations between the local fields and 
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waves at the interfaces, also include all implications 
to the distributions of total fields and waves in each 
of the material regions in the system, as well as 
the related energy and power considerations. In all 
problems, however, the core of the solution will 
be the use of appropriate general electromagnetic 
boundary conditions, as a “connection” between 
the fields on different sides of the interfaces. 

The material will be presented as several sep- 
arate cases of reflection and transmission (also 
referred to as refraction) of plane waves, in order 
of increasing complexity, from normal incidence 
(wave propagation direction is normal to the inter- 
face) on a perfectly conducting plane and normal 
incidence on a penetrable interface (between two 
arbitrary media), to oblique incidence (at an arbi- 
trary angle) on these two types of interfaces, to 
wave propagation in multilayer media (with multi- 
ple interfaces). Along this way, we shall also discuss 


471 


472 


a number of related phenomena and problems, 
including the surface resistance of good conductors 
(associated with the skin effect) and the result- 
ing perturbation method for evaluation of (small) 
losses in good conductors, total internal reflec- 
tion (no transmission) at dielectric interfaces, total 
transmission (no reflection) at the Brewster inci- 
dent angle, etc. 

Although our discussions are confined, theo- 
retically, to wave reflection and transmission in the 
presence of flat boundaries of infinite extent, they 
are practically applicable, with sufficient accuracy, 
also to finite-sized flat surfaces that are electrically 
large (as compared to the wavelength of the inci- 
dent wave) and even to curved surfaces, as long 
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as the radii of curvature are large in comparison 
to the wavelength. Even if these conditions, for a 
given material object impinged by a wave and a 
given frequency of the wave, are not met, the equa- 
tions and results derived for planar boundaries can 
still be used, in a more or less approximative fash- 
ion, in solutions to much more complex problems 
than those involving only planar or almost planar 
surfaces. Overall, the topics of this chapter have 
countless immediate applications in such areas as 
indoor and outdoor wireless propagation, radio and 
microwave communication systems, radar engineer- 
ing, antennas, wave-guiding systems, optical devices 
and systems, lasers, etc. 


Figure 10.1 Normal 
incidence of a uniform 


plane time-harmonic 
electromagnetic wave on 
a planar interface between 
a perfect dielectric and a 
perfect conductor. 


incident wave 


10.1 NORMAL INCIDENCE ON A PERFECTLY CONDUCTING 
PLANE 


Consider a uniform plane linearly polarized! time-harmonic electromagnetic wave 
of frequency f and rms electric field intensity Ejg propagating through a lossless 
(o = 0) medium of permittivity « and permeability 1. Let the wave be incident nor- 
mally on an infinite flat surface (the direction of wave propagation is normal to the 
surface) of a perfect electric conductor (PEC), with o — oo, as shown in Fig. 10.1. 
Due to the presence of the conductor, in the way of the wave propagation, the elec- 
tromagnetic field in the medium in front of it is changed. Namely, since the wave 
cannot penetrate into the conductor [the skin depth, Eq. (9.139), for perfect con- 
ductors is infinitely small, 5 = 0; see also Example 8.6], and the electromagnetic 
energy it carries cannot disappear, it must be bounced back. Our goal is to deter- 
mine the total electromagnetic field in the entire half-space on the left-hand side of 
the PEC screen. 

Let the plane z = 0 of the adopted Cartesian coordinate system in Fig. 10.1 be 
at the interface between the two media, and let complex electric and magnetic field 
intensity vectors of the wave, which we refer to as the incident (or forward) wave, 
be written as [see Eq. (9.36)] 


[one rs 
E, = Ee"? & and H; = = e JBz | (10.1) 


(the propagation unit vector is nj = 2), where Ey = Eig! (& is the initial phase 


of the electric field intensity of the wave for z = 0), B = w/e [Eq. (8.111)] and ~ 


n = //é (Eq. (9.21)] are, respectively, the phase coefficient of the wave and 


intrinsic impedance of the incident medium, and w = 27f is the angular or radian | 


frequency of the wave. The wave excites currents to flow on the PEC surface. 


'In what follows, in our statements of problems to be analyzed, the polarization state of time-harmonie 
uniform plane clectromagnetie waves (see Section 9.14) will be assumed to be linear whenever it is not 
explicitly specified that the wave is circularly or elliptically polarized (which might as well be obvious 
from the given equations). 
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complex fields of a standing 
wave 


instantaneous fields of a 
standing wave 


planes of zero electric field 


or Ey = —Ejo (the scattered electric field at z = 0 is exactly the same in amplitude 
as the incident field, but is 180° out of phase).* Hence, the total electric and magnetic 
field intensity vectors in the medium in front of the PEC (for z < 0), i.e., the field 
vectors of the resultant (incident plus reflected) plane wave, are 


Ew = E+ E, = Ej (en = elP2) x, (10.5) 


E; iBz iBz\a 
Hy, = H, + H, = a (erie == elf) y. (10.6) 


The resulting two-term complex expressions in parentheses are proportional to 
either sine or cosine of Bz. Namely, using Euler’s identity, Eq. (8.61), it is easily 
shown that ‘ : , 

J? — eI? =2jsing and e+e)? =2cos¢, (10.7) 
with which, 


, . », E. Fs 
E,.. = —2j£jo sin Bz% and Hy, = 2=* cos Bz¥. (10.8) 


Using Eq. (8.66), and recalling that j = e7/* and cos(@# + /2) = —sina, 
we convert the complex field expressions in Eqs. (10.8) to their time-domain* 
counterparts: 


P Ej F 
Eat = 2V2E 0 sinBzsin@tx and Hi (t) = PRD == cos Bzcoswty, | (10.9) 
1) 


where a zero initial phase of the incident electric field intensity in the z = 0 ref- 
erence plane, € = 0, is assumed for simplicity, so that E;9 is a purely real constant 
(Ex = Ej) Fig. 10.2 shows snapshots at different time instants of the resultant 
electric and magnetic field intensities in Eqs. (10.9) as a function of z. We note that 
there are planes in which Ej (¢) is zero at all times. These planes are defined by 


(10.10) 


3 Apart from the solution using the boundary condition in Eq. (10.3), the existence of a backward propa- 
galing wave in Fig. 10.1, as well as the mathematical expressions in Eqs. (10.2) and (10.4) describing this 
wave, can alternatively be deduced by considering an equivalent structure with the infinite current sheet 
(of density J,) radiating in both directions away from the sheet. Namely, since there is no electromag- 
netic field in the half-space z > 0 in Fig. 10.1, we can substitute the PEC by the material occupying the 
other half-space, and consider the surface currents flowing in the plane z = 0 to exist in an unbounded 
homogeneous medium (of parameters e, jz, and o = 0). In this equivalent model (more precisely, the 
model is equivalent to the original structure only for z < 0), the currents must be such that, for z > 0, 
the field they produce exactly cancels the incident field in Eq. (10.1) (zero total field requirement). This 
means that the currents radiate to the right a uniform plane wave (propagating along with the incident 
wave) that has the electric field vector equal in amplitude but opposite in polarity (180° out of phase) to 
that of the incident wave, and the same is true for the magnetic ficld vectors of the two waves. However, 


because of symmetry, the currents radiate another wave back into the z < 0 half-space — the reflected — 


wave in Eq. (10.2). Its electric field intensity vector near the z = 0 symmetry plane, that 1s, for z=0-, 
must be, again due to symmetry, the same as that of the wave radiated by the currents to the right for 
z =)", which gives the relationship in Eq. (10.4). 


4s has already been done at several places throughout the previous four chapters, we use here the 


notation Eror (1), Hor (4), ete., to emphasize the time-domain format of these field expressions, which, of 
course, does not mean that time is the only independent variable fe.g., Exo = Ero (z, 0). 


5 Otherwise, the time-dependent terms in Eqs. (10.9) would be sin(wt + &) and cos(wt + &) instead of 
sin wt and cos wt, respectively, which essentially amounts to a simple shift of time reference (1 = 0). 
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bard rice 


SP 
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05 Figure 10.2 Plots of normalized total electric and 
e = magnetic field intensities, Eyot/(2/2Ej9) and 
HGS : | Hion/(2V2Eio), in Eqs. (10.9) against z at 


different instants of time. 


where A = 27/B is the wavelength [Eq. (8.112)] in the incident medium (with 
parameters e and yz). Note that Fyo¢ can be visualized as the one sine function of 
coordinate z, sinfz, with a varying amplitude, 2/2Eig sin wt. Similarly, Atot(t) is 
always zero in planes where cos Bz = 0, that is, in planes defined by z = —(2m + 
1)A/4 (m = 0,1, 2, ...). This means that the fields in Eqs. (10.9) do not travel as the 
time advances, but stay where they are, only oscillating in time between the station- 
ary zeros. In other words, they do not represent a traveling wave in either direction. 
The resultant wave, which is a superposition of two traveling waves with opposite 
directions of travel, is thus termed a standing wave.® 

Note that, in general, standing waves are easily recognized by the absence of 
a propagation (retardation) argument of the form t —1/c [Eq. (9.13)] or wt — Bl 
[Eq. (9.32)] in the time domain or the corresponding factor ej! in the complex 
domain, where / is an arbitrary length coordinate [see Eq. (9.69)]. Note also that, 
unlike for traveling waves, where the phases of both electric and magnetic fields 
depend on the spatial coordinate z, but as the same (linear) function of z, so that the 
two fields are in phase for every z, the electric field of a standing wave has a constant 
phase (same at all points), and this is also true for the magnetic field. However, these 
constant phases differ by 90° [sin wt vs. cos wt terms in time-domain field expressions 
in Egs. (10.9) or an extra “j” in the expression for E,,, when compared to that for 
Hit, Eqs. (10.8)], so the two fields are in time-phase quadrature at every point of 
space. 

Knowing the instantaneous and complex electric and magnetic field intensities 
of the resultant standing wave in the material half-space in front of the PEC screen 
in Fig. 10.1, we are now able to determine and discuss, in the rest of this section 
(including examples), its various properties, like we did for a traveling wave in an 
unbounded medium in Sections 9.3 and 9.4. Of course, some concepts and quantities 
to be analyzed, like the distribution of surface currents and charges in the PEC plane 
associated with the standing wave, do not have their counterparts in unbounded 
media. 


6The wave in Fig. 10.2 is also referred to as a pure standing wave, since, as we shall see in later sections, 


there are also “impure” standing waves, with combined standing-wave and traveling-wave properties. 
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Chapter 10 Reflection and Transmission of Plane Waves 


First, it is important to always have in mind that, unlike for traveling waves, the 
ratio of the electric and magnetic field intensities in either time or complex domain 
for a standing wave, e.g., that in Fig. 10.2, does not equal n, 


Eror(t) Erot 
EMORE a 
or any other constant [see Eqs. (10.9) and (10.8)], where E,,, and H,,, stand for 
complex rms field intensities, including the phase terms [in Eqs. (10.8), E,., = Ero, X 
and Hior = Atot YJ. That is why, in Eqs. (10.8), we were not able to obtain H,,, from 
Exo. by dividing £,,, by n. Instead, H,,, was found by adding together the incident 
and reflected magnetic field vectors, which, representing traveling waves, were both 
first computed by dividing by n the associated electric field intensities, Eqs. (10.1) 
and (10.2). 

Let us now have another look at Eq. (10.10) specifying the planes of zero net 
electric field in the material half-space in front of the PEC plane, where we realize 
that we can insert another PEC surface (foil) in any of these planes, i.e., for any m 
(of course, except the trivial case of m = 0), and nothing will change in the entire 
half-space. This is because the electric field in Eqs. (10.9) is zero at all times for 
Zz = —mi/2, so that the boundary condition for the vector E in Eqs. (8.33) is auto- 
matically satisfied. Note that the boundary condition for the vector B in Eqs. (8.33), 
stipulating that the normal component of B = wH must be zero at a PEC surface, 
is also automatically satisfied, as the vector Hj in Eqs. (10.9) is entirely tangential 
to the planes in Eq. (10.10). The PEC foil (at z = —mA/2) subdivides the half-space 
into two mutually isolated regions, shown in Fig. 10.3. We can now remove the field 
from the region on the left-hand side of the foil, and so obtain a self-contained struc- 
ture, on the right-hand side of the foil, with a standing electromagnetic plane wave 
trapped between the two parallel PEC planes (like two mirrors) that are a multiple 
of half-wavelengths apart. This structure behaves like an electromagnetic resonator, 
and is known as the Fabry-Perot resonator. It is used extensively in optics (e.g., in 
lasers) and at higher microwave frequencies. Note that the field in the structure can 
also be thought of as an infinite sequence of reflections of a traveling wave, back and 
forth (at normal incidence) between the mirrors, as indicated in Fig. 10.3. The res- 
onant frequency, fres, of the Fabry-Perot resonator, for its given length (separation 
between the PEC planes), a, is the frequency at which the wavelength in the medium 
(of parameters ¢ and 2), A, satisfies the zero-field condition (at the resonator’s newly 
added wall) a = ma/2 (or Ba = mz). Since 4 = c/f, where c = 1/,/eu [Eq. (9.18)] 
is the velocity of (traveling) electromagnetic waves in the medium, we have 


CG 
=m— (m=1,?2,...). 
a Ja : ( 5 
Seu tae Current and Charge Distributions in an illuminated PEC Screen 


A uniform plane time-harmonic electromagnetic wave of angular frequency w and rms 
electric field intensity Ej) is normally incident on a PEC plane from a lossless medium of 
intrinsic impedance 7. Find the distribution of surface currents and charges in the plane. 


(10.11) 


(10.12) 


Solution Knowing the total magnetic field intensity vector near the PEC surface, we 
compute the surface current density vector J, in Fig. 10.1 as follows. From the boundary ~ 
condition for the vector H (its tangential component) in Eqs. (8.33) and complex magnetic 
field expression in Eqs. (10.8), 
: Z Eio . 
iE =nx H =(-2z) x Aol ao =2 fits 


(10.13) 
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where we assume that E;) = Ejo. The instantaneous surface current density vector is hence 
J;(t) = (2V/2Ej9/n) cos wt &, which, of course, can also be obtained directly by applying 
the same boundary condition to the instantaneous total magnetic field intensity vector in 
Eqs. (10.9). We see that the normally incident uniform plane wave induces a uniform cur- 
rent sheet in the PEC plane (J; does not depend on x or y). Therefore, this current is 
not associated with any excess surface charge, which is obvious from the continuity equa- 
tion for high-frequency surface currents (continuity equation for plates), Eq. (8.42), whose 
complex-domain version reads 


Vs ‘J, = —jwp,. (10.14) 


Namely, the surface divergence of a constant vector is zero, and hence p_ = 0. This is also 


obvious from the boundary condition for the vector D (namely, for its normal component, 
D,) in Egs. (8.33), 


p.=8-D=6(-2)- # Erol, = 0.| (10.15) 


Serica Electric and Magnetic Energy Densities of a Standing Wave 


Consider the standing electromagnetic wave in front of a PEC screen in Fig. 10.1. (a) 
Determine the expressions for instantaneous electric and magnetic energy densities of the 
wave, and plot them in space for three time instants that are an eighth of the time period 
apart. (b) Show that the total time-average electromagnetic energy density of the wave is 
constant in space. 


Solution 


(a) As in Eq. (9.24), the electric and magnetic instantaneous stored energy densities at a 
point (defined by the coordinate z in front of the conductor) are obtained from the 
instantaneous electric and magnetic field intensities at that point, which, here, are the 
field intensities of the resultant wave in Eqs. (10.9). ‘Thus, 


We (1) =; éEto(t)? = 4¢ E% sin? Bz sin? wt, (10.16) 


i 
Wm (t) a5 UAtot(t) = 4eE?, cos” Bz cos” wt. (10.17) 


where, in the second equation, the use is made of the fact that 4./7* = «, like in Eq. (9.24), 
and the total electromagnetic energy density of the resultant wave is Wem = We + Wm. 
We note that, since sin? w = (1 — cos 2@) /2 and cos? w = (1 + cos2w)/2, where a stands 
for either wt or Bz, the periodicity of both we and wm in time and space (along 2) is 
determined by 2m and 28, respectively, that is, at twice the corresponding repetition rates 
(in time and space) for fields [see also Eq. (9.44)]. However, the oscillations of energy 
densities in time are not time-harmonic, because their time averages are not zero (the 
1/2 constant terms in the expansions of sin? wt and cos wf). 

In Fig. 10.4, functions we and wp in Egs. (10.16) and (10.17) are plotted against z 
for time instants t = 0, t = T/8, and t = 7/4, respectively, T being the time period of 
the incident wave in Eq. (8.49). These plots are another confirmation that there is no 
net transfer of electromagnetic energy in a standing wave — the energy does not travel, 
but oscillates back and forth along the z-axis between the peak locations of the elec- 
tric and magnetic fields, respectively (like water slops in a pail). At one instant (e.g., 
t = 0), the magnetic field is maximum and the energy is all magnetic (cos wt = 1), while 
the electric field and its energy density are zero everywhere (sin wt = 0). One quarter of a 
period later (at ¢ = 7/4), the energy is all electric (the magnetic field is zero everywhere), 
with energy density maxima shifted in space by 4/4. After one more quarter-period, the 
energy is all back in the magnetic field, and so on. At intermediate times, the energy is 
moving from the electric to the magnetic field, and conversely (note that at t = T/8, the 


continuity equation for plates 
in complex form 


finding surface charges on a 
PEC boundary 


instantaneous electric and 
magnetic energy densities of 
a standing wave 


478 Chapter 10 Reflection and Transmission of Plane Waves 


Figure 10.4 Sketch of 
instantaneous electric and 
magnetic energy densities, 

Eqs. (10.16) and (10.17), of the 
resultant wave in Fig. 10.1 
(divided by 4eE%,) as a function 
of z at three characteristic time 
instants; for Example 10.2. 


energy is exactly half electric and half magnetic). So, this complete periodic exchange of 
stored energy between the electric and magnetic field of the standing electromagnetic 
wave is exactly what occurs in the Fabry-Pcrot resonator, Fig. 10.3, at its resonant fre- 
quency, Eq. (10.12), and such energy fluctuation is characteristic for all clectromagnetic 
resonators, including resonant electric circuits (e.g., a simple LC circuit).’ 

(b) The timc-average electric and magnetic energy densities of the rcsultant (standing) wave 
at a point with coordinate z (—oo < z < 0) arc obtained, as in Eqs. (9.38), using the rms 
electric and magnetic field intensitics, which in turn are found as magnitudes of complex 
field expressions in Eqs. (10.8). Hence, the total time-average clectromagnetic encrgy 
density of the resultant wave is 


1 
time-average electromagnetic | (Wamlaver= (le) averse (Une 5 | ON -- 5 Hy ot |? = 283 | (10.18) 
energy density of a standing : ‘ : 


wave 6 Beers 4 5 
(sin? a + costa = 1), so it indeed is the same for every z. Of course, this same result 


can be obtained by averaging in time [see Eq. (6.95)] the instantancous clectromagnetic 


7Note that in a simple resonant LC circuit, the current and magnetic field of an inductor are 90° out of 
phase (difference in “j” in complex expressions) with respect to the voltage and electric field of a capac- 
itor [scc Eq. (8.69) or (3.45)]. At the resonant angular frequency of the circuit, w = 1//LC, the energy 
oscillates between the inductor (all magnetic energy) and capacitor (all electric encrgy), as the inductor 
current and capacitor voltage cyclically assume maximum/zcro valucs [sce Eqs. (7.88) and (2.192), as well 


as Eq. (8.207)}. 
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energy density of the resultant wave, given by Eqs. (10.16) and (10.17), and shown in 
Fig. 10.4. 


Example 10.3 Poynting Vector of a Standing Wave 


For the same situation as in the previous example, find the expressions for the instanta- 
neous, complex, and time-average Poynting vector, respectively, of the resultant wave, and 
discuss their standing-wave features. At what frequency does the instantaneous vector 
oscillate? 


Solution From Eqs. (8.161) and (10.9), the resultant instantaneous Poynting vector in 
Fig. 10.1 is 


E2 E2 
P(t) = Etot(t) x Mor () = 8 —® sin Bzcos Bzsin wt cos wt z = 2 —® sin28zsin 2wtz 
| 


CrG.19) 
(2sina@ cosa = sin 2a). Obviously, much like the energy densities in Fig. 10.4, P(2) oscillates 
in time at twice the frequency of fields (2f = w/z), and similarly for spatial periodicity (28 
instead of B). Of course, zeros of the Poynting vector encompass both electric and mag- 
netic field intensity zeros in Fig. 10.2. Knowing that the direction of the vector P coincides 
with the direction of the wave propagation and that its instantaneous magnitude equals the 
time-rate with which the electromagnetic energy is carried by the wave per unit area of the 
wavefront, Eq. (10.19) provides one more proof that the resultant wave in Fig. 10.1 does not 
propagate, but is standing. It shows again that the energy is not transported by the wave in 
either direction, but just moved back and forth in an oscillatory fashion, within a distance 
of 1/4, between locations of electric and magnetic energy maxima. For instance, the expres- 
sion for the Poynting vector at t = 7/8 reads P = (GE /n) sin 2B8zz (sin 2wt = 1), and thus 
Pe (2E%,/n)& (forward direction) for z = —(4m+1)A/8 and P = —(2E2,/ n) Zz (backward 
direction) for z = —(4m + 3)A/8, where m = 0,1,2,..., as indicated in Fig. 10.4. This is an 
intermediate stage at which the energy is being redistributed, via the Poynting vector, from 
the all-magnetic energy stage at ¢t = 0 to the all-electric stage at ¢ = ¢/4 in Fig. 10.4. At these 
two latter stages, however, P = 0 everywhere (sin2wt = 0) and the fluctuation of energy 
stops for a moment, as P changes the direction at all points, leading to the next all-electric 
or all-magnetic energy stage. 

Using Eqs. (8.194) and (10.8), the complex Poynting vector of the standing wave is 


2 


EF: 
P= Eyy, x Hi, = —j2—® sin 22% (10.20) 
n 


(EE = Ey: We see that P is purely imaginary, which, of course, is again in agreement 
with the fact that there is no net real power flow (by the resultant electromagnetic wave) in 
Fig. 10.1. It represents the reactive power fluctuation determining the rate of energy exchange 
in time and space between the electric and magnetic fields, like in every electromagnetic 
resonator. The time average of the instantaneous total Poynting vector [see Eq. (8.195)] is 


Pave = Re{P} = 0, (10.21) 
which is evident also from Eq. (10.19). 


A time-harmonic uniform plane wave with the rms intensity of the electric field Ejg and 
wavelength A travels in a dielectric with permittivity ¢ and is incident normally on a perfectly 
conducting plane. Compute the instantaneous resultant electromagnetic energy stored in an 
imaginary cylinder with the basis area S and length / = 1/4, placed in the dielectric along the 


_ wave travel such that one of its bases lies in the PEC plane. 


complex Poynting vector of a 
standing wave 
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Solution With the use of the expressions for electric and magnetic instantaneous stored 
energy densities (we and Wm) of the standing wave, Eqs. (10.16) and (10.17), the total 
instantaneous electromagnetic energy contained in the cylinder is computed as 


0 
Went) = Welt) + W(t) = f 


z=-l 


0 
wel. Sdz+ f Wen STA 
aes: 
Vv 


0 0 
= 4e ES sin? wnt f sin? Bzdz AcE S cos? wf 1 cos? Bz dz 
1/4 —A/4 
enter ate! 
1/8 , 1/8 
eX EDS REGS 
= (sin? ot + cos? wt) = Se. (10.22) 


with the two integrals in z, evaluated in practically the same way as the integral in time 
(t) in Eq. (6.95), coming out to be the same, equal to //2 = 4/8, which eliminates the time 
dependence in the result, so the total energy is constant in time. 

Note that this fact, that Wem = const, can be obtained without actually computing the 
energy, namely, by applying instead Poynting’s theorem, Eq. (8.159) or (8.167), to the cylin- 
der. As there are no external energy volume sources (impressed electric fields or currents) 
nor losses inside the cylinder, the theorem yields 


dWem 


7 P - ds, (10.23) 


Scyl 

where P is the Poynting vector of the standing wave in Fig. 10.1, given by Eq. (10.19). In 
addition, since P is tangential to the lateral surface of the cylinder and is zero at both cylin- 
der bases, at z = 0 and z = —A/4 (2864/4 = m), respectively, at all times, its outward net flux 
through the entire (closed) surface of the cylinder (S,y)) is zero, and so is, from Eq. (10.23), the 
time rate of change of the energy in the cylinder — hence Wem = const. However, Poynting’s 
theorem cannot give us the actual value of Wem, in Eq. (10.22). 


Example 10.5 Standing Wave Reception by Small Loop and Short Dipole 


Antennas 


A uniform plane electromagnetic wave is incident normally from air on the earth’s surface, 
which can be assumed to be perfectly flat, of infinite extent, and perfectly conducting, so 
a PEC ground plane. The rms electric field intensity of the wave is Eg = 1 V/m and its 
wavelength is Ag = 20 m. To receive the wave, that is, the signal it carries, a small wire loop 
antenna of surface area S = 100 cm? is placed at a height A with respect to the plane. (a) 
For what orientation and position (h) of the antenna is the rms emf induced in it maximum, 
and what is this maximum emf (neglecting the magnetic field due to the induced current 
in the loop)? (b) If, instead, the wave is to be received by a short wire dipole antenna 
(two straight wire arms of total length much smaller than Ag with a small gap between the 
antenna terminals), what are the orientation and position of this antenna for maximum 
reception? 


Solution 


(a) Of course, we cannot extract energy (signal) from the incident wave only, but from the 
total existing wave in air, and that is the standing electromagnetic wave in Fig. 10.1. In 
addition, although the associated clectric and magnetic fields are just the two faces of the 
electromagnetic wave, and a loop antenna receives (if oriented and positioned properly) 
both fields equally, as discussed in Example 9.8, if the loop is small it is much simpler 
to evaluate the reception of the magnetic field, as shown in Example 9.9. Therefore, we 
consider the resultant magnetic field vector, Hf,,,, given in Eqs. (10.8). Having in mind 
Eq. (9.58), we then realize that for the maximum reception of the wave, the loop has 
to be oriented such that its surface is perpendicular to Hh,,,, as depicted in Fig. 10.5, 
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Figure 10.5 Reception of a 
uniform plane wave normally 
incident on the earth’s surface 
(or a PEC ground plane) by a 
small loop antenna and short 
dipole antenna, respectively, 
with optimal orientations and 
positions; for Example 10.5. 


with which, and the complex form of the expression for Faraday’s law of electromagnetic 
induction from Eq. (9.59), the complex rms emf induced in the antenna comes out to be 


F2jwpuoLigS 
n0 
for S = -LSy¥. (10.24) 


Furthermore, the magnitude of this emf is maximum when the antenna, also called a mag- 
netic probe, is positioned at the magnetic field maxima of the standing wave, i.e., when 
cos Bz = +1, and this, in turn, is exactly at electric field zeros, in Eqs. (10.10). The lowest 
corresponding height of the antenna above the earth’s surface (4 = —z) is thus a half- 
wavelength (Fig. 10.5), and, combining Eqs. (10.24), (9.23), and (8.111), the maximum 
rms emf amounts to 


2ap0|Ejo|S 
lanes = a = 2B EioS = 


rnd oa —jo® —| —joB ‘S= —jopLoH io, ‘S= FJopotorS = cos Bz 


oT EY, =6.28mV for h= do =10m. 
ho 2 
(10.25) 
The same result is, of course, obtained for h equal to any multiple of 49/2. 


(b) For the receiving antenna in the form of a short wire dipole, referred to as an electric 
probe, the induced emf in the antenna can be found from Eq. (6.32), using the electric 
field vector of the total (standing) wave, E,,;, in Eqs. (10.8). It is then obvious that the 
wave reception is maximum when the dipole is aligned with the vector E,,,, and placed 
at electric field maxima, in one of the planes where sin 6z = +1. This gives z = —(2m + 
1)Ao/4 (m = 0,1, 2,...), so the lowest height above the PEC plane is now h = Ag/4 = 
5 m, Fig. 10.5. 


| | Example 10.6 | s0x.9 Moving Contour in the Field of a Standing Wave 


A uniform plane time-harmonic electromagnetic wave of angular frequency w and rms 
magnetic field intensity Hig propagates in air and impinges a PEC plane at normal incidence. 
Determine the instantaneous emf induced in an electrically small contour of surface area S$ 


| that travels with velocity v in the direction of propagation of the reflected wave. The plane 


of the contour is perpendicular to the magnetic field lines. Identify what portions of the emf 
are due to the transformer and motional induction, respectively. 


Solution We note first that, as opposed to the situation in the previous example, we now 
cannot apply Faraday’s law of electromagnetic induction in the complex domain, Eq. (10.24), 
but in the time domain, to be able to take into account the motion of the contour. We then 
realize that the moving contour in the total magnetic field of the standing wave in Fig. 10.1 
represents, as far as the induced emf in the contour is concerned, a system based on total 
(mixed) electromagnetic induction, that is, a combination of the transformer induction (due 
to the time variation of the magnetic field) and motional induction (due to the motion of the 
contour). As such, this system is similar to that in Example 6.15. Having in mind Eqs. (9.58) 


481 


482 Chapter 10 Reflection and Transmission of Plane Waves 


PEC 


Holz 9 

© 
— £0, 
. 
eind(% 11 {hh 
! n 


Z= 


> 
a 


Figure 10.6 Moving 
contour (S « 42) in the 
magnetic field of a 
standing uniform plane 
time-harmonic wave in 
front of a PEC screen; 
for Example 10.6. 


incident CP wave 


and (10.9), as well as that Ejo/no = Hio, the magnetic flux through the contour when it is at a 
location defined by coordinate z (—oo < z < Q) at instant f, as shown in Fig. 10.6, equals 


(z, 1) = LoMtot(z, 0S = 2V2oHioS cos Bz cos wt. (10.26) 
Since dz/dt = —v (the contour travels in the negative z direction), the total (combined) emf 
in the contour is, much like in Eq. (6.112), given by 
PRE) = _ dO ow 99,9 8OGpide GOI r d®(z, t) 
inde =a at az odt at dz 
—— 


—_— $< 
transformer emf motional emf 
= 2V2upHioS [w cos Bz sin wt — Bvsin Bz cos at], (10.27) 


with the first term (negative partial derivative of ® with respect to t) amounting to the trans- 
former part of the total emf (it would be zero if w = 0 - no time variation of Hjo,) and the 
second term (negative partial derivative of © with respect to z times dz/dr) to the motional 
emf (it becomes zero if v = 0 ~ stationary contour or if 8 = 0 - no spatial variation of Mot). 

Assuming that the reference position of the contour for f = 0 is z = 0 in Fig. 10.6, we 
have that z = —vt for t > 0, with which we can express the emf in Eq. (10.27) as a function of 
time solely, 


€ind(t) = 2V2upBHioS [co cos(Bvt) sin wt + vsin(Bvt) cos wf] . (10.28) 


Here, the use is made also of the relationship w/B = co, Eq. (8.111), co standing for the veloc- 
ity of the incident and reflected waves (in air), Eq. (9.19), to make it obvious in the result that 
the partial emf due to transformer induction is, overall, dominant over that due to motional 
induction — as long as v < co (and this is most likely the case). 


Example 10.7 Reflection of a Circularly Polarized Wave 


A right-hand circularly polarized uniform plane electromagnetic wave of frequency f and 
electric field amplitude Em propagates in air and is incident normally on a PEC plane. 
The instantaneous electric field vector of the wave is given by the two field expressions 
in Eqs. (9.185), with 6 = —90°. Find: (a) complex electric and magnetic field vectors of 
the reflected wave, (b) polarization state of the reflected wave, (c) complex electric and 
magnetic field vectors of the resultant wave in air, and (d) complex surface current and 
charge densities in the PEC plane. 


Solution 


(a) From Eqs. (9.185) and (8.66), the complex rms electric field intensity vectors of the two 
linearly polarized waves constituting the incident RHCP wave are expressed as 


é : E 
E, = E’eVP?%, EE, = -jE' e)P § ig = =2). (10.29 
=i =) J My /2 ) 
Using Eqs. (9.192), namely, H, = E,/no and H, = —E,/no, the accompanying magnetic 
field vectors are 
: ee wae! 
H, = He"? 5, Hy =jH' e% & (1 = =), (10.30) 
0 


with no being the free-space intrinsic impedance, Eq. (9.23). Consequently, vectors E; 
and H,; of the incident wave can be written as 


E =EeeK-jy, H=We Hg +)%. | (10.31) 


With reference to Fig. 10.1, and by means of the boundary condition in Eq. (10.3), we 
have, for the reflected wave, E, = —E; for z = 0, and hence 


Ex Baal ge! bbz (x =r 


H, = H' Py + 5%), (10.32) 7 
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where H, is computed from E, either by the vector relationship in Eq. (9.22) with the 
propagation unit vector in the backward direction, i, = —2Z, or by determining each of 
the transverse components of H, from the corresponding (orthogonal) component of E, 
using the intrinsic impedance no and making sure that the associated Poynting vector is 
properly directed (in the negative z direction). 

(b) Obviously, the reflected wave is also circularly polarized. Since there is exactly the same 
phase relationship between the x- and y-components of E,, in Eqs. (10.32), as for E;, in 
Eqs. (10.31), the vector E,(t) for z = const rotates in the same direction as Ej(t), and the 
same is true for magnetic field vectors. Of course, the sense of rotation of E,(t) can as well 
be found by sketching this vector at several characteristic instants of time, as in Fig. 9.21. 
However, as the two waves travel in opposite directions (i, = —nj), the handedness of 
the reflected wave is just opposite to that of the incident wave (see the definition of RH 
and LH polarizations given with Fig. 9.19), so it is a LHCP wave. In general, a reflecting 
surface (mirror) changes the sense of polarization of an impinging wave. 


(c) The total electric and magnetic field vectors are obtained as in Eqs. (10.5) and (10.6), 


Eto = Ei +E, = —2jE sin Bz(X —j¥), H,., = H; + H, = 2H’ cos Bzy +jX) 


Ci0s33) 
[also see Egs. (10.8)], so the resultant wave is a CP standing wave. Our definition of 
polarization handedness (in Fig. 9.19), however, does not make sense for standing waves, 
as they do not propagate. 
(d) The surface current density vector in the PEC plane is obtained from the boundary 
condition in Eq. (10.13), 


Js = (—¥) x Hyot|,_ = 24’ (& — 59). (10.34) 


As expected, J;(t) is also a CP vector. On the other side, boundary condition in 
Eq. (10.15) tells us that there are no excess surface charges in the plane, p, = 0. 


Problems: 10.1-10.8; Conceptual Questions (on Companion Website): 10.1-10.10; 
MATLAB Exercises (on Companion Website). 


10.2 NORMAL INCIDENCE ON A PENETRABLE PLANAR 
INTERFACE 


We now consider a more general case with the medium on the right-hand side of the 
interface in Fig. 10.1 being penetrable for the (normally) incident wave. Moreover, 
let us add the possibility of having arbitrary losses in both media, and describe their 
electromagnetic properties by ¢;, 41, and 01, for medium 1, and «9, 2, and o2, 
for medium 2, as indicated in Fig. 10.7. We assume, of course, that at least one of 
the three material parameters has different values for the two regions, and because 
of this discontinuity in the propagation medium (abrupt change of some of the 
material properties) in the way of the incident wave travel, the incident wave will 
be partially reflected back from the interface, and partially transmitted through it 


| (medium 2 is penetrable). Hence, we have three traveling waves in Fig. 10.7: two 
in medium 1 (incident and reflected), like in the case with the PEC boundary in 


Fig. 10.1, and one in medium 2 (which, of course, does not exist in Fig. 10.1). This 
new wave is called the transmitted wave; it propagates away from the material inter- 
face, with wave propagation parameters based on the material properties of medium 


, 2. Adopting the same reference direction of the electric field intensity vector for 


all three waves, their graphical representations in Fig. 10.7 are translated into the 


standing CP wave 
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incident wave 


reflected wave 


transmitted wave 
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E, fi 


Figure 10.7 Normal incidence 
of a uniform plane time- 
harmonic electromagnetic 4E; 
wave on a planar interface 

between two linear ae 
homogeneous media with 


arbitrary electromagnetic 
parameters. 


following equations: 


(10.35) 


(10.36) 


(10.37) 


where Ein, Exo, and Eig are, respectively, complex rms electric field intensities of the 
incident, reflected, and transmitted wave in the plane z = 0. The complex prop- 
agation coefficients and intrinsic impedances for the two media are given [see 
Eqs. (9.82), (9.91), and (9.78)] by y, = jw. /Eqqle = ax + jBx and n, = /un/Ecx, 
respectively, where k = 1 for medium 1 and k = 2 for medium 2, €,, = e¢ — jox/w 
(kK = 1, 2) are the equivalent complex permittivities, a, attenuation coefficients, and 
Bx phase coefficients of the two media. 

In Eqs. (10.36) and (10.37), we have two unknown field intensities at z = 0, E,o 
and Eo, So we need two linear algebraic equations with these two complex constants 
as unknowns to solve, for a given Ei), whereas for the case in Fig. 10.1, one cqua- 
tion was sufficient. So, in addition to the boundary condition for the vector E, we 
invoke here the boundary condition for H as well. Of course, both are for the tan- 
gential vector components and for the general case of a boundary surface betwecn 
two arbitrary electromagnetic mcdia, Eqs. (8.32). Since all vectors in Fig. 10.7 are 
entirely tangential to the boundary, the conditions apply to the cntire vectors, and 
we have 


axE,-aixE,=0 —> (E,+E,)|,29 = Exlco (10.38) 


AaxH,-axH)=J, => (Hj +H,)|,9=Hil,o (10.39) 


with n = —zZ being the normal unit vector on thc interface (directed from medium 
2 to medium 1). The vector J, in the sccond boundary condition is taken to be zero 
since surface currents in the plane z = 0 can only exist if one of the two mcdia is a 
perfect conductor, like in Fig. 10.1. Substituting the ficld expressions in Eqs. (10.35)— 
(10.37) into Eqs. (10.38) and (10.39) then yiclds the following two cquations with 
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unknowns E,, and Ei: 


(10.40) 


and their solution is 


es — 

i 1 + My ae ae iby ee) _ ee” 

This completes the computation of the reflected and transmitted fields in Fig. 10.7. 
We now define the reflection and transmission coefficients, [ and t, as the ratios 
of the corresponding complex rms electric field intensities, reflected over incident 
and transmitted over incident, respectively, at the material interface (z = 0). So, for 
the situation in Fig. 10.7 (normal incidence from a medium with complex intrinsic 
impedance 7, to a medium with impedance No) these coefficients come out to be 


[from Eqs. (10. 41)] 


(10.42) 


(10.43) 


where it is obvious from the first boundary condition in Eqs. (10.40), dividing both 
sides of the equation by Ej, that 1+r=1.3 
The reflection coefficient, being generally complex, can be represented as 


r=|Cl/e” O<\|L| <1; —180° < » < 180°), (10.44) 


where the phase angle yy amounts to the phase shift between the reflected and inci- 
dent electric field intensities at the interface, in addition to their amplitude ratio, 
determined by the magnitude of the reflection coefficient, ||. That |[| < 1 will be 
obvious from the expression for the Poynting vector in the incident medium, which 
will be derived in an example, and from the fact that the time-average power carried 
back by the reflected wave cannot be (by the principle of conservation of power) 
_ larger than the time-average power of the incident wave. In decibels, 


Tap =20log|f| (—co <Tgp <0 dB). (10.45) 


_ A similar representation, in terms of the magnitude and phase, can be given for the 
complex transmission coefficient, t. 

If both media in Fig. 10.7 are lossless (0; = o2 = 0), their intrinsic impedances 
are purely real, n, =m = /ui/e1 and n, = n2 = V/42/e2, which results in both 
| coefficients in Eqs. (10.42) and (10.43) being purely real ([C = T and t = T) as well. 
| For 71 < 7, T is positive (y = 0), whereas 7 > 72 yields a negative T (y = 180°). 
| 


| ®Let us point out again that the expressions for I’ and z in terms of n, and n, in Eqs. (10.42) and (10.43) 

| are defined for the same reference direction of vectors Ein, E,p, and Ey (Fig. 10.7). Such adoption of 
| vector orientations is arbitrary; however, once we have made this choice, we must use it consistently and 
| always have it in mind in interpreting numerical values for the coefficients. Note also that the coefficients 
are defined for the electric field intensities of the three waves and not magnetic ones, which, as well, is a 
| matter of convention. 


boundary conditions 


reflection coefficient 
(dimensionless) 


transmission coefficient 
(dimensionless) 


reflection coefficient in polar 
form 


dB reflection coefficient 
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On the other side, t is nonnegative for any combination of purely real impedances 
(which themselves must, of course, be nonnegative). It is interesting to note that 
t > 1, meaning that the amplitude of the transmitted electric field is larger than that 
of the incident field, when nj < nz. Although this gain in the electric field intensity 
across the boundary might seem at the first glance like an alarming violation of the 
principle of conservation of energy in the system in Fig. 10.7, we instantly recall that 
both electric and magnetic fields, namely, the Poynting vector, must be considered 
in assessing the energy carried by a wave and in any power-balance evaluations. 
Indeed, the amplitude of the magnetic field in this case is smaller for the transmit- 
ted than for the incident wave [the amplitude ratio, transmitted over incident, for 
magnetic fields is 2m, /(n + 2) < 1 (since n, < n2)]. Moreover, it is small enough to 
make the magnitude of the time-average Poynting vector of the transmitted wave 
smaller than that of the incident wave, so the power conservation, of course, holds 
true [the transmitted to incident power flow ratio, as we shall see in an example, 
amounts to t271/np, and it is a simple matter to show, substituting the expression 
for t from Eq. (10.43), that this ratio is always smaller than unity]. Shown in Fig. 10.8 
is a time snapshot (at ¢ = 0) of the instantaneous electric field intensities of incident, 
reflected, and transmitted waves as a function of z, for two combinations of permit- 
tivities, €; > €2 and e, < 2, of the two media in Fig. 10.7, assuming that both media 
are nonmagnetic (441 = “2 = Wo) and lossless. We observe matching of field intensi- 
ties at the interface according to the boundary condition for E-fields in Eqs. (10.40) 
for the two situations, as well as different wavelengths (A; 4 A2) for the waveforms 
in the two media. 

If medium 2 is a good conductor, so that its intrinsic impedance is given by 
Eq. (9.137), and medium 1 is a perfect dielectric (e.g., air), |n,| K m1 (at frequencies 


Ei, E,, Ex{V/m] 


z[m] 


(a) 
Figure 10.8 Plots of 
cen eneaie electric field Ej, Ey, Ey [Vim] 
intensities of incident, reflected, 
and transmitted waves in 
Fig. 10.7 against z at ¢ = 0 for 
Eig = Eo = (2/2) Vim DS \ Lee=-- z(m] 
(incident electric field has a 
zero initial phase at z = 0), 
= O00IMEZ a ool ee 
a) = 02 = 0, and two 
combinations of relative 
permittivities of the two media: 
(a) &;) =9 and ¢,2 = 4 and 
(b) €,) = 4 and e, = 9. (b) 


I- 
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up to the visible-light region), and Eqs. (10.42) and (10.43) become 


(10.46) 


f 
| 
) 

f 
i 


_If, furthermore, the conductor can be considered to be perfect, 7, = 0, and hence 


le a (10.47) 


where I’ = —1 means, of course, |[| = 1 and w = 180°, and is equivalent to the 
relationship in Eq. (10.4). 

The electromagnetic field in medium 2 in Fig. 10.7 consists of electric and mag- 
| netic fields of the transmitted wave, E, = E, and H, = H;, where E, and H, are 
given by Eggs. (10.37) and (10.43), since this is the only wave past the boundary at 
z = 0. This wave, of course, is a pure traveling wave. The electromagnetic field in 
imedium 1, on the other hand, results from the superposition of two waves (inci- 
| dent and reflected) traveling in opposite directions, like in Eqs. (10.5) and (10.6). 
' However, as E,) # —Ejo in Fig. 10.7, the resultant wave is not a pure standing wave, 
| which is also obvious from the fact that at least a portion of its energy must be car- 
\ried over to the transmitted wave. To quantitatively investigate the standing-wave 
|content in the total field in medium 1, let us assume, for simplicity, that it exhibits 
\no losses (co; = 0), that is, no wave attenuation (a; = 0), so that y; = jf1, where 
B = w./ei1.’ By adding and subtracting the term PE;, eifi2 ¥ in the expression 
for the incident electric field intensity vector in Eqs. (10.35), we obtain 


E, = E,{(1 +P) e348? — re] x. (10.48) 
—— 


if 


z 


|The reflected field is given by Eqs. (10.36) and (10.42), so the total electric field 
jintensity vector in the incident medium can now be written as 


E, = E, +E, = Eolte? +(e? + elFi2)15 
ce 
2j sin 61 z 
= rEjg ec P'? & + 2jP Ey sin B12 &, (10.49) 
ee 
traveling wave standing wave 


jand the magnetic field of the resultant wave, H,, can be decomposed in a similar 
fashion. This tells us that the resultant wave can be visualized as a superposition 
jot a traveling wave, with rms electric field intensity |t||Zi9|, and a standing wave, 
whose maximum rms electric field intensity is 2|I'||£;o|. In the time domain, 


Ex) = [cIIBiol V2 cos(t — Byz + vr + §)% — 2V2|DI|Zjol sin Biz sin(wt + y +6) 4, 
i (10.50) 
where y, and & are phase angles of t and Ej, respectively. Furthermore, we can say, 
based on Eq. (10.49) or (10.50), that the reflected wave interferes with a portion of 
the incident wave having the electric field vector equal in amplitude but in counter- 
jphase [the second term in Eq. (10.48)] to form a standing wave, with twice larger 
| we obviously lose some generality with the assumption that the incident medium is lossless, 
ive note that cases with (nonnegligible) losses in both media in Fig. 10.7 occur relatively rarely in prac- 


{tical situations. In addition, in cases where one of the media is lossy, it most frequently is the reflecting 
»medium, as in our assumption, with the incident medium being air or some other perfect dielectric. 


reflecting medium good 
conductor 


reflecting medium PEC 
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total electric field in front of a 
penetrable interface 


array factor for waves 
(dimensionless) 


amplitude in its maxima. The rest of the incident wave [the first term in Eq. (10.48)], 
which does not interfere with the reflected wave, travels toward the interface and 
sustains the transmitted wave in medium 2. 


Seri) (tiem Field Maxima and Minima, and Standing Wave Pattern 


A uniform plane time-harmonic electromagnetic wave of frequency f and rms electric field 
intensity Eig propagates in a lossless medium of parameters ¢, and yz; and impinges normally 
the planar surface of a lossy medium of parameters ¢€2, 442, and o2. (a) Determine the 
expressions for maxima and minima of the rms electric field intensity of the resultant wave 
in the incident medium, and their locations. (b) Sketch the spatial distribution of the total 
rms electric field intensity in the incident medium. (c) What are locations of maxima and 
minima of the accompanying resultant magnetic field intensity vector? 


Solution 


(a) In addition to the representation in Eq. (10.49), and with the definition of all involved 
parameters as in that representation, the total electric field intensity vector in the incident 
medium (medium 1) can also be written as 


E, = EX (cee ae) = Ejp e717 KL + CD eAi2), (10.51) 


incident wave array factor 


where the field intensity of the incident wave is multiplied by a factor that takes into 
account the reflected wave and its interaction with the incident one, resulting in standing 
wave behavior. This factor, ultimately, is due to the existence of the second medium in 
Fig. 10.7. Using Eq. (10.44), it is expressed as 


[Ey =1+IL1el2Y) (00 <2 <0),| (10.52) 


We refer to it as the array factor and symbolize it by F,, in analogy with the analysis 
of antenna arrays, where the total far electric field (radiation pattern) of a spatial array 
of identical antenna elements is obtained as a product of the field (wave) radiated by a 
single element (reference element) and the array factor.'? In our case, we have an “array” 


of two waves, with the incident wave playing the role of a reference element in the array. — 


In Fig. 10.9(a), Eq. (10.52) is represented in the complex plane [see also Fig. 8.6(d)]}, with 
F,, corresponding to a point on a circle of radius |I’|, centered at (1, 0). As the coordinate 
z varies from z = 0 to z + —oo, the point F,,, whose position on the circle is determined 
by the angle ¢, = 26;z + y, rotates in the mathematically negative (clockwise) direction. 
The magnitude of the array factor, for any z, equals, in the complex plane, the magnitude 
of the position vector of the point F, with respect to the coordinate origin. It is thus 
obvious from Fig. 10.9(a) that the maxima and minima of |F,| are, respectively, 1 + |L] 
for ¢a = —2ma and 1 — |L| for @, = —(2n + 1)a (on = 0, 1, 2,...). Hence, the maxima 


10 As we shall see in a later chapter, the array factor of an antenna array is a sum of terms specifying the 
relative amplitudes and phases of radiated fields (waves) of individual antenna elements in the array (due 
to their location and feed) with respect to the reference clement, whose term equals unity (if it is adopted 
to be one of the array elements). Thus, the seeond term in the array factor in Eq. (10.52) represents the 
phase difference of the reflected wave (its eleetrie ficld) at the point defined by an arbitrary coordinate 
z in the incident medium (—oo < z < 0) with respect to the incident wave at the same point, along with 
the amplitude ratio |['|, introduced at the bounee off the interface (z = 0). The phase difference results 
from the round trip of the wave traveling a distance equal to —2z (z is negative), from the point with 
coordinate z to the interfaee and back, and reflection phase shift y added at the interface. 


_ 
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Figure 10.9 (a) Representation in the complex plane of the array factor (F,) in Eq. (10.52) for the total 
electric field intensity vector in the incident medium in Fig. 10.7 and (b) sketch of the magnitudes of the 
total electric and magnetic field intensity vectors in Eqs. (10.51) and (10.55) as functions of z (standing 
wave patterns), for an arbitrary phase (1) of the reflection coefficient in Eq. (10.44); for Example 10.8. 


of the total rms electric field intensity in Eq. (10.51), |E,| = |Eiol|F,|, are 


pe ee ee eee 


[Eylmax = |Ejo| (1+ |E|) for 2 2p ae vr 20 electric-field maxima 
(10.53) 
(the case m = 0 for w < 0 is excluded since it gives a positive z), and minima 
|E;|min = |Ejol (1 — ||) (shifted by 41/4 with respect to maxima), (10.54) — electric-field minima 


where A, = 27/1. 


(b) Fig. 10.9(b) shows the plot, so-called electric-field standing wave pattern, of the field 
magnitude |E,| as a function of z, for an arbitrary y. Specifically, when yy = 0 (T real 
and positive), the location of the first field maximum [m = 0 in Eq. (10.53)] is right at the 
boundary plane (z =0). On the other hand, the boundary plane contains the first field 
minimum [Eq. (10.54)] when w = 180° (T' real but negative), since w/(261) = 41/4 for 
this reflection coefficient phase. Note that the situation in Fig. 10.1 (the second medium 
PEC) also falls under this latter case [see Eq. (10.47)], with minima in Eq. (10.54) now 
being field zeros (|E;|min = 0), as in Eq. (10.10), and the first one of them lying in the 
PEC plane. 

(c) Similarly, the total magnetic field intensity vector in the incident medium can be 
expressed as 
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E: Tn ay ee an 
4 =H, +H, = = y (esr — rer) = = e Biz 5 (1 — e212 (10.55) _ total magnetic field in front of 


Because of the extra minus sign (180° phase difference) in the reflected-field term, when 
compared to Eq. (10.51), the magnetic field maxima occur at the locations of the electric 
field minima, and vice versa (like in Fig. 10.2 for the PEC boundary). The magnetic-field 
standing wave pattern, 7;|Hj (z)|, is also shown in Fig. 10.9(b). 


See Standing Wave Ratio = 


For the situation described in the previous example, find the ratios of maxima to minima for 
the total electric and magnetic fields, respectively, in the incident medium. What is the range 
of their possible values? 


a penetrable interface 
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standing wave ratio 
(dimensionless) 


Solution Using Eqs. (10.53)-(10.55), we realize that these ratios, for |E,| and |Hj|, are the 
same. In fact, the ratio of (electric or magnetic) field maxima to minima is a key numerical 
parameter describing a standing wave pattern, called the standing wave ratio (SWR), and for 
the patterns in Fig. 10.9(b) it equals 


(L:s'8 = 00); (10.56) © 


The range of possible numerical values for s (for different combinations of materials in— 
Fig. 10.7) is given by 1 <s < oo, which comes from the corresponding range for |I| in 
Eq. (10.44). Note that a unity SWR (s = 1) occurs for [ =0 (no reflection), i.e, when the 
material parameters of the second medium are such that its intrinsic impedance is the same 
as (matches) the intrinsic impedance of the incident medium. We say that the second medium ~ 
is “matched” (by impedance) to the incident one, so that the incident wave is totally trans- 
mitted through the boundary (rt = 1). As we shall see in later sections and chapters, there are 
many different practical situations where the no-reflection (or almost no-reflection) feature 
for the (unbounded or guided) propagation medium discontinuity is desirable (or critical), 
and SWR as close to unity as possible is often the most important design requirement. The 
other extreme case is a total reflection situation, with an infinitely large SWR (s > oo), which — 
occurs for Ff = —1 (PEC boundary). 


ra 


| Example 10.10 | emia Power Computations in the Two-Media Problem } j 


(a) For the two-media problem from Example 10.8, determine the time-average Poynting — 
vector in the incident medium, and from that expression show that the magnitude of the 
associated reflection coefficient for the material interface cannot be larger than unity. | 
(b) Also find the complex Poynting vector in the second medium, and show that if this 
medium is lossless, the reflection and transmission coefficients for the interface are related 
as 1 — I? = n,t*/n2, m and nz being the intrinsic impedances of the two media. 


Solution } 
(a) Combining Eqs. (8.194), (10.51), (10.55), (10.44), and (10.7), the complex Poynting vector 
in the incident medium in Fig. 10.7 is ; 
ES ; ; E2 
= * _ “iO j2B3Z — P* e2Aiz) 3 — =i0 Jy _ * 
P,=ExHj= 7 (1+Le )( [*e ja = {1 ge 


F2 
+I | [ ei@niesy = eo Pail) [1 — IE? + 21] sin(26)z + w)| z, (10.57) 
m 


where E%, = |Eiol? = EjoE%. The imaginary part of P,, given by the same type of expres- 
sion as in Eq. (10.20) for the incidence on a PEC interface, represents the reactive 
power fluctuation in the medium characteristic for standing waves. Its real part, equal 
to the time-average Poynting vector for —oo < z < 0, i.e., to the net time-average (real) 
power flow in the positive z direction (toward the media interface) by the resultant . 
electromagnetic wave per unit area of the wavefront, turns out to be 


Ee ; 
(Pave = Re(P,} = = (1 an Ir?) Z= (Pi)ave iF (Pr)ave- (1 0.58) 


This power is delivered to the electromagnetic field in the second medium. 

We note that (P})ave can be written as a sum of the time-average Poynting vec- 
tor of the incident wave, (Pj)ave, and that of the reflected wave, (Pr)ave, which are 
expressed as 
F2 
or (-—Z) = —ICI?(Pidave- (1 0.59) 
We now see that, indeed, || < 1, since |(Pr)avel < |(Pi)ave| (conservation of power). 


E2 
(Pi)ave = re Ze (Pr ave = IEF 
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(b) The complex Poynting vector in the second medium in Fig. 10.7 is found from the elec- 
tric and magnetic field vectors of the transmitted wave, Eqs. (10.37). In analogy with 


Eq. (9.95), 


E2 : 
Py =P, = —O er ol 3g, (10.60) 
In,| 
where ¢2 is the phase angle of 7,. 
If there are no losses in medium 2 (a2 = 0, ¢2 = 0), with the use of Eqs. (10.60), 
(10.43), and (10.59), the time-average Poynting vector of the transmitted wave is 


de jae 
(Prave = 08 = 1? Hg = BF 2Pi)ave. (10.61) 
12 2 n2 


Since both media are now lossless, the time-average power flow in either one of them 
does not depend on the z-coordinate. By the conservation of power principle, or, more 
formally, from Poynting’s theorem in complex form, Eq. (8.196), applied to a pill- 
box closed surface, like the one in Fig. 2.10(b), with one of the bases lying in the 
plane z =0~ and the other in the plane z = 0", this power flow must be continuous 
across the boundary surface at z = 0. Hence, having in mind Eqs. (10.58), (10.59), and 
(10.61), we obtain the following relationship between the reflection and transmission 
coefficients: 


(Piave=(P2ave —> 1-122 - t? (both media lossless). (10.62) 


Note that this relationship can be derived also using the expressions for the coefficients 
in terms of the media intrinsic impedances, Eqs. (10.42) and (10.43). 


Seve emee Wave Impedance Sue — 


This example introduces a new quantity, equal to the ratio of the total electric to magnetic 
complex field intensities at a point in space. It is called the wave impedance and is denoted 
by 7. With this definition, find 7 in the incident medium in (a) Fig. 10.7 and (b) Fig. 10.1, 
respectively. 


Solution 


(a) As pointed out in the previous section, the electric over magnetic complex field intensity 
ratio for standing waves is not constant, Eq. (10.11), but depends on the spatial coor- 
dinate z (along the direction of wave propagation). It, of course, has the dimension of 
impedance, like the intrinsic impedance of the medium (7).'! From Egs. (10.51) and 
(10.55), taken with jf; replaced by y , the wave impedance in (possibly lossy) medium 1 


in Fig, 10.7 is 


Ey e 4% + ret? 


ty = a ty ye aE (10.63) wave impedance in the 


incident medium, general 


, : : : : ; two-media case (unit: Q 
We note that the wave impedance in medium 2, with only one traveling wave, isn, = 7 5 ( ) 


[from Eggs. (10.37)]. 

The concept of wave impedance and the result in Eq. (10.63) are especially useful in 
the analysis of plane-wave propagation in multilayer media, that involve more than two 
different material regions (separated by parallel planar interfaces). In such problems, 


'lNote that, in general, for non-TEM waves (to be studied in later chapters), that also have a longitudinal 
field component (along the wave propagation direction) of either electric or magnetic field, the wave 
impedance is defined as the ratio of transverse only field intensities (electric to magnetic) at a given 
point. 


492 


Chapter 10 Reflection and Transmission of Plane Waves 


good conductors 


as we shall see in a later section, 7, computed at a certain plane (e.g., at one of the 
multiple material interfaces) can be used as an equivalent “input” impedance, in analogy 
to the input impedance of a part of an electric circuit, to replace the rest of the structure 
(beyond that plane) by a homogeneous medium described by an equivalent intrinsic 
impedance equal to 7. . 


(b) For the situation in Fig. 10.1, Eqs. (10.8) give the following expression for the wave 
impedance in the incident medium: 
E 
n, = ae, =~—jntanBz (incidence from a lossless medium ona PEC). (10.64) 


=—tot 
and this can also be obtained from Eq. (10.63) as a special case — for a perfect dielectric 
and a perfect conductor as media 1 and 2, respectively, namely, with Y= jB.n, =n, and 
Tr = —1 [Eq. (10.47)]. 


Problems: 10.9-10.15; Conceptual Questions (on Companion Website): 
10.11-10.26, MATLAB Exercises (on Companion Website). 


10.3 SURFACE RESISTANCE OF GOOD CONDUCTORS | 


Having now the tools for the analysis of reflection and transmission of uniform 
plane time-harmonic electromagnetic waves at the interface between two arbitrary | 
media (for normal incidence), we revisit our study of skin effect in good conductors ~ 
at higher frequencies from Section 9.11, and extend it to evaluate the losses in a | 
conducting half-space illuminated by a normally incident plane wave. These losses | 
are an essential attribute that distinguishes wave propagation in the presence of real | 
conductors with respect to the corresponding situations when the conductors can be ! 
considered to be perfect (with no losses). 

The approximate values for the reflection and transmission coefficients for a 
good conductor as the reflecting medium are given in Eqs. (10.46). We use the same | 
notation for fields as in Fig. 10.7, but, to simplify writing, let the parameters of the. 
conducting medium be marked here as ¢, yz, and o, and let the medium in front 
of it be air, as indicated in Fig. 10.10. Nevertheless, all the results derived in this 
section will be valid also for any other perfect dielectric as medium 1. To express 
the current density in the conductor, we first note that the complex propagation ~ 
coefficient (y) of the transmitted wave and intrinsic impedance (7) of the medium * 
(good conductor), given in Eqs. (9.134) and (9.136), respectively, can be represented 
in terms of the skin depth (4) in the conductor, Eq. (9.139), as 


[ l ’ 
ee ae n= Sa4i. (10.65) . 


a 
With this expression for y, the expression for the complex rms electric field intensity" 
vector for 0 < z < 00 [see Eqs. (10.37), (10.43), and (10.46)} becomes 


E, = E, = rEg @ 22 & © = Eye 7 eX, (10.66): 


where no is the intrinsic impedance of free space [Eq. (9.23)]. Using then the expres- 
sion for n in Eqs. (10.65), the associated complex rms current density vector in the 
conductor is 


QE. i. ae : 
Jo = cE, = 8 (14+: jye7/ eX, (10.67) 
< dno 


es ave 


| S 


| This current, which theoretically exists in the entire conducting half-space, but 
is practically negligible at locations more than several skin depths away from 
BS conductor surface (see Fig. 9.13), causes the local Joule’s losses (to heat) of 
|electromagnetic energy (carried by the transmitted wave) inside the conductor. 

| As the overall quantitative measure of these losses, it is of interest to find their 
|total time-average power, (Pj)ave, for a given (finite) area, S, of the conductor sur- 
face. In other words, our goal is to compute the time-average power lost in the 
| volume of a semi-infinite cylinder whose one basis (of surface area S) is placed in 
| the plane z = 0 such that the cylinder extends through the entire depth of the con- 
| ductor (0 < z < 00), as sketched in Fig. 10.10. The most straightforward way for this 
jis to integrate the local loss power density throughout the cylinder volume, which 
| will be done in the example. Alternatively, we can invoke Poynting’s theorem in 
jcomplex form, Eq. (8.196), and apply it to the same cylinder. Since there are no 
external energy volume sources (impressed electric fields or currents) inside the 
cylinder (domain v), the theorem reads 


H 


J,/2 
o= [Bet av 4jo | (wiH,) — 1B) av+ f P,-dS. (10.68) 
vy @ v Scyl 
ee a rs Ee 
| (Py)ave Preactive 


(Peomplex)out 


| 

| Of course, the time-average power of Joule’s losses we seek equals the first term on 
the right-hand side of the equation. The net outward flux of the complex Poynting 
i vector of the transmitted wave (the last term in the equation) represents the com- 
| plex power flow through the (closed) surface of the cylinder (S,y1) out of the domain 
v. The complex power flow into the cylinder is the negative of that, and thus 
Rg. (10.68) gives 


| (Pcomplex)in a —(P complex out = (Pj)ave + jPreactive, @ 0.69) 


where Preactive is the reactive power in v [see also Eqs. (8.191)-(8.193)]. Hence, both 
- active (loss) and reactive powers in the cylinder are obtained as 


| 
| (Pj)ave — Pactive = Re{(Poomplex)in}: Preactive = Im{(Poomplex)in}- @ 0.70) 
| 


We note that P, = P, z is tangential to the lateral surface of the cylinder and is zero 
_ at the faraway (z — oo) cylinder basis [due to the exponential attenuation with z in 
Fq. (10.60)]. Therefore, the inward net flux of P, through the entire surface of the 
cylinder reduces to the flux just through the basis (S) lying in the material interface 
(z = 0), counted with respect to the positive z (forward) direction, 


‘ 


! (Pcomplex)in = P,(z =0)- Sz= Po(z =0)S. (10.71) 


Section 10.3 Surface Resistance of Good Conductors 


; 4 H,(z=0) | H,(z=0) Figure 10.10 Evaluation of 
O90, Z losses in a half-space occupied 
yO Px(z=0) fe by a good deer the : 
Scyl conductor is illuminated from 
air by a normally incident 
uniform plane time-harmonic 
electromagnetic wave. 
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We now wish to express the input power in terms of the total magnetic field 
intensity in the incident medium, right at the interface, which, from Eggs. (10.55) and 
(10.46), is approximately given by 


Hy (z = 0) = =*j. (10.72) 


Namely, while the magnetic fields of the incident and reflected waves are added 
together constructively (in phase) at the interface, the corresponding electric fields 
practically cancel each other, resulting in a very small total electric field for z = 0. 
That is why it appears convenient to use this large quantity (total magnetic field 
intensity) rather than the vanishingly small one (total electric field intensity) for 
further power expressions and calculations. Indeed, Eq. (9.94) tells us that the com- 
plex magnitude of the Poynting vector in the second medium can be expressed in 
terms of the constituting magnetic field (H,) only: 


PB, = n\H/’. (10.73) 
In addition, the boundary condition in Eq. (10.39) gives 
H,(z = 0) = Hy(z = 9), (10.74) 
and hence 
Po(z = 0) = nlHy(z = 0)/’. (10.75) 


Combining Eqs. (10.70), (10.71), and (10.75), the time-average loss power in the 
cylinder in Fig. 10.10 becomes 


(Py)ave = Re{P2(z = 0)}S = Re{n}|Hy(z = O)/7S, (10.76) 


and a similar expression, with Im{7} instead of Re{n}, is obtained for the reactive 
power in the cylinder, Preactive. Dividing (P))ave by S, we obtain the loss or ohmic 
power in the conductor per unit area of its surface, 


time-average loss power per (Pdave = R,|H,)(z = 0)|7 = ~ ARelEio ‘RIE oP (10.77) 
unit area of good-conductor sa no 


surface (unit: W m") 
with Ry standing for the real part of the complex intrinsic impedance of the conduc- ~ 
tor. This new quantity is called the surface resistance of the conductor, and its unit 
appears to be &2 (the same unit as for n). From Eq. (9.136), 


surface resistance of a good Reo = Rely i Zi (10.78) 


onductor (unit: 82/square) 


where, most frequently, j4 = 49 (nonmagnetic conductors). The surface resistance | 
of a conductor (at a given frequcncy) and its skin depth (6) are the most important 
paramctcrs relatcd to the skin effcct in good conductors. We sec that Ry is inversely 
proportional to the square root of conductivity — the better the conductor (larger a) 
the lowcr the losses (in the limit, R; = 0 for a perfect conductor). We also see that, 
unlike 6 in Eq. (9.139), Rs is dircctly proportional to the square root of frequency — 
the losses grow with an increasc of frequency. Because of this general trend, as will 
be discusscd in latcr chapters, therc is always an upper frequency limit for practi- 
cal usability of a givcn transmission linc or metallic waveguide aimcd to transport 
clectromagnetic signals (encrgy or information) to a certain distance (cxccpt for — 
structures made of superconductors). 
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Since R, = 1/(8) [see Eqs. (10.78) and (10.65)], it can be visualized as the stan- 
dard (dc) resistance of a square-shaped conducting layer (under the surface of the 
conductor) with thickness 6 and conductivity o, as depicted in Fig. 10.11. Namely, 
using the expression for the dc resistance of a resistor of uniform cross section in 
Eg. (3.85), the layer in Fig. 10.11, considered as a resistor whose length is / and cross 
section (perpendicular to the current flow) Sg = /é in area, exhibits 


ae. 1 


R = — = — = — =R,. 
on? ol of : 


10.79 
ae ( ) 


We see that this resistance does not depend on the size of the face of the 
layer, as long as it is square in shape. This is why Ry is often stated in “ohms 
per square” (Q/square), rather than just ohms, where, again, the actual size of 
the “square” is immaterial. Using ohms-per-square for surface resistances and 
impedances in general, including the surface resistance (or impedance) of thin 
material (resistive/reactive) films, while ohms stay reserved for usual resistances 
(impedances), is also helpful in avoiding any confusion between the two different 
physical concepts. In addition, we note that this illustration of the concept of the 
surface resistance (in Fig. 10.11) is in line with the illustration of the definition of 
the skin depth in Fig. 9.13. Indeed, Fig. 9.13 points out that the conductor current 
with exponentially decaying amplitude can be replaced by an equivalent uniform 
current, with an amplitude equal to that at the conductor surface in the original 
case, in a layer of thickness 6, and no current in the rest of the conductor. So this 
uniform current, represented by a step function in Fig. 9.13, can be thought of as 
flowing through the resistor of resistance Rs in Fig. 10.11. 

The surface resistance of good conductors is generally a very small quantity. 
For instance, we know that R; < ng since |7| < no. In addition, a formula, from 
Eg. (10.78), for Rs for copper (o = 58 MS/m, yx = yo) as a function of frequency, 
analogous to the formula for 5cy in Eq. (9.140), reads 


(Rs)cu © 261,/f nQ/square (f in Hz). (10.80) 


It comes out that (Rs)cy at 60 Hz is as small as about 2 wQ/square. Even at the 
frequency of 1 THz, it amounts to only about 261 mQ/square. 

Because the imaginary part of 7 in Eq. (9.136) is the same as the real part, the 
reactive power [Eq. (10.70)] per unit area of the conductor surface is equal to the 
corresponding active power, 


| Pan P 
—— = X5|Hy, (z = 0)|? —_ ( es (X, = Im{7} = R;), (10.81) 


where X, is termed the surface reactance of the conductor. We can also define the 
complex surface impedance of the conductor, 


\Z,=Rs+iXs (Z,=n), (10.82) 


expressed in Q (or Q-per-square). 

Next, let us compute the total complex current intensity across a section of the 
conductor in Fig. 10.10 that is / wide in the y direction. This is done by integrating 
the current density J, in Eq. (10.67) over the area S; of width / in the plane x = 0 
(perpendicular to J,), from the surface of the conductor to infinity, as shown in 


(Prre rc cccteceeee 


Figure 10.11 Visualization 
of the surface resistance R, 
of a conductor with the skin 
effect pronounced 

(Fig. 10.10) as the dc 
resistance of a resistor 
formed by a square-shaped 
conducting layer (under the 
surface of the conductor), 
according to Eq. (10.79). 


surface resistance of copper 


surface density of reactive 
power 


complex surface impedance 
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Figure 10.12 Finding the 
total complex current 
intensity across an /-wide 
section of the conductor in 
Fig. 10.10 by integration in 
Eq. (10.83). 


“surface” form of foule’s law 


“surface” Ohm's law in local 
form 


Fig. 10.12. The result is 


2E ‘ol if 2E ol 
Lon = / Jo idz & al (1=Fy) e 24/8 gz = (10.83) 


See ad n0 z=0 n0 


with dS; being the area of an elemental surface for integration in the form of a 
thin strip perpendicular to the z-axis. Dividing J,,, by /, we obtain the current 
intensity per unit width (in the y direction), in A/m, of the infinitely wide con- 
ductor in Figs. 10.10 and 10.12. Having in mind Eq. (3.13), this current-intensity 
to conductor-width ratio can also be thought of as the line density of a surface cur- 
rent, J,, localized (Fig. 10.12) in an infinitely thin film over the conductor surface (in 
the plane z = 0), 


fe Se (J, = J, %). (10.84) 
l n0 
We see that this surface current density is approximately the same as that in 
Eq. (10.13) for a perfect conductor in Fig. 10.1 (where 6 = 0). We also see that, 
although J,, of course, depends on o, both /,,,, and J, are independent of it. This 
interesting result tells us that, as the conductivity of a real conductor increases, the 
same amount of current is being redistributed more and more towards the surface 
of the material, and in the limit of o — oo (PEC), a surface current of density J,, 
with the same current intensity per unit width of the conductor, is obtained. 
Comparing Eqs. (10.84) and (10.72), we realize that |J,| = |H,(z = 0)|, so that 
the loss power relationship in Eq. (10.77) can now be written as 


P 
( ie = Rw (10.85) 


which may be viewed as a “surface” form of Joule’s law [see Eqs. (3.77) and 
(8.53)] — surface density of time-average power in a conductor (with the skin effect 
pronounced) equals the surface resistance times the rms surface current density 
squared. Similarly, from Eqs. (10.38), (10.66), (10.82), and (10.84), the total com- 
plex electric field intensity vector at the surface of a conductor, which is very small, 
can be expressed as the product of the complex surface impedance and complex 
surface current density vector, 


E\(z = 0) = E(z = 0) * =. i . [ec =o=7m (10.86) 
0 


and this may be identified with Ohm’s law in local form, Eq. (3.20), as its “sur- 
face” counterpart. In other words, it can be regarded as the constitutive equation 
characterizing the intrinsic material properties of a conducting surface. Note that 
the approximation for T° in Eqs. (10.46) leads to E,(z = 0) ~ 0 [see Eq. (10.51)]; 
obviously, Eq. (10.86) provides a better approximation for this small quantity. 


Sell ya Direct Computation of the Loss Power in a Good Conductor 


(a) Consider Eq. (10.68) and obtain the time-average power of Joule’s losses in the cylinder 
in Fig. 10.10 directly, by performing the indicated volume integration. (b) Find the reactive 
power in the cylinder from the respective volume integral in Eq. (10.68). 


Section 10.4 Perturbation Method for Evaluation of Small Losses 


| 


Solution 

: (a) Finding |J,| from Eq. (10.67), given that |1 +j| = /2, we have 

3 2 EgP?S [® A|E,|2S 

| (P3)ave = i Il" Sdzz 8|Eol i e7 22/8 dz = ae (10.87) 
| Ue ae 08 np z=0 adn 


where dv is the volume of a thin slice of the cylinder (of thickness dz), and this, of course, 
is the same result as in Eqs. (10.77) and (10.79). 
(b) The reactive power term in Eq. (10.68) can be integrated in a similar fashion. However, 
having in mind Eqs. (9.90), (9.137), and (9.133), we do not need to carry out the actual 
| integration to realize that 


| u 
| Preactive = of (wIH? - elE)/*) dv = of mS |E,|’ dv 
v v In| 


Oo 
| x of (= -e) Pav [otter a» Yen (10.88) 
Vv @ Vv 
eee ae 
~ro/w 

| which is the same conclusion [Preactive = (Py)ave] as in Eq. (10.81), where, of course, the 
| result of integration for (Pj)ave is given in Eq. (10.87). We see that the reactive power 
in the conductor is predominantly concentrated in the magnetic field of the transmit- 
ted electromagnetic wave. Namely, since o/w >> e (for good conductors), it appears that 
| w|H [2 >> elE,|? in Eq. (10.88). 


Conceptual Questions (on Companion Website): 10.27 and 10.28; MATLAB 
Exercises (on Companion Website). 


10.4 PERTURBATION METHOD FOR EVALUATION 
OF SMALL LOSSES 


_ This section uses the concept of surface resistance developed in the previous section 
| and presents an approximate method for evaluation of (small) losses in good con- 
' ductors using the fields in front of the conductor surface obtained as if the conductor 
| were perfect (Fig. 10.1). In addition, this method is generalized to conductors of 
| practically arbitrary shapes in arbitrary high-frequency electromagnetic fields (not 
| necessarily uniform plane waves). 

| We emphasize the fact that — in order to evaluate the loss (ohmic) and reac- 
| tive powers in a good conductor (in Fig. 10.10) based on Poynting’s theorem, that 
| is, using Eqs. (10.77) and (10.81), we do not need to know the distribution of either 
| electric or magnetic field in the conductor; we only need to know the magnitude 
| of the resultant magnetic field H,(z = 0) on the conductor surface, Eq. (10.72). 
However, this field is practically the same whether the conductor is good or per- 
, fect [see the expression for H,,,(z = 0) in Eqs. (10.8), for a PEC case], and in both 
cases its magnitude equals the magnitude of the surface current density vector J, 
| in Eq. (10.84). This gives rise to the so-called perturbation method for evaluation 
of losses (and reactive power) in good conductors, according to which the magnetic 
field at the conductor surface is first computed assuming that the conductor is per- 
fect (which greatly simplifies the analysis), and then the loss and reactive powers 
; in the conductor are determined using Eqs. (10.77) and (10.81). So, we first carry 
| out the analysis of waves and fields in front of the conductor surface completely 
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surface density of ohmic 
power in an arbitrary 
conductor with the skin effect 
pronounced 


total ohmic losses and 
reactive power in an arbitrary 
conductor 


tangential electric field on a 
conducting surface 


neglecting the losses in the material, and then perturb that ideal picture by allowing 
the (small) losses to occur inside the conductor; however, the losses (and reactive 
power) are evaluated using the no-loss (ideal) field picture outside the conductor. 

Moreover, this method applies not only to reflections of plane waves from (infi- 
nite) flat conducting surfaces, but to conductors of arbitrary shapes in arbitrary 
electromagnetic fields. The only restriction is that the skin effect in the conductor 
must be pronounced, i.e., the skin depth (6) must be small when compared to the 
relevant dimensions of the object. Since, in the most general case, the field around 
the conductor is nonuniform and the conductor surface is nonplanar, the loss power 
in Eq. (10.77) must be computed on a differentially small surface dS (rather than 
the arbitrarily large surface S), 


d(P)j)ave 
d$ 


where the surface resistance, Rs, is computed using Eq. (10.78), and Hiang 1S the 
tangential component of the complex rms magnetic field intensity vector on the 
conductor surface, that is, on the patch dS [the normal component of H is zero or 
negligibly small, which is apparent from the boundary condition for the vector B in 
Eqs. (8.33)]. Most importantly, this field is computed as if the object were nonpen- 
etrable, i.e., made of a PEC. The total time-average power of Joule’s losses in the 
conductor amounts to 


=e eee (10.89) 


Pm 2 [ (2epe i Flt? AS = Pee (10.90) 


with S now standing for the surface of the conductor or the part of the surface that 
is exposed to the electromagnetic field. Of course, the total reactive power in the 
conductor is the same. In addition, the tangential component of the local complex 
rms electric field intensity vector on the conductor surface, which, although rather 
small, is sometimes of interest for the analysis, can also be found from Hianp, via the 


associated rms surface current density vector [see Eqs. (10.13) and (10.86)], 


J, =n x Huang as Evang = Z.5,, (10.91) 


where n is the outward local normal unit vector on the surface, and the complex 
surface impedance of the conductor, Z,, is given in Eq. (10.82). Of course, Erang = 9 
for a PEC object. 

The perturbation method for evaluation of losses in good conductors at higher 
frequencies, at which the skin effect is pronounced, will be used on many occa- 
sions throughout the rest of this text. For instance, in the next chapter, we shall use 
Eq. (10.90) to determine the per-unit-length power of Joule’s losses and the asso- 
ciated wave attenuation along transmission lines due to the (small) penetration of 
guided electromagnetic waves, more precisely ~ their electric field, into the conduc- 
tors of the line. Based on this power, the high-frequency resistance per unit length of 
different transmission lines will be computed. The attenuation of guided waves due 
to Joule’s losses in conductors for very long lines may be so large that the structure 
becomes impractical to convey signals at a given frequency or in a given frequency 
range. Similarly, the per-unit-length reactive power inside the conductors, which is 
due to the (small) penctration of the magnetic field of the guided wave into the con- 
ductors and will be obtained from Eq. (10.90) as well, will give us the high-frequency 
internal inductance p.u.l. of the line. In all cases, Hjang on the surface of conductors 
will be found assuming that they are perfect. 
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Selim time LOSS Power ina Copper Plane for Normal Wave Incidence 


| A uniform plane time-harmonic electromagnetic wave of frequency f = 1 GHz and rms 
electric field intensity Ej9 = 10 V/m is normally incident from air on the planar surface of a 
| large copper conductor. Assuming that the skin effect is pronounced, find the time-average 
' power of Joule’s losses in the conductor per unit area of its surface. 


Solution At the given frequency, o/(2afe9) © 10° (for copper, o = 58 MS/m), so the con- 
dition in Eq. (9.133) is definitely satisfied, and, as expected, copper can be treated as a 
good (low-loss) conductor. With the skin effect pronounced, we determine the loss power 
in the conductor using Eq. (10.89). In addition, because the losses are small, the perturbation 
method for their evaluation can be applied, with the tangential component of the complex 
rms magnetic field intensity vector near the conductor surface, H,,ng, found as if the conduc- 
, tor were perfect (PEC), and this exactly is the situation in Fig. 10.1. Therefore, H = yang 
| is the total magnetic field vector (of the standing wave) in front of the PEC screen given in 
Eqs. (10.8) for z = 0 (H,,; is entirely tangential to the plane). Finally, we can equivalently 
| employ Eq. (10.85) to evaluate losses, and, by the perturbation method, the actual com- 
plex rms surface current density vector, J,, over the conductor surface can approximately be 
replaced by J, for the no-loss case — from Eq. (10.13). With all this in mind, the time-average 
loss power per unit area of the conductor surface comes out to be 


d(Py)ave ARSE‘ 
ds me 


= R,|H = 23.22 uW/m?, (10.92) 


2 2 2 
tang| = R,|J,|° = Rs [Hor [0 = 


where 79 = 3772, Eq. (9.23), and the surface resistance of copper, Rs = (Rs)cu = 
8.25 mQ2/square, is computed from Eq. (10.80). 


Problems: 10.16; Conceptual Questions (on Companion Website): 10.29; MATLAB 
Exercises (on Companion Website). 


10.5 OBLIQUE INCIDENCE ON A PERFECT CONDUCTOR 


In this section, we generalize the analysis of plane-wave reflections upon perfectly 
conducting surfaces for the normal incidence on the surface (Fig. 10.1) to the case of 
an arbitrary, oblique, incidence. Namely, we now let an incident uniform plane time- 
| harmonic electromagnetic wave approach the PEC boundary at an arbitrary angle, 
‘ so-called incident angle, 6 (0 < 6 < 90°) with respect to the normal on the bound- 
ary (for the normal incidence, 6; = 0). Furthermore, let the incident electric field 
| intensity vector, Ej, be normal to the plane of incidence, defined by the direction of 
incident-wave propagation (incident ray) and normal on the boundary, as shown in 
! Fig. 10.13(a). An obliquely incident wave with such orientation of E; is said to be 
| normally (or perpendicularly) polarized. The other characteristic case, with E; lying 
| in the plane of incidence (and, of course, being perpendicular to the direction of 
wave travel), is depicted in Fig. 10.13(b). It is referred to as the parallel polarization 
of the incident wave, and will be studied in an example.'* These two cases need to 


; 
| Note that the normal (perpendicular) and parallel polarizations of the incident wave in Fig. 10.13(a) 
| and Fig. 10.13(b) are sometimes referred to as the horizontal and vertical polarizations, respectively. 
| This comes from a frequent situation where the reflection plane is the earth’s surface, with the case in 
| Fig. 10.13(a) corresponding to a horizontal Ej and the case in Fig. 10.13(b) to Ej in a vertical plane. In 
addition, these two cases are sometimes also labeled, respectively, as s- and p-polarization (“s” being 
| an abbreviation for the German senkrecht, meaning perpendicular, and “p” for the German word 
| for parallel, which is, also, parallel). Finally, some texts use TE versus TM polarization terminology, 
which refers to the electric field, in case (a), versus magnetic field, in case (b), being transverse to the 
observation direction normal to the PEC interface in Fig. 10.13. 
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Figure 10.13 Oblique 
incidence, on a planar 
perfect electric conductor, 
of a uniform plane time- 
harmonic electromagnetic 
wave with (a) normal 
(perpendicular) polarization 
and (b) parallel polarization; 
The incident medium is a 
perfect dielectric, and the 
plane of drawing is also the 
plane of incidence. 
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be considered separately, since the structures of the electric and magnetic fields for 
these two mutually orthogonal polarizations are distinctly different. For instance, as 
can be seen in Fig. 10.13, the electric field in case (a) has only a component parallel 
to the PEC interface and the magnetic field has both parallel and normal compo- 
nents (with respect to the interface), whereas the combination of field components 
in case (b) is just opposite. 

In general, any uniform plane wave with an oblique incidence on a PEC sur- 
face and arbitrary direction of the vector Ej in the plane perpendicular to the 
incident ray can be decomposed onto a uniform plane wave with normal polar- 
ization and another one with parallel polarization. Simply, Ej in the general case 
can be represented as a superposition of two mutually orthogonal vectors, one 
normal to the plane of incidence (normal polarization) and the other parallel to 
it (parallel polarization).'? Therefore, once the analysis of the two basic polariza- 
tion cases in Fig. 10.13 is complete, the resultant electric and magnetic fields in the 
incident medium in the case of an arbitrary orientation of E; can be obtained by 
superposition of the corresponding resultant field expressions for individual basic 
polarizations. 

Because of symmetry, the reflected ray in Fig. 10.13 is also in the plane of inci- 
dence. The angle it forms with the normal on the interface is 6, — the reflected angle. 
Since (unlike the situation in Fig. 10.1 for the normal incidence) it is impossible to 
have both incident and reflected rays along one or two axes of a single Cartesian 
coordinate system, the global coordinate system in Fig. 10.13 is adopted irrespec- 
tive of the direction of any of them and such (as in Fig. 10.1) that the plane z = 0 
coincides with the PEC interface. Hence, we must use the field expressions for an 
arbitrarily directed TEM wave derived in association with Fig. 9.9 — for both the 
incident and reflected waves in Fig. 10.13. The Cartesian x- and z-components of 
propagation unit vectors of the waves (of course, their y-components are zero) 
are easily identified in terms of the incident and reflected angles in Fig. 10.13, 
yielding 

h, = sin6;x+cos6z, nm, = sind, x — cos6, Zz, (10.93) 
for both wave polarizations. 

In the normal polarization case, Fig. 10.13(a), the electric field vectors of 
the incident and reflected waves, EY and EO have only y-components. Using 
Egs. (9.69), (9.71), and (9.72), the expressions for these vectors at an arbitrary 
point in the incident medium, defined by the position vector r (with respect to the 
coordinate origin) or by coordinates x, y, and z (z < 0), are given by 


EDP me En e IRE a j = Ew e JBC sin +2 cos 6) y. (10.94) 


ES = Epeadin tas = 1am eJBQ sin 0; —z Cos 6) . (10.95) 


13Note that the decomposition onto two (linearly polarized) waves with normal and parallel polariza- 
lions, respectively, applies directly even to an elliptically polarized obliquely incident wave. Namely, an 
arbitrary elliptically polarized time-harmonic vector can be represented as a superposition of two lin- 
early polarized vectors oscillating, in the course of time, along mutually orthogonal straight lines (local 
axes), where the direction of one of the two axes can be adopted at will in the plane of the polarization 
ellipse. So if the axis for one of the two linearly polarized components of the elliptically polarized inci- 
dent wave is adopted to be normal to the plane of incidence (normal polarization), the other one will 
lie in the plane of incidence (parallel polarization). Of course, any particular polarization state of the 
incident wave implies a particular magnitude ratio and phase shift between the vectors Kj for the two 
linearly polarized components. 


ee 
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The boundary condition in Eq. (10.3) now gives the following relationship between 
complex constants Fj) and E,: 


[ere 


which must be satisfied for any x at the interface (—oo < x < 00). This is possible 
only if the two exponential functions of x in Eq. (10.96) are the same, that is, only if 
the reflected angle is the same as incident: 


=) =< Eo e Jbxsin 4; a jem e Jx sin 6 = 0, (10.96) 


z= 


O = Gj. (10.97) 


The fact that the reflected wave propagates away from the interface along the path 
that is the mirror image (with respect to the normal on the interface) of the path 
of the incident wave is known as Snell’s law of reflection. Once the exponential 
terms in Eq. (10.96) are thus eliminated, we are left with the condition E,y5 = —Ei."4 
Substituting it, along with Eq. (10.97), back in Eq. (10.95), the total electric field 
vector in the incident medium (for z < 0) in Fig. 10.13(a) is 


E® = EO +E = Eo (owe cosh _ eperah) eibxsind; j= Eee y, (10.98) 


and the expression for its complex magnitude (y-component) can be written [see 


ele —2jE jg sin(Bz cos 6;) eFF* 50 & 


Magnetic field vectors in Fig. 10.13(a), H{ and H{”, have both x- and 
z-components, and so do the unit vectors in their respective directions. The compo- 
nents of the unit vectors can be either identified directly from Fig. 10.13(a), like in 
Eq. (10.93) for propagation unit vectors, or computed as n; x y and fi, x ¥, respec- 
tively, from Eq. (9.70), since the unit vector in the direction of both he and E\” is 
y. We thus have 


| Eggs. (10.7)] as 


(10.99) 


H® = =0 ¢-ib@rsing +2008) (_ cog 6; ¥ + sin 6; 2), (10.100) 
7 [= 


unit vector for ee 


E ee i) 
oH” = = 2 jAsin& —zcos&) (eo, 9. & + sin 6, 2), (10.101) 
U] 
unit vector for H{”) 


with 6, = 6; and E,) = —Ejp. Hence, the x- and z-components of the total magnetic 
field vector, 
H® =H +H = AO x4 HO) 7, (10.102) 


4Note that both obtained relationships 6, = 6; and E,) = —Ej can alternatively be deduced by looking 
at the scattered electromagnetic field due to surface currents (of density J,) induced in the PEC plane, 
similarly to the corresponding discussion associated with Egs. (10.2) and (10.4) in the normal incidence 
case in Fig. 10.1. Namely, we can remove the PEC medium in Fig. 10.13(a), and consider the induced 
currents flowing in the plane z = 0 to exist in an unbounded homogeneous medium (of parameters ¢, j, 
and o = 0). These currents, in the equivalent model, produce two waves, one of which propagates to the 
right of the plane z = 0 in the direction of the unit vector nj; and cancels the incident wave (zero total 
electromagnetic field in the PEC). The other wave radiated by the currents, the reflected wave with the 
electric field given in Eq. (10.95), propagates symmetrically back into the z < 0 half-space, and hence 
6, = 6;. In addition, because of the cancelation of fields for z > 0, we have E.) = —Ejy in the incident 
medium. 


Snell's law of reflection 


E,, — normal polarization 
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can be written as 


E. aie: 
H,, - normal polarization 2Ei0 cos 6; cos(Bz cos 6) e~1F* 59 4, (10.103) 
u 


° 


2jEn . : aR 
H. — normal polarization Ei sor sin 6; sin(Bz cos 6;) e~)P* 89%, (10.104) 


Note that, in addition to the fact that Ene = 0) = 0, from Eq. (10.99), we also 


have that jibe 7(z = 0) =0, which is in accordance with the boundary condition 
for the vector B = wH in Egs. (8.33) — normal component of the magnetic field 
must vanish on a PEC surface. While the former condition is directly imposed by 
Eq. (10.96), the latter one comes out as a part of the overall solution for the field in 
the incident medium in Fig. 10.13(a) and, ultimately, as a consequence of Maxwell’s 
equations. We can thus regard it as a check of the correctness of our solution. 


Seite me Various Computations for Oblique Incidence, Normal 


Polarization 


A normally polarized uniform plane time-harmonic electromagnetic wave of angular fre- 
quency w and rms electric field intensity Ejo is incident from air at an angle 6; on a flat 
horizontal screen made from a good nonmagnetic conductor, of conductivity 0. Assuming 
that the skin effect in the screen is pronounced, find: (a) the distribution of surface currents 
and charges induced in the screen, (b) the time-average electromagnetic energy density 
above the screen, (c) the instantaneous emf induced in a small contour of surface area S$ 
moving with velocity v in parallel to the screen, at a height h, as shown in Fig. 10.14, and 
(d) the time-average power of Joule’s losses per unit area of the screen. 


Solution As the losses in the screen in Fig. 10.14 are small, we can utilize the expressions 
for the electric and magnetic field distribution in air for the no-loss case, that is, assuming that 
the screen is perfectly conducting, and the small losses in the screen will then be evaluated, 
in (d), invoking the perturbation method for evaluation of losses in good conductors. 


(a) Substituting the complex rms field intensities in Eqs. (10.102)-(10.104), (10.98), and 
(10.99) into the boundary conditions in Eqs. (10.13) and (10.15), the complex rms surface 
current and charge densities in the conducting screen are 


~ (n) a M) ¢ () — pyfn) 
J,=nx Hor a, =(-7Z)x [ee eet Hie. ‘|, = Nox 


ay) 


z=0 


—jpx sind; < a (n) 
cos 6; e JAX sin G P, = Ah: £0 Evo 


_ 2Eio 
0 ‘ 
where it is assumed that Eig = Ejo (incident electric field has a zero initial phase at x = . 
| 


“ (n) 
z=0 ees Evoty 


_ 4 = (10.105) 
| 


z = 0), and no is the intrinsic impedance, Eq. (9.23), and 6 = w/co the phase coefficient 
of free space, with cg = 3 x 10° m/s standing for the free-space wave velocity. 


Figure 10.14 Oblique 
incidence of a normally 
polarized uniform plane 
electromagnetic wave on a 
low-loss conducting screen, 
and a small moving contour 
parallel to the screen; for 
Example 10.14. 


(b) Having in mind Eqs. (10.18), (9.200), and (9.24), the total time-average electromagnetic 
energy density in air equals 
: 


2eyE%, [a + sin’ 6.) sin? (Bz cos 6;) + cos” 6; cos?(Bz cos a) |. (10.106) 


21 2 1 2 
a5 0 Eee + 5 mol ee + |Hicr 


==totz 


1 
7 60 [Ete 


2B Il 
ats 5 Ho Let 


(Wem ave 


- (c) Given the orientation of the small moving contour in Fig. 10.14, we realize that only 
the z-component of the resultant magnetic field in air contributes to the magnetic flux 
through the contour. From Eqs. (10.104) and (8.66), the instantaneous intensity of this 
field component is [see also Eqs. (10.9)] 

2V2E 


HS). @z,.) = pe ey cin 6; sin(Bz cos 6) sin(wt — Bx sin 4). (10.107) 
0 


Similarly to the situation in Fig. 10.6, as the contour moves, the coordinates of its center 
are x = vt (adopting that x = 0 for t = 0), y, and z = —h (Fig. 10.14), so that the magnetic 
flux through it varies in time as 


2V2up Eig S 
O(f) = oH, 2) S= _2V2u0EioS sin 6; sin(Bh cos 6;) sin[(w — Bvsin &)t], 
10 
(10.108) 
and hence, like in Eqs. (10.27) and (10.28), the emf induced in the contour 
d® 2V20EioS : ; A 
éina(t) = ——>- = set (co — vsin 6) sin 6; sin(Bh cos 6;) cos[(w — Bvsin 6)t]. 
0 
(10.109) 


Here, it is also obvious that the portion of the total emf that is due to transformer induc- 
tion dominates over the portion corresponding to motional induction, provided that 
V< Co. 

(d) As the tangential component of the total magnetic field vector near the screen surface 
is its x-component, the per-unit-area time-average loss power in the screen, Eq. (10.92), 
now becomes 


d(P)j)ave 
ds 


2 4R, Ex, cos? 6; 


H™ = 
z=0 no 


= Ro anal = Reldel” = Rs |Arot x , (10.110) 


with R, being the surface resistance of the conductor, Eq. (10.78). 


| Scum eee Parallel Polarization Case ; 


For a uniform plane time-harmonic electromagnetic wave impinging a PEC plane at an 
oblique incidence with parallel polarization, as depicted in Fig. 10.13(b), calculate (a) the 

total electromagnetic field in the incident medium and (b) the distribution of induced 
| sources in the PEC plane. 


Solution 


(a) In the parallel polarization case, in Fig. 10.13(b), the electric field intensity vectors of the 
incident and reflected waves have two Cartesian components (x and z). Noting that the 
unit vector in the direction of EO) is opposite to that along Hu” in Eq. (10.100) for 


the normal polarization, Fig. 10.13(a), as well as that the unit vectors for E” and Hi”) 
[Eq. (10.101)] are the same, we can write 


je = En e IPF Ai (cos 6, X — sin 6;Z), E” =F e IBF tir (cog 6, X + Sin 6; Z). 
nn eS 


(10.111) 


unit vector for pee unit vector for gE?) 
{ 
! 
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£. — parallel polarization 


E.. — parallel polarization 


/1,. — parallel polarization 


On the other hand, the magnetic field vectors for the parallel polarization are simpler, 
having only one component (y), 
E; Bran E.g ian 
HP =F 9, Be ea (10.112) 

[note that the minus sign in the expression for HH”? due to its orientation in Fig. 10.13(b) 
is as in Eqs. (10.2) for the normal incidence]. 

Since only the x-components of EY and E” are tangential to the PEC interface, 
the boundary condition in Eq. (10.3) becomes 


[EP + EP || =0 >  EiqcosjeHsin’ + £4 cos6, eHx8in® = 0 (10.113) 


(—0oo < x < 00), which tells us that Snell’s law of reflection, Eq. (10.97), must be satisfied 
for the parallel polarization as well. With this, Eq. (10.113) reduces to the same final rela- 
tionship between Ey and E,o as in the normal polarization case, E,, = —Ejp.!° In a way 
similar to obtaining expressions in Egs. (10.99), (10.103), and (10.104), the expressions 
for the nonzero components of the total electric and magnetic field intensity vectors in 
the incident medium for the parallel polarization are then finalized in the following form: 


E}®) = —2jE, cos 6; sin(Bz cos &) eIF* 594, (10.114) 


Ee = —2Eg sin 6; cos(Bz cos 6;) eJF* 80, (10.115) 


2Ein cos(Bz cos 6;) e JP*sin 4 (10.116) 
u] 


(b) Similarly to the computation in Eqs. (10.105), surface current and charge densities 
induced in the PEC plane in Fig. 10.13(b) come out to be 


2 (p) «  2E in _-ipesi 0, fn (Pp) (Pp) + 
J, = (—Z) x Aroty es y= ta c es xX, P, = Se eee: eo 
= -c EP, __g = Ze Ein Sin 6} eve ae (10.117) 


Example 10.16 Normal Incidence as a Special Case of Oblique Incidence 


Show that the total-field expressions for the normal incidence on a PEC plane, in Fig. 10.1, 
can be obtained as a special case of the corresponding field expressions for an oblique 
incidence with both normal and parallel polarizations, in Fig. 10.13(a) and Fig. 10.13(b). 


Solution Upon substituting 6; = 0 (normal incidence) in Eqs. (10.99), (10.103), (10.104), 
and (10.114)-(10.116), the corresponding field expressions for the normal and parallcl polar- 
izations of the incidcnt wave become the same (with x- and y-axes swapped), and equal to 
the fields in Eqs. (10.8), obtained assuming a normal incidcncc on a PEC plane. Of course, 
this result was to be expected, and it also confirms that the classification of incident waves 
into those with normal and parallel polarizations, respectivcly, does not apply to normally 
incident waves. 


Problems: 10.17-10.22; Conceptual Questions (on Companion Website): 
10.30-10.32: MAFLAB Exercises (on Companion Website). 


! Of course, the same deliberations as in the normal polarization case leading to finding the unknowns 
4, and £,y (in terms of 6; and Ej9) alternatively, based on the radiation of induced surface currents in the 
two half-spaces, are here in place as well. 
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10.6 CONCEPT OF A RECTANGULAR WAVEGUIDE 


We now continue our discussion of a uniform plane wave at an oblique incidence 
on a PEC boundary, Fig. 10.13, and investigate a possibility of guiding this wave, to 
| long distances, parallel to the boundary. Within the study, we shall also introduce 
and evaluate a number of important propagation parameters of the resultant wave. 

We consider the normal polarization of the incident wave, Fig. 10.13(a), first. 
By inspecting the exponential and sinusoidal functions of spatial coordinates in the 
field expressions in Eqs. (10.99), (10.103), and (10.104), we realize that the total elec- 
tromagnetic wave in the incident medium exhibits a traveling-wave character (term 
e46xsin %) along the x-axis, while behaving as a standing wave [see Eqs. (10.8)] along 
the z-axis. The equivalent phase coefficient (determined as the entire factor multi- 
plying —jx in the exponents), wavelength, and phase velocity [Eq. (9.35)] of the 
wave travel in the positive x direction are 


; 20 Xr w é 
Bx = Bsin@, Ax = = =a Vpxr= 


(10.118) Bx, Ax, Vpx — along the 
waveguide 


| Bx sing; Bx sin’ 
| where i = 27/8 and c=1/,/ep are the wavelength and velocity of the incident 
_ (and reflected) wave. Note that if the incident medium is air (or a vacuum), we have 
| that vp; = co/sin 6;, where cp is the speed of light in free space, Eq. (9.19), imply- 
| ing that vpx > co for any incident angle 6;. Although this might seem at the first 
| glance like a paradox, we recall (see Section 9.13) that vp, is not a “real” velocity 
| of travel of electromagnetic energy or information (carried by the wave) near the 
: PEC boundary, but just a velocity with which the constant-phase plane (wavefront) 
| moves in this (given) direction (along the x-axis). In other words, this is the veloc- 
ity with which an imaginary observer would need to move (in the direction of the 
| x-axis) in order to always see the same phase of the total field. 
On the other hand, from the equivalent phase coefficient 6, of the standing 
wave along the z-axis [which represents the entire factor of z in the sinusoids in 
: Egs. (10.99), (10.103), and (10.104)], the corresponding wavelength is 
js lea 10.119 
* B,  Bcos@ _cos6; wee) 
(of course, the phase velocity is not defined for standing waves). In analogy with 
the construction of the Fabry-Perot resonator in Fig. 10.3 [see Eqs. (10.10) and 
(10.12)], we can insert a PEC sheet in any one of the planes defined by 


(10.120) position of the second 
reflecting plane, forming a 
waveguide 


| 
{ 
| 
| 
aS Etang = Etoty ee and oy H® z — 0 at these planes, and remove the field 
| from the region to the left of the sheet. However, thus obtained structure to the 
_ right of the sheet is not a resonator in this case, given that, due to an oblique (and 
| not normal) wave incidence in Fig. 10.13(a), it supports a traveling resultant wave 
along the x-axis. Namely, the two parallel PEC planes (mirrors) constitute a simple 
| Wave-guiding system, known as a parallel-plate waveguide, in which a uniform 
| plane wave bounces back and forth between the waveguide walls (plates), with all 
| of the multiple reflections occurring (alternately from the two walls) at the same 
| oblique incident angle (6,). As a result, the total electromagnetic field piee rc’ 


| in the positive x direction, with phase velocity vp, in Eq. (10.118). Since lee in 
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TE wave impedance ina 
rectangular waveguide 


Figure 10.15 Rectangular 
metallic (PEC) waveguide, 
formed by four PEC planes at 
which the tangential 
component of the electric field 
vector and normal component 
of the magnetic field vector of 
the resultant wave in 

Fig. 10.13(a) are zero. 


the waveguide has only a y-component and H\” only an x- and z-components, we 
can insert two more PEC sheets perpendicularly to the y-axis, and the boundary 
conditions for vectors E and B = wH in Egs. (8.33) will also be automatically sat- 
isfied (Etang = 0 and Hnorm = 0 at a PEC surface). The four PEC planes now form 
an infinitely long PEC tube of a rectangular cross section, as shown in Fig. 10.15. 
This turns out to be a rectangular metallic (in this case, PEC) waveguide, which 
is used extensively in the microwave area for transporting large electromagnetic 
powers (e.g., in radar systems). The electromagnetic field inside the tube, given 
by Eqs. (10.99), (10.103), and (10.104), represents a nonuniform, non-TEM plane 
wave propagating along the waveguide (in the positive x direction). The wave 
is nonuniform since the field components in Eqs. (10.99), (10.103), and (10.104) 
depend on a coordinate (z) in transversal (equiphase) planes of the wave. It belongs 
to a class of so-called transverse electric (TE) waves, since the E field is transverse 
to the direction of wave propagation, whereas the H field has a longitudinal (x) 
component (along the wave travel) as well. Based on Eq. (10.63), the ratio of 
the transverse components of the electric and magnetic fields defines the wave 
impedance of this particular TE wave in the waveguide. 


On . 
= (10.121) 
Ne oe sin 6; 


| —tot z 


which comes out to be constant (the same at all points of the field inside the 
waveguide) and purely real (since the transverse field components are in phase). 
As we shall see in a later chapter, there are an infinite number of different wave 
modes (with different electric and magnetic fields) that can propagate through a 
rectangular waveguide. 

For the parallel polarization case, Fig. 10.13(b), the field expressions in 
Eqs. (10.114)-(10.116) tell us that the total wave is again a combination of a trav- 
eling wave along the x-axis and a standing wave along thc z-axis. The equivalent 
phase coefficicnts in the two directions and the associated wavelcngths, as well as 
the phase velocity of the traveling wave, are the same as for the normal polarization, 
given by Egs. (10.118) and (10.119). Since the component of the total electric field 


BY parallel to the PEC boundary in Fig. 10.13(b), ESS is identically zero in the 
same planes defined by Eq. (10.120), we can again insert a PEC sheet in one of these 
planes (there will be no tangential electric field on the sheet). With this, a parallel- 
plate waveguide is formed for guiding the field in Eqs. (10.114)-(10.116) in the 
positive x direction, like in the normal polarization case. However, as E|?) always 
lics in one of the planes y = const, and the magnitudes of both of its components in 


Eqs. (10.114) and (10.115) are functions of only z, it is impossible to specify a y for 


| 
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which the tangential electric field would be identically zero in the plane y = const. 
Therefore, as opposed to the normal polarization case (see Fig. 10.15), the field 
in Eqs. (10.114)-(10.116) cannot be enclosed by the four PEC surfaces to form a 
rectangular metallic waveguide. 


| Sey Mea Poynting Vector in a Rectangular Metallic Waveguide 


(a) Find the complex and time-average Poynting vectors in the rectangular metallic waveg- 
uide in Fig. 10.15. (b) What is the time-average Poynting vector in the parallel polarization 
case in Fig. 10.13(b)? 


Solution 


(a) Like in Eq. (10.20), the complex Poynting vector in the incident medium in Fig. 10.13(a), 
and thus in the waveguide in Fig. 10.15, is computed as follows, using Eqs. (10.99), 
(10.103), and (10.104): 

P™ — EM x [AS} _ _-™ ey |2 4 Em [ee |: 


=—toty |—totx tot y | —tot z 


| I E-..|2 A E.,|2 
| =-j —Se" cos 6; sin(2Bz cos 6) Z + eu sin 6 sin2(Bz cos &) X. (10.122) 


} This result shows again that the total electromagnetic field in Fig. 10.13(a) is a standing 

wave in the z direction, and a traveling wave in the x direction. Namely, the z-component 
of P™ is purely imaginary, which is characteristic for standing waves [see Eq. (10.20)], 

and is, of course, in agreement with the fact that no power is delivered to the PEC 
medium. The x-component of P™, on the other hand, is purely real and positive for 

. all values of the coordinate z, which indicates a net real power flow in the positive x 

) direction, parallel to the boundary and along the waveguide, by the resultant electro- 

i magnetic wave. This component therefore exactly comprises the resultant time-average 
Poynting vector in the structure in Fig. 10.15, 


4|E,,\2 
M) — Re(P™} = “eit sin 6; sin? (Bz cos 6) X. (10.123) 
| 
| 
| 


Note that the flux of P&. through an arbitrary cross section (for an arbitrary x) of the 
waveguide, obtained by integration in terms of z between the upper and lower side of 
the waveguide, that is, from one of the values specified in Eq. (10.120), e.g., z = —Az/2 
(for m = 1), to z = 0, gives the total time-average power transmitted along the structure. 


Se EEE 


(b 


— 


For the situation in Fig. 10.13(b), similarly to obtaining Eq. (10.123), the time-average 
Poynting vector associated with the total electromagnetic field in Eqs. (10.114)-(10.116) 
comes out to be 


*, AlEgl? .. : 
oF = Re{(P)} = =F pee = att sin 6, cos*(Bz cos 6) %&, (10.124) 


ao 


which is another confirmation that, in the parallel polarization case as well, the real 
power flow by the resultant electromagnetic wave is parallel to the PEC boundary, in 
the positive x direction. 


10.7 OBLIQUE INCIDENCE ON A DIELECTRIC BOUNDARY 


If the medium on the right-hand side of the interface in Fig. 10.13 is another lossless 
dielectric,!° a part of the incident energy will be transmitted through the interface, 
like in Fig. 10.7 for the normal incidence case. However, it is intuitively obvious, 


4 

i) 

16 As on many occasions so far, while using the term “dielectric” for a medium, we allow here that both 
é and yz may have non-free-space values. 
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Snell’s law of refraction 


that, for a given oblique incident angle, 6; (6; 4 0), the propagation direction of the 
transmitted wave cannot be the same for all combinations of material parameters of 
the two half-spaces. Therefore, unlike the situation in Fig. 10.7, the transmitted wave 
must be deflected with respect to the normal on the interface, and the angle between 
the transmitted ray and the normal is called the transmitted angle and designated as 
4 (8, # 0). For the same reason, i.e., because @ cannot be constant but must depend 
on the material parameters on the two sides of the interface, the transmitted wave 
is deflected also with respect to the incident wave direction (@ 4 6;), as shown in 
Fig. 10.16. This phenomenon, that the incident ray breaks upon transmission, either 
toward the interface (®@ > 6) or away from it (@ < ;), is known as wave refraction, 
and the transmitted wave is also referred to as the refracted wave. 

To find @, as well as the reflected angle, 6,, in Fig. 10.16, let us perform a sim- 
ple geometrical analysis of the propagation of constant-phase wavefronts of the 
incident, reflected, and transmitted waves that is independent of their polariza- 
tion (normal or parallel). In specific, let us consider two equiphase points, A and 
B, of the incident wave, where one of them (B) belongs to the material interface 
(Fig. 10.16). After some time, Af, these points become, respectively, points C and 
D at a wavefront of the reflected wave, on one side of the interface, as well as the 
equiphase points C and E of the transmitted wave, on the other side, with the com- 
mon point C belonging to the interface. During this time the individual waves travel 
distances AC (incident), BD (reflected), and BE (transmitted), the first two with 
velocity c) = 1/,/e;4, and the third with cp = 1/,/é2u42. We thus have 

Ape Cee eee (10.125) 
Cj Cl c2 
From the trigonometry of the right-angled triangles AACB, ABDC, and ABEC 
(with the common hypotenuse BC) in Fig. 10.16, 


AC =BCsin6&, BD=BCsiné, BE =BCsin&. (10.126) 


Substituting the first two expressions, for AC and BD, into Eq. (10.125) leads to 
Eq. (10.97), namely, Snell’s law of reflection. The first and third expressions give 


(10.127) 


Figure 10.16 Reflection and 
refraction of an obliquely 
incident uniform plane 
time-harmonic electromagnetic 
wave at a planar dielectric 
boundary — analysis of 
geometrical relationships 
between wavefront patterns of 
the incident, reflected, and 
transmitted (refracted) waves. 
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This relationship enables us to find the transmitted (refracted) angle in terms of an 
incident angle, for given characteristics of the two media in Fig. 10.16, and is called 
Snell’s law of refraction. It is often expressed in terms of indices of refraction (or 
refractive indices), Eq. (9.144), of the two media, ny = co/cy = /éir44r and n2 = 
co/C2 = ./€2r/2r; 

See (10.128) 

sin@ ny 
Note that, although the definition of the index of refraction in Eq. (9.144) applies to 
arbitrary materials, it is most frequently used in the case of nonmagnetic (u; = 1) 
lossless media (dielectrics), where it becomes 


n= Je (10.129) 


(of course, n = 1 for free space). Hence, there is an one-to-one correspondence 
between the index of refraction and (relative) permittivity if 4, = 1. In fact, 
while the index of refraction is relatively rarely used at radio and microwave fre- 
quencies and practically never in static (dc) applications, dielectric materials at 
optical frequencies are almost exclusively characterized using n (instead of ¢,). 
Eq. (10.128) is therefore the most frequently used version of Snell’s law of refraction 
in optics. 

We note that Fig. 10.16 and the associated relationships in Eqs. (10.125) and 
(10.126) essentially imply that the intersections of the wavefronts of the incident, 
reflected, and transmitted waves with the interface coincide with each other, and 
move along the interface together, at the same speed, which is further illustrated 
in Fig. 10.17. The common speed is cy / sin 6; = c2/ sin @, Eq. (10.127). We can think 
of this velocity match along the interface also as being imposed by the boundary 
conditions for the electric and magnetic fields of the three waves at the interface, 
which, assumed to be satisfied at one instant of time, must remain satisfied at all 
times. This is possible only if the picture of the wavefronts moving in the posi- 
tive x direction in Fig. 10.17 remains unchanged during the course of time, that 
is, if the phase velocities of the three waves as measured along the x-axis are the 
same. 

To find the unknown complex rms electric field intensities of the reflected and 
transmitted waves in the plane z = 0, E,y) and Ej, for a given intensity E:) at z = 0 
of the incident wave, we apply the boundary conditions for tangential components 


SOA as 


2 


YS 


Figure 10.17 More complete 
picture of wavefront patterns 

in Fig. 10.16, illustrating 
movement in unison of 
wavefront intersections with 
the interface of the three waves 
in the positive x direction. 


refraction law via refractive 
indices 


index of refraction of a 
nonmagnetic lossless material 
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phase-matching condition at 
a material interface 


Figure 10.18 Electric and 
magnetic field vectors of the 
incident, reflected, and 
transmitted waves in 

Fig. 10.16 for normal (a) 
and parallel (b) polarizations 
of waves. 


of both electric and magnetic field vectors, as in Eqs. (10.38) and (10.39) for the 
normal incidence on a dielectric interface. Here, however, we need to distinguish 
between the normal and parallel polarizations of the incident wave, which are 
depicted, respectively, in Fig. 10.18(a) and Fig. 10.18(b). The expressions for fields 
(or their components) entering the boundary conditions are similar to those in 
Egs. (10.96) and (10.113) for the oblique incidence on a PEC interface. So, for the 
dielectric interface and normal polarization, Fig. 10.18(a), the boundary condition 
in Eq. (10.96) becomes 


[a + E!”] at Eo = ee eiPixsing E eiAixsin 6, 
= Ey eW12*sin (10.130) 
Because of the requirement that it must be satisfied for any x, we have 
|B sin; = Bi sin, = By sin &. | (10.131) 


This equation comprises both Snell’s laws, with the first equality giving the law of 
reflection, Eq. (10.97), and the equality between the first and third term represent- 
ing, given Eq. (8.111), the law of refraction, Eq. (10.127). We note that matching 
the phases of the three waves at the interface (for z = 0) is equivalent to match- 
ing the corresponding phase velocities along the interface. With the elimination of 
exponential terms, Eq. (10.130) yields 


Eig + Exo = Epo. (10.132) 


On the other side, since only the x-components of the magnetic field vectors in 
Fig. 10.18(a) are tangential to the boundary surface, the corresponding boundary 
condition for H yields [note the similarity with Eq. (10.113)] 
E. is b, 
= ee cos 6; + eat cos 6; = -=u cos (,, 
11 m 12 
(10.133) 


where nj = /1/€) and n2 = /f2/é€2 are the intrinsic impedances of the two 
media in Fig. 10.18 (they are purely real, because of the no-loss assumption for 


= H” 
Z= 


Ex a i] 


al) 
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both media). Much like Eqs. (10.40) for the corresponding normal-incidence case, 
Egs. (10.132) and (10.133) are two linear algebraic equations with unknowns E,, 


_and E,, (for a given Ej9), and their solution can be represented in the form of 
_ reflection and transmission coefficients — for normal polarization, 


(9) 12 COS & — 11 COS (=) 2n2 cos 6 

r= {=> ) = Ma _.,__ =p = | = | = —M_., 

Ein/n = COS + 172 COS G; Ein}, m1 COS + 72 cos 6; 
(10.134) 


with 1 + I, = Ty (as in the normal incidence case). These coefficients are known as 
Fresnel’s coefficients for normal polarization. 
For parallel polarization, Fig. 10.18(b), the boundary conditions, at z = 0, for 


' x-components of the electric field vectors and for entire magnetic field vectors, 
_ respectively, give the following two equations: 


— 


cose | ie COSC, = F.,cos), = — =—— = —, (1G 35) 
m1 71 2 


Eo = E, 


and hence Fresnel’s (reflection and transmission) coefficients for parallel 
polarization 


= (=) = n> COS Or — 1 COS 6 7. - (3) a 2n2 COs 6; 
i Enn/> ™ cos6;+n2cos@’  ? Ein/> ™ cos 6; + 72 COs Of 


(10.136) 


Note that here 1 + Ip is not equal to tp, but instead 1 + Tp = tp cos &/ cos 6, which 


| is a direct consequence of the form of the boundary condition for the vector E (first 


condition) in Eqs. (10.135). 

Although derived assuming that both media in Fig. 10.18 are lossless, the 
expressions for Fresnel’s coefficients in Eqs. (10.134) and (10.136) are valid for 
lossy media as well, provided that complex intrinsic impedances 7, and 7, are used, 
as in Eqs. (10.42) and (10.43) for the normal incidence case. Of course, if either 
one of the two media is lossy, all the coefficients are complex (IL, Py; c Ty). The 
only other difference with respect to the lossless case is in Snell’s law of refraction. 
Namely, since the exponential terms in Eq. (10.130) now have y , and y, (assuming 
that both media are lossy) instead of jf; and jf2, respectively, as in Eqs. (10.35) 
(10.37) for the normal incidence, the refraction-law relationship in Eq. (10.131) 
becomes 


y, Sin = y, sin, (10.137) 


while the reflection law remains the same, Eq. (10.97). This complex equation is 
referred to as Snell’s law of refraction in the complex domain, with the “ordi- 
nary” Snell’s law of refraction in Eq. (10.127) being its special case. Note that, from 
Eq. (10.137), sin, in general is a complex quantity, since y,/Y, is in general com- 


| plex (sin 6; is real). Consequently, cos @,, needed for Fresnel’s coefficients oleae 


T,, and r,, is a complex quantity as well, and so is 6, itself. It can be shown that 
the direction of propagation of the refracted wave in the second medium is deter- 
mined by an angle (measured from the normal on the interface) equal to the real 
part of 6,. 


Fresnel’s coefficients for 
normal polarization 


Fresnel’s coefficients for 
parallel polarization 


Snell’s law of refraction in 
complex domain 
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Figure 10.19 Oblique 
incidence of light on a glass 
slab in air — proof that the 
incoming and outgoing 
beams are parallel to each 
other; for Example 10.18. 


Figure 10.20 Determining 
the apparent depth of a 
coin at the bottom of a 
water fountain as viewed 


from above the water 
surface; for Example 10.19. 


By inspecting the expressions in Eqs. (10.134) and (10.136), modified so that 
both intrinsic impedances are complex (the most general case), we note that, on 
one side, l, =P, = —1 and t, = I, = 0 for the second medium PEC (7, = 0). 
Here, F = —1 corresponds to the relationship E,) = —Ejg, obtained from either 
Eq. (10.96) for normal polarization or Eq. (10.113) for parallel polarization in the 
analysis of obliquely incident waves on a PEC boundary (in Section 10.5). On the 
other side, if 6; = 0 (normal incidence), PF, = [, =[andz, = 2, =z, where I and 
t stand for the reflection and transmission coefficients in Eqs. (10.42) and (10.43), 
obtained in the analysis of normally incident waves on a dielectric boundary (in 
Section 10.2). Of course, all these results were to be expected, since both the oblique 
incidence on a PEC and normal incidence on a dielectric boundary can be regarded 
as special cases of the general solution for an oblique incidence on an interface 
between two arbitrary media. 


Selle Mtsge Exit Angle for a Light Beam Passing through a Glass Slab 


A light beam is incident obliquely on a glass slab surrounded by air. Prove that the emerging 
beam on the other side of the slab is always parallel to the incident beam. 


Solution With reference to Fig. 10.19, Snell’s law of refraction in Eq. (10.128) applied 
successively to each of the surfaces of the slab (assuming that yz; = 1 for glass) gives 


sin 0; 

—_ = = d 

sin 4) thee area 
where n is the index of refraction, Eq. (10.129), of the glass (n = 1 for air). So, the exit angle 
for the light beam on the other side of the slab (63) turns out to be the same as the incident 
angle from air (6), and, indeed, the incoming and outgoing beams are parallel to each other. 


Serta eee Apparent Depth of a Coin at the Bottom of a Fountain. 


A coin lies at the bottom of a water (the refractive index is n = 1.33) fountain at a depth 
of d = 50 cm. What is the apparent depth of the coin below the water surface when viewed 
from above the water at an angle of 60° with respect to the normal on the surface? 


ne! Saas (10.138) 


sinéz; on 


Solution This is shown in Fig. 10.20. On their way to the viewer’s eyes, sunlight rays 
teflected from the coin refract in air, upon passing through the water-air interface, farther 
away from the normal on the interface — according to Snell’s law of refraction, as air is 
optically less dense than water (n > 1). Having in mind Eqs. (10.138), the incident angle (in 


water) equals 


@, = arcsin ne = 40.63° (@ = 60°) (10.139) 


(arcsin = sin~!). However, the coin appears to the viewer higher than it is, because the brain 
perceives the information about the received light beam from the eyes without, of course, 
taking into account Snell’s law, so as if there were a direct (straight) line of sight between 
the coin and the eyes, and this determines the apparent location of the coin bclow the water 
surface. To find this location, we then express the distance r in Fig. 10.20 via the true depth 
of the coin (d) and angle 6;, on one side, and via its apparent depth (d,) and angle 62, on the 
other side, which gives 


oc! ae (10.140) 


cot 6, 


so d, is approximately a half of the actual depth. In other words, the fountain is twice as 
deep as it looks like (and this is a very common misperception in situations like the one in 
Fig. 10.20). 
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| Example 10.20 | iiwiime Transmitted Fields for an Oblique Incidence and Parallel 
P 


olarization 


- A uniform plane time-harmonic electromagnetic wave of frequency f and rms electric field 
intensity Eig propagates in a lossless medium of parameters ¢; and 21, and is incident at an 
- angle 6; on the interface of another lossless medium, with parameters e2 and 2. Assuming 
that the polarization of the wave is parallel, determine the expressions for complex electric 
and magnetic field intensity vectors of the transmitted wave at an arbitrary point in the sec- 
ond medium. In specific, calculate these fields for ¢,; = 4, 2 = 2, Ur1 = Men = 1, f = 1 GHz, 
Eio = 1 V/m, and 6; = 30° at the point defined by x = y = z = 1 m, if the coordinate system 
is adopted as in Fig. 10.18. 


Solution The expressions for the electric and magnetic field vectors of the transmitted 
(refracted) wave, shown in Fig. 10.18(b), are similar to those derived in Example 10.15 for the 
» corresponding field vectors of the incident wave for the oblique incidence on a PEC plane 
_ in the parallel polarization case. So, either from Fig. 10.18(b) or Eqs. (10.93), the propaga- 
tion unit vector of the transmitted wave is nm = sin &; X + cos @; z, where 6, is the transmitted 
angle, obtained by Snell’s law of refraction, Eq. (10.127). Having then in mind Eqs. (10.111), 
(10.112), and (10.94), the transmitted fields at an arbitrary point in the second medium, 
defined by the position vector r with respect to the coordinate origin, Eqs. (9.71), with z > 0, 
can be written as 


ED?) = Eye FP ® & = ry Big e He sin +2008) (cos 6 & — sin O 2), 


tpEio 


nH?) — Bio gripeicg _ 
2 2 

where é designates the unit vector for E) in Fig. 10.18(b), Bo = 2xf/e2u2 [Eg. (8.111)] 

and n2 = /2/é2 [Eq. (9.21)] are, respectively, the phase coefficient of the transmitted 

wave and intrinsic impedance of the second medium, and tp is Fresnel’s transmission coef- 

ficient for parallel polarization, in Eqs. (10.136). For the given numerical data, 6 = 45°, 

E”) = 0,928 el!183°(g — 3) V/m, and H® = 4.95 ei!183° § mA/m. 

Note that the expressions for the field vectors of the reflected wave in Fig. 10.18(b) 
are practically the same as those for E?) and H? for the incidence on a PEC plane in 
Egg. (10.111) and (10.112), with E,y = 'pE io, 'p being the corresponding Fresnel’s reflection 
coefficient, in Eqs. (10.136). The field expressions for both media in the normal polarization 
_ case, Fig. 10.18(a), can be written in an analogous manner. 


e jb2(«sin A+zZ cos A) y, (1 0.141 ) 


\ Problems: 10.23-10.28: Conceptual Questions (on Companion Website): 
10.33-10.36; MATLAB Exercises (on Companion Website). 


10.8 TOTAL INTERNAL REFLECTION AND BREWSTER 
ANGLE 


Let us now restrict our attention to a frequent practical situation when the two 

media in Fig. 10.18 are magnetically identical (4%; = 2), which, most importantly, 
_ includes the case with both media nonmagnetic (4; = uw2 = wo). Assuming that 
| both media are also lossless, Snell’s law of refraction, Eq. (10.127), can now be 
' written as 


sin 6; E2 
—— = /— (uy =pL2). (10.142) — Snell’s law of refraction for 
sin gi magnetically equal media 


It appears here that, if ¢; < €2, in which case we say that the first medium is electro- 
| magnetically less dense than the second, 6 < 6; (since sin @ < sin 6; and both angles 
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4. — critical angle 


total internal reflection 


Figure 10.21 Illustration of the 
critical angle, Eq. (10.143), 
and total internal reflection, 


are in the range 0 < 6;, ® < 90°). This means that for an electromagnetic wave inci- 
dent onto a denser medium (from a less dense one), the transmitted wave is bent 
toward the normal on the interface. The transmission of incident energy occurs for 
any incident angle in Fig. 10.16, except for 6; = 90° (propagation of the incident 
wave is parallel to the interface — so-called grazing incidence). 

On the other hand, €; > €2 (incidence onto a less dense medium) yields ® > 6;, 
meaning that the wave in medium 2 is refracted away from the normal. So, if we 
start increasing 6; to larger and larger values, 6, will always be even larger, and at 
some point become 90° (where it cannot increase further). In this border-line case, 
the refracted wave flows along the interface (so-called surface wave), as shown in 
Fig. 10.21, and no energy is transmitted into medium 2. In other words, the incident 
wave is totally reflected. Since this phenomenon requires that a wave must be inci- 
dent from a medium of higher index of refraction than that of the medium beyond 
the boundary, most frequently it is for an incidence from the interior of a dielectric 
object onto its boundary surface with air as the surrounding medium. That is why 
this type of total reflection is known as total internal reflection. From Eq. (10.142), 
the incident angle corresponding to the maximum value of the transmitted angle is 
determined by 


(10.143) 


and is termed the critical angle. For any incident angle exceeding this critical value, 
there is no transmission into medium 2 as well, Fig. 10.21, so that the condition for 
total internal reflection can be written as 


G = Gic. (10.144) 


Also, for 6 = 6j¢ the refracted wave becomes a surface wave traveling along the 
boundary (Fig. 10.21). The refracted wave must exist so that the boundary condi- 
tions in Eqs. (10.130), (10.133), and (10.135) can be satisfied, and thus the traveling 
surface wave serves simply as the matching field at the interface from its z =0* 
side.’ As portrayed in Fig. 10.21, only the incident rays inside the cone defined by 


transmission 


Se surface wave 


total internal 
reflection 


Eq. (10.144), accompanied (E; > &2) reflection 
by a refracted surface wave. 


'7More precisely, it can be shown from the expressions for the elcctric and magnetic fields of the 
refracted wave in medium 2, in the case of total internal reflection, that this is a quite complicated elec- 
tromagnctic wave. The plancs of constant wave amplitude (i.e., E- and //-field amplitudes) are parallel 


_— 


—— ee 
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half-angle 6;. (or total angle 26;,) can pass through the interface and propagate in 
the second medium. Of course, they are not transmitted totally (except for a single 
special case, as we shall see later in this section) but as determined by the corre- 
sponding transmission coefficient tT, [Eqs. (10.134)] or tp [Eqs. (10.136)], depending 
on the polarization of the incident wave. 

As will be shown in an example, if the condition in Eq. (10.144) is satisfied, 
reflection coefficients for both normal and parallel polarizations of the incident 
wave, I’, and I, in Eqs. (10.134) and (10.136), are unity in magnitude (|P',| = 
APS) = 1). This is another confirmation that, if 6; > 6j,, the entire energy of the inci- 
dent wave is reflected back into medium 1 for both polarization cases. The phase 
angles of I’, and iB in total internal reflection, however, are functions of the inci- 
dent angle, so that an incident wave acquires a phase shift (different from 180°) 
upon total reflection, that depends on a given 6;. This phase shift also depends on 
the polarization (normal or parallel) of the incident wave, which can be used to gen- 
| erate a circularly or elliptically polarized reflected wave from a linearly polarized 
incident wave possessing components with both normal and parallel polarizations 
| (by properly choosing 6;, ¢;, and €2). 

In general, total internal reflection finds many applications in optics, in various 
optical devices, such as beam-steering glass prisms (where light is totally internally 
reflected from glass-air interfaces), and in optical dielectric waveguides, such as 
optical fibers. In a typical optical fiber, light is confined to traveling inside a cylindri- 
cal dielectric (glass or transparent-plastic) rod by means of multiple total internal 
reflections from the interface with a surrounding coaxial layer made of a differ- 
ent dielectric material, as shown in Fig. 10.22. With neore and Ncladding, respectively, 
denoting the refraction indices of the fiber core and outer layer (called cladding), 
it is necessary that More > Necladding for total reflection to be possible (usually, “core 
is just slightly higher than Neladding). In addition, from Eq. (10.144), the incident 
angle 6; in the core must be equal or greater than the critical angle (6) for the 
_ core-cladding interface, defined by sin 6;, = Acladding/Ncore- 

Having now completed the discussion of the concept of total reflection of 
obliquely incident waves on a dielectric boundary, a natural question arises whether 
an opposite phenomenon, that of a total transmission (no reflection), may occur 
for certain incident angles and/or certain combination of dielectric parameters (¢; 
and ¢2) — for a given polarization (normal or parallel) of the incident wave. To 
answer this question, we start with the expressions for I’, and Ip in Eqs. (10.134) 
and (10.136) and use the fact that n,/n2 = /€2/€1 (for w4 = 2) and Eq. (10.142) to 
obtain alternative expressions — in terms of only the incident angle and the ratio of 


perpendicular to it (planes defined by x = const, Fig. 10.18). The field amplitudes exhibit a rapid expo- 
nential decay in the positive z direction (away from the surface), and these attenuated fields travel along 
the surface (surface wave), in the positive x direction, with velocity cz/ sin. Since this is a wave whose 
amplitude varies as a function of position (function of z) in the constant-phase planes (wavefronts), it is 
a nonuniform plane wave. It can also be shown that the complex Poynting vector in the second medium 
has a purely imaginary z-component and a purely real and positive x-component, much like the vector 
P™ in Eg. (10.122). This reinforces the facts that no time-average power is transmitted into the sec- 
ond medium and that the real power flows (unattenuated) in the positive x direction, parallel to the 
interface, carried by the refracted surface wave. However, this x-directed power-flow density (that is, 
x-component of the time-average Poynting vector) is attenuated in the transversal direction (along the 
z-axis), with the rate of attenuation determined by twice the attenuation coefficient for the field vectors 
[like in Eq. (9.97)}. 
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Figure 10.22 Sketch of wave propagation inside the core of an optical fiber, by means of multiple total internal reflections from 
the outer layer (cladding), made of optically less dense dielectric material (?tctadding < "core): 


two permittivities: 


cos 6} — \/ €2/€1 — sin? 6; " —€7 cos 6j/e€, + \/ €2/é1 — sin’ 6; 
£2 COS Oj /e1 + €2/e1 — sin? 6; 


(10.145) 


Fresnel’s reflection coefficients 
for wy =/p2 


Pia ’ 
cos 6 + \/ €2/€1 — sin? 6; 


We then try to satisfy the no-reflection condition in the normal polarization case, by 
setting the numerator in the expression for I’, to zero. This yields 


Ph = 00 = iicose = = —sin?6, 9 epee (10.146) 
1 
which is impossible, as ¢, 4 €2 (we have two different media), or can be regarded as 
a trivial solution for total transmission (of course, there is no reflection if there is no 
discontinuity in the propagation medium). So, total transmission cannot occur for 
normal polarization of the incident wave, any value of 6;, and any two (different) 
dielectric media. On the other hand, note that in the case of magnetically different 
materials (44; 4 j42), there exists an incident angle for which I’, = 0 (and this angle 
will be found as an example); however, this is of less practical interest. 
For parallel polarization, 


2 
E e : : E 
rp=0 — -2 cos? 6, = —2 — sin? 4, — »~= sing = Z » (10.147) 
P 2 
Et €] €, + &2 


where cos 6; is eliminated using the identity sin? 6; + cos? 6; = 1, from which then 
cos 6} = /€)/(€1 + €2). Dividing sin 6; by cos 6;, we finally obtain 


Brewster angle — total (10.148) 
transmission, parallel 


polarization 


We call this special incident angle, at which total transmission occurs for parallel 
polarization of the incident wave, the Brewster angle, and symbolize it by 6). For 
incidences at angles close to 6p, the amount of reflected energy (for parallel polar- 
ization) will not be zero, but still very small and often negligible. Again, there ts 
no counterpart of the Brewster angle for normally polarized incident waves and 
nonmagnetic materials. 

If an electromagnetic wave having components with both normal and parallel 
polarizations is incident at 6; = 03 on a dielectric interfacc, the component with 
parallcl polarization will be totally transmitted into the sccond medium and the 
othcr component partially transmitted and partially reflected. The result is that the 
reflected wave in the first medium is entircly normally polarizcd. This means that 
a picce of dielectric material illuminated from air at the Brewster angle may act as + 
a polarizer, producing, for instance, linearly polarizcd light from unpolarized (ran- | 
domly polarizcd) light, and hence 6, is often refcrred to as the polarizing angle. The 
polarizing capacity associated with the Brewster condition is responsible for many 
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notable effects in nature and has numerous applications in optical devices and sys- 
tems. For example, essentially because of the Brewster phenomenon most reflected 
sunlight that we see outside is predominantly horizontally polarized, that is, linearly 
| polarized in a direction parallel to the surface of the earth. This is enabled also by 
the fact that large interfaces between different media outside are most frequently 
horizontal — these are air-ground, air-water, and other interfaces constituting the 
surface of the earth, the most notable example being the surface of a sea or ocean. 
Namely, we know that most of the sunlight is randomly polarized, and can be rep- 
resented as a superposition of light with normal polarization and that with parallel 
_ polarization, for the plane of incidence containing the sun beam and the normal on 
the horizontal surface. The two components are with approximately equal energies. 
With respect to the earth’s surface, these polarizations are horizontal and vertical, 
| respectively. Therefore, the component with parallel (vertical) polarization incident 
on the surface at the Brewster angle and angles around it is largely absorbed into 
the water, soil, or other material by virtue of total or nearly total transmission, and 
that is why dominant polarization of light that we see is horizontal.'® 


| 
HISTORICAL ASIDE 


| Willebrord van Royen Snell (1580-1626), a 


discovered in 1621 the law of refraction of light, 


Dutch mathematician and astronomer, a profes- 
sor of mathematics at the University of Leiden, 


Augustin Jean Fresnel (1788-1827), a French 
physicist, played an essential role in the estab- 
lishment of wave optics. Extending the work of 
Thomas Young (1773-1829), Fresnel explained 
that light was a transverse wave, oscillating in 


Sir David Brewster (1781-1868), a Scottish physi- 
cist and writer, found that light could be polarized 
by reflection and refraction, and established, in 
1815, the condition under which the light beam 
with parallel polarization was totally transmitted 


which now bears his name. 


planes perpendicular to the direction of wave 
propagation, and suggested that it could be decom- 
posed onto two components with mutually orthog- 
onal oscillations (polarizations). 


into a medium — the Brewster or polarizing inci- 
dent angle. However, it was his invention of the 
kaleidoscope in 1816 that instantly earned him 
attention and fame among the general public 
worldwide. 


As a graphical summary of angular and material variations of Fresnel’s 


| reflection coefficients for nonmagnetic (or magnetically identical) lossless media, 
| Egs. (10.145), Fig. 10.23 shows plots of the magnitude and phase angle of both 
_ I, and L,, versus the incident angle (0 < 6; < 90°) for different combinations of 


permittivities of media 1 and 2 in Fig. 10.18. Specifically, in Fig. 10.23(a), €, < €2, 


'8Note that a high content of horizontally polarized light, taking place upon reflections of sunlight from 
horizontal surfaces, often creates a high concentration of glare, which essentially is optical noise that 
prevents human eyes to clearly see colors and contrasts. In relation to this, note also that Polaroid sun- 
glasses, known to enable (almost) glare-free vision, are designed as polarizing lenses that selectively filter 
out horizontal light, which is why they are so efficient at reducing glare. 
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Figure 10.23 Plots of the magnitude and phase angle of Fresnel’s reflection coefficients in Eqs. (10.145) against the incident 
angle (4;) for (a) incidence from air onto three perfect-dielectric materials, with relative permittivities e, = 2 (paraffin), 10 
(flint glass), and 81 (distilled water), respectively, and (b) incidence from each of the materials from (a) to air. 


and the incidence is from air (€; = €9) onto three characteristic dielectric materials 
(assumed to exhibit no losses); in Fig. 10.23(b), the media from (a) are interchanged, 
so that €; > €2 for all three materials (e2 = e9). We observe the Brewster condition 
[Eq. (10.148)] in the parallel polarization case, and note that, as 6; is varied from 
0 to 90°, 'p changes polarity at 6; = 6,3 (from positive to negative for e; > e2 and 
vice versa for €; < €2), whereas I, retains the same polarity for all incident angles 
(it is positive for e; > €2 and negative for €; < 2). Of course, 6p is larger for higher 
values of €2 in Fig. 10.23(a), whereas it is shifted toward smaller incident angles as 
€1 increases in Fig. 10.23(b). For ¢; > €2, the total internal reflection phenomenon 
[Eq. (10.144)] is apparent (for both polarizations), and the Brewster condition still 
occurs for parallel polarization, at an incident angle smaller than the corresponding 
critical angle [note that it can be shown from Eqs. (10.148) and (10.143) that 6jn < 
6, in general]. We also see that the phase angles in total reflection are not constant | 
(180°), and are not the same for the two polarizations, as already discussed earlier. 


Example 10.21 Magnitude of Reflection Coefficients in Total Internal Reflection 


Show that in the case of total internal reflection, Fig. 10.21, the magnitude of the reflection 
coefficient for both normal and parallel polarizations of the incident wave is equal to unity. 


Solution From Eggs. (10.142)-(10.144), sin@ > 1 for total internal reflection, and hence | 


cos = 1 — sin? @, as the square root of a negative real number, is a purely imaginary 
complex number. With this, expressions for both reflection coefficients in Eqs. (10.134) and 
(10.136) acquire the form fF = +(a + jb)/(a — jb), where a and b are real numbers, different 
for different (normal vs. parallel) polarizations. Since |P| = Va? + b?/Va? + b? = 1, we have 
indeed that |P,| = |C,] = 1. { 
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| | Example 10.22 | wea Hiding Gold Fish under a Floating Leaf 


_ A large leaf of approximately circular shape with a diameter of 50 cm floats on the surface of 
_ the water (m = 1.33) in a fountain. What is the maximum depth in the water directly under 
| the center of the leaf for a small gold fish to be totally invisible from above the water? 


Solution This situation is illustrated in Fig. 10.24, and it is essentially the limiting (critical) 
case of that in Fig. 10.20. We realize that the fish will be totally invisible for a viewer anywhere 
above the water surface if the condition of total internal reflection, Eq. (10.144), for the light 
ray emanating from the fish and impinging the water-air interface is satisfied. However, the 
_ depth of the fish is maximum when the incident angle @; in water exactly equals the critical 
angle, 6;,, in Eqs. (10.143). Recalling Eqs. (10.139) and (10.140) as well, this maximum depth, \.--_- ~~ - - -_-_- 
_ in Fig, 10.24, is computed as Figure 10.24 Determining 
1 the maximum depth of a 
6, = Gc = arcsin— = 48.75° —» d=rcot®j*22cm (r=25cm). (10.149) gold fish underneath a large 
” floating leaf such that it is 
Of course, any location of the fish above the critical one gives 6; that is greater than 6;,, asin _ invisible from above the 
Eq. (10.144), and hence is also in the invisible zone. water; for Example 10.22. 


Example 10.23 Total Transmission for Magnetically Different Materials 


| 
| 
| 
Show that in the case of magnetically different materials (uw; 4 2) in Fig. 10.13, there is an 


incident angle (6;) for which total transmission for normal polarization of the incident wave 
(Pn = 0) occurs, and find that angle. 


Solution Combining Eqs. (10.127) and (10.134) for arbitrary parameters ¢1, 41, €2, and 2 
of the two (lossless) media, we obtain that the condition , = 0, ie., n2 cos 6 = ny cos M, is 
satisfied for the angle 6; given by 


: E ; E E E E 
sin2 j= azee sin? n= ew (1 — cos” 6) = a (1 ae cos” a) = = 
E141 EyfLy £1 [41 E2fL4 


2 
M5 ae . [1 — e941 / (E12) 
——< (1 —sin“ 06; —>--—s= sin@ = _ | —————————_— , (10.150 


| with a restriction that ¢;, 41, €2, and jz2 must be such that the expression under the square 
| root sign is nonnegative. With 41 = 442, however, this expression becomes infinite, confirming 
) that there is no 6; yielding [, = 0 for magnetically identical (e.g., nonmagnetic) media [see 
. Eq. (10.146)]. 


| 
| Selmi wee Brewster Condition at Both Sides of an Illuminated Glass Slab 


, A beam of polarized light is incident onto a glass slab in air at the Brewster angle (polariza- 
tion is parallel). Prove that the other slab interface is also at the Brewster condition for the 
beam transmitted into glass, so that there is no reflected light in the incident region. 


| Solution We again refer to Fig. 10.19, and express the Brewster condition at the first (upper) 
| interface of the slab through the sine of the incident angle (6), as in Eqs. (10.147). Combining 

this with the Snell’s law of refraction in Eq. (10.142), applied to the same interface, we obtain 
| the following expression for the sine of the associated transmitted angle (62): 


é Memeo. | 0 
Een — singd= , sin = ae (T0151) 


Since 4) is also the incident angle at the second interface of the slab, this expression is 


| 

| sin Ay = 

: exactly the Brewster condition in Eqs. (10.147) for the total transmission from glass to air 
{ 


in Fig. 10.19. So, if the dielectric (glass) slab is illuminated by an electromagnetic wave 
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right-hand circular 
polarization at oblique 
incidence 


parallel polarization filtered 
out by reflection (Brewster 
condition) 


(light) with parallel polarization at the Brewster angle, total transmission occurs through 
both surfaces of the slab, and there is no reflected waves in any of the regions. 


Example 10.25 Reflection and Refraction of a CP Wave Incident at Brewster 


Angle 


A right-hand circularly polarized uniform plane wave of electric field amplitude Em, = 2 V/m 
and frequency f = 3 GHz propagates in air and is incident at the Brewster angle on a dielec- 
tric half-space with parameters ¢, = 4, 1, = 1,ando = 0. Decompose the electric field vector 
of the wave onto two linearly polarized components, with normal and parallel polarizations, 
respectively, and find the corresponding E-field components for the reflected and refracted 
waves as well. What are the polarization states of these waves? 


Solution We represent this CP incident wave as a superposition of two linearly polar- 
ized waves, with the electric field vector of the first wave normal to the plane of incidence 
(normal polarization) and that of the second wave parallel to it (parallel polarization), as 
in Fig. 10.13(a) and Fig. 10.13(b), respectively. The two vectors have the same amplitudes 
but are out of phase by 90°. In particular, for the RH circular polarization, the complex rms 
electric field intensities of the two LP waves can be written as 


ES =-j— and EP =F, (10.152) 


where E’ = Em/V2 = 1.414 V/m [see Eqs. (10.29)]}. Note that with 6; = 0 in Fig. 10.13, the 
vector E; becomes that of the normally incident RHCP wave in Egs. (10.31). Namely, the 
component of the total wave with parallel polarization becomes x directed, while the nor- 
mally polarized component is y directed, and the wave propagates along the z-axis. From 
Eq. (10.148), the Brewster incident angle for the air-dielectric interface is 6; = arctan /é; = 
63.46°, and Snell’s law of refraction, Eq. (10.142), then gives the refracted (transmitted) anglc 
of @ = 26.58°, so that Fresnel’s coefficients, Eqs. (10.134) and (10.136), amount to Py = —0.6, 
th = 0.4, Pp = 0 (Brewster condition), and tp = 0.5 in this situation. Consequently, the com- 
ponents with normal and parallel polarizations of the reflected complex rms electric field 
intensity vector at the coordinate origin, so not taking into account the propagation factors 
in Eqs. (10.95) and (10.111), are 


‘ I tee | 
|e =Ty,£M = -jP,£! = j0.848 V/m and E® =r,E =0, | (10.153) 
respectively. As expected, this is a linearly polarized wave with the electric field vector normal 
to the plane of incidence (normal polarization); the component of the incident wave with 
parallel polarization is filtered out by reflection. Similarly, the transmitted electric ficld is 


given by 


E® = 1,E = —jmE’ = —j0.565 V/m and E® = 1,E®) = pF! = 0.707 V/m, 
(10.154) 
and this is a right-hand elliptically polarized (RHEP) wave. It consists of both normal and 
parallel linear polarizations, with the larger magnitude of the elcctric field for the parallel 
polarization, which is again to be expected (the component of the incident wave with parallcl 
polarization is entirely transmitted through thc interface). 


Problems: 10.29-10.35; Conceptual Questions (on Companion Website): 
10.37-10.39; MATLAB Exercises (on Companion Website). 


10.9 WAVE PROPAGATION IN MULTILAYER MEDIA 


All cases of reflections and transmissions (refractions) of uniform plane waves 
studied so far in this chapter have included only one planar material interface 


; 
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| (between two half-spaces with different electromagnetic properties). However, in 
| many practical situations, we have more than one interface, that is, more than two 
| different planar material regions (layers) separated by multiple parallel interfaces. 
_ Such inhomogeneous regions are called planar multilayer media. In this section, we 
| study plane-wave propagation in a three-layer medium, where a layer of thickness 
d is placed between two semi-infinite regions, as shown in Fig. 10.25; generaliza- 
| tion to an arbitrary number of layers is straightforward. In practice, the situation in 
| Fig. 10.25 comes about whenever a coating (medium 2) is placed on a material object 
| (medium 3) that is illuminated by a plane wave from air (medium 1), or when a wave 
; impinges a sheet or wall (slab) of material (medium 2) in air (media 1 and 3). We 
| allow that all three media in the figure be lossy, in general, with material parameters 
Ek, Lk, and ox (k = 1, 2, 3), and let a uniform plane time-harmonic electromagnetic 
| wave be incident from medium 1 normally on interface 1-2 (at z = —d). The com- 
_ plex propagation coefficients (y,) and intrinsic impedances (7, ) of the three media 
(k = 1, 2,3) are computed as in Section 10.2 (for the two-media problem). 
In steady state, the resultant wave in the first region can be expressed in terms 
of two traveling waves, an incident (forward) wave (propagating to the right) and a 
reflected (backward) wave (propagating to the left), and the same holds true for the 
second region, whereas only an incident wave exists in the third region, as indicated 
in Fig. 10.25. In the figure, E,; and E;, denote, respectively, complex rms electric 
field intensities of the incident and reflected waves in medium 1 at interface 1-2 
(at z = —d_), while E>; and E,, are the corresponding field intensities in medium 
2 also at the same interface, but on its other side (at z = —d*), and E; designates 
the complex intensity of the forward (and total) electric field in medium 3 at the 
second interface (at z = 0*). Similarly to Eqs. (10.40) for the two-media situation, 
the boundary conditions for electric and magnetic fields on interfaces 1-2 and 2-3, 
respectively, yield a system of four simultaneous linear algebraic equations with four 
complex unknowns, E,,, E>;, E>,, and E3, assuming that F); is given. Once these 
unknowns are determined, the spatial distributions of the incident, reflected, and 
total electric and magnetic fields in any of the three regions in Fig. 10.25 in terms of 
the coordinate z can be obtained, if needed, using these constants, along with the 
propagation coefficients (y , ) and intrinsic impedances (7 ,) of the media. However, 
we solve here for £, alone, since the solution for this unknown (determining reflec- 
tion back into the incident medium) in fact suffices for most practical applications. 
To this end, let us introduce the equivalent intrinsic impedance of the combination 
of media 2 and 3, 7, which can be used, much like the equivalent input impedance 


® 


Figure 10.25 Normal 
incidence, from medium 1, 

of a uniform plane time- 
harmonic electromagnetic 
wave on two parallel interfaces 
separating three different 
homogeneous material regions 
with arbitrary electromagnetic 
parameters. 
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equivalent reflection 
coefficient at the first 
interface 


equivalent intrinsic 
impedance of media 
2 and 3 


of a part of an electric circuit, to replace these two media by a semi-infinite homoge- 
neous material region with intrinsic impedance equal to n_. By means of Eq. (10.42), 
the corresponding equivalent reflection coefficient at the first interface, which takes 
into account the presence of both material regions on its right, is 


(10.155) 


Since the ratio of the total electric to magnetic complex field intensities at a point 
in space constitutes the wave impedance at that point, 7, can be obtained directly 
from Eq. (10.63), as it equals E,/H>, with E, and H, standing, respectively, for 
total (incident plus reflected) complex rms electric and magnetic field intensities in 
medium 2 at the first interface. So, substituting z = —d (or, more precisely, z = —dT) 
and using the appropriate notation (Fig. 10.25) for the involved wave parameters in 
Eq. (10.63), we have 


E, pel: ae P53 e Lot Ne Sa No 
to Sars Nya (Z ) = 13 Pty ( ) 


where [3 represents the reflection coefficient for the interface between media 2 
and 3 as if they both were semi-infinite, 1.e., as if there were no medium 1 and inter- 
face 1-2 on the left. Once the equivalent reflection coefficient I, is computed from 
Eqs. (10.155) and (10.156), the solution for the reflected electric field intensity in 
medium | at the first interface is E), = [.£);. Consequently, as in Eq. (10.59) for 
the two-media situation, the time-average Poynting vector of the reflected wave in 
the incident medium, that is, the real power (per unit area of the interface) bounced 
back off the interface, is proportional to |P,|?. 

Given the expression for "53, the expression for 7, in Eq. (10.156) can easily be 
manipulated to read 


i ~yod 
(n, +15) e%2" + (n, — 9,)e7 2° 
uD i =y,d 
GF ie2 — Ge ics 


no(er24 — e224) + 9 (eka" + e224) 


= pe (10.1577 
J np (eX2" a e7 Ya") ge (eee ~ e724) 
From the definitions of hyperbolic sine and cosine functions, 
Xo ASX et e-* 
sinhx = eS coshx = Sat cE aa (10.158) 
Z 2 
we finally have 
n, sinh yd +n, coshy,d 
n a (10.159) 


He Ha uP cosh yd rll sinh une 


For givcn parametcrs of the central layer (d, y,, and 7 9) this equation can be 
regardcd as a function n= 1,3): This means ‘that the central layer in Fig. 10.25 
essentially acts as an impedance transformer, in that it transforms the intrinsic 
impedance of the third medium, 1),. toa different impedance, namely, the cquiv- 
alent input impedance 7, scen at interface |-2 looking to the right. This impedance 
transformation, using a ) specially designed matcrial (dielectric) layer bctween two 
given mcdia, finds many applications in optics, antennas, radars, and othcr arcas 
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of applied electromagnetics. In addition, an analogous impedance transformation 


' (to be discussed in a later chapter) is extensively used in the analysis and design 


of transmission lines. Note also that Eq. (10.159) can readily be applied to prob- 


» lems involving more than three material regions, where the overall equivalent input 


impedance at the first interface is found by successive impedance transformations 
applied layer by layer in the backward direction. 

In a frequent practical situation when all media in Fig. 10.25 are lossless, 
their individual intrinsic impedances are purely real, and y, = jp2 (a2 = 0) in 


Eq. (10.159). Combining Eqs. (10.158) and (10.7), it is easily shown that sinh jx = 


jsinx and coshjx = cosx, so that the equivalent impedance of media 2 and 3 in 


_ Eq. (10.159) becomes 


n3 COS Bod + jn2 sin Bod 


= : ; ‘ 10.160 
4. = n2 cos Bod + jn3 sin Bod \ ) 


It is interesting that, even in the lossless case, n. is in general (for an arbitrary thick- 
ness of the central layer, d, and arbitrary permittivities and permeabilities of the 
media) complex. The same thus holds true for the equivalent reflection coefficient 
[,, unlike the case with “ordinary” reflection coefficients, Eq. (10.42), which are 
always purely real for lossless media. On the other hand, as will be shown in exam- 
ples, there are special cases where n, and I, are purely real, and, moreover, the 
central layer can be designed so that [. = 0 (total transmission from medium 1 into 
media 2 and 3). 


| Sem. Quarter-Wave Transformer for Total Transmission 


(a) Assuming that the three electromagnetic media in Fig. 10.25 are lossless, as well as that 
media 1 and 3 have different parameters, design the central layer such that there is no 
reflection of the incident wave back to medium 1. (b) What are the parameters of the central 
layer in the case of all nonmagnetic media? 


Solution 


_ (a) To satisfy the condition of total transmission from medium 1 into the combination of 


media 2 and 3 in Fig. 10.25, Eq. (10.155) results in 


P= 0) —> i) = 71, (10.161) 


so the equivalent impedance 7), has to be purely real and equal to the intrinsic impedance 
of the incident medium. With this, Eq. (10.160) is then reduced to 


n2 (n3 cos B2d + jn2 sin Bod) = 74 (n2 cos Bod + jn3 sin Bod). (10.162) 


Equating the real and imaginary parts, respectively, of the right- and left-hand side of 
this complex equation, it decouples onto the following two real equations: 


(m1 — 3) cos Bod =0 and (n3 — nina) sin Bod = 0. (10.163) 


Since 7; 4 73, from the first equation we have 


Xr 
cosfod=0 —> Bod = (2m-+1) > = Qm +1) 2 Ce OnD....), 
(10.164) 
and hence the smallest value of the thickness of the central layer is d = A2/4, A2 being the 
wavelength in medium 2 at the operating frequency of the incident wave. Furthermore, 
as it now turns out that sin fod = +1, the second equation in Eqs. (10.163) gives that 


equivalent impedance, 
lossless case 


no reflection at the first 
interface 
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quarter-wave matching, 


Mm #03 


optical anti-reflective coating 


the required intrinsic impedance of the central layer equals the geometric mean of the 
intrinsic impedances of the two semi-infinite regions on its sides, 


= 
m= /mm, d= Fe (10.165) 


We note that the designed layer essentially matches the intrinsic impedance of a 
medium (region 3), 73, to that, 71, of another medium (region 1) in order to eliminate 
the reflection due to the material discontinuity between the regions (7; 4 73). In other 
words, it transforms the intrinsic impedance 73 to the equivalent input impedance at 
interface 1-2 (ne) equal to 7. Being a quarter of a wavelength (or an odd integer multiple 
of that) thick, the layer is referred to as a quarter-wave transformer. As we shall see in 
a later chapter, a completely analogous transformer in the form of a quarter-wavelength 
long section of a transmission line (e.g., a coaxial cable, Fig. 2.17) is utilized for impedance 
matching of transmission lines and their loads. 


(b 


— 


If all media in Fig. 10.25 are nonmagnetic (or if all have the same permeability), com- 
bining Eqs. (10.165), (9.21), and (8.112) leads to the relative permittivity and minimum 
thickness of the central layer amounting to 


2 Xo co 
é2 = Jené3 and d 4 Aja eat 
respectively, where cg is the free-space wave velocity, Eq. (9.19). 

Finally, let us emphasize that the principal drawback of quarter-wave transform- 
ers when used for impedance matching is their resonant (or narrow-band) operation. 
Namely, the condition in Eqs. (10.161) is satisfied only at a single frequency f, in 
Eq. (10.166), at which the thickness of the middle layer in Fig. 10.25 is exactly d = (2/4. 
Around this frequency, the equivalent reflection coefficient I’, is not zero, but might still 
be within an acceptable value, as imposed by the impedance-matching or low-reflection 
requirements in the concrete application, over a narrow band of frequencies. On the 
other hand, the transformer design can be made more broadband, with |[..| small enough 
within a broader frequency range, by cascading multiple quarter-wave (at the central fre- 
quency of the range) layers (or transmission-line sections), whose intrinsic impedances 
are gradually varied (increased or decreased) from nj to 73. 


Example 10.27 Design of Anti-Reflective Coatings for Optical Devices 


We wish to design an anti-reflective coating for a glass surface in an optical device at a 
free-space wavelength of Ag = 600 nm. The refractive index of the glass is ngjass = 1.9. (a) 
Determine the refractive index and minimum thickness for the coating. (b) What perccntage 
of the incident power is reflected from the coated glass if the wavelength is changed to 
500 nm? 


(rl = Mr2 = r3), (10.166) 


Solution 


(a) We adopt a quarter-wave matching transformer design. Adopting also that the coating 
be nonmagnetic, like the other two media (glass and air), Eqs. (10.166) and (10.129) give 
the following for its index of refraction and minimum thickness: 


a es we 
Fee = /NairNgiass = /Mglass = 1.38, d= 7 o —. = 108.7iami. (10.167) 


Acoatin 
|_ Acai art be z 


So, if a dielectric film with these obtaincd parameters is deposited on the glass surface 
(e.g., that of a camera lens), no normally incident visible light is reflected at Ag = 600 nm. 
Of course, this is practically a single-frequency (single-wavelength) or narrow-band anti- 
reflective structure, as discussed in the previous example. Notc that the refractive index 
of n = 1.38 happcns to be exactly that of magnesium fluoride (MgF>), which is commonly 
used as anti-reficctive film matcrial in optical applications. 
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(b) If the free-space wavelength of the incident wave is changed to Ag = 500 nm, the phase 
coefficient in the film material changes as well, to Bz = 277/22 = 27Ncoating/Ao = 17.34 x 
10° rad/m, and hence the equivalent intrinsic impedance of the combination of media 
2 and 3 in Fig. 10.25 is no longer matched to that of free space (m9 = 377 &). Using 
Eq. (10.160), it equals n, = 352.77 e1°*" [note that for both the glass and coating, 
n = no/./ér = no/n, from Eq. (9.48)], and Eq. (10.155) then gives the equivalent reflec- 
tion coefficient of [, = 0.1e7/1->°. Finally, having in mind Eggs. (10.59), the percentage 
of the time-average incident power that is bounced back off the coating comes out to be 


\(Pravel _ 
I(Pi)ave| 


So, this is still a rather low reflection. 


. Serlcmiwssee Half-Wave Matching Plate 


Determine the thickness of a dielectric slab in free space such that no normally incident 
uniform plane electromagnetic waves of frequency f are reflected from it. 


IPI? = 1%. (10.168) percentage of incident power 
bouncing back 


Solution With reference to Fig. 10.25, we now have that 7; = 73 = no, no being the free- 
space intrinsic impedance, Eq. (9.23), and hence the first equation in Eqs. (10.163) is satisfied 
for any thickness d of the slab. In the second equation, however, n5 # 7173, Since no ~ No 
(dielectric slab), which means that [see Eqs. (10.10)] 


d=m 2 (m =1,2,...), (10.169) half-wave matching, n) = 73 


namely, that the slab has to be an integer multiple of a half-wavelength (computed in the slab 
material) thick, the minimum thickness being d = A2/2, where A2 = 27 /B2 = 1/(f./é2142). 
This structure is thus called a half-wave matching slab (or plate), and it is extensively used for 
designs of protective dielectric housings (enclosures) of antennas that, built (in air) around 
an antenna, should be as transparent as possible for electromagnetic waves traveling through 
it in both directions. The name of such an enclosure, a radome, comes from their frequent 
applications as domes housing large radar antennas — radar dome. 


Find the minimum thickness of a fiberglass (e¢; = 4.9, 0 + 0) radome for an antenna on an 
| airplane (the antenna needs to be protected from weather) such that (1) the radome appears 
transparent to the antenna radiation at f = 10 GHz and (2) the mechanical requirement that 
the radome be at least 2 cm thick is met. Assume that the electromagnetic waves radiated 
» (or received) by the antenna are normally incident and planar at the radome surface. 


Solution The no-reflection requirement, at the given frequency, is expressed in 
Eq. (10.169). Having in mind Eqs. (10.166), the half-wave thickness of the radome amounts to 
2/2 = co/(2./ér f) = 6.78 mm. Hence, m = 3 in Eq. (10.169) determines the minimum thick- 
; ness that also satisfies the mechanical requirement (d > 2 cm) — it is equal to dmin = 3A2/2 = 
| 2.03 cm. 


Se miei Reflection from a Copper Plate with Teflon Coating 


A large copper plate is coated by a 1-cm thick teflon (¢; = 2.1) layer. The surrounding 
medium is air. Assuming that both the conductor and the dielectric are perfect, find the 
| Magnitude and phase of the equivalent reflection coefficient ([,) at the air-teflon interface 
for an 8-GHz uniform plane wave at normal incidence. 
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Figure 10.26 Normal 
incidence of a uniform 

plane wave on an electrically 
thin slab made of a good 
conductor, placed in parallel 
to a PEC plane, at a distance 
of three quarter- 
wavelengths from the plane; 
for Example 10.31. 


Solution Treating copper as a perfect conductor, we know from Eq. (9.137) that its intrin- 
sic impedance (for ao — oo) is zero, and using n3 = 0 we then specialize Eq. (10.160) for 
the equivalent impedance of the teflon-coated plate and the associated reflection coefficient, 
Eq. (10.155), at the air-teflon interface, 
Tn, — 10 no — jn2 tan Bod 
7, =jnztanpod —> [, a Gen (10.170) 

(n2 = no//ér; Bo = 2nf/ér/co), where this expression for n. is in agreement with that in 
Eq. (10.64). As shown in Example 10.21, complex fractions of the form above are unity in 
magnitude, so || = 1. Substituting the given numerical data into Eqs. (10.170), we compute 
the phase of the reflection coefficient as well, namely, [, = eas 

Note that the fact that |-.| = 1, which means that the entire power carried by the inci- 
dent wave is reflected back into the incident medium (air), can also be obtained from the 
conservation of power principle, since no power is transmitted into the copper plate (perfect 
conductor) and no power is absorbed (lost to heat) in the teflon layer (perfect dielectric). 


| Example 10.31 ste a No Reflection in a Four-Media Problem 


A slab of thickness d made of a good conductor of parameters ¢, 4, and o is placed in 
air parallel to a PEC plane. A time-harmonic uniform plane electromagnetic wave with 
free-space wavelength Ao propagates in air and is normally incident on the slab. The distance 
of the slab from the plane is 39/4, as shown in Fig. 10.26. Assuming that ly al < 1 (the slab 
is electrically thin), i being the complex propagation coefficient in the slab, find d so that 
there is no reflected wave in the incident region. 


Solution The analysis can be performed using the final formula in Eq. (10.159) for the 
equivalent intrinsic impedance for the three-media situation in Fig. 10.25, by successive 
impedance transformations applied across the two layers in Fig. 10.26 in the backward direc- 
tion, layer 3 and then layer 2. Namely, medium 4 being a PEC implies that n4 = 0 (see the 
previous example), so that the no-loss version of the transformation formula in Eq. (10.160) 
written for media 2-3-4, where the thickness of the central layer (region 3) is given by 
d3 = 3)3/4 and A3 = Ag (air), yields an infinite equivalent 7 at interface 2-3, 


a 3x ng cos 3 + jn3 sin 
n4=0 (PEC) and f3— am le UE i ~ es 


3 cos 3% eae jn4sin > 
(10.171) 

(73 = no). This impedance, Hogi OS: is then transformed further (backward), across layer 
2, invoking the transformation formula for the general (lossy) case, Eq. (10.159), for media 
1-2-3 in Fig. 10.26, resulting in the following for the equivalent wave impedance 7, scen at 
interface 1-2, looking to the right: 

i 7, sinh y,d + 15, costing oe costing 0d el24 4 en Yad 2 ty Rois 

“te “2 yn coshy,d+y, sinhyd —*sinhy.d =) G34) ee 
whcre the use is also made of the fact that ly dl <1 and that e* +!+<a for |a| <1. 
Combining the final expression for 7,, with the no-reflcction condition at this interface, as in 
Eqs. (10.161), and using the approximate expressions for the complex intrinsic impedance 
(7,) and propagation cocfficient (y,) of good conductors, in Eqs. (9.136) and (9.134), 
respectively, we obtain the required thickness of the slab, 
Bm a (10.173) 
Yn ono oO V KO 
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Problems: 10.36-10.39; Conceptual Questions (on Companion Website): 10.40; 
MATLAB kLxercises (on Companion Website). 
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Problems 


10.1. 


10.2. 


10.3. 


Normal incidence on a PEC - derivation in 
time domain. A uniform plane time-harmonic 
electromagnetic wave with the electric field 
given by E; = EinV2 cos(wt — Bz) x travels for 
z <0 in a medium with intrinsic impedance 
n and is incident on a perfectly conducting 
plane at z=0. Derive the expressions for 
the instantaneous total electric and magnetic 
field intensity vectors in the incident medium, 
Eqs. (10.9), carrying out the analysis entirely 
in the time domain, in place of the complex- 
domain derivation in Eqs. (10.1)-(10.8). In 
particular, assume that the electric field vec- 
tor of the reflected wave has the form E; = 
E,oV2 cos(wt + Bz + &)X, and find E, and é, 
from a boundary condition on the PEC sur- 
face, then obtain the incident and reflected 
instantaneous magnetic field vectors from 
the corresponding electric field vectors, and 
finally the total instantaneous vectors using 
superposition and the appropriate trigono- 
metric identities. 


Various properties of a standing wave. A uni- 
form plane time-harmonic electromagnetic 
wave of frequency f = 1 GHz and rms mag- 
netic field intensity Hig = 1 A/m propagates 
in a lossless dielectric medium of relative per- 
mittivity ¢, = 2.25 (u,;=1) and impinges a 
PEC screen at normal incidence. Assuming 
a zero initial phase of Hj at the surface of 
the screen, find: (a) locations of zeros of the 
total electric field in the dielectric, (b) times 
at which zeros of the total electric field at 
specific locations occur, (c) locations of mag- 
netic field zeros in the dielectric, (d) maxi- 
mum amplitude of the total magnetic field, 
(e) rms surface current and charge densities 
in the screen, (f) electric and magnetic energy 
densities and Poynting vector in the dielec- 
tric at a distance d = 11.25 cm from the screen 
and instant tf = 2.15 ns, and (g) time-average 
electromagnetic energy density and Poynting 
vector at the same location. 


Energy in an imaginary cylinder of arbitrary 
length. Repeat Example 10.4 but for an arbi- 
trary length / of the imaginary cylinder placed 


10.4. 


10.5. 


10.6. 
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in the field of a standing plane electromag- 
netic wave (assume that u = j9). 


Time-average energy of a cylinder. Compute 
the time-average resultant electromagnetic 
energy stored in the cylinder from the previ- 
ous problem (arbitrary /), in the following two 
ways: (a) averaging in time the instantaneous 
energy of the cylinder (result of the previ- 
ous problem) and (b) integrating in space the 
time-average electromagnetic energy density 
of the standing wave. 


Induced emf in a large contour due to a 
standing wave. Consider the standing electro- 
magnetic wave in front of a PEC screen in 
Fig. 10.1 (rms electric field intensity of the 
incident wave is Ejg and frequency f) with 
free space as the propagation medium, and 
assume that an electrically large (arbitrarily 
sized) rectangular contour of edge lengths a 
and b is placed in the plane y = 0. The contour 
edges that are b long are parallel to the screen, 
one being at the coordinate z and the other at 
z+a (z < —a). Find the emf induced in the 
contour, from (a) the left- and (b) the right- 
hand side of Faraday’s law of electromagnetic 
induction in integral form (in the complex 
domain), respectively. (c) Show that the result 
in (a) or (b) becomes that in Eq. (10.24) when 
the contour is electrically small. 


Standing-wave measurements with a magnetic 
probe. To determine the frequency, f, and 
electric-field rms intensity, Eig, of a uniform 
plane wave traveling in air, a perfectly con- 
ducting plate is introduced normally to the 
wave propagation and emf induced in a small 
square wire loop 2.5cm on a side is mea- 
sured. By varying the orientation and location 
of the loop, it is found that the rms emf in 
it has a maximum, of 5 mV, at a distance of 
80 cm from the conductor (with the plane of 
the loop being perpendicular to the magnetic 
field vector of the wave). It is also found that 
the first adjacent minimum (zero) of the rms 
emf is at 60 cm from the conductor (for the 
same orientation of the loop). What are f and 
Eig? 
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10.7. 


10.8. 


10.9. 


Chapter 10 Reflection and Transmission of Plane Waves 


Rotating contour in the field of a standing 
wave. A uniform plane time-harmonic elec- 
tromagnetic wave of rms electric field inten- 
sity Eig and angular frequency wm is incident 
normally from air on a PEC plane. An elec- 
trically small square contour of edge length a 
rotates, in the incident region, with a constant 
angular velocity wo about its axis. The cen- 
ter of the contour is at an arbitrary distance d 
from the conductor, and the axis of rotation is 
parallel to the direction of wave propagation. 
At a reference instant ¢ = 0, the plane of the 
contour is perpendicular to the magnetic field 
lines. Find the instantaneous emf induced in 
the contour, and identify the portions of it cor- 
responding to the transformer and motional 
induction, respectively. 


Reflection of an elliptically polarized wave. 
The magnetic field of a plane electromag- 
netic wave impinging a PEC plane at z =0 
from a nonmagnetic medium is given by 
H, = [3 cos(wt — Bz) xX — sin(wt — Bz) ¥] A/m 
(z <0), where w = 6m x 10° rad/s and p = 
4x rad/m. Determine (a) complex and instan- 
taneous electric and magnetic field intensity 
vectors of the reflected wave, (b) the polar- 
ization state (type and handedness) of the 
reflected wave, (c) complex and instantaneous 
electric and magnetic field vectors of the resul- 
tant wave in the incident medium, (d) the 
polarization state of the resultant wave, (e) 
the total time-average Poynting vector in the 
incident medium, and (f) rms surface current 
and charge densities in the PEC plane. 


Air-glass interface. The magnetic field inten- 
sity vector of a TEM wave propagating in 
air for x > 0 is given by Hj = 5V2sin(wt + 
107x)zA/m (x in m). The wave is inci- 
dent at x =O on the planar interface of a 
glass medium with relative permittivity e, = 4 
(4; = 1) and negligible losses, occupying the 
x < 0 half-space. Compute (a) the frequency 
of the wavc, (b) the wavelcngth in the sec- 
ond (glass) medium, (c) the instantaneous and 
complex total electric field intensity vector in 
air, (d) the maxima and minima of the total 
rms magnetic field intensity in air and glass, 
respectively, (c) the timc-average Poynting 
vector for —oo < x < oo, and (f) the wave 
impedance in a plane defined by x = 10 cm. 


10.10. 


10.11. 


10.12. 


10.13. 


10.14. 


10.15. 


Glass-air interface. Repeat the previous prob- 
lem but for glass as the incident medium (x > 
0), with the given field Hj, and air as the 
second medium. 


Air-concrete interface. A uniform plane time- 
harmonic electromagnetic wave of frequency 
f =1GHz and rms electric field intensity 
Eig = 1 V/m propagates in air and impinges 
normally the planar surface of a large con- 
crete block with material parameters e, = 6, 
o =2.5 x 107° S/m, and p; = 1. Determine if 
the concrete is a good dielectric, good con- 
ductor, or quasi-conductor, and find (a) the 
distributions of electric and magnetic fields 
in both media, (b) the standing wave ratio 
in air, (c) the time-average Poynting vector in 
the second medium, and (d) the percentages 
of the time-average incident power that are 
reflected from the interface and transmitted 
into the material block, respectively. 


Air-seawater interface. Repeat the previous 
problem but for seawater with e, = 81 and 
o0 =4S/m as the reflecting medium (flat 
ocean surface). 


Air-seawater interface at a different fre- 
quency. Repeat the previous problem (ocean 
surface) but for the frequency of f = 1 MHz 
(assuming that the parameters of seawater do 
not change with frequency). 


Aircraft-to-submarine radio communication. 
A 15-kHz VLF aircraft antenna transmits a 
wave that approaches the ocean surface at 
normal incidence in the form of a uniform 
plane wave with a rms electric field inten- 
sity of 1kV/m. Find the maximum depth 
below the surface to which successful commu- 
nication with a submarine is possible, if the 
receiving antenna on the submarine requires 
a minimum rms magnetic field intensity of 
0.05 ~A/m, the aircraft and submarine are 
approximately at the same vertical line, and 
parameters of seawater are e, = 81 and o = 
4S/m. 


SWR measurement to determine unknown 
permittivity. To determine the permittivity 
of a nonmagnetic lossless diclectric, a time- 
harmonic plane wave is launched to propa- 
gatc through air and impinge normally upon 
and partially reflects from the surface of this 


10.16. 


| 10.17. 


| 10.18. 


10.19. 


material. The relative rms electric field inten- 
sities of the resultant wave are measured by 
an electric probe in the region in front of the 
material, along the incident wave propaga- 
tion. By such measurement, it is found that 
the field maximum amounts to three times 
the minimum, and that the distance between 
successive maxima is 1 m. What is the rela- 
tive permittivity of the dielectric and what the 
frequency of the wave? 


Loss power in copper walls of a Fabry-Perot 
resonator. Consider a Fabry-Perot resonator, 
in Fig. 10.3, with a standing plane electro- 
magnetic wave given by Eqs. (10.9), where 
Ej = 100 V/m, B = x 10* rad/m, and w = 
x x 10!° rad/s. In addition, let the length of 
the resonator be a =3 cm, and let its walls 
be made of copper (o =58 MS/m and p = 
to). Under these circumstances, compute the 
time-average power of Joule’s losses in the 
resonator per S =1 cm? area of its surface 
(viewed across both walls). 


Total fields for oblique incidence, normal 
polarization. A TEM wave propagating in 
air for y > 0 is incident obliquely on a PEC 
screen occupying the plane y = 0. The com- 
plex rms electric field intensity vector of the 
wave is given by E; = el 0+V32) % V/m (y, z 
in m). Calculate the electric and magnetic field 
vectors of the resultant wave at an arbitrary 
point in air. 

Energy computation for oblique incidence, 
normal polarization. (a) Consider the oblique 
incidence on a PEC plane of a normally polar- 
ized uniform plane time-harmonic wave in 
Fig. 10.13(a), and find the expression for the 
instantaneous electromagnetic energy density 
of the resultant wave in the incident medium. 
(b) Then obtain the expression for the time- 
average total energy density in Eq. (10.106) by 
averaging in time the result in (a). 


Energy in an imaginary cylinder for oblique 
incidence. A uniform plane time-harmonic 
electromagnetic wave of frequency f = 
300 MHz and rms electric field inten- 
sity Eij9 =1V/m propagates in air and 
impinges obliquely at an angle 6 = 60° 
and normal polarization a horizontal PEC 
screen. Compute the time-average resultant 


10.20. 


10.22. 


10.23. 
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electromagnetic energy stored in an imagi- 
nary cylinder of height h = 50cm and basis 
area S = 100 cm? positioned vertically in air 
with one of its bases lying in the screen. 


Vertically moving contour for oblique inci- 
dence. Assume that the small contour in 
Fig. 10.14 lies in the plane defined by x =a= 
const, where it moves (with velocity v) in the 
vertical direction away from the screen, and 
find the instantaneous emf induced in it. 


. Total fields for oblique incidence, parallel 


polarization. The complex rms magnetic field 
intensity vector of a TEM wave traveling 
in air for x > 0 and impinging obliquely a 
PEC boundary located at the x = 0 plane is 
expressed as H, = el¥2*@-2) § A/m (x, z in 
m). Determine the distributions of the electric 
and magnetic fields in air. 


Various computations for oblique inci- 
dence, parallel polarization. A uniform plane 
time-harmonic electromagnetic wave of fre- 
quency f = 75 MHz and rms magnetic field 
intensity Hj = 1A/m is incident from air 
at an angle 6; = 30° and parallel polariza- 
tion upon a flat horizontal surface of a large 
copper block. Find (a) the instantaneous and 
time-average electromagnetic energy densi- 
ties of the resultant wave above the block, 
(b) the time-average power of Joule’s losses 
per unit area of the copper surface, (c) the 
orientation and position (height with respect 
to the conducting surface) of a small receiving 
wire loop antenna that results in the maximum 
reception of the wave, and (d) the maximum 
rms emf induced in the loop if its edge length 
is a=8cm and the magnetic field due to the 
induced current in the loop is negligible. 


Angular dispersion of white light by a glass 
prism. At optical frequencies, glass is a weakly 
dispersive medium, as its index of refraction, 
n, slightly varies with the free-space wave- 
length, Ao. In particular, for the visible light 
spectrum and a type of flint glass, n decreases 
from approximately Nyjojet = 1.66 for violet 
light (Ag = 400 nm) to “Areq = 1.62 for red 
light (Ag = 700 nm) according to the following 
equation: n(Ap) = 1.6+9.5 x TOs 2 fae (Ao in 
m). Taking advantage of this property, an opti- 
cal prism made of the flint glass and with 
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apex angle a = 60° (equiangular prism) is 
used to disperse white light, i.e., to separate 
in space the colors that constitute it, as shown 
in Fig. 10.27. The white light beam is inci- 
dent at an angle 6; = 65° on one surface of the 
prism, and, upon double refraction, emerges 
on the other side of the prism with different 
exit angles for different light colors — due to 
the wave dispersion in glass. Find the devi- 
ation angle 5, measured with respect to the 
incident beam, of the outgoing beam for each 
of the colors in the visible spectrum: vio- 
let, blue (Ag = 470 nm), green (Ag = 540 nm), 
yellow (Ag = 590 nm), orange (Ag = 610 nm), 
and red. What is the total angular dispersion 
of the prism, defined as y = Syiolet — Srea? 


Figure 10.27 Angular dispersion of a beam of white light 
into its constituent colors in the visible spectrum using a 
glass prism; for Problem 10.23. 


10.24. 


10.25. 


Apparent length of a vertical stick immersed 
in water. What is the actual length of a vertical 
stick that is completely immersed in a fresh- 
water lake, with a 1.33 index of refraction, 
right below the water surface, if it appears to 
be 1 m long to a person in a boat viewing it at 
an angle of 45° with respect to the normal on 
the surface? 


Oblique incidence on a dielectric boundary, 
parallel polarization. (a) For the oblique inci- 
dence at parallc!l polarization upon the inter- 
face between two lossless dielectric media 
described in Example 10.20 (and for the 
specified numerical values of the parameters 
of the media and the wave), compute the 
electric and magnetic ficld vectors of the resul- 
tant wave at an arbitrary point in the incident 
medium, and specifically at the point defined 


10.26. 


10.27. 


10.28. 


10.29. 


by x = y=z = —1 m. Also find (b) the time- 
average total energy density and Poynting 
vector for —0o < x, y, Z < oo and (c) the rms 
emf induced in an electrically small circular 
contour of radius a = 1 cm that is positioned 
and oriented for maximum wave reception in 
the incident medium. 


Oblique incidence on a dielectric bound- 
ary, normal polarization. (a) Repeat 
Example 10.20 but assuming that the polar- 
ization of the incident wave is normal. Also 
calculate (b) the electric and magnetic field 
vectors of the reflected and resultant waves, 
respectively, at the point x = y = z = —1 min 
the incident medium and (c) the time-average 
surface power densities transported by the 
incident, reflected, and transmitted waves. 


Refracted wave computation for normal 
polarization. Assuming that the reflecting 
medium (for y < 0) in Problem 10.17 is pen- 
etrable, with parameters ¢, = 9, uy = 1, and 
o = 0, find the electric and magnetic transmit- 
ted field vectors at an arbitrary point in this 
medium. 


Refracted wave computation for parallel 
polarization. If the second medium (for x < 
0) in Problem 10.21 is a nonmagnetic loss- 
less dielectric of relative permittivity e, = 5, 
compute the complex Poynting vector of the 
refracted wave. 


Beam-steering glass prisms in a periscope. 
In a periscope, two beam-steering 45°-90°- 
45° glass prisms in air are used as shown in 
Fig. 10.28. Each prism turns a beam of light 
by 90°, by means of total internal reflection. 


Figure 10.28 Light 
path through beam- 
steering glass 
prisms ina 
periscope, based 
on total internal 
reflection; for 
Problem 10.29. 


10.30. 


| 10.31. 


(a) Determine the minimum required index 
of refraction of the prisms. (b) Repeat (a) 
but for water (Mwater = 1.33) as the surround- 
ing medium. (c) What is the percentage of 
the time-average incident power that passes 
through the periscope, neglecting multiple 
internal reflections, for cases (a) and (b) and 


the obtained respective minimum values of 


Nprism e 


Total internal reflection for oil-covered water 
surface. There is a layer of oil floating on the 
surface of fresh water, and the correspond- 
ing indices of refraction are no = 1.54 and 
Nwater = 1.33. A beam of light is obliquely 
incident from water, at an angle 6;, upon the 
water-oil interface. (a) Find 6; for which total 
internal reflection occurs at the oil-air inter- 
face, so there is no transmission into air. (b) 
Repeat (a) but assuming that the beam is 
incident (at an angle 6,) from air on the air- 
oil interface, and determine 6; that results in 
no transmission into water, that is, in total 
reflection at the oil-water interface. 


Acceptance angle of an optical fiber. Consider 
the optical fiber of Fig. 10.22, and assume 
that incident light enters it from a surround- 
ing dielectric medium of refractive index ng 
(most frequently, air) through the front sur- 
face (face) of the fiber at oblique incidence 
defined by the angle 0; measured with respect 
to the normal to the surface, that is, to the axis 
of the fiber, as shown in Fig. 10.29. Find the 
maximum value of 6;, in terms of no, Nore, 
and Ncladding (Acore > Ncladding); such that the 
total internal reflection condition is satisfied 
at the core-cladding interface. This maximum 


Daccept 


Figure 10.29 Finding the maximum incident angle (the 
acceptance angle) of a light beam impinging the face of an 
{ optical fiber such that the total internal reflection condition 


| (for the angle 43) at the core-cladding boundary is still met; 
for Problem 10.31. 


10.32. 


10.33. 


10.34. 
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incident angle is called the acceptance angle 
of the optical fiber, @accept = 61max, aS all 
light beams incident upon the face of the 
fiber that fall into the cone determined by 
this angle (6; < accept) can propagate (are 
“accepted”) by means of multiple total inter- 
nal reflections along the fiber, confined inside 
the core. In specific, compute Oaccept for a fiber 
with Neore = 1.49 and neladding = 1.46, and air 
(np = 1) and water (ng = 1.33), respectively, 
as the incident medium. 

Refracted angle for Brewster incident angle. 
A plane wave with parallel polarization is inci- 
dent upon an interface between two arbitrary 
lossless nonmagnetic media at the Brewster 
angle, 6g. The refracted angle is @. Prove 
that sin = cos 6p, i.e., that the sum of the 
incident and refracted angles at the Brewster 
condition is always 90°. 


Polarizing light by parallel glass slabs at 
Brewster condition. Light is incident at the 
Brewster angle from air on a system of six 
parallel glass slabs, with air separation (equal 
to the slab thickness) between all adjacent 
slabs. Light is unpolarized, and it can be rep- 
resented as a superposition of the beam with 
normal polarization and that with parallel 
polarization, the two components being with 
approximately equal energies. (a) What is the 
polarization of light reflected from the system 
of slabs? (b) Describe the polarization of light 
transmitted through the system of slabs. (c) 
What would change if another six slabs were 
added? 


Elimination of ground-bounced wave in a 
communication link. In a wireless communi- 
cation link at a frequency of f = 1.5 GHz, 
the height of the transmitting antenna with 
respect to the earth’s surface is h; = 1 km, 
and the horizontal distance between the trans- 
mitting and receiving antennas is d = 10 km. 
The soil below the antennas is very dry, with 
parameters e¢, = 3.2 and o =0. The trans- 
mitting antenna emits waves with parallel 
polarization, and, in general, they travel to 
the receiving antenna either as a direct ray 
through air or as a reflected ray, bouncing 
off the earth’s surface. Find the height of the 
receiving antenna, h,;, for which the reflected 
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wave is eliminated, so that only the direct 
wave is received. 


Reflection and refraction of an EP wave 
at Brewster condition. Write the expres- 
sions for complex rms electric field inten- 
sities of two uniform plane time-harmonic 
waves with normal and parallel polarizations 
whose superposition represents a left-hand 
elliptically polarized wave incident from air 
obliquely on the planar surface of a nonmag- 
netic lossless dielectric of relative permittiv- 
ity €r = 3 (adopt all necessary parameters to 
define the waves). If the incident angle sat- 
isfies the Brewster condition, determine (a) 
the polarization states of the reflected and 
refracted waves and (b) the percentages of the 
time-average incident power that are reflected 
from the air-dielectric interface and transmit- 
ted into the dielectric medium, respectively. 


Anti-reflective coatings for periscope prisms. 
Propose anti-reflective coatings to increase 
the power throughput of the periscope in 
Fig. 10.28, for each of the cases (a) and 
(b) from Problem 10.29, and the free-space 
wavelengths of Ag =400nm and 700 nm, 
respectively. 


X-band antenna radome. If the fiberglass 
radome from Example 10.29 is used to 


10.38. 


10.39. 


weather-protect an X-band (8—12 GHz) 
antenna, compute the percentage of the inci- 
dent power (radiated by the antenna) that 
is reflected back from the radome (assuming 
normal incidence) at the central frequency 
and at each of the end frequencies of the band. 


Reflection from a lossy slab backed by an 
aluminum foil. A lossy dielectric slab with 
thickness d = 20 cm and relative complex per- 
mittivity ¢,.=3—j2 (u,;=1) is backed by 
an aluminum foil, which can be regarded as 
nonpenetrable. Find the equivalent reflection 
coefficient in decibels at the air-slab interface 
for a uniform plane wave of frequency f = 
1 GHz at normal incidence. 


Wave computations in a four-media prob- 
lem. Consider the four-media structure in 
Fig. 10.26 and assume that the thickness of the 
slab (d) is that in Eq. (10.173). (a) If the rms 
electric field intensity of the plane wave inci- 
dent on the slab is Eo, find the expression for 
the total time-average power of Joule’s losses 
in the slab per unit area of its surface. (b) If 
the distance of the slab from the PEC plane 
is changed to Ag/2, obtain the expression for 
the equivalent wave impedance at interface 
1-2 looking to the right (7, ,). 
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Introduction: 


n addition to wireless links, which use free 

(unbounded) electromagnetic waves propagat- 
ing in free space or material media (previous two 
chapters), electromagnetic signals and energy can 
be transported to a distance also using guided 
electromagnetic waves. Such waves are channeled 
through a guiding system composed of conductors 
and dielectrics. Guiding systems normally have a 
uniform cross section, and are classified into trans- 
mission lines and waveguides, according to the 
number of conductors in the system. Transmission 
lines have two or more separate conductors (e.g., a 
coaxial cable, Fig. 2.17), whereas waveguides consist 
of a single conductor (e.g., a rectangular metal- 
lic waveguide, Fig. 10.15) or only dielectrics (e.g., 
an optical fiber, Fig. 10.22). In this chapter, we 
present a field analysis of transmission lines, with 
a focus on two-conductor lines. Field theory of 
transmission lines is important for understanding 
physical processes that constitute the propagation 
and attenuation along a line of a given geometry 


integrated circuits 
and discrete elements 


dielectric substrate pe 


microstrip lines. 


metallic foils 


and material composition. The principal result of 
the analysis are the parameters of a circuit model 
of an arbitrary two-conductor transmission line, in 
the form of a network of many cascaded equal small 
cells with lumped elements. This network is then 
solved, in the next chapter, using circuit-theory con- 
cepts and equations, as the starting point of the 
frequency-domain (complex-domain) and transient 
(time-domain) analysis of transmission lines as cir- 
cuits with distributed parameters (circuit analysis of 
two-conductor transmission lines). 

Waves propagating along transmission lines are 
of either transverse electromagnetic (TEM) type 
(for lossless lines with homogeneous dielectrics) or 
quasi-TEM type (for lines with small losses and/or 
inhomogeneous dielectrics). This means that the 
components along the direction of wave propaga- 
tion (i.e., along the axis of the guiding structure) 
of both electric and magnetic field vectors of the 
wave are either zero or very small when compared 
to the corresponding transverse field components 
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(perpendicular to the axis). On the other side, 
waveguides carry non-TEM waves, which include 
transverse electric (TE), transverse magnetic (TM), 
and hybrid waves. TE waves have a zero elec- 
tric and nonzero magnetic field component along 
the waveguide axis, whereas the situation for TM 
waves is just opposite (magnetic field vector is 
in a transversal plane, perpendicular to the axis). 
Hybrid waves are combinations of TE and TM 
waves, and have nonzero axial components of both 
field vectors. At very high frequencies, TE, TM, 
and hybrid waves, so-called higher wave types, are 
possible also on transmission lines, in addition to 
TEM (or quasi-TEM) waves, which, in practice, is 
an undesirable situation (what we want is to have 
just one type of waves propagating along the line).! 

We shall first develop the field theory of TEM 
waves in lossless transmission lines with homoge- 
neous dielectrics regardless of the number of con- 
ductors in the line, and then study the specifics 
of the analysis of two-conductor lines. A pertur- 
bation method will next be employed to take into 
account conductor and dielectric losses in low-loss 
lines. Modifications of the theory to approximately 
analyze transmission lines with inhomogeneous 


dielectrics (which carry quasi- TEM waves) will also 
be introduced. Based on the developed concepts 
and analysis procedures, we shall evaluate and 
discuss circuit parameters of a variety of practi- 
cally important classes of two-conductor transmis- 
sion lines, with homogeneous and inhomogeneous 
dielectrics. The parameters include the capacitance, 
inductance, resistance, and conductance per unit 
length of the line (primary circuit parameters), 
as well as the associated characteristic impedance, 
phase coefficient, phase velocity, wavelength, and 
attenuation coefficient (secondary circuit parame- 
ters). These evaluations and discussions lean heav- 
ily on the electrostatic analysis of transmission 
lines in Chapter 2, magnetostatic (or quasistatic) 
analysis and inductance computation in Chapter 
7, analysis of lossy transmission lines with steady 
currents, Section 3.12, and analysis of skin effect 
and Joule’s losses in good conductors at higher fre- 
quencies, Sections 9.11, 10.3, and 10.4. Finally, the 
basis for analysis and synthesis of microstrip and 
strip lines constituting interconnects in multilayer 
printed circuit boards, with taking fringing effects 
into account, will be provided. 


11.1 TEM WAVES IN LOSSLESS TRANSMISSION LINES 
WITH HOMOGENEOUS DIELECTRICS 


Consider a transmission line consisting of M (M > 2) conductors of arbitrary cross 
section, shown in Fig. 11.1, in a homogeneous dielectric of permittivity e and perme- 
ability 4. We assume that the line is uniform, i.e., that the cross section in Fig. 11.1 is 
the same along the entire line (theoretically, for every coordinate z, -0o < z < 00) 
and lossless (both the conductors and dielectric are perfect). We also assume a 
time-harmonic variation of the electromagnetic field in the line, of frequency f, and 
perform the analysis in the complex domain (see Sections 8.6-8.8). This field is gov- 
erned by the corresponding set of Maxwell’s equations for the dielectric region in 
Fig. 11.1 and boundary conditions for the dielectric-conductor boundary surfaces. 
We note that there are no induced volume currents and charges (J = 0 and p = 0) 
in the dielectric, since it is lossless [see Eqs. (3.18) and (8.82)]. Assuming finally that 
the diclectric region is completely source-free, i.c., free of any impressed sources 
[E; = 0 and J, = 0 — see Eqs. (3.109) and (3.124)] as well, the underpinning of our 


'For a coaxial cable with a homogeneous dielectric (Fig. 2.17), for instance, the frequency limit below 
which no higher wave types can propagate is determined by 2 * 2(a + b), where a and b are the radii of 
the cable dielectric, and A is the wavelength in the diclectric, Eq. (8.112). 


Figure 11.1 Cross section 
of a transmission line with 
M conductors and a 
homogeneous dielectric. 


| 
‘analysis is the complex-domain version of Eqs. (9.1)-(9.4), 

ai) 
(11.2) 
Gites) 
(11.4) 


along with the boundary conditions in Eggs. (8.33), for a surface of a perfect electric 
conductor (PEC) in a dynamic electromagnetic field. In these equations, E and H 
are complex rms electric and magnetic field intensity vectors in the dielectric, and 
w = 27f is the angular (radian) frequency of the field. 

We would like to find a solution for an electromagnetic wave that propagates 
‘along the line (along the z-axis), through the dielectric — guided by the conductors. 
Choosing the propagation in the positive z direction, we know from the analysis 
of plane waves in unbounded media that the field dependence on the z-coordinate 
for such a wave is given by the propagation factor e~”% [see Eqs. (9.81) and (9.90)], 
and hence 


EQ, ys Zz) = Eq, y, 0) ae H(x, y, z) = H(, y, 0) et, ULES) 


where y is the complex propagation coefficient — to be determined. The depen- 
_dences on the Cartesian coordinates x and y of field vectors E and H, in the line 
, cross section in Fig. 11.1, are also to be determined. Note that these dependences 

can alternatively be expressed in terms of cylindrical (polar) coordinates r and 
6 (see Fig. 1.25), which is especially convenient for transmission lines exhibiting 
cylindrical symmetry (e.g., a coaxial cable with a homogeneous dielectric in 
| Fig. 2.17). With this, taking the partial derivative with respect to z in the expression 
for the del (nabla) operator, V, in Cartesian coordinates, Eq. (1.100), is equivalent 
to multiplication by —y [similarly to multiplication by jw in Eq. (8.67)], so that 
the longitudinal (z-) component of V becomes V; = —y Z. The same is true for 
‘ the expression for V in cylindrical coordinates [see Eq. (1.105)]. Moreover, we can 
| combine the transverse components (x- and y-components or r- and ¢-components) 
| of V into a transverse del operator, V;, similar to the surface del operator (Vs) in 
| Eq. (8.43), used in the continuity equation for plates, Eq. (8.42) or (10.14), and write 


i) rr a a 
Vets Yt 2=Vi— v2. 11.6 
ppedanyh Wire a ( ) 
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HISTORICAL ASIDE 


The mathematical foun- 
dation of the theory of 
guided electromagnetic 
waves was laid out 
by Oliver Heaviside 
(1850-1925), an English 
electrical engineer, math- 
ematician, and physicist. 
Heaviside suffered from 
increasing deafness, was 
almost completely self- 
educated, and his only 
paid job was that of a 
telegrapher over a short period of time. Although 
unappreciated by the scientific establishment for 
the most of his life, he changed the electromag- 
netic theory and electrical engineering forever. 
In a series of excellent papers in the 1880s and 
in his 1893 three-volume work “Electromagnetic 


Theory,” Heaviside introduced the vector notation 
in Maxwell’s equations, reformulated the mathe- 
matical description of wave propagation, provided 
several important contributions to the circuit the- 
ory and the involved mathematics, and developed 
the transmission-line model and the associated 
telegrapher’s equations. He was forced to pub- 
lish his papers at his own expense, primarily due 
to the unorthodoxy of his work in terms of both 
his ideas and his vector notation. He was elected 
to the Royal Society in 1891, and was the first 
recipient, in 1922, of the Faraday Medal awarded 
by the Institution of Electrical Engineers (IEE). 
However, he spent his last years poor and alone. 
In many aspects, the significance of Heaviside’s 
achievements to science and engineering has never 
been given the proper recognition and praise. 
(Portrait: AIP Emilio Segré Visual Archives, Brittle Books 
Collection) 


transverse and longitudinal 
fields 


guided TEM wave 


By analogous decomposition of the field vectors onto transverse? and longitudinal 
(axial) components, 
(11.7) 


Eggs. (11.1)-(11.4) can now be rewritten into a new set of differential equations with 
E,, H,, E,, and H, as unknowns, using the operators V; and V,. These equations can 
be solved for different types of guided electromagnetic waves, i.e., for TE, TM, and 
TEM waves. 

Here, we seek the solution in the form of a TEM (transverse electromagnetic) 
wave, where both E and H are transverse to the direction of wave propagation (i.e., 
to the line axis), that is, 


E=E, (E,=0) and H=H, (H, =0),| 


(11.8) 


with which Eq. (11.1) becomes 
(11.99 
We note that V; x E, is a z-directed vector (V; is in a transversal plane), whereas Z x 


E, has only a transverse component, so that equating transverse and longitudinal 
components, respectively, on the two sides of this equation results in 


VxE,=(VYi-yz)xE,=\ x E,-yz~x E, = —jowH,. 


‘ 


yzxE,=jouH, Vix E, = 0. (11.10) 8 
Similar separation of transverse and longitudinal components in Eq. (11.2) yields | 
yzx H, = —jweE,, (pegs s [een 0) (11.18 


2The notation uscd here for the field components transverse to the direction of wave propagation, E; and 
II,, should not be confused with the same notation uscd in previous chapters in various forms of bound- 
ary conditions for the ficld components tangential to boundary surfaces between clectromagnetically 
different media. ¢.g., in Eqs. (8.33). 


Finally, since z- E, = z-H, = 0, Eqs. (11.3)-(11.4) reduce to 
Vi-E,=0, \W-H, = 90. CL t2) 
From Egg. (11.10) and (11.11), 
H, = = 2xE,, He fa Glade 13) 
Jou Jwe 
and each of these equations tells us that the electric and magnetic field vectors of 
this guided wave are perpendicular to each other, 


(11.14) 


as indicated in Fig. 11.2(a). Combining the two equations, we obtain 


y? 2 
E, = -~——=_ 2 zx E,) = -S>— E,, La es) 
- (jwe) (jw) 2X (2X Ey) we = ( ) 
since Z x (z x E,) = —E,, which is shown in Fig. 11.2(a). Obviously, the factor mul- 


tiplying E, in Eq. (11.15) must be unity, and hence the following solution for the 
| propagation coefficient of the transmission line: 


y=jo/eu=jB — B= Jen (a=0). (11.16) 


We see that y and the resulting phase coefficient, 6, are the same [see Eq. (8.111)] 
as for a uniform plane wave propagating in an unbounded medium having the same 
parameters, ¢ and yz (o = 0), as the dielectric of the transmission line in Fig. 11.1 
(as expected, y is purely imaginary — no losses in the system). The phase velocity, 
Vp, and wavelength, A;, along the line (along the z-axis) are then also the same as 
for the uniform plane wave in the unbounded medium of parameters ¢ and wp [see 
Egs. (9.35), (9.18), and (8.111)], namely, 


ee = Ye _ f (11.17) 
Pp , z B f f c 
In addition, substituting the solution for y in Eqs. (11.16) back into Eqs. (11.13), 
the vector relations between the electric and magnetic field vectors of the wave 
become 


(11.18) 


i.e., they acquire the same form as those in Eqs. (9.22) for a uniform plane wave 
in the unbounded medium. As in Eq. (9.20) for the plane wave, the ratio of the 
electric and magnetic complex rms field intensities of a guided TEM wave at any 
point in the cross section of the dielectric in Fig. 11.1 and for any z along the line 
(and the same is true for instantaneous field intensities) equals a real constant, an 
| impedance. It is denoted by Zrgm and called the wave impedance of TEM waves. 
| It has the same value as the intrinsic impedance (7) in Eq. (9.21) of the medium of 
' parameters ¢ and p, 


| As we shall see in a later =eehGes a similar relation exists between surface charges 
and currents of the conductors in the line [Fig. 11.2(b)]. 

Note that 8, c, and 4 of a uniform plane wave are also, like 7, referred to as 

| the intrinsic phase coefficient, intrinsic phase velocity, and intrinsic wavelength, 


TD) 
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(b) 


Figure 11.2 Details of 

the transmission line in 

Fig. 11.1, with a TEM wave 
propagating in the positive 
z direction: (a) electric and 
magnetic field vectors in the 
dielectric and (b) charges 
and currents on the surface 
of a conductor. 


as ina 2-D electrostatic 
system 


respectively, of a given unbounded medium (of parameters ¢ and ,z). Therefore, in 
summary, we can say that all four parameters in Eqs. (11.16), (11.17), and (11.19) of 
a transmission line (f, vp, Az, and ZrEM) equal the corresponding intrinsic values 
of the line dielectric. 

As for plane waves in unbounded lossless media, Eq. (9.40), the complex 
Poynting vector of a TEM wave traveling along the transmission line in Fig. 11.1 
is purely real, given by 


P=ExH*=EHii=E£, (11.20) 
[Fig. 11.2(a)]. From Eq. (8.195), it equals the time average of the instantaneous 
Poynting vector of the wave. As the conductors of the line are considered to be per- 
fect, the wave does not penetrate at all into them (skin depth for a PEC is zero - 
see Eqs. (9.139) and (3.26)], so that the energy flows only through the line dielectric 
(guided by the conductors). Quantitatively, noting that the vector P has a longitudi- 
nal component only, Poynting’s theorem in complex form, Eq. (8.196), tells us that 
the complex power transported by the wave along the line is [see also Eq. (8.200)] 


3 Sa P-ds ZTEM JSq 
where Sg stands for the cross section of the dielectric in Fig. 11.1 and dS = dSz. 
Of course, S$ is purely real as well, representing the time-average power flow along 
the line, S = P. Using Eqs. (11.5) and (11.16), we see that |E|] does not depend 
on z (|e~/42| = 1). This means that P = const along the entire line, which is to be 
expected as there are no losses in the line. 


[E,| dS, (11.21) 
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11.2 ELECTROSTATIC AND MAGNETOSTATIC FIELD 
DISTRIBUTIONS IN TRANSVERSAL PLANES 


The distribution of the electric field intensity vector, E,, in a cross section of the 
line in Fig. 11.1 is determined, from Eqs. (11.10) and (11.12), by its transverse curl 
and divergence in the dielectric, along with the boundary condition for its tangential 
component, in Eqs. (8.33), on the boundaries of conductors, 


VixE,=0, V-E,=0, A xE, =0,| (11.22) 


where n is the normal unit vector on the boundary surface, directed from the 
conductor toward the dielectric, as shown in Fig. 11.2(b). We realize that these 
equations have the same form as the corresponding equations for the electrostatic 
field [see Eqs. (4.92), (2.56), and (1.186), and recall that p = 0 in the dielectric in 
Fig. 11.1] in the same two-dimensional system, representing one cross section of 
the transmission line.’ The only difference is that E, in Eqs. (11.22) is a complex 


3Note that in an infinitely long electrostatic system with the same cross section as in Fig. 11.1, E = Ey 
(E, = 0) and V = VY; (V; = 0), because of its two-dimensional nature (z-coordinate is irrelevant for the 
analysis). This can also be explained by the superposition principle and 2-D naturc of the clectrostatic 
field duc to an infinite linc charge with uniform charge density, Eq. (1.57). Namely, the surfaces of all 
conductors in the electrostatic equivalent of the system in Fig. 11.1 can be subdivided into very thin 


infinitely long uniformly charged strips, and the field dE of each of the strips ean be computed using» 


Eq. (1.57). Obviously, dE has only a transverse component and does not depend on z. The same is true 
for the total field (E) at any point in the dielectric, since it is a superposition of the elementary fields dE. 


vector, whereas the corresponding field vector in the electrostatic system is real. 
| Consequently, we can find the electric field of a TEM wave in a transmission line 
| performing a standard electrostatic analysis in its cross section. In doing so, we treat 
| the field and related quantities (electric potential, charge, etc.) formally as complex 
quantities,* and have in mind that all of them, for the TEM wave, depend also on 
the longitudinal coordinate, Eqs. (11.5). 

Similarly, based on Egs. (11.11), (11.12), and (8.33), the magnetic field intensity 
vector, H,, of a TEM wave can be found from the magnetostatic analysis in a cross 
section of the transmission line (recall that J = 0 in the dielectric). However, once 
the electric field is known, H, can alternatively be found simply from Eq. (11.18). 


Conceptual Questions (on Companion Website): 11.5 and 11.6. 


| 
(11.3. CURRENTS AND CHARGES OF LINE CONDUCTORS 


From the proportionality of the electric and magnetic fields of the TEM wave and 
the fact that the electrostatic field, in general, is due to charges and magnetostatic 
field due to currents, we conclude that there must be a similar proportionality 
' between the charges and currents of the conductors in the line. Note that there are 
‘no volume charges and currents in the conductors, as they are assumed to be per- 
fect (see Example 8.6), so this proportionality is to be explored for surface charges 
_and currents of the conductors. Indeed, Eqs. (11.18) and the boundary conditions in 
_ Egs. (8.33) tell us that the complex rms surface current density vector (J,) at a point 
_on the surface of a conductor is related to the complex rms surface charge density 
_(g,) at the same point as 


| 

P (een el x (D2 Se aa 
Je— ne HH. — |/—-nx (2x E,) = = ax (zx Sa) = —_ 7, Gia.23) 

| S t UL t UL é /EIL 


since E, = p.n/e [E, is normal to the surface; see also Eq. (2.58)] and n x (2 x fi) = 
-%,as can be seen in Fig. 11.2(b). Therefore, having in mind Eq. (11.17), the constant 
_ of proportionality between surface current and charge densities (note that J, has 
only a z-component) is the wave velocity (c), 


eo (11.24) 


Let us denote by J, the total complex current intensity of the kth conduc- 
tor in the line (k = 1,2,..., M), with respect to the positive z reference direction, 
and let Q, stand for the total complex rms charge per unit length of that conduc- 
tor (Fig. 11.1). Using the definitions of the surface current and charge densities in 
Eqs. (3.13) and (1.27), respectively, J, and (op can be evaluated by integrating J, 
and p. along the contour Cx of the conductor [Fig. 11.2(b)]. Hence, the same pro- 
portionality as in Eq. (11.24) is established for the total current and per-unit-length 
| charge of each of the conductors in the line, 


| 


f, ed! =O, (= ay (11.25) 


4We can also understand E, as the complex representative of the quasistatic time-varying (time- 
; harmonic) electric field due to excess charge, E,(t), given in Eq. (6.18), and analogously for the related 
quantities. 
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from conservation of energy, 
total charge of the line is zero 


sum of currents of line 
conductors is also zero 


charge and current of a 
two-conductor transmission 
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electric field distribution 


Considering the transmission line in Fig. 11.1 as the associated 2-D electrostatic 
system, governed by Eggs. (11.22), let us denote by Q),, the sum of all charges of 
the line conductors per unit length of the line. The electric field far away from all 
conductors in the line cross section can be approximated by that of an infinitely long 
uniform filamentary charge, Eq. (1.57), positioned along the z-axis in Fig, 11.1 with 
the same charge per unit length as the line: 


Qo 
2mer 
where r is the (large) radial distance from the z-axis. Therefore, if Qj, 4 0, the 
electric energy density, we, at distant points is inversely proportional to r? [see 
Eq. (2.199)], and the electric energy per unit length of the line comes out to be 
infinite, W, — oo, which is evident, for example, from a similar integration as in 
Eq. (2.207) with an infinite upper limit. Of course, WZ must be finite, which implies 
Oia = 0) and ence 


E, = 


(far away from all conductors), (11.26) 


(11.27% 


i.e., the algebraic sum of all current intensities of line conductors, with respect to the 
same reference direction (positive z direction), is zero. These relations remain the 
same in the time domain as well. 

Finally, note that conditions in Eqs. (11.27) and (11.28) can be satisfied only 
if M > 2. Since electromagnetic waveguides have either a single conductor, as in 
rectangular metallic waveguides (Fig. 10.15), or no conductors, as in optical fibers 
(Fig. 10.22), we conclude that TEM waves cannot propagate along waveguides. 


Conceptual Questions (on Companion Website): 11.7-11.11. 


11.4 ANALYSIS OF TWO-CONDUCTOR TRANSMISSION 
LINES 


For two-conductor transmission lines, M = 2 in Eqs. (11.27), (11.28), and (11.25), 
so that 


Oi=-@)=0. =-h=L I= <Q.) (11.29) 


but with opposite polarities/directions. The electric and magnetic field lines in @ 
cross section of the system are as in elcctrostatics and magnetostatics, respectivel 
(see Section 11.2). Since the electric and magnetic field vectors are mutually orthog- 
onal, Eq. (11.14), the magnetic field lincs correspond to the equipotential lines of 
the electrostatic field, as shown in Fig. 11.3. 

From Eqs. (11.5), (11.16), (11.22), and (1.101), the complete distribution of the 
complex electric field intensity vector in the line dielectric is given by 


E(x, y.2) = EQ. y, 2) = E(x, y, Oe IP? = —VWV(x, y) oe, (11.30) 


where V is the complex potential in the line cross section with the same depen- 
| dence on the transverse coordinates, x and y (of course, cylindrical coordinates r 
_and ¢ could have been used as well), as the associated electrostatic potential (V). 
Egs. (11.30), (1.88), and (1.90) tell us that the voltage V,. between the line con- 


| determined for an arbitrary cross section of the line (for any z) as a line integral 
«oof E, 


(131) 


| along any path lying entirely in that cross section, as indicated in Fig. 11.3. Namely, 
with an integration path not belonging to one transversal plane, the field E along 
_the path would not have the same form as the electrostatic field, i-e., the inte- 
gral would take into account the propagation factor e~/42 in Eq. (11.30), which, 
of course, is a nonelectrostatic dependence. As a result, the integral, and the volt- 
age V,., would depend on the shape of the path between the conductors, and thus 
would not have been uniquely determined. Equivalently, the line integral of E along 
a closed path (contour) of arbitrary shape is zero [as in Eq. (1.75)], as long as the 
' contour is entirely in a transversal plane, which comes from the electrostatic form 
_ of the electric field of the TEM wave in any cross section of the line. This can also be 
explained by the fact that the magnetic field vector, H = Hj, of the wave is tangen- 
tial to the plane of the contour, and thus does not produce flux on the right-hand side 
of Faraday’s law of electromagnetic induction in integral form, Eq. (6.37); on the 
other hand, the magnetic flux would be nonzero through a nontransversal contour 
of arbitrary shape. 

As a counterpart of the integral relationship between E and V,, in Eq. (11.31), 
the generalized Ampére’s law in integral form in Eq. (5.51) gives the following 
relationship between H and J: 


= dale: (11.32) 
: 


| where Cj is a contour of arbitrary shape lying entirely in a transversal plane (defined 
| by a coordinate z) and enclosing conductor 1 (Fig. 11.3), and similar equation can 
| be written for a contour Cz around conductor 2. The contours must not extend 
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Figure 11.3 Cross section 
of a two-conductor (M = 2) 
transmission line. 
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transmission line (unit: Q) 


characteristic admittance 
(unit: S) 


characteristic impedance 
via C’ 


into the longitudinal (z) direction for the completely analogous reasons as for the 
line integral of E along a closed path discussed above. Namely, H has the same 
form as the corresponding 2-D magnetostatic field, so that the static (or quasistatic) 
version of the generalized Ampére’s law, Eq. (5.51), applies — only in transversal 
planes. In other words, only for a transversal contour around a conductor, as in 
Fig. 11.3, E in the dielectric is tangential to the plane of the contour, so there is no 
flux of the electric flux density vector, D = cE, i.e., no displacement current, through 
the contour on the right-hand side of the high-frequency version of the generalized 
Ampeére’s law in integral form, in Eq. (8.7). 

Since the voltage and current of the transmission line have the same exponential 
dependence on the z-coordinate, 


[Vio Be = V2(0) ei, T= (2) = 10) ewe, | (11.339 


their ratio is the same (a constant) for every coordinate z along the line. This 
can also be concluded from Eqs. (11.31) and (11.32), given the proportionality 
between electric and magnetic fields of the TEM wave, in Eqs. (11.18), at every 
point of the line dielectric. Moreover, as the wave impedance Zrgm in Eq. (11.19) 
is real, the voltage to current ratio (for lossless lines) must be real as well. It is 
termed the characteristic impedance of the line® and is designated by Zo, 


(11.34) 


As we shall see in this and the following chapter, the characteristic impedance is 
one of the most important parameters of a transmission line. Its reciprocal is the 
characteristic admittance of the line, 


y= (11.35) 


Of course, the units for Zp and Yo are Q and S, respectively. 
From the electrostatic analysis, 


Q’ 


——— 11236 
LOA ( ) 


where C’ is the capacitance per unit length of the line, Eq. (2.115). Eqs. (11.34) and 
(11.29) then give the following expression for Zo via C’: 


(11.37% 


So, using this simple relation, we can now obtain the characteristic impedance of 
every transmission line with homogeneous dielectric for which we already have the 
capacitance per unit length found in Chapter 2. 


5Note that the proportionality between the voltage and current of a transmission line, in Eq. (11.34). 
takes place only for a single traveling TEM wave, given by Eqs. (11.33), in the line. As we shall sce in 
the next chapter, if there is also a backward (reflected) wave, propagating in the negative z direction, 
the ratio of the voltage and current (in either complex or time domain) for the resultant (forward plus 
backward) TEM wave does not equal Zo, or any other constant, but is a function of z. This is analogous 


to Eq. (10.11) in the analysis of free (unguided) uniform plane waves. The same is true for the ratio of the 


¢ 


electric and magnetic field intensities in the line dielectric in Eq. (11.19), as well as for the proportionality : 


between the currents and charges of the line conductors in Eqs. (11.24) and (11.29), ic., these relations — 


too hold only for a single travcling wave. 
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Figure 11.4 Derivation of the 
duality relationship between 
the inductance and capacitance 
per unit length of the 
transmission line in Fig. 11.3. 


Again, the proportionality between £ and H indicates that Zp can be expressed 
in terms of the inductance per unit length of the line, L’, as well [L’ of different 
transmission lines (with homogeneous dielectrics) is evaluated in Chapter 7]. To 
show this, we need the magnetic flux per unit length of the line, ©’, and to find this 
flux, we adopt an integration surface that follows the lines of vector E between the 
conductors, as depicted in Fig. 11.4. Note that, from Eq. (11.14), the magnetic flux 
_ density vector, B = wH, in the dielectric is perpendicular to this surface at every 
point in the flux integral, Eq. (4.95). Hence, assuming that the surface is Az long 
(along the line), and using Eqs. (11.19) and (11.31), the flux of B through it is 
computed as [see also Eqs. (7.10) and (7.12)] 


2 2 

ae = | B-ds=y [ BENZ — abe i gure 2 y,,, (11.38) 
AS Ne ZTEM J1 c 

where dS is the area of an elemental surface in the form of a thin strip of width 

d/ and length Az, and the flux is determined with respect to the upward reference 

direction in Fig. 11.4 (as required by the right-hand rule and the reference direc- 

_ tion of the line current). The external inductance per unit length of the line is [see 


Eq. (7.11)] 
ve” Ad V VA € 
/ ee 12 0 li 
SS —— Oe ES ’ ] 1 39 
| Oe bays Gh c ay ( ) 
and hence 
\ , 
Zo = cL’ = an (11.40) characteristic impedance 
via L! 


_Note that the assumption that the line conductors in Fig. 11.3 are perfect means no 
penetration of the magnetic field of the TEM wave into the conductors, and hence 

| zero internal inductance of the line. Consequently, L’ in Eq. (11.39) represents also 

| the total inductance, Eq. (7.129), per unit length of the line. 

| Combining Eqs. (11.37) and (11.40), we obtain the following general rela- 

_ tionship between the inductance and capacitance per unit length of an arbitrary 

/ two-conductor transmission line with a homogeneous dielectric: 

/] 


(11.41) = duality of L’ and C’ for a line 


fi ; : : ; with a homogeneous 
| Note that this duality relationship, which provides L’ for a known C’ and vice versa, dielectric 


| is identified in Chapter 7, Eq. (7.13), comparing the expressions for L’ and C’ for 
; two specific geometries of transmission lines (coaxial cable and thin two-wire line) 
| with air dielectric. We can now substitute the product of ¢ and yz by the product of 
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Zy — arbitrary dielectric 


B, Vp, Az — arbitrary dielectric 


power carried by a traveling 
TEM wave 


L’ and C’ in all pertinent expressions in the TEM-wave analysis. The characteristic 
impedance of the line, Eq. (11.37) or (11.40), can thus be written as 


L’ 
Zo = Ve (11.42) 


Similarly, the phase coefficient, phase velocity, and wavelength along the line, 
Eqs. (11.16) and (11.17), become 


(11.43) 


As we shall see in a later section, the expressions in Eqs. (11.42) and (11.43) can 
be used also for an approximate analysis of two-conductor transmission lines with 
inhomogeneous dielectrics. 

From Eggs. (8.200), (11.34), and (11.35), the power carried by a traveling TEM 
wave along the two-conductor transmission line in Fig. 11.3 (through its dielectric) 
can be obtained as 


* 


V 
S= Vl" =VnF8 = YolVi2l’ = Zolll? = P (11.44) 


[see also Eq. (9.40)]. It is real (P is the time-average power of the wave) because Zg 
and Yo are real, i.e., because the line is lossless. Of course, this power can be found 
also using Eq. (11.21). 


| Example 11.1 SERINE on a Lossless Coaxial Cable with a Homogeneous 


Dielectric 


Fig. 11.5 shows a cross section of an infinitely long lossless coaxial cable carrying a TEM 
wave of angular frequency w. The radius of the inner conductor of the cable is a and the inner 
radius of the outer conductor is b (b > a). The dielectric of the cable is homogeneous, with 
perinittivity ¢« and permeability 4. With the z-axis of a cylindrical coordinate system adopted 
along the cable axis, the complex rms voltage in the cross section of the cable defined by 
z = Ois Vp. For this transmission line, find (a) the voltage and current along the line, (b) the 


Figure 11.5 Cross section of a 
lossless coaxial cable with a 
homogeneous dielectric and 
TEM wave propagating in the 
positive z direction; for 
Example 11.1. 


electric and magnetic field intensities in the line dielectric, (c) the charge per unit length of 
| the line, (d) the surface charge and current on line conductors, and (e) the Poynting vector 
| in the dielectric and total power transported by the wave. 


| Solution 
(a) From Egg. (11.33) and (11.16), the line voltage in an arbitrary cross section is 
Vin(z) =Vpe WF? (-00 <z< 00), where B= /ep. (11.45) 


As the capacitance and inductance per unit length of the cable in Fig. 11.5 are, 
Eggs. (2.123) and (7.12), 
21é u,b 
= ‘= —In- 11.46 
In(b/a) a hae 2x 3 a ( ) 
any one of Eqs. (11.42), (11.37), and (11.40) gives the following expression for the line 
characteristic impedance: 


* =o ye ne. (11.47) 
Jee nave a 


Note that if the dielectric in Fig. 11.5 is nonmagnetic (which is true in most practical situ- 
ations), Z) can conveniently be expressed in terms of the dielectric relative permittivity, 
ér, and cable conductor radii ratio, as 


602. b 
= 2 11.48 
Zo = In-, ( ) 


where the value of the intrinsic impedance of free space (1207 2), Eq. (9.23), is incor- 
porated. Using either one of these expressions and Eq. (11.34), the line current is now 
given by 

I(z) = = = Zo ez (90 < z < 00). (11.49) 
|| (b) The distribution of the electric field in a cross section of the cable is as in electrostatics 
(Section 11.2), so as in Fig. 2.17 and Eq. (2.124). It also is the same as for the quasistatic 
(low-frequency time-harmonic) case in Eq. (8.198). Combining this with the line voltage 
expression in Eq. (11.45), the complex electric field intensity at an arbitrary point in the 
dielectric in Fig. 11.5 is 


ae Oe Vi) — Vo .-ipz 


E De bm) = Eby) (a<r<b, -~w<z<0o), (11.50) 


where r is the radial coordinate in the cylindrical system, and E is a radial vector. 
Similarly, based on the magnetostatic or quasistatic field distribution in a cable cross 
section in Fig. 4.17 and Eq. (4.61) or (8.198), and line current expression in Eq. (11.49), 
the vector H of the TEM wave in the dielectric is circular with respect to the z-axis, and 
its intensity is 


Hye = Vo eZ (q@<r<b, -0 <z<0o), ies) 
2nar 2nxrZo 


with the expression for Zp in Eq. (11.47). The electric and magnetic field vectors at any 
point in the dielectric are mutually orthogonal, as can be seen in Fig. 11.5, and the ratio 
of their complex rms intensities equals the wave impedance of the TEM wave along the 
line, 

E(r,z) _ 2%Zo _ [uw 


Fie) 9 in(b/a) 1 ee CTEM (11.52) 


which, of course, is in agreement with Eqs. (11.14) and (11.19). 
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Zo — coaxial cable 


Zo — coaxial cable if u = po 


E-field distribution of a 
coaxial cable 


H-field distribution of a 
coaxial cable 
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(c) Combining Eqs. (11.36) and (11.45), the charge per unit length of the cable at an arbitrary 


(d 


Conceptual Questions (on Companion Website): 11.12-11.16; MATLAB Exercises 
(on Companion Website). 


— 


— 


coordinate z is : 

O'(z) = CV 342) =CVpe (11.53) 
Note that the same result for the electric field in Eq. (11.50) can now be obtained from 
Eggs. (2.122), (11.53), and (11.46) as well, 


OG 9 'C Vag Vo 
E , = a ~jBz = ~ 162 : 
£7) 2mer 2wer . rin(b/a) : e 


Note also that Eqs. (11.53), (11.49), and (11.47) yield 


= 6 7 (11.55) 


namely, the charge to current ratio in Eq. (11.25) or (11.29), with c standing for the 
velocity of the TEM wave in Fig. 11.5. 


Using the boundary condition in Eq. (2.58) for the normal (and the only existing) compo- 
nent of the electric field vector at the surfaces of conductors in Fig. 11.5, as in Eqs. (2.179) 
and (2.180), the surface charge densities on the surfaces (p_, on the inner conductor and 


P.5 On the outer) are 


EV 
b|n(b/a) 5 
(11.56) 
Analogously, the boundary condition for the tangential component of the magnetic field 
vector at a PEC interface in Eqs. (8.33) applied to the conducting surfaces in Fig. 11.5 
results in the following surface current densities, defined with respect to the positive z 
reference direction for the vector J, on both surfaces: 


eV, : 
P,, (2) = eE(at,z)= RIE —jBz p(z) = Rb". = —jpz 


V, : V 3 
Ja(Z = H(a*,z) = Poh eR J(z) = -H(b-,z) =— inbZy ee? (Sam 


where n x H in the boundary condition turns out to be in the positive z direction on 
the surface of the inner conductor, and oppositely on the surface of the outer conductor 
of the cable (this is why J, is a negative of H in the second equation). Comparing the 
corresponding current and charge expressions in Egs. (11.57) and (11.56), while having 
in mind the characteristic impedance expression in Eq. (11.47), we identify the current- 
charge proportionality in Eq. (11.24) for each of the conductors, 

In(b/a) 
2néeZy 
From Eggs. (11.20) and (11.50), the time-average Poynting vector (the complex Poynting 
vector is purely real) at an arbitrary location in the dielectric of the cable in Fig. 11.5 is 


E22 Woe 
ZTEM r? In?(b/a)ZTEM 


Using Eq. (11.44), the total time-average power flow along the line is 


Jae) = Po (Z) = Cp (2), Je9(Z) = cp, (Z). (11.58) 


CMe (11.59) 


2 
PSY ipte ere Fol : (11.60) 
0 


where Yo is the characteristic admittance of the cable, Eq. (11.35), and this can alter- 
natively be obtained by integrating P(r) over a cross section of the cable, as in 
Eq. (8.200). 


| 
| 11.5 TRANSMISSION LINES WITH SMALL LOSSES 


| All real transmission lines have some losses (Joule’s or ohmic losses), which, in gen- 
eral, consist of losses in conductors and losses in the dielectric of the line. However, 
_ for lines used in engineering practice, these losses, evaluated per unit length of the 
line, are small. Simply, the conductors and dielectrics in practical transmission lines, 
_ if not perfect, are good — by design. Denoting the conductivity of the line conduc- 
tors by o¢, and that of the line dielectric by og, as indicated in Fig. 11.6, o¢ is very 
_ large and og is very small. More precisely, the conditions in Eqs. (9.133) and (9.121) 
are met, at the operating frequency, f, of the line. Since in practically all designs 
_and applications of transmission lines, the permittivity of line conductors can be 
assumed to be that of a vacuum (€¢ = &9), these conditions read 


Oc >> weg and og <Xwe, (11.61) 


| where w = 27f (angular frequency) and « stands for the permittivity of the line 
| dielectric. Of course, 0, + oo for a PEC, and og = 0 for a perfect dielectric. In many 
) situations, the losses in either conductors or dielectrics, or both, can be completely 
' neglected (i.e., the conductors and/or dielectrics can be treated as perfect) in the 
» analysis of transmission lines with TEM waves. In other cases, the (small) losses per 
| unit length of the line are taken into account based on an approximate analysis, 
described in this and the following section. However, as we shall see, the losses in 
both conductors and dielectrics increase with frequency, and thus even the lines that 
are treated and analyzed as having small losses (locally and per-unit-length) may, if 
very long, become impractical to convey electromagnetic signals (energy or infor- 
mation) above certain (high) frequency limits. Hence, it is very important to always 
) have in mind that the term “small losses” in the analysis of lossy transmission lines 
} does not necessarily and automatically mean that the losses are negligible. They can, 
} overall, be very significant (even prohibitively large) in a given application, but the 
structure can still be treated by the theory of lines with “small losses” or “low-loss” 
| lines presented here.® 


losses. 


®Note that, in general, transmission lines radiate (like antennas), so that losses due to their radiation also 
i} contribute to the overall losses of the line. Simply, some part of the power carried by the TEM wave along 
|, the line is radiated into the external space instead of being delivered to the load (receiver) at the end of 

the line. Radiation losses grow with frequency. However, in most applications of transmission lines, they 
| can be neglected. Otherwise, radiation of a line must be analyzed using the concepts and techniques of 
antenna theory, which will be presented in a later chapter. 
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transmission line with small 
losses 


Figure 11.6 Evaluation of the 
time-average ohmic loss 
power per unit length of a 
transmission line with small 
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The (ohmic) losses in a transmission line result in the attenuation of TEM waves 
along the line, as in Fig. 9.11 in the analysis of plane waves in unbounded lossy 
media. For the wave traveling in the positive z direction in Fig. 11.6, the attenuation 
factor is e~®* {as in Eq. (9.81)], where @ is the attenuation coefficient of the line 
(for the given geometry of its cross section and given material parameters), so that 
the propagation coefficient in Eq. (11.16) becomes 


y =atjp. (11.62) 


Accordingly, the complex current intensity along the line in Eqs. (11.33), for 
instance, is now given by 


I(z) = 1(0) e¥? = 1(0) 7% eH, 


attenuated (current) wave 
along a transmission line 


(11.63) 


and similarly for the voltage, field intensity vectors, and other z-dependent quan- 
tities in the analysis. The losses in the line also result in different distributions of 
electric and magnetic fields in a cross section of the line with respect to the cor- 
responding distributions for the same line with no losses, in Fig. 11.4. In addition, 
due to losses, the field vectors, E and H, in Fig. 11.6 have longitudinal (z-) compo- 
nents, Eqs. (11.7), as well, i.e., the wave is not TEM any more (it is a hybrid wave).’ 
However, since the losses are small, the differences in transversal distributions of 
fields (with respect to the lossless case), as well as the longitudinal (axial) field com- 
ponents in Egs. (11.7), are small (so-called quasi-TEM wave), and can be neglected. 
This constitutes the approximate technique, a perturbation method, for the analy- 
sis of transmission lines with small conductor and dielectric losses — based on an 
assumption that the fields in every transversal plane of the line are practically the 
same as if there were no losses, and just attenuate along the line as e~°*. Moreover, 
the loss power per unit length of the line and coefficient w are determined using the 
field distributions for the lossless case (perturbation method). 

To evaluate the loss power in the line conductors, we use the perturbation 
method for approximate computation of losses in good conductors at higher fre- 
quencies (with the skin effect pronounced) from Section 10.4. These losses, and the 
associated wave attenuation along the line, are due to the (small) penetration of the 
guided TEM wave, i.e., its electric field, into the conductors [skin depth, Eq. (9.139), 
is small, but nonzero]. Using Eq. (10.90), the time-average power of Joule’s or ohmic 
losses AP, in the conductors in Fig. 11.6 for a part of the line Az long is obtained as 


AP = [A(P))avelin conductors = ie Rs|Hiang!” Az dl, Q ] .64) 
A 


where AS stands for the total surface of the conductors within the part of the line 
considered and the integration is similar to that in Eq. (11.38). From Eq. (10.78), 
the surface resistance of the conductors, Rs, is given by 


(11.659 


skin-effect surface resistance 
of line conductors 


where jc is the permeability of the conductors, which is practically always equal 
to jy (conductors are nonmagnetic). Most importantly, the tangential component — 


mission line, whose direction is axial, the same as the dircction of current intensities /; and /, along the 
conductors, there is also an axial (longitudinal) electric field vector in conductors, given by E. = J/ac. 
By means of the boundary condition for the tangential electric field, in Eqs. (8.32), this then results ina 
nonzcro axial component of the vector E on the surface of conductors, so in the line dielectric, as well. 


_ 


s 
7Note, for instance, that since there is a volume current of density J in lossy conductors of the trans- | 
/ 
) 
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of the complex rms magnetic field intensity vector on the conductor surface, rang, 
_ is computed as if the conductors in Fig. 11.6 were perfect (perturbation method), 
and ultimately from the magnetostatic analysis in a cross section of the transmis- 
, sion line [see Eqs. (11.11), (11.12), and (11.32)]. Dividing the power AP, by Az, 
| the surface integral in Eg. (11.64) reduces to a line integral (circulation) along the 
contour C, of both conductors in the line cross section (d/ is an elemental segment 
_ along C,), and the result is the time-average ohmic loss power in the conductors 
per unit length of the line, P,. From the first equation of Eqs. (8.211), dividing then 
P., by the square of the magnitude of the complex rms current intensity of the line, 
I, gives the high-frequency resistance per unit length of the line [see also the same 
relationship between the loss power and resistance p.u.l. for transmission lines in a 
dc regime in Eq. (3.172)], 


R’ Ee Ac 4 § Rs|Hyn0|* dl (11.66) — high-f ist 
———— oof . a ign-trequency resistance 
[Z| \Z|7Az |Z? Co ae p.u.l. of a line 


Since the magnetic field in the line is proportional to the line current, we have 
that |Hjang| « |Z| in Eq. (11.66), so that R’, in addition to being proportional to Rg, 
_ depends on the geometry of the line cross section (i.e., on the shape, size, and mutual 
_ position of the conductors), but not on the line current. Eq. (11.66) represents the 
. general recipe for computing the resistance per unit length of two-conductor trans- 
mission lines with TEM waves, assuming that the skin effect is pronounced [note 
that the low-frequency (or dc) resistance per unit length of transmission lines is 
evaluated in Section 3.12]. For transmission lines with perfect conductors, R’ = 0 
(a, — oo, so that R, = 0). 

From Eq. (8.196), considering again a line segment of length Az, the time- 
average power of Joule’s losses APy in the line dielectric is obtained by integrating 
the corresponding power density [see also Eq. (9.99)] over the volume Av of the 
dielectric region in Fig. 11.6 (that is Az long), 


APg = [A(P))avelin dielectric = / oalE|? dSAz, (11.67) 
Ay "Sane, 


where dv is a volume element for the integration, and dS is the corresponding 
| surface element in the cross section of the dielectric (Sg). The distribution of the 
electric field intensity vector, E, over Sg is assumed to be the no-loss one, so this 
is also a perturbation method — for evaluation of dielectric losses. Divided by Az, 
the integral in Eq. (11.67) amounts to the time-average ohmic loss power in the 
dielectric per unit length of the line, P,. As in Eq. (3.173) in the analysis of lossy 
transmission lines in a de regime, P’, = G' |Vi|*, which can also be obtained from 
the first relationship in Eqs. (8.211), so that the conductance per unit length of the 
line is 


ig AP. il 
G = a = —_ = —= | oa\E|" dS, (11.68) conductance p.u.l. of a line 
Vi1 Vi Az [Vil Sa 


where the complex rms voltage of the line, Vj5, is given in Eq. (11.31). Since 
| |E| « [Vj], G’ is a constant, depending on the geometry of the line cross section 
' and the conductivity of the dielectric (og). Moreover, as E can be determined from 
| a 2-D electrostatic analysis (in a transversal plane), G’ equals the leakage conduc- 
tance per unit length of the line in Eq. (3.157), determined under static conditions 
| (see examples of evaluation of G’ of different transmission lines in Section 3.12). 
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Figure 11.7 Computation 
of the high-frequency 
resistance per unit length of 
a coaxial cable, Eq. (11.70); 
for Example 11.2. 


R’ — coaxial cable, skin effect 
pronounced 


Finally, provided that the line dielectric is homogeneous, it can be computed from 
the capacitance per unit length of the line (C’), in Eq. (11.36), using the duality 
relationship in Eq. (3.171). 


Selma pam Low-Loss Coaxial Cable at High Frequencies 


Assuming that the coaxial cable in Fig. 11.5 has small losses, with the conductivity and per- 
meability of the conductors o¢ and yg, respectively, and conductivity of the dielectric og, find 
(a) the resistance (with the skin effect pronounced) and (b) the conductance per unit length 
of the cable. 


Solution 


(a) From Eq. (11.51), the complex rms magnetic field intensity on the surface of the inner 
conductor of the cable (where r=at*) and that on the inner surface of the outer 
conductor (where r = b7) are, respectively, 

I I 

— a i F 

2a ae aes 2mb (1-69) 

The vector H is entirely tangential to both surfaces, as shown in Fig. 11.7, so that 

Hang = Hin Eq. (11.66), which results in the following expression for the high-frequency 


M4)= 


resistance per unit length of the cable: 


(¢ Rs|H Pal+ Rs|H. Pat) ee (HY 4 dl 
Cot ioe C2 aoa |Z| 2na Col 
—— 


(11.70) 


In this computation, C,; and C,z denote contours of the cable conductors (circles of radii 
a and b, respectively), and R, stands for the surface resistance of the conductors, given 
in Eq. (11.65), with z¢ = zo. Note that the portion of R’ corresponding to losses in the 
inner conductor of the cable, being proportional to 1/a, is considerably larger than that 
for losses in the outer conductor, which depends on 1/b. Note also that the expression 
for the low-frequency (or dc) resistance p.u.l. of the cable appears in Eq. (3.164). 


(b) The per-unit-length conductance, G’, of the cable is that in Eq. (3.158). 


Conceptual Questions (on Companion Website): 11.17-11.21. 


11.6 ATTENUATION COEFFICIENTS FOR LINE CONDUCTORS 
AND DIELECTRIC 


Having now R’ and G’ of a transmission line, in this section we determine the atten- 
uation coefficient (a) of the line. We first realize that, because of the losscs, the 
time-average power transported by the TEM wave through the line cross section 
[see Eq. (11.21)] varies along the z-axis, P # const. However, as both the wave 
impcdancc of the TEM wave along the line, Zpgm, and characteristic impedance 
of the linc, Zp, for small losses arc approximately real and given respectively by 
Eqs. (11.19) and (11.42) for the lossless line, the complex power (S) along the 
line, Eq. (11.21) or (11.44), is also approximatcly rcal and equal to P. Combining 
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Egs. (11.44) and (11.63), the dependence of P on the z-coordinate reads 
P(z) = P(0)e~**%, where P(0) = Zo|L(0)|’, (11.71) 


| Le., its rate of attenuation in the direction of wave propagation is determined 
by twice a. Note that this z-dependence is the same as that of the time-average 
- Poynting vector of a uniform plane wave in a lossy medium, Eq. (9.97). 

We next realize that, by the conservation of power principle, the time-average 
Joule’s power AP; dissipated (to heat) in the line conductors, Eq. (11.64), and 
dielectric, Eq. (11.67), along Az is equal, in magnitude, to the corresponding change 
AP of the power P(z) in Eq. (11.71). Since AP; is positive [power of Joule’s losses 
is always positive (or zero)]| and AP is negative [P decreases with z in Eq. (11.71), 
due to losses], 

SPA ala — AP. (11.72) by conservation of power 


: : ene rinciple 
, Dividing this equation by Az, letting Az approach zero, and taking the derivative ea 


| of P with respect to z from Eq. (11.71), we get 
dPj(z) sd P(z) 

da) = mn dz 
and hence the following expression for the attenuation coefficient along the line 
(that may have any number of conductors): 


P’ 
(11.74) attenuation coefficient of a 
2P wave-guiding structure 


This expression provides a general means for evaluating the attenuation along struc- 
tures for guiding electromagnetic waves, not necessarily transmission lines with 
TEM waves. For instance, we shall use it, in a later chapter, to find a of rectangu- 
lar metallic (non-PEC) waveguides (filled with lossy dielectrics) with TE (transverse 
electric) and TM (transverse magnetic) waves. For a general structure, we can write, 
| from Eqs. (11.74) and (11.72), 


Ee = 20P(0) e277 = 2aP(z), (11.73) 


ete, 
Le 2 


' where a, and ag are the attenuation coefficients (namely, portions of a) correspond- 
, ing to the losses in the conductors and dielectric in the structure, given by 


=A +4, (lile?5)) 


ld / 
MG=— and ag= ay (11.76) attenuation coefficients for 
2P 2P conductor and dielectric losses 

’ respectively. Of course, the unit for these coefficients, as they are obtained in 
_ the above equations, is Np/m. However, the attenuation along a transmission line 
' (or a waveguide) is often expressed in dB/m, for which we use the conversion in 
Eq. (9.89). 

Finally, combining Eqs. (11.76), (11.66), and (11.44), the attenuation coeffi- 
cient representing the losses in conductors of a two-conductor transmission line 
(Fig. 11.6) is found as 


o=—. (11.77)  @ for transmission-line 
conductors 

Eq. (11.66) tells us that the high-frequency resistance per unit length of the line, 

R’, depends on frequency in the same way as the surface resistance of the line 

conductors, Rs, in Eq. (11.65), that is, it is proportional to the square root of fre- 

quency. Since the characteristic impedance of the line (with small losses), Zo, is not 
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frequency dependence of a, 


w for line dielectric 


ay — transmission lines and 
unbounded waves 


frequency dependence of w, 


a function of frequency [see Eq. (11.37)], frequency dependence of a is as well the 


same as that of Rg, 
oe & of. (11.78) 


Similarly, from Eqs. (11.76), (11.68), and (11.44), the attenuation coefficient for 
the losses in the dielectric of the line in Fig. 11.6 becomes 


G. 
d= 2¥p° 
The phase coefficient of the line, , is, for small losses, given by its no-loss expres- 


sion in Eq. (11.16), so that, using Eqs. (3.171), (11.35), (11.37), and (11.19), ag can 
alternatively be expressed as 


a (11.799 


Coa fen 
lag = CAC _ Cael _ 28 (11.80) 


where tan dq is the loss tangent of the dielectric, Eq. (9.125). We see that ag is the 
same as the attenuation coefficient for free uniform plane waves in the same dielcc- 
tric (good dielectric), Eq. (9.123) or (9.126). In other words, it does not depend on 
the shape and size of the line conductors, and is the same for all transmission lines 
with small losses — and the same dielectric, at the same frequency. Note that this can 
be obtained also directly comparing Eqs. (11.68) and (11.21), and identifying the 
following relationship between P, and P: 


P= GdZ2 teen (11.81) 


which, substituted in Eq. (11.79), leads to Eq. (11.80). As explained in Section 9.9, 
for dielectrics that exhibit (at high frequencies) both ohmic and polarization losses, 
they both are usually specified through a single parameter — the imaginary part of 
the high-frequency complex permittivity, Eq. (9.127). The associated loss tangent, 
given in Eq. (9.130), is frequency dependent. For good dielectrics at microwave 
frequencies, it is, roughly, linearly proportional to frequency. In addition, e in the 
expression for B in Eq. (11.16) can roughly be taken to be the electrostatic permit- 
tivity, even in the microwave region, and hence ag, for applications at microwave 
frequencies, can be said to be proportional to frequency squared, 
Er « | (11.82) 
Comparing frequency dependencies in Eqs. (11.78) and (11.82), we conclude 
(e.g., visualizing the graphs of the two functions) that for every real transmission 
line there exists a frequency at which a, = ag. For instance, this frequency for 
standard coaxial cables (with homogeneous dielectrics) is on the order of 10 GHz. 
Below it, thc losses in conductors are dominant; above it, the losses in the dielectric 
prevail. However, because of losses, transmission lines are, in general, mostly used 
at radio and lower microwave frequencies, up to scveral GHz. Therefore, in typical 
applications of transmission lines in engineering practice, a is considerably larger 
than ag, and, most often, wg can be neglected in Eq. (11.75), that is, ~w © ac. Losses 
in the conductors and qa are thus a typical limiting factor for practical usability 
of a given transmission line in terms of a combination of frequcncy and length of 
the linc (except for lincs made of superconductors). Namely, for certain (high) 
frequencies and (large) distanccs along the linc, the attenuation in the conductors 
becomes so large that the encrgy/information transfer using the line is considercd 
inefficicnt (if not impossible), and altcrnative mcans to convey the signal are 
explored (e.g., using waveguidcs or waves in free spacc, radiated by an antenna). 
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Selim eee Attenuation Coefficient of a Coaxial Cable with Small Losses 


For the coaxial cable with small losses in Fig. 11.7, let a = 1 mm, b = 3.5 mm, o¢ = 58 MS/m 
| (copper), €r = 2.25 (polyethylene), tandg = 10-4, » = uo, and f = 1 GHz. Compute the 
attenuation coefficient of the cable. 


Solution Note that Oc/(2n feo) = 1.043 x 10° >> 1 and tandg <1, which means [see also 
Eg. (9.125)] that low-loss conditions in Eqs. (11.61) are indeed satisfied for this set of data. 
Using Eq. (11.77) and the expressions for the per-unit-length high-frequency resistance (R’) 
and characteristic impedance (Zg) of a low-loss coaxial cable, in Eqs. (11.70) and (11.47), the 
attenuation coefficient for the losses in conductors of the cable is evaluated as 


_ R_ Rs_ 1 /a+1/b 
© 2Z  2Zrem In(b/a) ’ 


(11.83) a — coaxial cable 


with R, standing for the surface resistance of the conductors (copper), Eq. (10.80), and ZtEm 

- for the wave impedance of the TEM wave along the cable, Eq. (11.19). As ¢ = ¢,€9 and wu = 

fio, we have Z7pem = VUo/(Eré0). For the given numerical data, a, = 1.685 x 10-2 Np/m = 

0.146 dB/m, where the use is made of the relationship in Eq. (9.89) to convert Np/m to dB/m. 

From Eg. (11.80), the attenuation coefficient for the losses in the cable dielectric 
amounts to 


aq= f tan dq = mf./érepuo tandg = 1.57 x 10 Np/m = 0.01365 dB/m, (11.84) 


where £ is the phase coefficient of the cable, Eq. (11.16). 
Combining Eqs. (11.75), (11.83), and (11.84), the total attenuation coefficient of the 
cable is a = a, + ag = 0.0184 Np/m = 0.16 dB/m. 


| BStry eee Coaxial Cable Design for Minimum Attenuation Coefficient 


Consider the coaxial cable in Fig. 11.7. (a) For given materials in the structure, and assuming 
a fixed outer radius b and variable inner radius a of the cable, design the cable (find a) so 
that its attenuation coefficient is minimum. (b) For a in (a) and u = po (in the dielectric), 
compute the cable characteristic impedance. 


Solution 


| (a) Eq. (11.84) tells us that the attenuation coefficient for the losses in the cable dielectric 
does not depend on the cable radii (in fact, it is the same for all transmission lines with 
the same low-loss dielectric, at the same frequency). Therefore, our task is reduced to 
the optimization (minimization) of the attenuation coefficient for the cable conductors, 
in Eq. (11.83). Denoting by x the outer to inner radii ratio, we can write 


Real x b 


To find the optimal x, for which a, is minimum,’ we perform a standard procedure of 
equating to zero the derivative of a, with respect to x, which yields a transcendental 


8Note that the attenuation coefficient a can also be reduced by increasing the radius b, that is, the cross- 
| sectional size of the cable. This, however, would raise the weight and cost of the cable, which is most often 
_ undesirable or unfeasible for a given application. In addition, it would reduce the flexibility (bendability) 
of the cable, which may be a limiting factor too. Finally, the larger the transversal dimensions of the cable 
the lower the frequency limit above which the cable is unusable due to emergence of higher wave types 
that may propagate along the cable. Accordingly, it makes a lot of practical sense to fix the outer radius 
+ b of the cable, and, for a fixed b and given operating frequency and materials (most frequently, copper 
| and polyethylene) of the cable, minimize the attenuation coefficient by optimizing the inner radius a of 
| the cable. 
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coaxial cable optimization for 
minimum attenuation 


fifa 
12 
fa) (3) 
Xopt=3-59 i 
°-———___ — Be 
246 8 10 
4 


Figure 11.8 Graphical 
solution (x = Xopr) of the 
transcendental equation 
Inx =1/x +1, in 

Eqs. (11.86), corresponding 
to the intersection point of 
curves f(x) and fo(x); for 
Example 11.4. 


Field Analysis of Transmission Lines 


equation, 


da. 


dx 


= 
=0 — Inx=— +1 — ——- X=Xopt © 3.59 (ae = (Gc) min]. 


(11.86) 


whose approximate solution (x ~ 3.59) is obtained graphically, at the intersection point 
of curves f,(x) =Inx and fo(x) = 1/x+1 in Fig. 11.8 (note that this transcendental 
equation can be solved numerically as well). It is a simple matter to verify that the sec- 
ond derivative of a¢(x) for x = Xop is positive, meaning that the optimization result is 
indeed a minimum (and not a maximum) of the function. So, the optimal inner radius of 
the cable is dop, = 6/3.59, and the minimum attenuation coefficient (for conductors) is 
(Qc) min = Ac (Xopt) = 1.8R;/(bZ7EM). 
(b) From Egg. (11.48) and (11.86), the characteristic impedance of the cable is 


60 2 76.7 Q 
4 11.84 
0 Jax opt Viz ( ) 


where €é; is the relative permittivity of the cable dielectric. For polyethylene (with 
€y = 2.25) and a = dom, we thus obtain Zo of about 50 Q. Given that polyethylene is 
the most frequently used dielectric in coaxial cables, as well as that reducing the atten- 
uation of electromagnetic signals (information or energy) along the cable is crucial in 
many applications, this is exactly why the value of Zy = 50 Q is the standard character- 
istic impedance of professional coaxial cables.’ Note that the other two dielectrics used 
often in coaxial cables, teflon (¢, = 2.1) and polystyrene (¢, = 2.56), also result in Zo 
close to 50 Q in Eq. (11.87). Moreover, apart from coaxial cables, 50 Q is established 
as the standard general reference impedance in radio-frequency (RF) and microwave 
engineering. 


Example 11.5 Coaxial Cable Design for Maximum Breakdown Rms Voltage 


In Fig. 11.7, the dielectric strength of the cable dielectric is E,;. (a) For a fixed b, optimize 
a such that the cable can withstand the maximum possible applied rms voltage (before its 
dielectric breaks down). (b) What is this maximum voltage? (c) What is the attenuation 
coefficient for the cable conductors for the optimized cable? 


Solution 


(a) Let V denote the applied complex rms voltage at the beginning (at generator terminals) 
of the cable. Because of losses, the cable voltage decreases in magnitude (attenuates) 
away from this point, so V and the associated electric field represent the strongest signal 
of the cable, that is relevant for breakdown. On the other side, the distribution of the 
electric field in any cross section of the cable is the same as in electrostatics, which means 
that the optimization of the radius a for the maximum breakdown voltage is that already 
carried out in Example 2.29. Practically the only difference is an additional factor J/2 
in the breakdown condition in Eq. (2.219). Namely, in the dynamic (TEM-wave) case, 
diclectric breakdown occurs when the peak-value (amplitude) of the electric field inten- 
sity on the surface of the inner conductor of the cable at the generator terminals reaches 
the critical field value (dielectric strength), Ecr, for the dielectric. This peak-value equals 
the corresponding rms field intensity, |E(a*)], times /2, and therefore Eqs. (2.218) and 


9On the other side, Zo = 75 Q is the standard characteristic impedance of commercial coaxial cables 
for TV and radio antennas, and this valuc comes from the fact that in antenna applications it is often 
necessary to make transitions between coaxial cables and two-wire transmission lines that feed into sym- 
metrical antennas (¢.g., symmetrical wire dipole antennas). The standard characteristic impedance of 
commercial two-wire lines for TV and radio antennas is Zp = 300 Q, and the transition between the 
lines is usually made using symmetrizing circuits that transform impedance in the ratio 1 : 4, and hence 
the choice of 75 Q, equal to a quarter of 300 Q, for the standard for commercial coaxial cables. 
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(2.219) combined now read [see also Eq. (11.50)] 


\Viv2 


sinGya (11.88) 


Ecr = |E(a*)|V2 = 
—-—<——— 
peak-value 


The maximization of the breakdown voltage |V]|_, is given in Eqs. (2.220)-(2.222). Using 
the notation from Eq. (11.85), that is, x = b/a, we have 


Eorb Inx 


YO, = ae x rd Kort = e¢=2.718 [ler = (Wee)mnax | ’ (1 1 .89) 
with the optimal inner radius of the cable being a), = b je. 
(b) From Egs. (11.89), the maximum permissible rms voltage at the beginning of the cable 
amounts to Eb 
cr 
(Mee = [V.oope) ler as J2e = 0.26Ecrd. (11.90) 


(c) The attenuation coefficient a, Eq. (11.85), for the cable optimized for the maximum 
breakdown voltage is 

R 1.86R 
(ieee 5 
2bZTEM 
Note that if a high-voltage cable is intended to be used in low-frequency (power) 
applications, then the attenuation along the cable should be evaluated based on the low- 
frequency (or dc) analysis of conductor losses and the p.u.l. resistance of the cable in 
Eq. (3.164). 


Sel eewe Coaxial Cable Design for Maximum Permissible Power Flow 


Assume that the cable defined in the previous example is / long, that the losses in the cable 
dielectric can be neglected, and that there is only a single traveling TEM wave on the line. 
(a) Redo the optimization of the inner radius of the cable such that the time-average power 
flow along the cable is maximal permissible for the safe operation of the cable prior to an 
eventual dielectric breakdown, and find that power flow. (b) For the optimized radius in (a), 
compute the characteristic impedance and attenuation coefficient of the cable. (c) What is 
the time-average power at the end of the cable? 


(11.91) 


/ —— 
eCopt) = bZTEM 


Solution 


(a) The time-average power P carried by the TEM wave along the cable is given by 
Eqs. (11.71) and (11.60). Since the cable characteristic impedance, Eq. (11.47), is a func- 
tion of the inner radius a of the cable, or of the outer to inner conductor radii ratio, 
x = b/a, 


Z 
ACO) = 5) Inx, (T1972) 


where Zrem is the wave impedance of the traveling TEM wave, Eq. (11.19), maximiza- 
tion of P (with x as an optimization parameter) is different from that of |V|? or |V], in 
Eq. (11.89), and the result is different from x = Lay Namely, the power corresponding 


10Note that this optimization of coaxial cables - for the maximum permissible applied voltage, that the 
| cable can carry with no breakdown of its insulation (dielectric), is important in power applications, so at 
very low frequencies, an example being high-voltage coaxial cables in underground power distribution 
systems. Some electromagnetic systems, however, use high-voltage coaxial cables at higher frequencies 
as well. On the other side, for communication coaxial cables the principal concern is the high-frequency 
attenuation of signals, and hence the optimization in Eq. (11.86), for the minimum attenuation factor 
(for conductors) of the line, constitutes the main criterion used in design and construction of cables for 
communication systems and related electronic devices. 


coaxial cable optimization for 
maximum permissible voltage 
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coaxial cable optimization for 
maximum permissible power 


skin-effect internal reactance 
p.u.l. of a transmission line 


to the breakdown rms voltage of the cable, at the beginning of the line, for a conductor 
radii ratio x, |V(x)|_., in Eq. (11.89), is given by the following expression: 


cr’ 


\Voole n E2.b* Inx 
fal) = Fane ae (11.93% 


Its maximization results in 


= Ae = /e = 1.649 [P = Poneele 
: (11.94) 


ie., in the optimal inner radius a, = b//e. The maximum power, limited by the 
breakdown, is 


Us 


TEs b> MRO SIS Ds 

2 e2TeM CTE 
opt in Eq. (11.89) is, of course, smaller, 

amounting to Per(Xopt) = 0.425E2 b? /ZTEM < Por(Xopt)- 

(b) From Eggs. (11.92), (11.85), and (11.94), the characteristic impedance of the cable 


and attenuation coefficient for cable conductors for the cable optimized for the 
maximum permissible power flow are Zo(Xopt) = Zyem/(47) and Me(X opr) = R11 + 
Je)/(bZ7EM) = 2.65Rs/(bZ TEM), respectively. 


(c) Since there is not a reflected wave on the line and a = a, (ag = 0), Eq. (11.71) tells us 
that the time-average power at the end of the line is 


Pr= (Per) max Cae ial (1 ] .96) 


where (Per) max and ae (Xopt) are found in (a) and (b), respectively. 


(Per)max = Per (Xopt) = (I 1 IS 


Note that the power corresponding to x = x 


Problems: 11.1 and 11.2; Conceptual Questions (on Companion Website): 
11.22~11.27; MATLAB Exercises (on Companion Website). 


11.7 HIGH-FREQUENCY INTERNAL INDUCTANCE OF 
TRANSMISSION LINES 


Another consequence of the (small) penetration of the guided TEM wave, now its 
magnetic field, into the imperfect conductors of a transmission line (Fig. 11.6) is a 
nonzero reactive power (Preactive) inside the conductors, and the associated high- 
frequency (with the skin effect pronounced) internal inductance of the line. From 
Eq. (10.90), this power is the same as the time-average power of Joule’s losses in the 
line conductors. Per unit length of the line, 


Pane =e (11.97) 


reactive 


where P. is computed in Eq. (11.66). Using the second relationship in Eqs. (8.211), 
‘eactive divided by the magnitude of / squared equals the high-frequency internal 


reactance per unit length of the line, X;. Combining then Eqs. (11.97) and (11.66), 
we get 


Pt pl 


1 __ _ reactive su Claes 
(ZI? 


R’, (11.98) 


{2 \? 


i.e., X/ equals the high-frequency resistance per unit length of the line, R’. Having 
in mind Eqs. (8.209) and (8.69), 
X/ =olL!, (11.99) 
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so that the high-frequency internal inductance per unit length of the line can be 
obtained from R’ simply as 


/ 
ce a (11.100) high-frequency internal 
2 inductance p.u.|. of a line 

In general, due to the skin effect (internal magnetic field is confined to a very 
thin region below the surface of the conductors), L; in Eq. (11.100) is considerably 
smaller than its low-frequency (or dc) value, evaluated in Section 7.6. Moreover, 
as R’ x ./f, Eq. (11.100) tells us that JE eel /,/f, i.¢., the high-frequency internal 
_ inductance of the line decreases with an increase of frequency. Consequently, in 
most applications of transmission lines with TEM waves, L; can be neglected with 
respect to the external inductance per unit length of the line (L’) in Eq. (11.39). 
In what follows, we shall always assume that L; = 0 in the analysis of transmission 


lines, except when we explicitly specify otherwise. 


] 
| 
| Be eeean Wigh-Frequency Internal Inductance p.u.l. of a Coaxial Cable 


, Find the high-frequency internal inductance per unit length of the coaxial cable described in 
Example 11.3. 


Solution Combining Eqs. (11.100) and (11.70), the high-frequency internal p.u.1. inductance 
of the cable is given by 


ak Ree Teimoa 7 1 
ie @ 2nw G+s)-aV¥3 (+5): 
where R’ and R, stand for the high-frequency p.u.l. resistance of the cable and surface 
resistance of its conductors, respectively. Substituting the numerical data, L; = 0.269 nH/m. 
Note that, from Eq. (11.46), the external inductance per unit length of the cable amounts 
to L’ = wo |n(b/a)/(27) = 250.55 nH/m, i.e., it indeed is much larger than L;. Note also 
that Eq. (7.139), adopting c = 4.5 mm for the outer radius of the outer cable conductor, 
yields L’ = 68.92 nH/m for the low-frequency (or dc) internal inductance p.u.l. of this cable, 
which, again, is a substantially larger value than the high-frequency L; (with the skin effect 
pronounced). 


(11.101) —L‘ - coaxial cable 


| 11.8 EVALUATION OF PRIMARY AND SECONDARY CIRCUIT 
PARAMETERS OF TRANSMISSION LINES 


| As we shall see in the next chapter, an arbitrary two-conductor transmission line 
with TEM waves can be analyzed as an electric circuit with distributed parameters, 
_ based on a representation of the line by a network of cascaded equal small cells, 
of length Az, with lumped elements. These elements are characterized by per-unit- 
length parameters C’, L’, R’, and G’ of the line (discussed in Sections 11.4-11.7), 
_ multiplied by Az. Such a model is a generalization of the circuit-theory repre- 
sentation of a lossy transmission line in a dc regime in Fig. 3.21. As C’, L’, R’, 
and G’ are a basis for the circuit analysis of transmission lines (to be presented 
in the next chapter), they are referred to as primary circuit parameters of a line. 
| The other parameters that will be used in the circuit analysis are the characteristic 
; impedance, Zo, phase coefficient, 6, phase velocity, vp, wavelength, A,, and attenua- 

tion coefficient, a, of the line (studied in Sections 11.1, 11.4, 11.5, and 11.6). As these 
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parameters can be derived from the primary parameters, they are called secondary 
circuit parameters of transmission lines. Moreover, once the secondary parameters 
are known for a given line, they suffice for the analysis (i.e., primary parameters are 
not needed). 

We now consider various examples of evaluation and discussion of circuit 
parameters of two-conductor transmission lines with small losses and homogeneous 
dielectrics (note that the parameters of a coaxial cable are already computed and 
discussed in Examples 11.1-11.7). Analysis of transmission lines with inhomoge- 
neous dielectrics and evaluation of their circuit parameters will be presented in the 
next section. 


SC Maem Circuit Parameters of a Thin Two-Wire Line with a TEM Wave 


A thin symmetrical two-wire line has lossy conductors, of radii a and conductivity o,, and a 
lossy homogeneous dielectric, of relative permittivity ¢, and conductivity og. The distance 
between the conductor axes is d (d > a), and the permeability everywhere is jzg. The line 
carries a TEM wave of frequency f. The losses can be considered to be small. (a) Find 
the primary per-unit-length circuit parameters of the line. (b) What are the characteristic 
impedance, phase coefficient, phase velocity, wavelength, and attenuation coefficient 
(secondary circuit parameters) of the line? 


Solution 


(a) From Eggs. (2.141), (7.11), and (3.184), the capacitance, inductance, and conductance per 
unit length of the line are, respectively, given by 


, _ HEreo a 
In(d/a)’ x a In(d/a) 


(11.102) 


To find the high-frequency p.u.l. line resistance using Eq. (11.66), we assume a time- 
harmonic current of complex rms intensity J on the line, which, in any cross section of 
the line, gives the same distribution of the magnetic field as in Fig. 7.4. Since d > a, the 
field H on the surface of each of the line conductors (wires) can be computed as if the 
other conductor is not present, and hence is the same as the field intensity H, in Fig. 11.7 
and Eq. (11.69), on the surface of the inner conductor (with radius a) of a coaxial cable. 
Accordingly, each of the two integrals in Eq. (11.66) along contours of the two wires in 
Fig. 7.4 equals the integral along the contour C,; in Eq. (11.70), and R’ of the two-wire 
line is exactly twice the portion of the expression for R’ of the coaxial cable that results 
from the integration along C1, 


(11.103) 


R’ thin two-wire line, at 
high frequencies 


where the surface resistance of the line conductors, Rg, is also given in Eq. (11.70). Note 
that the expression for the low-frequency or de resistance p.u.l. of the line is the one in 
Eq. (3:183): 

(b) Having in mind Eggs. (11.37), (11.102), (11.19), and (9.23), the characteristic impedance 
of the two-wire line is 


Jeéolo Zz ded 
a Wiha Tq =. SE In 2 (11.104) 
| G IT a Rien a 


with Zrtem = J/po/(eréo) being the wave impedance of the traveling TEM wave along 
the line. Most frequently, ¢, = 1 (air two-wire lines). Note that Zo of two-wire lines 
used in telephony is on the order of 100 Q, whereas Zp = 240 Q and 300 Q are standard 
characteristic impedances of two-wire lines for antenna applications. 
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Eqs. (11.16) and (11.17) tell us that the phase coefficient, phase velocity, and 
wavelength of the line are 6 = 27f,/éégHo, Vp = 1/./éréoo, and Az = 1/(/eréoHof), 
respectively. 

Combining Eqs. (11.77), (11.103), and (11.104), the attenuation coefficient for the 
losses in the line conductors is 


ieee oe 
2Z0 ad 2Zrem aln(d/a)’ 


= (11.105) «a, —thin two-wire line 
and that for the losses in the dielectric, equals, with the use of Eq. (11.80), ag = 

ogZTEM/2 = oa L0/(Eré0)/2. The total attenuation coefficient of the line is @ = a + aq. 

Of course, ag = 0 (og = 0) and a = a, for an air two-wire line. 

Note that standard two-wire lines have lower attenuation than standard coaxial 
cables. On the other hand, the principal disadvantage of two-wire lines is that they radi- 
ate (like antennas), especially at higher frequencies, and are susceptible to interference 
with external signals as well, whereas coaxial cables are immune to both radiation losses 
and pickup of electromagnetic noise from the environment. Namely, in the latter case, 
the cable dielectric, in which the electromagnetic field resides, is shielded by the outer 
conductor. Note also that the impedance Zo in Eq. (11.104) can be increased and coeffi- 
cient a, in Eq. (11.105) reduced by increasing the distance d between the conductor axes 
of a two-wire line. This, however, may considerably enhance the radiation of the line (the 
radiated fields due to the two wires, which carry currents and charges that are equal in 
magnitude but with opposite directions/polarities, do not cancel each other in substan- 
tially large regions of space). By the same token, the line whose conductors are too far 
apart is a better “receiver” of external interference. So, a compromise has to be made 
in the design of the line between the low attenuation and low radiation/interference 
requirements, for a given application. Note finally that an increase of the wire radii a 
would, on the other side, also result in a reduction of a, through a reduction of the resis- 
tance R’ in Eq. (11.103), but a cannot be arbitrarily enlarged, due to cost (more copper 
or other metal for wires) and mechanical requirements. 


Example 11.9 Wire-Plane Transmission Line 


_ For the wire-plane transmission line in Fig. 2.24(a), assume that the skin-effect surface resis- 
tance of the wire is Ry and that of the ground plane R,2, as well as that the material 
| parameters of the line dielectric are ©, 9, and og. The line can be treated as a low-loss 
| one. Under these circumstances, find the primary circuit parameters of the line at high 
: frequencies (for TEM waves). 


Solution By electrostatic analysis, using image theory, the capacitance per unit length of 
the line if air-filled is found to be that in Eq. (2.146), and we now substitute eg by « in the 
result to obtain C’ for this present case. The inductance and conductance p.u.l. of the line are 
| then computed from Eggs. (11.41) and (3.171), respectively, and we can write 
; 2m€ i owe 2h , 204 
a In(2h/a)’ we iB a’ ee In(2h/a)° nee) 
Since the upper conductor (wire) of the line is thin (a <h), the complex magnetic 
field intensity on its surface is (approximately) H = 1/(27a), I being the complex current 
intensity of the line, ie., the current of the wire and that flowing in the opposite direction 
over the conducting plane, as shown in Fig. 11.9(a). Accordingly, the part of the high- 
frequency p.u.l. line resistance taking into account losses in this wire (R{) equals the part 
of the resistance in Eq. (11.103) corresponding to one wire of a thin two-wire line, and hence 
Ri = Rs /(27a). 
To find the remaining part of R’ of the wire-plane line, that (R,) quantifying losses in 
- the conducting plane, let us again apply image theory to the p.u.l. complex charge Q’ of 
the wire in Fig. 11.9(a), but now considered together with the associated complex current J 
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Figure 11.9 Evaluation of the high-frequency resistance per unit length of a wire-plane transmission line: 
(a) original system, with the conductor contours for integration in Eq. (11.66), and (b) equivalent system, 
to find the magnetic field of the line near the ground plane, using image theory; for Example 11.9. 


along the wire. This charge and current, for the original wire, are related as in Eq. (11.29), 


and the same relationship holds for the charge Oe and current Jimage Of the image wire 


in Fig. 11.9(b). Namely, Q! and J; substitute, respectively, the surface charge and 


image Image 
current of densities p, and J, on the conducting plane in the original system, and the rela- 


tionship J, = cp. between these densities, Eq. (11.24), results in Limape = CQ mage in the 
equivalent system, where c is the intrinsic phase velocity of the line dielectric. Additionally, 
the image of the charge is negative (with the opposite polarity to the original charge), so we 


have 


(11.107) 


image theory for a current 
above a conducting plane 


that is, the image of the current / in the equivalent system with the ground plane removed 
is the current of the same complex intensity flowing in the opposite direction relative to 
the original current (electrically negative image). It flows along a virtual wire that is the 
mirror image of the original wire in the symmetry plane (former conducting plane). Note 
that, although derived for the current of a conductor of a transmission line with a TEM 
wave whose other conductor is a conducting ground plane, this image theory is valid and 
applicable for an arbitrary current (at low or high frequencies) flowing in parallel to a con- 
ducting plane. More precisely, the theory is exact only for a perfectly conducting (PEC) plane 
(0, — oo). Ina later chapter, when analyzing antennas above ground planes, we shall present 
the image theory for arbitrary current distributions in the presence of a PEC plane, which 
are not necessarily associated with TEM waves and transmission lines, nor are parallel to 
the plane. 

In the equivalent system in Fig. 11.9(b), which is a symmetrical thin two-wire line with 
conductor axes distance 2h, the total magnetic field, H. is the superposition of the fields due 
to the original and image currents, / and —/, respectively, along the two wires, with the lat- 
ter field representing the contribution of the surface current (J,) on the original conducting 
plane. At a point M defined by the coordinate x in Fig. 11.9(b), H is entirely tangential to the 
plane and given by 


if 
oe (ee sn): (11.108) 


Icos@ 


H =2H,..cos@x= 


Horiginat ce ==image <=wire 


H= 
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Hence, back in the original system, the integration, Eq. (11.66), along the contour of the 
conducting plane in Fig. 11.9(a) yields 


1 R ee dx 
R=— Re2|Hrane |? dx = —2 cos?@ — 
2 D tang 2 2 
Z| plane contour 71 8 xX=—00 R 
de/h 
Rg (2 2 Rs 
= cos’ 6 dé = : 11.109 
mh Jo=—n/2 2th ( ) 
ree 
n/2 


where the use is made of Eq. (1.55), reading dx/R* = d6/h for the notation in Fig. 11.9, to 
transform the integral in x into one in 0, which is much simpler to compute [see Eq. (6.95) 
' for the actual integration]. 
Finally, the total resistance per unit length of the wire-plane line is 


R=R+R= 5 (+72). (11.110) 


We note that R, < R; (because h > a), and therefore the losses in the conducting ground 
plane can usually be neglected in the evaluations of the attenuation of this and similar types 
__ of transmission lines. 


Scale eee Circuit Parameters of a Microstrip Line Neglecting Fringing 


Effects 


A TEM wave of frequency f propagates along a microstrip transmission line, Fig. 2.20, with 
small losses. The width of the conducting strip and thickness of the dielectric substrate are w 
and h, respectively, where h < w, so that fringing effects can be neglected. The conductivity 
and permeability of the strip and the ground plane are o¢ and yo, and the relative permit- 
tivity, permeability, and conductivity of the substrate are ¢,, 49, and og, respectively. Under 
these circumstances, determine the primary and secondary circuit parameters of the line. 


Solution The capacitance per unit length of the line, with the fringing effects neglected, is 
that in Eq. (2.135), from which the line p.u.l. inductance and conductance are then computed 
using Eqs. (11.41) and (3.171), respectively, so all three parameters are given by 


Aarti) 


Note that G’ can alternatively be obtained directly as the leakage conductance per unit length 
of the line from the analysis of the steady current field in the imperfect dielectric substrate, 
as is done in Example 3.14 for a similar transmission line (with a two-layer dielectric). In fact, 
the expression for G’ in Eqs. (11.111) is a special case of the result for the two-layer structure 
in Eq. (3.189). 

With no fringing effects taken into account, the magnetic field of the microstrip line is 
assumed to be uniform and localized in the dielectric below the strip only. To find this field, 
we apply the generalized Ampére’s law in integral form, Eq. (5.49), to a rectangular contour 
_ C completely enclosing the strip, as shown in Fig. 11.10. The line integral of H along the 
contour equals Hw (under the no-fringing assumption, the field is nonzero only in the w x h 
large region of the substrate cross section) and the enclosed current is J, and hence 


ihe £ Ciel 12) 

Ww 
i.e., H in the substrate is as if due to two infinitely wide planar current sheets with uniform 
surface current densities J, = I/w [see Eqs. (4.47) and (4.72)] flowing in opposite directions. 
Of course, H = Hiang (entirely tangential) on both the lower surface of the strip and part of 
the upper surface of the ground plane where the field H and current J, exist. Denoting the 
contour lines of these surfaces by /,y and /.., where they are both w long and the complex 


C’, L', G’ — microstrip line, 
fringing neglected 
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R’ — microstrip line, fringing 
neglected 
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Figure 11.10 Evaluation of 
circuit parameters for TEM 
waves of a microstrip line, 
neglecting fringing effects; 
for Example 11.10. 


magnetic field intensities along them are both given by Eq. (11.112), Eq. (11.66) tells us that 
the high-frequency resistance per unit length of the line is 


1 Rewhlline 2R; | 

R' = — R,|H 2 d/ R,|H dij = (= 2 | di = —S, 

LP? (f =|tangl af s|tanez ) We Kw) “diy Ww 
—— 


Ww 


(11.113) 
where the surface resistance R, is that in Eq. (11.70). 

Note that, using the magnetic field of the line in Eq. (11.112), we can now alternatively 
find the line inductance L’ by its definition, as the magnetic flux per unit length of the line, ’, 
divided by the line current. The flux is computed through the vertical flat surface AS = hAz 
spanned between the strip and the ground plane (Fig. 11.10), where Az is the length of the 
surface (along the line), and since H is uniform and perpendicular to that surface, we have 
[see also Eqs. (11.38) and (11.39)] 


pa 2 S@ _ olde _ po(l/wh aia 


which, of eourse, is the same result as in Eqs. (11.111). 
Combining Eqs. (11.37) and (11.111), the characteristic impedance of the line amounts to 


22 (11.115) 
C Yew 


where no = /0/é0 is the intrinsic impedance of free space, Eq. (9.23). With this expression 
for Zo and that for R’ in Eq. (11.113) substituted into Eq. (11.77), the attenuation coefficient 
for the losses in the line conductors comes out to be 


(11.116) 


The line phase coefficient (£), phase velocity (vp), wavelength (A), and attenuation cocffi- 
cient for the dielectric (aq) are given in Egs. (11.16), (11.17), and (11.80). 

Finally, note that the evaluation of the circuit parameters of a microstrip line with an 
arbitrary ratio w/h, so with taking into account the fringing effects, will be presented in a later 
section. For such a line, the electric and magnetic fields extend to substantial amounts also 
into the air region above the dielectric substrate, so that the dielectric of the line is actually 
inhomogencous, and, contrary to the analysis in this example, the microstrip line cannot be 
treated as a transmission line with a homogeneous dielectric. 


BEAR St'ip Line Neglecting Fringing 


Repeat the previous cxamplc but for a strip line, Fig. 2.21. 


Solution Without taking into account the fringing cffects (2 « w), the p.u.l. eapacitance 
of the strip linc is given in Eq. (2.137), so C’ = 2e,eqw/h, and Egs. (11.41) and (3.171) then 
result, respectively, in the following expressions for the inductance and conductance p.u.l. of 
the line: L’ = poh /(2w) and G’ = 2agw/h. 
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Figure 11.11 Evaluation of the 
high-frequency resistance per 
unit length of a strip line, 
neglecting fringing effects; 

I/2 for Example 11.11. 


Applying the generalized Ampére’s law to a rectangular contour C around the strip, 
| shown in Fig. 11.11, we get, neglecting fringing, H = I/(2w) for the magnetic field of the line 
in the two regions between the strip and the two conducting planes. Integrating the square of 
this field times the surface resistance Rs of the line conductors, as in Eq. (11.113), along the 
contour lines of the upper and lower surfaces of the strip and the corresponding two parts, w 
long, of the inner surfaces of the two conducting planes (Fig. 11.11) gives the high-frequency 
resistance per unit length of the line as follows: 


1 1 Wise R 
is. 24= = wet = — 
c 9 ap |, Be . meth aS or 


With the similar computations as in Eqs. (11.115) and (11.116), the characteristic 
impedance of the line and attenuation coefficient for its conductors are 


no A a Rs _ RsJer 
Jer 2w’  *—2wZo ooh’ 


| SO @, turns out to be the same as for the microstrip line, in Fig. 11.10. The remaining circuit 
parameters of the line (8, vp, 4z, and aq) are determined as in the previous example. 

A strip line with an arbitrary w/h will be discussed in a later section, taking into account 
the fringing effects. 


(11.117) 


(11.118) 


| Problems: 11.3-11.11; Conceptual Questions (on Companion Website): 
 11.28-11.30; MATLAB Exercises (on Companion Website). 


11.9 TRANSMISSION LINES WITH INHOMOGENEOUS 
DIELECTRICS 


| Consider a two-conductor transmission line with an inhomogeneous dielectric, like 
| the one the cross section of which is shown in Fig. 11.12(a). The inhomogeneity of 
the dielectric is arbitrary — in a transversal plane; however, the dielectric proper- 
ties do not change in the longitudinal (axial) direction (the line is uniform). For 
such a line, the wave propagating through the dielectric is a hybrid wave, with both 
E, 4 OandH, # 0in Eqs. (11.7). However, as in the case of transmission lines with 
small losses and homogeneous dielectrics (Fig. 11.6), these components are rather 
; small in comparison with the corresponding transverse field components, and we 
refer to the wave as a quasi-TEM wave. Therefore, an approximate analysis treat- 
ing quasi-TEM waves as pure TEM waves, and applying the theory of TEM waves 
from Sections 11.1-11.8, with certain modifications that will be described here, is 
sufficiently accurate for most practical applications. 
In particular, primary circuit parameters of the line (C’, L’, R’, and G’) are 
i found as follows. The capacitance C’ in Eq. (11.36) is determined from a 2-D elec- 
| trostatic analysis in the cross section of the line, in Fig. 11.12(a), taking into account 


R’ — strip line, fringing 
neglected 
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Figure 11.12 Cross section of 
(a) an arbitrary two-conductor 


£0, KO 


transmission line with an £4, dQ Le 


inhomogeneous dielectric, and 
(b) the same line if air-filled. 


inductance p.u.l. of a 
transmission line with an 
inhomogeneous nonmagnetic 
dielectric 


effective relative permittivity 
of a line with an 
inhomogeneous dielectric 


(b) 


the inhomogeneity of the dielectric (C’ of transmission lines with different types of 
dielectric inhomogeneity is evaluated in Section 2.14). The electric field (E) from the 
same electrostatic analysis can then be used in Eq. (11.68) to find the conductance 
G’, provided that the dielectric in Fig. 11.12(a) exhibits the same form of inhomo- 
geneity in terms of its conductivity (og) and permittivity (¢). Alternatively, G’ can 
be obtained directly as the leakage conductance per unit length of the line from the 
analysis of the steady current field in Fig. 11.12(a) (G’ of transmission lines with 
inhomogeneous imperfect dielectrics is evaluated in Section 3.12). 

As the distribution of the magnetic field (H) in the line cross section is the same 
as under static (or quasistatic) conditions, the electric field distribution does not 
influence H [the displacement current term is zero in Eq. (8.7)]. This is why the 
permittivity ¢ of the dielectric in Fig. 11.12(a) does not influence the inductance L’ 
per unit length of the line. Provided furthermore that 4 = jo in Fig. 11.12(a), 1.e., 
that the dielectric is nonmagnetic (which is true in most practical situations), this 
means that L’ is the same as if the dielectric in Fig. 11.12(a) were homogeneous 
(€ = const in the entire cross section of the dielectric). Ultimately, it is the same as 
the inductance per unit length, Lp, of the same line if air-filled (e = eg). Denoting by 
Cy the capacitance per unit length of this new line, in Fig. 11.12(b), Eq. (11.41) tells 
us that Lp and Cp are related as Lj C, = ego. Hence, the inductance L’ we seek can 
simply be obtained as 


(11.119) 


By the same token, the magnetic field Hjang used in Eq. (11.66) to compute 
the resistance R’ per unit length of the line in Fig. 11.12(a) does not depend on the 
inhomogeneity of the dielectric (if it is nonmagnetic). Consequently, R’ equals the 
resistance per unit length of the air-filled line in Fig. 11.12(b), R’ = Ro. 

Secondary circuit parameters of the line (Zo, B. vp, Az, and @) are then found 
from Eqs. (11.42), (11.43), (11.75), (11.77), and (11.79). 

Another useful parameter of transmission lines with inhomogencous diclectrics, : 
Fig. 11.12(a), is the so-called effective relative permittivity of the line, éregf, 
defined as 


| 7 i. 
‘erelt = (11.120) | 
ls anmagesie 0 
This is a dimensionless quantity that can be interpreted as the relative permittiv- 
ity of an equivalent homogeneous dielectric material which if occupying the space } 
between the conductors in Fig. 11.12(b) would give the same capacitance per unit 
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length, C’, as the inhomogeneous dielectric of the actual line, in Fig. 11.12(a). 
Note that for lines with homogeneous dielectrics (« = const), as in Fig. 11.3, erege = 
€r, €¢ = &/é9 being the relative permittivity of the (actual) dielectric. With this 
interpretation of &;e¢¢, or from 


L'C’ = LoCoérett = ErettEoHo, (118121) 
B, Vp, and A; of the line in Fig. 11.12(a) can alternatively be expressed as 
ro 
/Ereff. 


where cp is the wave velocity (speed of light) in free space, Eq. (9.19), and Ap = co/f, 
Eq. (9.67), the free-space wavelength at the frequency f of the line (w = 27f). 


eRe Microstrip Line with a Two-Layer Dielectric Substrate 


_ Fig. 11.13 shows a cross section of a microstrip transmission line whose substrate consists of 
two dielectric layers. The thicknesses of the layers are hy = 0.5 mm and hz = 0.25 mm, and 
| the strip width is w = 8 mm. The relative permittivities of the layers are ¢,; = 4 and €,2 = 8, 
| and the conductivities are og, = 107! S/m and og2 = 5 x 107!* S/m, while both layers 
are nonmagnetic. The strip and ground plane are made of copper. If the frequency of the 
propagating quasi-TEM wave on the line is f = 1 GHz, compute the primary and secondary 
circuit parameters of the line. 


(11.122) 


(60) 
Besa, ciel Ys = 


Solution We first note that o¢/(weo) = 1.043 x 10° > 1 (og = 58 MS/m — for copper), 

O41 / (wer £9) = 4.5 x 10-12 «1, and og2/(wene9) = 1.12 x 10-!! «1 (w =2zf), namely, 
_ that conditions in Eqs. (11.61) are satisfied, which means that the line in Fig. 11.13 can 
be analyzed as having small losses. In addition, since h, + hz <« w, fringing effects in the 
structure can be neglected. The capacitance of the part of the line with length / is given in 
- Eq. (2.150) where S = wi [see also Eq. (2.134)], and dividing this expression for C by / results 
in the capacitance per unit length (C’) of the line. The p.u.l. line conductance (G’) is that in 
Eq. (3.189). The dielectric layers in Fig. 11.13 being nonmagnetic, both the inductance and 
high-frequency resistance per unit length of the line (L’ and R’) are the same as those of the 
same line if air-filled (Lj and R,) or if with a homogenous nonmagnetic substrate, Fig. 11.10, 
so that the respective expressions in Eqs. (11.111) and (11.113) apply. Hence, all primary 
_ per-unit-length circuit parameters of the line come out to be 


/ Er1 Ep2EQw / Oq19q2Ww 
ee sph, Go Seat = 145 pS/m, 
eh, + enh prs Gah; + oaih2 a 
hy +h 2R 
L! = Ly = wo 2 = 118 n/m, R= Ry = —* = 2.062 2/m, (11.123) 


where the surface resistance Rs is computed using Eq. (10.80). 
For the secondary circuit parameters of the line, we use Eqs. (11.42) and (11.43) to 
determine the characteristic impedance and phase coefficient of the line, 


ip 
Zo = ia = 16.142, B=oVL/C = 45.94 rad/m, (11.124) 


and then Eqs. (11.17), (11.77), (11.79), and (9.89) yield the following for the phase veloc- 
ity, wavelength, and attenuation coefficients for line conductors and dielectric: vp = w/B = 
1.37 x 108 m/s, 42 = Vp/f = 13.7 cm, ae = R’/(2Zp) = 0.064 Np/m = 0.56 dB/m, and ag = 
G'Zo/2 = 1.17 x 10-!° Np/m = 10~° dB/m, respectively. 


Example 11.13 Effective Permittivity of a Coaxial Cable with Inhomogeneous 
Dielectric 


Consider the coaxial cable with a continuously inhomogeneous dielectric of permittivity 
€(p) from Example 2.21, and assume that the conductivity of the cable conductors, which 


B, Vp, Az — via the effective 
relative permittivity 


Figure 11.13 Cross section 
of a microstrip line with a 
two-layer dielectric substrate 
and small losses; for 
Example 11.12. 
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exhibit small losses, is o¢, that there are no losses in the dielectric, and that all materials 
are nonmagnetic. A quasi-TEM wave of frequency f propagates along the cable. (a) Find 
the cable characteristic impedance and attenuation coefficient. (b) What are the effective 
relative permittivity and phase velocity of the cable? 


Solution 


(a) The capacitance per unit length of the cable is given in Eq. (2.178), inductance in 
Eq. (7.12), and resistance in Eq. (11.70), while the conductance is zero (perfect dielec- 
tric). Using Eqs. (11.42) and (11.77), the cable characteristic impedance and attenuation 
coefficient are then found to be 


jy no b R' VaRe esas 
ao] ee , : 
=VoO-2 7, "a %5°=27,- om Inte) “Ts 


with R, and no standing for the surface resistance of the cable conductors, Eq. (11.70), 
and intrinsic impedance of free space, Eq. (9.23), respectively. 

Since the p.u.]. capacitance of the cable in Fig. 2.30(a) if air-filled is Cy = 27re9/In(b/a) 
[Eq. (2.123) with e = eg], the effective relative permittivity of the cable and phase 
velocity of the propagating wave, from Eqs. (11.120) and (11.122), are 


(b 


— 


Co co 
Ereff /3 : 


where cp is the free-space wave velocity, Eq. (9.19). Note that é;er¢ turns out to equal the 
average value of the relative permittivity of the cable dielectric, ¢(¢)/e9 = 3 + sin ¢, over 
the full range of the angle ¢, 0 < ¢ < 27, in Fig. 2.30(a). Note also that the characteristic 
impedance in Egs. (11.125) amounts to 1/./ére¢ = 1/V3 of Zo for the air-filled cable 
[Eq. (11.48) with e, = 1]. 


STU Meee Effective Permittivity and Attenuation of a Coated Two-Wire Line 


For the thin two-wire line with dielectrically coated conductors in air in Fig, 2.31, assume 
that d = 40 mm, a = 1 mm, and ¢,; = 4 (relative permittivity of dielectric coatings), as well 
as that the coatings are nonmagnetic and wires made of copper. Under these circumstances, 
calculate the effective relative permittivity of the line and attenuation coefficient for a TEM 
wave of frequency f = 100 MHz. 


(11.126) 


Ereff = Cc = 3, 45) 
0 


Solution Using Eq. (2.183), the capacitance per unit length of the line in Fig. 2.31 is 
C’ = 8.78 pF/m, and that of the same line with no dielectric coatings is C, = 7.54 pF/m, 
from Eq. (2.141), so that the effective relative permittivity of the former line equals €;e¢ = 
C’/C, = 1.164. We note that éregs is quite close to unity, as expected, since the coatings of 
the wires are thin, relative to the distance between wire axes. The p.u.l. line inductance and 
high-frequency resistance do not depend on the inhomogeneity of the dielectric (because it is 
nonmagnetic), and hence Eqs. (7.11) and (11.103) can be employed, giving L’ = 1.48 wH/m 
and R’ = 0.83 Q/m, respectively. Finally, as the coated two-wire line is situated in air (perfect 
insulator), there cannot be leakage current between the wires even if the coatings are made 
of an imperfect dielectric,’ and the attenuation along the line is thus solely due to conductor 
losses, with Eqs. (11.77), (11.42), and (9.89) telling us that the line attenuation coefficient is 
a = R’/C'/L'/2 = 0.001 Np/m = 0.0088 dB/m. 


Problems: 11.12-11.17; Conceptual Questions (on Companion Website): 11.31 and 
11.32; MATLAB Exercises (on Companion Website). 


'lNote that for the same structure but with lossy dielectric coatings and lossy ambient medium, the 
conductance per unit length of the line is given in Eq. (3.186). 
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11.10 MULTILAYER PRINTED CIRCUIT BOARD 


Fig. 11.14 shows a typical multilayer printed circuit board, which is widely used in 
| digital electronics (e.g., in computers). Its top surface consists of active and pas- 
sive electronic components, such as integrated circuits (chips) and discrete circuit 
_ elements, interconnected by strip conductors, called traces. Traces are printed on a 
layer of dielectric (dielectric substrate), beneath which is a metallic foil extending 
throughout the entire board, Fig. 11.14(a). A similar configuration may exist on the 
bottom of the board. There are then one or more layers of conductors (traces) sand- 
wiched in dielectric layers between pairs of metallic foils (electronic components 
can also be placed in these layers). The foils serve as ground planes for high-speed 
signals along traces. They can also be used to distribute the power supply to inte- 
grated circuits. Finally, the components, traces, and foils at different levels in the 
_ board are (selectively) connected together by metalized holes through the board, 
called vias, as indicated in Fig. 11.14(b). Note that a typical relative permittivity 
of the dielectric in Fig. 11.14 is e, = 3.5 — 4.5 (most frequently, various fiberglass 
materials). Traces, foils, and vias are normally made out of copper (o¢ = 58 MS/m). 
| For high-speed signals, the interconnects formed by traces and foils in individual 
layers of the board have to be considered as transmission lines, and not just as 
short-circuiting conductors. In this section, we provide the basis for circuit analysis 
| of transmission lines in a typical circuit board. 

Observing the interconnects in different layers in Fig. 11.14, we identify two 
types of two-conductor lines making up the structure. Namely, each trace on the 
top of the board, above which is air, and the highest foil represent a microstrip line, 
Fig. 2.20, and similarly for traces on the bottom of the board (if they exist). Note that 
electric connections within the integrated circuits themselves in Fig. 11.14 (so-called 
on-chip interconnects) are also realized as microstrip lines.' On the other side, 


integrated circuits 
and discrete elements 


dielectric substrate 


microstrip lines 


metallic foils 


typical multilayer printed circuit 
board: (a) three-dimensional 
view of the structure and 

(a) (b) (b) detail of its cross section. 


(fy Figure 11.14 Sketch of a 
\ 


. Substrates in integrated circuits are commonly made from silicon (Si). However, silicon exhibits large 
losses at high frequencies, resulting in a large attenuation coefficient in the dielectric (aq), Eq. (11.79), for 
microstrip lines in the circuit. This is why gallium arsenide (GaAs), which is much less lossy, is frequently 
used as a substitute for Si for very fast integrated circuits. 


568 Chapter 11 Field Analysis of Transmission Lines 


Figure 11.15 Electric (E) and : 
magnetic (H) field lines in a ~ p + 
cross section of a microstrip 
line with the strip width to 

substrate height ratio w/h = 5.4 


and substrate relative air 

permittivity e, = 4; field pattern Bf oe 
plots are obtained by numerical _~ : 
analysis based on a method of e=4 
moments (see Section 1.20). af 


each trace between adjacent foils, which is completely surrounded by the dielectric, 
constitutes, together with the foils, a strip line, Fig. 2.21.¥ 

In Examples 11.10 and 11.11, which, in turn, refer to Examples 2.13 and 2.14, the 
primary and secondary circuit parameters of a microstrip and strip line, respectively, 
are found — neglecting the fringing effects. These values are, thus, accurate only for 
h <w, h being the distance of the strip conductor (trace) from the foil (ground 
plane) in Fig. 2.20 or from each of the planes in Fig. 2.21, and w the width of the 
strip in both cases. On the other side, the lines with w < h can be analyzed replac- 
ing the strip by a thin wire of equivalent radius (see Example 11.9). In practice, 
however, w and #/ are of the same order of magnitude, a typical value for their ratio 
being w/h = 1 —3 for microstrip lines and w/h © 1 for strip lines. For such values 
of w/h, and, generally speaking, for an arbitrary ratio w/h, the actual electrostatic 
field distributions in the lines are quite different from those in Figs. 2.20 and 2.21. 
In particular, there is a considerable fringing field outside the region below the strip 
in Fig. 2.20, and the field in this region close to the strip edges is not uniform (edge 
effects), as illustrated in Fig. 11.15, and similarly for the line in Fig. 2.21. The mag- 
netic fields in the two lines are related to the corresponding electric fields through 
Eqs. (11.18), and hence the same discrepancy of the actual magnetic field distri- 
butions from those in Figs. 11.10 and 11.11 exists (see Fig. 11.15). Consequently, 
the results for the capacitance per unit length, C’, of the two lines, in Eqs. (2.135) 
and (2.137), as well as for their other parameters, in Eqs. (11.111)-(11.118), are 
not accurate enough for practical microstrip and strip lines, and for an arbitrary 
ratio w/h. 

Accurate electrostatic analysis of arbitrary transmission lines can be performed 
by use of numerical electrostatic techniques. Based on such analysis, results for 
all primary and secondary circuit parameters!’ of the lines in Figs. 2.20 and 2.21 
(and of arbitrary lines) can be obtained taking into account the exact geometry and 
material composition and realistic field distributions of the line. Alternatively, we 
present here a set of available empirical closed-form formulas for the circuit param- 
eters of microstrip and strip lines. These useful formulas (obtained as curve-fitting 


13Note that, in general, strip lines, being shielded between metallic foils, are much less liable to radiate 
and are much less susceptible to interference with external signals than microstrip lines, which are “open” 
to the upper half-space. 


14Note that even the resistance RX’ in Eq. (11.66) of a transmission line with an inhomogencous dielectric 
can be obtained based on electrostatics, starting from the electrostatic field distribution of the line when 
air-filled, as in Fig. 11.12(b), and using the rclation betwcen electric and magnetic fields in Eqs. (11.18) 
with e = eg and pp = jy. 
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approximations of experimental and/or analytical data) agree very well with the 
» numerical solution (or measurement) for all practical values of the ratio w/h. 

Since the electric field in a microstrip line, Fig. 11.15, is only partly in the dielec- 
_ tric substrate, of relative permittivity ¢,, and the rest is in air above it, the dielectric 
of the line is actually inhomogeneous, and must be treated as such for an accurate 
analysis. Note that in the approximate analysis for h < w in Fig. 2.20, the dielectric 
can be treated as homogeneous as the electric field, neglecting the fringing effects, is 
assumed to be localized in the dielectric below the strip only. Therefore, the effective 
relative permittivity ¢,e¢¢ of the line with an arbitrary w/h, Eq. (11.120), is between 
unity (for air) and ¢,. It can be computed from the empirical formula given by 


ie Creal bye te 
Ereff = +. = zs 5) (: +12 =) es (11.127) — &rett — microstrip line 


where p = 0.04(1 —w/h)? if w/h <1, and p =0 otherwise. The characteristic 
impedance of the line, Zo, is then found as 


n0 8h Ww w 
Zo = ——— Inj —+—) for —<1, 
0 On. [felt “(5 a ae 
-1 
Zo = 710 |; + 1.393 + 0.667 In (— ail. 1.444) for ba Saati (11.128) Zo — microstrip line — analysis 
Ereft Lh h h 


where npg is the intrinsic impedance of free space, Eq. (9.23). For design (synthe- 
sis) purposes, namely, to find w/h for a desired Zo of the line and given «,; of the 
substrate dielectric, the following formulas are used: 


wo an =I w Veer a! 
SH 2¢é ) for Eom OG: 
61 2 
x |In(B — 1) + 0.39 — +—[B-—1-In@B-1)] for —>2, 
T 
Z —1 alah 
A= mJ/2(e, +1) = + st (023 + ~~) op = zt ue (11.129) microstrip line — synthesis 
0 és +1 ey ay, Ex Zo 


The phase coefficient, 8, phase velocity, vp, and wavelength, Az, along the 
microstrip line are found from Eqs. (11.122), using éserg of the line, Eq. (11.127), 
and the corresponding free-space values of these propagation parameters. Note that 
Vp (and analogously for 6 and Az) is between co/,/é; (wave velocity in a homoge- 
' neous dielectric of relative permittivity ¢,) and co (wave velocity in free space), and 
depends on the ratio w/h of the line. The larger w/h the less field in air above the 
substrate in Fig. 11.15 and the smaller vp (closer to co/./ér), which can also be seen 
. from Eq. (11.127). 
The attenuation coefficient representing the losses in conductors, ac, of the line 
in Fig. 11.15 is computed approximately using the expression in Eq. (11.116) for the 
same line with the fringing effects neglected, 


| |\Ac = AS Ciel sO) oc = microstrip line 
wZog 
: aay 


[R; is the surface resistance of the conductors, Eq. (11.65)], but with the values for 
| the characteristic impedance Zp that take into account fringing, from Eqs. (11.128). 
| The attenuation coefficient for the losses in the dielectric, ag, of the line is found 
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from Eq. (11.80), 


maf tan bq /€Ereft peers er 


(11.1318 


ae: B 
wy — microstrip line Od=q 7 tan dq = 7 
a) Ereff €r — 


where q is the empirical effective dielectric filling factor of the line, taking approxi- 
mately into account the inhomogeneity of its dielectric, tan 5g is the loss tangent of 
the substrate, and f is the frequency of the wave. 

The dielectric of a strip line, Fig. 2.21, is homogeneous, and hence €;ef¢ = &r. The 
empirical formulas for the characteristic impedance of the line read 


. : ~ —— 
| Fae _ = (0.25 = aa f Ms 
0 Ae [w/Qh)+0441—s] * (0.35 =) 7 
Zy — Strip line — analysis S = On tor - 2 GE (11.1329 
1 


To design a line with a certain Zp for a given e,, these equations can, unlike 
Eqs. (11.127) and (11.128) for the microstrip line, be easily solved for w/h (assuming 
that Zp and ¢, are known), as will be shown in one of the examples. Note, however, 
that the formulas in Eq. (11.132), as well as those in Egs. (11.127) and (11.128), can 
be modified to also take into account a nonzero thickness of the strip in Figs. 2.20 
and 2.21. 

For the strip line, standard expressions for B, Vp, Az, and qq for lines with homo- 
geneous dielectrics apply, given in Eqs. (11.16), (11.17), and (11.80).'° Of course, the 
same values can also be obtained from Eggs. (11.122) and (11.131) — with é;er¢ = &, 
and q = 1. Similarly to Eq. (11.130), a = Rs/(2wZpo), from Eq. (11.118). 

In printed boards for high-speed digital circuits (Fig. 11.14), a large number of 
traces usually run parallel to each other (e.g., in computer data buses). The distance 
between adjacent traces is on the order of the strip width, w, so that the coupling 
between the traces is very strong and, in general, cannot be neglected. This coupling, 
in turn, is a cause of crosstalk between the traces and other undesirable effects 
in the circuit. Therefore, for a proper design and reliable operation of the circuit, 
the analysis of isolated microstrip and strip lines, whose circuit parameters are dis- 
cussed in this section, needs to be generalized to include the coupling effects. In 
other words, each group of interconnects in a layer of the board consisting of sev- 
eral parallel microstrip or strip lines must be analyzed (and designed) as a network 
of coupled two-conductor transmission lines or, equivalently, as a multiconductor 
transmission line. The same coupling effects take place between interconnects in 
integrated circuits. 


Stu eee Analysis of a Microstrip Line Including Fringing Effects 


The width of the conducting strip of a microstrip line is w = 2 mm, the thickness of the 
dielectric substrate is h = 1 mm, and both the strip and ground plane are made out of 
copper. The relative permittivity, loss tangent, and permeability of the dielectric are e, = 4, 
tandg = 1074, and y= yo, respectively. Calculate (a) the effective relative permittiv- 
ity, (b) the characteristic impedance, (c) the phase coefficient and velocity, and (d) the 
attenuation coefficient of this line, for a quasi-TEM wave of frequency f = 3 GHz on the 
line. 


!5Nole thal, in gencral, microstrip lines are “faster” Ilhan sirip lines, i.e., for the same dielectric malerial, 
signals Iravel faster along a microslrip linc than along a sirip line (co/ /érett > Co//ér)- 
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Solution Since o,/(2mfe9) = 3.5 x 10° > 1 (for copper, o¢ = 58 MS/m) and tanég <1, 
low-loss conditions in Eqs. (11.61) and (9.125) are satisfied in this case. On the other hand, 
the condition h < w is not met, and hence fringing effects cannot be neglected. 


_ (a) In particular, Eq. (11.127) with w/h = 2 and p = 0 gives the following for the effective 
relative permittivity of the line: e;eg¢ = 3.07. 

(b) With the use of the second expression (for w/h > 1) in Eqs. (11.128) and the fact that 
no = 377 Q, the line characteristic impedance is Zp = 51 2. We note that this result dif- 
fers very considerably from (Zo)approx = noh/(./érw) = 94.25 Q, Eq. (11.115), obtained 
neglecting fringing effects (the relative error in computation is 85%). 

(c) From Egs. (11.122), the phase coefficient and velocity of the line are 6 = 110.09 rad/m 
and vp = 1.71 x 108 m/s, respectively. Note that (Vp)approx = Co/./ér = 1.5 x 10° m/s 
(co = 3 x 108 m/s), with an assumption that the electromagnetic field of the line resides 
| entirely in the dielectric substrate. 
 (d) The surface resistance of the line conductors (R;) is that in Eq. (10.80), with which 
Eq. (11.130) yields the attenuation coefficient for the conductors of a, = 0.14 Np/m. 
Using Eqs. (11.131), the effective dielectric filling factor of the line (q) comes out 
to be g=0.9, and the attenuation coefficient for the dielectric ag = 0.005 Np/m. 
These results for a, and ag are quite different from the respective results according 
to Egs. (11.116) and (11.80), (@c)approx = Rs./ér/(noh) = 0.076 Np/m and (aqg)approx = 
mf ./€r tan 64/co = 0.0063 Np/m, which completely neglect fringing effects. Finally, hav- 
ing in mind Eqs. (11.75) and (9.89), the total attenuation coefficient of the line is 
a =a. + aq = 0.145 Np/m = 1.26 dB/m. 


Ser Mee Primary Circuit Parameters of a Microstrip Line with Fringing 


Find the primary per-unit-length circuit parameters of the microstrip line from the previous 
example. 


Solution From Eg. (11.121), we can write for the p.u.l. inductance of the line 


EreffEOHO 
Substituting this in Eq. (11.42), we obtain the p.u.l. capacitance via the effective relative per- 
| mittivity and characteristic impedance of the line, which are given in the previous example, 
| as follows: 


i EreffEoio/C’ / reff + €reff 
7 a a — «3 C = *+— = 1145 pF/m. 11.134 
| Ci are] coC’ coZo ae 3") 


Knowing C’, L’ is now found using Eq. (11.133), and it turns out to be L’ = 297 nH/m. 
On the other side, solving for the high-frequency resistance and conductance p.u.l. of 
. the line in Eqs. (11.77) and (11.79), respectively, and using the results for the attenuation 
coefficients for the line conductors and dielectric obtained in the previous example, we have 


R’ = 2Zoa- =14.282/m, G' =2Yoaq = 0.2 mS/m, (11.135) 


where Yo stands for the characteristic admittance of the line, Eq. (11.35). 

Note that, apart from microstrip lines, the above equations can be used to find C’, L’, R’, 
and G’ from the known €re¢, Zo, @c, and ag, so primary from secondary circuit parameters, 
of an arbitrary transmission line (with an inhomogeneous dielectric). 


Example 11.17 ‘Microstrip Line Design RS 


| Design a microstrip line that has a characteristic impedance of (a) Z) = 75 Q and (b) 
Zo = 50 &, respectively, for a given relative permittivity of the substrate dielectric, e¢, = 4. 
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In both cases, find the corresponding effective relative permittivity, and phase coefficient 
and velocity for the line if the operating frequency is f = 3 GHz. 


Solution 


(a) To find the strip width to substrate height ratio, w/h, that results in Zp = 75 Q for e; = 4, 
we use Eqs. (11.129), from which A = 2.131 and B = 3.948, The value for A gives, 
in turn, w/h = 0.977 from the first expression in Eqs. (11.129), the one for w/h < 2. 
Substituting B in the second expression, leads to w/h = 0.962, which is an impossi- 
ble result, since this expression is valid for w/A > 2 only. So, the required w/h ratio is 
w/h = 0.977. 

The corresponding effective relative permittivity of the line, Eq. (11.127), is reg = 
2.91. From Eqs. (11.122), the phase coefficient and velocity of a quasi-TEM wave on the 
line are 6 = 107.18 rad/m and vp = 1.76 x 10° m/s, respectively. 

Finally, as a check of our designed w/h ratio, we compute the line characteristic 
impedance, using Eqs. (11.128), for w/h = 0.977 and €yer¢ = 2.91, and what we get is 
indeed Zp = 74.95 Q & 75 Q, the desired impedance. 

(b) To design a line with Zp = SO Q, a reuse of Eqs. (11.129) gives A = 1.472 and B = 5.922, 
and then w/h = 2.0516 from the expression for w/h < 2, which is contradictory, whereas 
w/h = 2.0531 from the other expression, so this latter result is the required w/h ratio 
in this case. Eqs. (11.127) and (11.122) then yield é€;e¢¢ = 3.07, 6 = 110.03 rad/m, and 
Vp = 1.71 x 10° m/s, and a check in Eqs. (11.128) confirms that Zp = 50.23 Q ~ 50 Q, as 
desired. 


eSCREMEIE Analysis of a Strip Line Including Fringing = 


Repeat Example 11.15 but for a strip line, in Fig. 2.21. 


Solution (a)-(d) The effective relative permittivity of the line is e;er¢ = &, = 4 (the line 
dielectric is homogeneous). Eq. (11.132) gives the line characteristic impedance of Zo = 
32.7 Q [note the difference relative to the result obtained neglecting fringing effects, from 
Eq. (11.118), (Zo)approx = noh/(2./éerw) = 47.1 Q]. From Eqs. (11.16), (11.17), and (11.80), 
the phase coefficient, phase velocity, and attenuation coefficients for the line dielectric are 
B = 125.6 rad/m, vp = 1.5 x 10° m/s, and ag = 62.82 x 10-4 Np/m, respectively. Having in 
mind Eq. (11.118), the attenuation coefficient for line conductors is computed as a = 
R;/(2wZo) = 0.109 Np/m, and the total attenuation coefficient of the line amounts to a = 
ae + aq = 0.116 Np/m = 1 dB/m. 


Sel abe Deriving Synthesis Formulas for a Strip Line 


Consider a strip line (Fig. 2.21) whose fringing effects are not negligible. (a) Derive the 
synthesis formulas, analogous to those in Eqs. (11.129), for finding the geometrical ratio 
w/h for a desired characteristic impedance, Zp, of the line and given relative permittivity, 
é;, of the line dielectric. (b) Using the formulas in (a), design strip lines with Zy = 50 Q and 
Zo =75 Q., respectively, if ¢- = 4 in both cases. 


Solution 


(a) If w/A = 0.7, 5 =O in Eqs. (11.132), from which 


wn 
—= — ().882, 7 0.31670, 11.136 
E 2 Jeo VérZo < no ( ) 


where the last inequality (condition) is obtained by requiring that this solution for w/h, 
in terms of Zp and e,, be greater than or equal to 0.7. If w/h < 0.7, on the other side, 
Eqs. (11.132) give the following quadratic equation in x = w/h, which we solve in a 


standard fashion, 


10 


0.7 —x)* —2x = 1.764 — 
( ) TEx 


Ww n0 
— = — =1.7- _/4.164- , 
= h Ser Zo 


= 3.4x = 1.2744 


JeZo > 0.31670, 


Vero Oo 
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(continued) 


where the other solution, x = 1.7 + ,/4.164 — no/(,/érZo), is eliminated, because of the 
condition x < 0.7. So, substituting the known Zo and ¢,; in Eq. (11.136) or (11.137), 


depending whether ,/e;Zo is smaller or larger than 0.31679, we find w/h. 

(b) The required w/h ratio for Zp = 50 Q and ¢, = 4, in which case /e;Zp = 100 2 < 
0.31679 © 120 Q and Eq. (11.136) applies, turns out to be w/h = 1, whereas w/h = 0.415 
for Zp = 75 Q (./éerZo = 150 2 > 120 Q) — from Eq. (11.137). 


Problems: 11.18-11.20; Conceptual Questions (on Companion Website): 11.33 and 


11.34; MATLAB Exercises (on Companion Website). 


Problems 


11.1. 


11.2. 


Circuit/field quantities in the time domain 
for a coaxial cable. For the low-loss coax- 
ial cable described in Example 11.3, assume 
that the rms value and initial phase of the 
voltage of the traveling TEM wave in the 
cross section of the cable defined by z = 0 are 
Vo = 1 V and zero, respectively. Determine 
the time-domain (instantaneous) expressions 
for (a) the voltage and current along the cable, 
(b) electric and magnetic field intensities in 
the cable dielectric, (c) surface charge and cur- 
rent densities on the conductors, (d) Poynting 
vector in the dielectric, and (e) total power 
transported by the TEM wave. 


Three different optimizations of a coax- 
ial cable. Consider a coaxial cable with a 
polyethylene (¢, = 2.25) dielectric and copper 
(o¢ = 58 MS/m) conductors at a frequency of 
f =100 MHz. The outer radius of the cable 
is b= 8.6 mm, the dielectric strength of the 
dielectric is E,, = 47 MV/m, and the losses in 
the dielectric can be neglected. Compute the 
attenuation coefficient (a =a,_), breakdown 
rms voltage (|V|_.), and maximum permissible 
(breakdown) time-average transferred power 
(Por) of the cable for the following values of 
the inner radius of the cable: (a) a = b/3.59 
(for which a, is minimum), (b) a = b/e (for 
which |V|_. is maximum), and (c) a = b//e 
(for which Po; is maximum). 


11.3. 


11.4. 


11.5. 


Circuit parameters of a nonsymmetrical two- 
wire line. Consider a nonsymmetrical thin 
two-wire transmission line with conductor 
radii a and b (a#b), the distance between 
conductor axes d (d >> a, b), and small losses 
in both the conductors and the dielectric. Let 
the conductivity of wires be o¢ and perme- 
ability 419, and let the dielectric around them 
be homogeneous and nonmagnetic of rela- 
tive permittivity e, and conductivity og. If the 
frequency of the propagating TEM wave on 
the line is f, find (a) the primary and (b) the 
secondary circuit parameters of the line. 
Maximum power transfer along a two-wire 
line. For the nonsymmetrical two-wire line 
from the previous problem, let a=6mm, 
b=3mm, d=90mm, o, =30MS/m, «, = 
3, tanédg = 10-4, and f = 75 MHz. In addi- 
tion, let the length of the line be / = 50 m, 
and dielectric strength of its dielectric Ey, = 
20 MV/m. Under these circumstances, com- 
pute the maximum time-average power that 
the line can receive from a generator at one of 
its ends for the safe operation of the structure, 
i.e., prior to an eventual dielectric breakdown, 
as well as the corresponding maximum time- 
average power delivered to a load at the other 
end of the line. 


Charge and current distributions on the 
ground plane. Assuming that the complex rms 
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11.6. 


11.9. 


11.10. 
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current intensity of the wire-plane transmis- 
sion line in Fig. 11.9(a) is /(z) and that its 
ground plane is perfectly conducting, find the 
distributions of surface charge and current on 
the plane. 


Satisfaction of the continuity equation on the 
ground plane. (a) Consider the computed sur- 
face charge and current densities on the PEC 
plane in the wire-plane transmission line from 
the previous problem, and show that they 
satisfy the continuity equation for surface cur- 
rents (for plates). (b) Also show, by integrat- 
ing the results from the previous problem, that 
the surface charge and current on the plane 
total —J(z),./€“o per unit length of the line 
and —/(z), respectively. 


. Three-wire transmission line. Consider the 


system of three parallel thin wires in air shown 
in Fig. 2.23 and described in Example 2.16, 
which constitutes a two-conductor transmis- 
sion line with wire 1 being one conductor and 
galvanically connected wires 2 and 3 the other 
conductor of the line, and assume that a TEM 
wave of frequency f = 300 MHz propagates 
along the line. The wires are made out of cop- 
per. Compute (a) the primary circuit parame- 
ters of the line and (b) the line characteristic 
impedance and attenuation coefficient. 


. Maximum permissible power delivered to a 


load. If the transmission line from the previ- 
ous problem is / = 2 m long, what is the maxi- 
mum permissible time-average power, limited 
by the dielectric breakdown of the line, that 
can be delivered to a load terminating the 
line? 

Four-wire transmission line. Assume that a 
TEM wave of frequency f = 200 MHz is 
established on the two-conductor transmis- 
sion line consisting of two pairs of galvanically 
interconnected thin wires shown in Fig. 2.44 
(and described in Problem 2.35), as well as 
that the four wires are made from copper. 
Compute (a) the primary circuit parame- 
ters of the line and (b) the line attenuation 
coefficient. 


Two-wire line and a foil. For the two- 
conductor transmission line whose one con- 
ductor is a two-wire line with galvanically 
connected wires and the other conductor is a 


11.11. 


1) 


11.13. 


metallic foil in Fig. 2.45, assume that the skin- 
effect surface resistance of the two wires is 
Rs = 8.25 mQ/square, and that the losses in 
the foil can be neglected. In addition, let the 
rms current intensity of the traveling TEM 
wave on the line be Jj = 1 A at the beginning 
of the line (for z = 0). Determine (a) the pri- 
mary circuit parameters of the line and (b) 
the induced rms surface charge and current 
densities at the central point O on the foil 
in an arbitrary cross section of the line (for 
arbitrary Zz). 


Wire-corner transmission line. Take the two- 
conductor transmission line with an isolated 
wire as one conductor and a 90° corner metal- 
lic screen as the other in Fig. 1.57 with a = 
0.5 mm and h =4 cm, and also assume that 
both the wire and the screen are made out 
of aluminum (0, = 35 MS/m). (a) Find the 
attenuation coefficient of the line at a fre- 
quency of f = 375 MHz, neglecting the contri- 
bution of the losses in the screen. (b) If the 
complex rms current intensity of the line is 
I(z), what is the complex rms surface current 
density vector at each of the two points on the 
screen that are closest to the wire? 


Planar TEM line with a continuously inho- 
mogeneous dielectric. Assume that the con- 
ductors of the planar transmission line 
with continuously inhomogeneous imperfect 
dielectric in Fig. 3.37 are also imperfect but 
homogencous, of conductivity o¢, as well as 
that a quasi-TEM wave of frequency f is 
established on the line. The losses in the strips 
and dielectric can be considered to be small, 
the permeability everywhere is yo, and the 
width of the strips and their separation are 
such that w > h, so that fringing effects can 
be neglected. Find the primary and secondary 
circuit parameters of this line. 


Quasi-TEM wave on a coaxial cable with 
two dielectric layers. For the coaxial cable 
with two coaxial layers of imperfect dielec- 
tric shown in Fig. 3.34 or 2.50 and described 
in Problem 3.17, let its conductors be made 
out of copper and the dielectric be nonmag- 
netic. Calculate (a) the primary circuit param- 
eters of the cable for quasi-TEM waves at 
a frequency of f = 2 GHz, (b) the effective 


11.15. 


11.16. 


relative permittivity of the cable, and (c) the 
phase velocity and attenuation coefficient. 


. Power capacity of a coaxial cable with a 


two-layer dielectric. Consider the coaxial 
cable with two coaxial dielectric layers from 
Problem 2.77, and assume that the conduc- 
tivity of cable conductors is o¢ = 30 MS/m, 
the length of the cable is / = 10 m, and there 
are no losses in the dielectric. At a frequency 
of f = 5 GHz, determine (a) the maximum 
time-average power, limited by an eventual 
dielectric breakdown in the structure, that the 
cable can receive from a generator and (b) 
the corresponding power delivered to a load 
at the other end of the cable. 


Quasi-TEM analysis of coaxial cables with 
dielectric sectors. Find the effective relative 
permittivity and attenuation coefficient for 
quasi-TEM waves at a frequency f of the 
coaxial cable with (a) two and (b) four dielec- 
tric sectors shown in Figs. 2.33 and 2.51, 
respectively, assuming that all conductors 
are made of copper and that losses in the 
dielectrics are negligible. 


Coated wire-ground plane quasi-TEM trans- 
mission line. Fig. 11.16 shows a transmission 
line whose one conductor is a wire of radius 
a with a coaxial dielectric coating of thickness 
b and the other conductor is a ground plane. 
The height of the wire axis with respect to the 
plane is h (h > a, b). The skin-effect surface 
resistances of the wire and plane are R,, and 


Figure 11.16 Cross section of a low-loss quasi-TEM 
transmission line consisting of a coated wire and ground 
| plane; for Problem 11.16. 


11.17. 


11.18. 


11.19. 


11.20. 


575 


Problems 


R,2, respectively. The relative permittivity and 
conductivity of the wire coating are €,; and oq, 
and those of the rest of the dielectric are ¢, 
and og, whereas both materials are nonmag- 
netic, and the line can be treated as a low-loss 
one. The complex rms current intensity of a 
quasi-TEM wave traveling along the line is 
I(z). Determine (a) the attenuation coefficient 
of this line and (b) the distributions of surface 
charge and current on the ground plane. 


High-frequency internal inductance of three 
different lines. Calculate the high-frequency 
internal inductance per unit length of the two- 
wire line from Problem 11.4, coaxial cable 
from Problem 11.13, and microstrip line from 
Example 11.12, and compare the results with 
the corresponding values of their per-unit- 
length external inductances. 


Microstrip lines with different strip width to 
height ratios. Consider a microstrip line with 
a copper strip and ground plane, dielectric 
substrate parameters e, = 4 and tandég = 10-* 
(uy = 1), strip width w, and substrate thick- 
ness h=2mm. Compute the primary and 
secondary circuit parameters of the line, tak- 
ing into account the fringing effects, for the 
following w/h ratios: (a) 0.05, (b) 0.1, (c) 0.5, 
(d) 1, (e) 2, (f) 10, and (g) 20. (h) Compare the 
results in cases (d)-(g) with the correspond- 
ing values of circuit parameters of the line 
obtained neglecting the fringing effects (see 
Example 11.10). (i) For cases (a)-(d), com- 
pare the results to those obtained for a wire- 
plane transmission line (see Example 11.9) 
with the conducting strip in Fig. 2.20 replaced 
by a thin wire of an equivalent radius equal to 
a=w/4. 

Primary circuit parameters of a strip line with 
fringing. Find the primary circuit parameters 
of the strip line from Example 11.18. 


Design of microstrip and strip lines. Design 
(a) a microstrip line and (b) a strip line that 
have the same characteristic impedance for 
the same relative permittivity of the dielectric 
as the coaxial cable from Example 11.3 and 
two-wire line from Problem 11.4, respectively. 


T 2 Circuit Analysis of 


Transmission Lines 


Introduction: 


his chapter takes over the primary and sec- 

ondary circuit parameters of transmission lines 
computed in the field analysis of lines in the previ- 
ous chapter, and uses them to solve for the voltage, 
current, and power along lossless and lossy lines, 
with various excitations and load terminations. 
Most importantly, this is a circuit analysis of trans- 
mission lines, using only pure circuit-theory con- 
cepts to develop the complete frequency-domain 
and transient analysis of lines as circuits with dis- 
tributed parameters whose per-unit-length charac- 
teristics are already known. 

The chaptcr starts with a circuit model of an 
arbitrary two-conductor transmission line in the 
form of a ladder network of elementary circuit cells 
with lumped elements. Transmission-line equations, 
termed tclegrapher’s equations, will be derived 
for voltages and currents on this network and 
solved in the complex domain (using complex rep- 
resentatives of time-harmonic voltages and currents 
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introduced in Section 8.7). The analysis will then be 
specialized to practically important cases of lossless 
and low-loss transmission lines, respectively, and 
focused on important concepts and details includ- 
ing the reflection coefficient for the line, power 
flow in the structure, transmission-line impedance, 
and several characteristic load terminations of the 
line. Transmission-line resonators, namely, short- or 
open-circuited sections of transmission lines of cer- 
tain characteristic (resonant) electrical lengths, will 
also be introduced, as well as a graphical technique 
for the circuit analysis and design of transmission 
lines in the frequency domain bascd on the so-called 
Smith chart. Transient (time-domain) analysis of 
transmission lines, esscntial for understanding the 
transient behavior of interconnects in high-spced 
digital circuits, will cover step and pulse cxcitations 
of lines and a varicty of line terminations, including 
reactive and nonlinear loads, and both matched and 
unmatched conditions at cither cnd of the line. 


— 
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12.1 TELEGRAPHER’S EQUATIONS AND THEIR SOLUTION 
IN COMPLEX DOMAIN 


Fig. 12.1 (upper part) shows a circuit-theory representation of an arbitrary two- 
| conductor lossy transmission line, where (as in Fig. 3.22) a pair of parallel horizontal 
thick lines in the schematic diagram, although resembling a two-wire transmis- 
sion line, symbolizes a structure with conductors of completely arbitrary cross 
sections and a generally inhomogeneous dielectric. We assume a time-harmonic 
(steady-state sinusoidal) regime in the structure (see Section 8.6), with f denoting 
the operating frequency of the line. To develop the equations for general analysis 
of transmission lines with time-harmonic waves based on circuit theory, we first 
subdivide the line under consideration into short sections, of length Az (Fig. 12.1). 
In specific, let Az be much shorter than the wavelength along the line, so that 
' the changes of the voltage and current along Az are small. Using the resistance 
R’ and leakage conductance G’ per unit length of the line, losses in each such 
section can then be represented by a circuit cell consisting of a series resistor of 
resistance AR = R’Az and a shunt (parallel) resistor of conductance AG = G’Az, 
| as in the circuit model of the line in Fig. 3.21 — for a dc (time-constant) regime. In 
an ac (including time-harmonic) regime, however, capacitive and inductive effects 
' in the section can be modeled by an additional parallel capacitor, of capacitance 
AC = C’Az, and series inductor, of inductance AL = L’ Az, as indicated in Fig. 12.1 
(lower part), where C’ and L’ are the capacitance and inductance per unit length of 
the line. This capacitor and inductor are irrelevant for the dc analysis, since they are 
an open and short circuit [see Eqs. (3.45) and (7.3)], respectively, for time-constant 
voltages and currents. Of course, C’, L’, R’, and G’ are primary circuit parameters of 
the line studied in the previous chapter based on the field analysis of the line, at high 
frequencies, and computed, in Sections 11.8 and 11.9, for a variety of line geome- 
tries and material compositions. In Fig. 12.1, R’ thus denotes the high-frequency 
per-unit-length resistance (assuming that the skin effect is pronounced) of the 
line, Eq. (11.66), rather than the low-frequency (or dc) one (studied in Section 
3.12). We also recall that L’ generally includes the high-frequency per-unit-length 
internal inductance, L;, of the line, Eq. (11.100), along with the external one, that 
in Eq. (11.39), although L; can be neglected in most high-frequency applications of 
' transmission lines. Cascading equal small cells with lumped elements of parameters 
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Figure 12.1 Circuit model 
of a two-conductor lossy 
transmission line in an ac 
regime. 
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telegrapher’s equations 


p.u.l. complex impedance and 
admittance of a transmission 
line 


wave equations for V and I 
along a line 


AC, AL, AR, and AG in Fig. 12.1 for every Az long section of the line, we finally 
obtain a high-frequency circuit model of the line, which is a basis for the circuit 
analysis of the structure. Like the model in Fig. 3.21, this ladder network (of 
elementary circuit cells) is said to be a circuit with distributed parameters. 

For the frequency-domain analysis of the network in Fig. 12.1, we employ com- 
plex representatives of the voltage and current along the line (see Section 8.7), 
namely, the complex rms voltage, V(z), and current, /(z), which are unknown 
functions (to be determined) of the coordinate z. Adding to the right-hand side 
of Eq. (3.166) the expression for the voltage drop across the series inductor 
[Eq. (8.69)], AV, = jwALI, we have 


V(z) — V(z + Az) = ARI + jwALI, (12.1) 


where w = 27 is the angular (radian) frequency of the voltage and current. In other 
words, the voltages in the line cross sections at the coordinates z and z+ Az in 
Fig. 12.1 differ for the emf induced in the enclosed portion of the line (term jwALJ), 
in addition to the voltage drop (loss) along Az due to a finite (nonzero) resistance of 
the line conductors (term AR/). Similarly, combining the expression for the current 
drop through the parallel capacitor [Eq. (3.45)], Alc = jwACYV, with Eqs. (3.152) 
and (3.157) results in 


1(z) —(z + Az) = AGV + jwACV. (12.2) 


Here, the difference in current intensities between cross sections at z and z + Az 
equals the sum of intensities, within the portion of the line considered, of the leak- 
age current (term AGYV) through the imperfect dielectric of the line and drainage 
current (term jwACV) that exists even if the dielectric is a vacuum. This latter term 
is actually the displacement current in the dielectric, with density given in Eq. (8.5), 
necessary to drain the enclosed charge on line conductors, AQ = Q’Az, where Q’ is 
the complex rms charge per unit length of the line and A/c = jwAQ [see Eq. (8.2)]. 
As with Egs. (3.168) and (3.160) in the de case, in the limit of Az > 0 Eggs. (12.1) 
and (12.2) become 


(12.3) 


where Z’ and Y’, termed the per-unit-length complex impedance and admittance, 
respectively, of the line, are given by 


Fe R + jo ey = eaes (12.4) 
Of course, Z’  1/Y’. Being a generalization of Eqs. (3.168) and (3.160), Eqs. (12.3) 
are the transmission-line equations or telegrapher’s equations for complex voltages 
and currents (representing the time-harmonic ones) on two-conductor transmission 
lines. They constitute a system of two coupled first-order differential equations in z 
with V(z) and /(z) as unknowns. 
In the same way Eggs. (3.170) are obtained from Eqs. (3.168) and (3.160) in 
the de analysis, Eqs. (12.3) can be combined together into second-order differential 
equations in terms of V and / alone, 


d’V dele 3 


These are the wave equations for the complex voltage and current, respectively, on 
the line. The complex propagation coefficient, y, of the line, Eq. (11.62), comes out 


(12.5) 


f(z) I@) 4,2) 


Network 1 
Network 2 


z z=0 Fig. 12.1. 


to be 


y=yZY =a+j£, (12.6) 


with a and £ standing for the line attenuation and phase coefficients, respectively. 
General solutions of Eqs. (12.5) are complex exponential functions in z. For the 
line voltage, the solution is 


eae ge = VGC) = Vig (2), (12.7) 
———— ——— 


incident wave __ reflected wave 


| which can be verified by direct substitution in the voltage wave equation, like in 
Eq. (9.42). As expected, the total voltage wave along the line, V,,,, is, in general, 
a sum of two oppositely directed traveling waves, an incident (forward) wave, V;, 
propagating in the positive z direction, and a reflected (backward) wave, V,, pro- 
gressing in the negative z direction [analogously to Eqs. (10.35) and (10.36)], as 
shown in Fig. 12.2. The complex constants V;, and V9 equal, respectively, the inci- 
dent and reflected complex rms voltages in the line cross section defined by z = 0. 
They depend on the terminal networks connected at the ends of the line (Fig. 12.2), 
including the operating frequency of the wave — imposed by one or more (voltage 
and/or current) generators within the networks, as well as on the length and other 
characteristics of the line itself. As in Eq. (9.81) or (11.63), the expression for V; can 
be written as 


Vi(2) = Vig oY = Vig ee HP, (12.8) 


| and similarly for V,. The instantaneous incident voltage along the line is [in parallel 
to Eq. (9.84)], 


tic.) = Viov2 e” *% cos(wt — Bz + Gio), (12.9) 


where Vig and 6j9 are the rms value and initial phase, respectively, of this voltage for 
z=0 (Vio = Vio e!%°). The term e~®% represents an exponential spatial decrease of 
the wave amplitude, as given in Eq. (9.85) and illustrated in Fig. 9.11. While the unit 
| for B is rad/m, a is measured in Np/m [it can also be expressed in dB/m, for which the 
conversion in Eq. (9.89) is used]. From Eqs. (9.35) and (8.111), the phase velocity, 
Vp, and wavelength, A-, along the line for each of the traveling waves (incident and 
| reflected) are computed as 

_ oa 

B a 

Taking the derivative with respect to z of the solution for the total voltage of 
the line in Eq. (12.7), and substituting it in telegrapher’s first equation, i.e., the first 


(12.10) 
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Figure 12.2 Incident, reflected, 
and total voltages and currents 
on the transmission line in 


complex propagation 
coefficient of a transmission 
line 


solution for line voltage 


incident voltage 
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solution for line current 


complex characteristic 
impedance 


incident current 


voltage to current ratio for 
incident and reflected waves 


relationship in Eqs. (12.3) — yield the following solution for the total complex rms 
current of the line: 


, ime dV wes vgn | 
@) = —— = a ee 20 eyz\) 7. | 
jE) Rage d= ae e +( Zp e ) E@)+L(2)4 (2a 
| ST 
incident wave reflected wave 


where all three current intensities, namely, that of the incident wave (J/;), reflected 
wave (/,), and resultant wave (J = /,,,), are given with respect to the same reference 
direction (Fig. 12.2). The complex parameter Zp is the characteristic impedance of 
the line, defined by Eq. (11.34), which in Eq. (12.11) appears to be 


WA : 
Zo = 7 = (Zyl e?, (12.12) 


with @ designating the phase angle (argument) of the impedance. The complex 
incident current can be written as [also see Eq. (9.92)] 


V. V. ee 
|£;(z) = et = ee eae | (12.138 


Z. as IZo| 


—— aa 

In the time domain, 

V. 
iz, 0) = — V0 6-8" cos(or sap ere (12.14) 

IZol 

and analogous expressions hold for the reflected current. 

Note that, combining Eqs. (12.7) and (12.11), we have 

= 
SS Sa — ia 12.18 
NiOe RS = —- 


where the minus sign in the second voltage to current ratio comes from the same 
adopted reference orientations of voltage-current pairs and opposite propagation 
directions for the incident and reflected waves — in Fig. 12.2. In other words, when 
both waves are viewed in the same way relative to their propagation, namely, either 
receding from or approaching an observer, the mutual orientations of their voltage 
and current look the same for voltage-current pairs (V;,/;) and (V,, —/,) [rather 
than (V,, /,)].' That is why the ratio between V, and —/, (and not +/,) is the same 
(equal to Zp) as the ratio between V; and J;. We also see from Eqs. (12.7) and (12.11) 


that 
Vai (Zz) 
Lot &Z) 


i.e., the ratio of the total voltage and current along the line in general does not equal 
Z,y (or any other constant), but is a function of the coordinate z. 


an (12.16) 


Conceptual Questions (on Companion Website): 12.1-12.5. 


!From the point of view of the power transfer along a transmission line based on its voltages and currents 
(which will be discussed in a later section), note that the voltage-current orientations in Fig. 12.2 all give, 
in Eq. (11.44), the complex power flow in the forward (positive z) reference direction. Hence, the pair 
(V,,—1,) fand not (V,,/,)] must be used in Eq. (11.44) for the actual reflected power, since the actual 
power transfer by the reflected wave is in the opposite (backward) direction. 


| 
! 
| 
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12.2 CIRCUIT ANALYSIS OF LOSSLESS TRANSMISSION 
LINES 


| In many practical situations, losses in both conductors and dielectric of a transmis- 


sion line in an ac regime can be completely neglected, that is, the line conductors 


_ and dielectric can be treated as perfect. For such a lossless line, both the series resis- 
| tance R’ and leakage (shunt) conductance G’ per unit length of the line are zero, so 
} that both per-unit-length series impedance Z’ and shunt admittance Y’ of the line, 
- in Eqs. (12.4), are purely imaginary (reactive), 


(12.17) 


R,G=0 — Z=jol’ and Y'=joC. 


' With this, the expressions for secondary circuit parameters (Zo, &, B, Vp, and Az) 


of lossy transmission lines from the previous section become those obtained in 


- Sections 11.1-11.4 based on the field analysis of lossless transmission lines. 


In specific, the characteristic impedance of the line (Zp), Eq. (12.12), becomes 


L’ 
a= = (@ = 0), 


which is the same expression as in Eq. (11.42). In addition, the complex propaga- 
tion coefficient of the line (vy), Eq. (12.6), is now purely imaginary, yielding a zero 
attenuation coefficient (a) and the expression for the line phase coefficient (6) in 
Eqs. (11.43), 


| purely real, and given by 


(12.18) 


y =jovLl'C — a@a=0 and B=ovL'C.. 2.19) 


The corresponding lossless expressions for the phase velocity (vp) and wavelength 
(Az) along the line are those also given in Eqs. (11.43). 

Finally, for a lossless transmission line with a homogeneous dielectric, of per- 
mittivity e and permeability 4, the duality relationship between the per-unit-length 


| inductance (L’) and capacitance (C’) of the line in Eq. (11.41) leads to the simplified 


expressions, using ¢ and yu, for Zo, B, vp, and 4; in Eggs. (11.37), (11.40), (11.16), and 
(11.17). 


12.3 CIRCUIT ANALYSIS OF LOW-LOSS TRANSMISSION 
LINES 


As explained in Section 11.5, conductor and dielectric losses in transmission lines 
used in practical applications can be considered to be small, and sometimes even 
zero (previous section). For lines with small (but nonzero) losses, the primary cir- 


_ cuit parameters of the line, namely, the per-unit-length capacitance, inductance, 


resistance, and conductance of the line (C’, L’, R’, and G’), and the operating 


) angular frequency, w, of the time-harmonic wave on the line satisfy the following 
| condition: 


R’ <oL'’ and G Kal. (12.20) 
Based on this, i.e., assuming that, by design, transmission lines are fabricated from 


good conductors and good dielectrics [see Eqs. (11.61)], we are able to transform 
the general expressions for secondary circuit parameters of lossy transmission lines 


| from Section 12.1 (y, Zp, ...) into much simpler approximate ones, that are much 


lossless transmission line 


Zo — lossless line 


B — lossless line 


low-loss condition 
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easier to use. Of course, the lossless case, Eq. (12.17), is included in the low-loss 
condition. 

Using Eq. (12.20) and binomial expansion, the expression for the complex prop- 
agation coefficient of a transmission line in Eqs. (12.6) and (12.4) can be simplified, 
under the low-loss assumption, to an approximate form: 


y = JRF jal VG +$joC) = joVC malt 
= 7) 


= Ro Gare = Ra 
~~ Fi Le fi 1 — 4 ~] oy eek 
Jon ta : & a =) as [ : (sn _ ss) 


R [Cl GIL’. -~ 


similar to the procedure in Eq. (9.122). In particular, the use is made here of the 
facts that (1 + @)(1 +b) ~1+a+b (lallbl < lal, [b|) and (1 +a4+b)!? 14+ @+ 
b)/2 (from the binomial series identity) for ja] « 1 and |b| « 1. Eq. (9.83) then 
gives the following expressions for the attenuation and phase coefficients of low-loss 
transmission lines: 


BreoVLC. (12.22) 


Ge 
ee 


Ric G yi 
xu, B — line with small losses av —,—4+— 
‘ eV 
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The first term in the expression for a@ is the attenuation coefficient representing 
the losses in conductors (a@¢) of the line and the second term that for the losses 
in the line dielectric (aq), like in Eq. (11.75). On the other side, having in mind 
Egs. (12.22), (12.19), and (12.10), we note that the phase coefficient, as well as the 
phase velocity and wavelength, along low-loss lines are practically the same as those 
for the corresponding lossless lines (at the same frequency). 

In a similar fashion, starting with Eqs. (12.12) and (12.4), an approximate 
expression for the characteristic impedance of the line with small losses is derived, 
whose real part is given by 


gore = 
Z, — line with small losses Zo & rah (12.23) 


while the imaginary part can be neglected. This is analogous to the evaluation of the 
intrinsic impedance of good dielectrics, in Eq. (9.124). So, Zy is computed as in the 
lossless case, Eq. (12.18). 

Combined with Eq. (12.23), the attenuation coefficients for line conductors and 

dielectric in Eqs. (12.22) become 
4 R’ a G' 

Ac~ a Ad ~ ay 
where Yo is the characteristic admittance of the line, dcfined by Eq. (11.35). We see 
that these are exactly the expressions for a in Eq. (11.77) and ag in Eq. (11.79), 
obtained from the field analysis of transmission lines with small losses, in Sections 
11.5 and 11.6. 

However, if, for some reason, the condition in Eq. (12.20) is not met for a 
given lossy transmission line, at a given frequency of its operation, then the “full” 
cxpressions for secondary circuit parameters of the line from Section 12.1 are 
employed. 


(12.24) 
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ion REFLECTION COEFFICIENT FOR TRANSMISSION LINES 


| In this and the following section, we define and discuss the reflection coefficient and 
' standing wave patterns and compute power flow on a transmission line in Fig. 12.2. 
For this analysis, let the terminal network at the beginning of the line be a voltage 
- generator of complex rms electromotive force (open-circuit voltage) € and complex 
internal (series) impedance Z,, as shown in Fig. 12.3. In general, such a generator 
represents the Thévenin equivalent generator (circuit), with respect to the line input 
terminals, of an arbitrary input network in Fig. 12.2. In addition, let the other end of 
_the line be terminated in a load of complex impedance Z, , which, in general, is an 
equivalent (input) impedance of an arbitrary passive (with no generators) output 
network in Fig. 12.2. Finally, we adopt the origin of the z-axis to be, as in Fig. 12.2, 
at the output terminals of the line (i.e., at the load), so that, denoting the length of 
the line by /, the location of the line input terminals (generator) is defined by z = —/ 
(Fig. 12.3). 

Boundary conditions at the load terminals for the total (incident plus reflected) 
voltage and current waves, V(z) and J(z), of the line simply stipulate that this volt- 
| age and current, given by Eqs. (12.7) and (12.11), for z = 0 equal the load voltage, 
VY, and current, J; , respectively. In addition, V, and J; are related via the load 
impedance. We thus write 


VO=V,, 10=h, Y=Z hk. (12.25) 
which, combined with Eqs. (12.7) and (12.11), gives 


(12.26) boundary conditions 
at the load 


In what follows, we assume that Vj is a given (known) constant, and solve for V,, 
and V,;. However, we have in mind that for the complete solution for the volt- 
_age and current along the line, we also need to employ the boundary conditions 
at the generator terminals (z = —/) in Fig. 12.3, to express Vig, and then V,9 and 
V_, in terms of the emf € and impedance Z, of the generator (in addition to other 
parameters of the structure). This will be done in a later section. 

Egs. (12.26) with V,, and V; as unknowns have the identical form as 
\ Eqs. (10.40), and the same thus holds true for their respective solutions, so, 
| analogously to Eq. (10.42), the ratio of Vp and Vj, turns out to be 


(12.27) load voltage reflection 
coefficient 


Having in mind that this is the reflected to incident voltage ratio of the line at the 
load terminals (z = 0) in Fig. 12.3, namely, that Vj) = V;(0) and V,5) = V,(0), we 


Zs I _!@) I L 


Figure 12.3 Transmission line 
of Fig. 12.2 with a voltage 
generator (at z = —/) and 
complex impedance load (at 
z = 0) as terminal networks. 
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term it the load voltage reflection coefficient of the line. Note that the obtained 
expression for I’; in terms of Zy) and Z; assumes the same reference orientation of 
Vip and V, (Fig. 12.2). Note also that [, is defined for the line voltages, and not cur- 
rents, in the first place. Both these choices (conventions) are, of course, important 
for the use of this parameter and interpretation of its numerica) values. For instance, 
from Eqs. (12.11) and (12.27), the load reflection coefficient of the line for currents, 
defined as the ratio of the reflected and incident complex rms current intensities, 
instead of voltages, of the line at the load (for z = 0), 
1,0 V 

DP for currents = it aa a a= iy, (12.28) 
comes out to be just opposite to the voltage coefficient. As in Eq. (10.44), the 
complex ’, can be written in the exponential or polar form: 


Py =IEple” O< IDy| < 1; -180° < Wy < 180°), (12.29) 


1, in polar form 


where wy denotes its phase angle. The representation in decibels for its magnitude, 
(T'L)ap, is computed by Eq. (10.45). The negative of (TL)ap, 


return loss, in dB RL = —(L)ap = —20log|P,| (0dB < RL < 00), | (12.30) 


referred to as the return loss (RL) of the line (for its termination load impedance 
Z,), is also frequently used. 

If both Z, and Z, in Eq. (12.27) are purely real, that is, if the transmission line 
in Fig. 12.3 is lossless or with small losses, Eq. (12.18) or (12.23), and terminated in a 
purely resistive load (Z;, = Ry + j0), the coefficient [; becomes purely real as well, 


| Re 
lossless line and purely = = a (12.3% 
resistive load pSiyae +Z 


Moreover, if RL > Zo, Ty is positive, and this corresponds to the situation in 
Fig. 10.8(a). The load with RL < Zp gives a negative I, as in Fig. 10.8(b). Finally, 
ry = 0 for R, = Zo, in which case we say that the load is matched (impedance- 
matched) to the line. 

We can also define, and compute based on Eggs. (12.26), the load voltage 
transmission coefficient of the line, 


ae oy, 
load voltage transmission T= — a lore (12.32) 
coefficient a Vio Zo + Z, =. 


It determines the portion of the incident voltage (and the associated power) deliv- 
ered to the load, or to an arbitrary passive output network in Fig. 12.2, whose — 
equivalent impedance equals Z,. Most importantly, this network does not need 
to be a classical RLC electric circuit, composed of lumped elements. Rather, Z) — 
may, in general, be the complex impedance of an arbitrary three-dimensional elec- 
tromagnetic material object with a pair of terminals (and no impressed sources), in 
Fig. 8.15. For example, it may stand for the input impedance of another transmission 
line (terminated in another load) or an antenna radiating in free space. 

Assuming, for simplicity, that the line in Fig. 12.3 is lossless, so that a = 0, 
Eq. (12.19), and y = jf in Eq. (12.7), we now generalize the concept of the line 
voltage reflection coefficient at the load, Eq. (12.27), to that at an arbitrary position, 


defined by the coordinate z, along the line, 


jBz : : 
Viz) _ Vioe™ _ Dy ei? = |r, | leet), (12.33) 


r = = - 
Rj) V, (z) Vin ees 


| 
| 
| Representing then the generalized coefficient in terms of the magnitude and phase, 


PZ) =(P@|iYO (-l<z <0), (12.34) 


we have that 

IP(z)| =|Lp] =const, wz) = 262+ Wr. (12.35) 
| We see that the reflection coefficient does not change in magnitude along the line 
(if lossless), whereas its phase is a linear function of z (note that z is negative in 
Fig. 12.3), with the proportionality constant, multiplying z, equaling twice the phase 
coefficient of the line, 8. The generalized voltage transmission coefficient, for an 
_ arbitrary z, t(z), can be defined in a similar way. With the use of the coefficient I'(z), 
the total voltage and current along the line, Eqs. (12.7) and (12.11), can be written as 


| [Y@=Vi@U+L@l. 1@=L@0-Le}| (12.36) 
| 
J 


| Bsc vaiee [otal Line Voltage as a Sum of Traveling and Standing Waves 


Write both the complex and instantaneous total voltages along a lossless transmission line as 
asum of traveling and standing waves. 


Solution Being the superposition of two traveling waves with generally different amplitudes 
(and opposite propagation directions), the transmission-line voltage V(z) in Eq. (12.7) [or 

‘current J(z) in Eq. (12.11)] is not a pure standing wave. For a lossless line (in Fig. 12.3), V(z) 
can be written as in Eq. (10.49) for Ej (z) in Fig. 10.7, 


V(z) = 1 Vin eo? + 201 Vig sin Bz (12.37) 
cee ee cate, ee 
traveling wave standing wave 


{note that an analogous decomposition holds for /(z)]. In the time domain [see Eqs. (10.50) 
and (12.9)], 


¥(z, 1) = Izy |Viov2 cos(wt — Bz + é + G0) —2V2IP,|Vio sin Bz sin(wt + vr + 60), (12.38) 
where & is the phase angle of t;. We see that the resultant voltage wave along the line 


_ consists of a traveling wave, with amplitude | t|Viov2, and a standing wave, whose maximum 
amplitude (for sin Bz = +1) is 2V2|C, | Vio. 


Example 12.2 Voltage and Current Maxima and Minima, and SWR 


A time-harmonic wave of rms voltage V;9 propagates with phase coefficient 8 along a lossless 
transmission line of characteristic impedance Zp. The line is terminated in an impedance 
load whose reflection coefficient has magnitude |[,| and phase angle wy. (a) Find the 
maxima and minima of the line total voltage and current, respectively, and their locations. 
| (b) What is the standing wave ratio of the line? 


4 


Solution 


(a) From the analogy with Eq. (10.53), or from the analysis of the expression for V(z) in 
Egs. (12.36), with the help of Fig. 10.9(a), the voltage maxima on the line are 


0, ee. it Pye 


| es a My So 


| = (12.39) 
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voltage minima 


locations of current maxima 
and minima 


SWR of a line 


where m > | for wy. < Oto ensure that Zmax < 0, and A, = 27/f is the wavelength along 
the line, Eqs. (12.10). The minima are 


VL 
2p ° 


Be = 
\Vimin = Viol (1 a IPI) at Zmin = —(2m + 1) 7. aa in OV 2 eee 


and Zmin=O if wr = 180°, 


1.¢., they are shifted by 4,/4 with respect to the adjacent maxima [see Eq. (10.54)]. 
Because of the extra minus sign (180° phase difference) in the reflected-wave term in the 
expression for /(z) in Eq. (12.11) or Eqs. (12.36), when compared to the corresponding 
expressions for V(z), the current maxima occur at the locations of the voltage minima, 
and vice versa, 


\Vimin <<  |Llmax, Vimax << — |Llmin- (12.41) 

The maximum and minimum rms current intensities amount to 
Vio Vio : 
[ZImax = Zo (1+1ELI). (min = Z (1 - IE;1). (12.42) 


Of course, successive voltage or current maxima, as well as successive minima, are 
separated by A,/2. 

(b) The standing wave ratio (SWR) of a transmission line, for a given load impedance, 
is defined as the ratio of voltage or current maxima to minima on the line. Using 
Eqs. (12.39)-(12.42), we thus have 


Voltage and Current Standing Wave Patterns 


Consider the transmission line from the previous example and sketch normalized voltage — 
and current standing wave patterns, given by |V(z)|/Vio and |J(z)|Zo/Vio, for the line if | 
the load impedance is (a) Z) = 2Zp + jO, (b) Z = Zo/4+j0, (c) Z, = Zo(1 +j), and (d) | 
Z. = Zo(1 — j), respectively. 


Solution (a)-(d) Combining Eqs. (12.36) and (12.33), the line voltage can alternatively be 


written as : ; 
V(z) = Vig [ 7H + [Py elleet¥e) |. (12.44) | 


This way, it is very easy to identify the real and imaginary parts of V(z), which, in turn, give — 
the following expression for the rms voltage magnitude [Eq. (8.57)] along the (lossless) line 
(as a function of z): 


|V(z)| = Vioy [cos Bz + [P| cos(6z + wi) + [IPL sin(Bz + WL) —sinBz]?. (12.45) 


In a similar fashion, the magnitude of the line current is expressed as 
L 
: 


V; .e 
\(z)| = al [cos Bz — IE, |cos(Bz + W1)]* + [sin Bz + IE, |sin(fz+ wi). (12.46) 


These expressions for |V(z)| and |/(z)| are used, in conjunction with expressions in 
Egs. (12.27) and (12.29) for the load reflection coefficient (Lj) ), to plot the voltage and 
current standing wave patterns in Fig. 12.4 for the four given different load impedances, ~ 
Z,, = RL +jX.. We sce from the plots that a purely resistive load (X, = 0) with Ri > Zo. 
Fig. 12.4(a), makes the location of the first voltage maximum (current minimum) be exactly at 
the load terminals (z = 0). If, however, RL < Zo, Fig. 12.4(b), then the first voltage minimum 
(current maximum) falls right at the load location. For an inductive complex load (X__ > 0), — 
Fig. 12.4(c), the first voltage maximum on the line is closer to the load than the first minimum. 

On the other hand, the first voltage minimum comes first, looking from the load toward the 


{ 
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Viz) V Vio. 21Zo/Vio 


| Vi2VVio, WZ)IZo/Vio Vi2VVio 
|Viz/Vio 1.5 


Vi ‘ 


W@lZolVin = Zo/4+i0 


—1.5 —1 —0.5 0 
(b) 
Figure 12.4 Normalized 
lVizWVio, Z(z)|Zo/Vio voltage and current standing 
VOVVio. W@)Zo/Vio IVi2V/Vio wave patterns [|V(z)|/Vio and 


1(z)|Zo/ Vio 
7, 


[Z(z)|Zo/Vio, Eqs. (12.45) and 
(12.46), as functions of z/dz] 
for a lossless transmission line 
(Fig. 12.3) with (purely real) 
characteristic impedance 

Zo and load impedance of 
(a) Z, =2Zo +0, 

(b) Zy, = Zo/4 +50, 

(©) Z, = Zo(1 +), and 

(d) Z, = Zo(1 — j); for 
Example 12.3. 


| generator, for a capacitive complex load (X,, < 0), Fig. 12.4(d). Note that these conclusions 
can also be drawn from Eqs. (12.39) and (12.40), with the help of Eqs. (12.31) and (12.27). 
Namely, in cases (a) and (b) they are obvious [via Eqs. (12.39) and (12.40)] if we have in mind 
[from Eq. (12.31)] that RL > Zp and X,, = 0 give wy = 0 (positive T), whereas yz, = 180° 
| (negative TL) results from Ry < Zo and X,, = 0. For complex load impedances, we first write 
DT, [Eq. (12.27)] in the following form, in terms of R, XL, and Zo: 


— RL-ZotjiX_ — RE+X2 - Z§ + j2XiZo 
Ru + Zo +jX (Ry + Zo)? + XZ 

_ from which we realize that, as Zo is always positive, the sign of X;, determines the sign of the 

imaginary part of [;. Hence, X, > 0 results in wy > 0, while yy, < 0 for X, < 0, and this 


| [in Egs. (12.39) and (12.40)] makes the conclusions in cases (c) and (d) obvious as well. 
| This discussion shows how just a brief (qualitative) inspection of a measured voltage (or 


Er (Z_ = RL +jX1), (12.47) 


current) standing wave diagram of a transmission line can be used to determine the nature 
of an unknown load connected to the line (at a certain frequency), e.g., the existence (zero 
or nonzero) and polarity (inductive or capacitive) of the reactive component of the load 
impedance. For a quantitative determination of the unknown load, as will be shown in an 

example, based on Eqs. (12.43) and (12.39) or (12.40) and the measured SWR and locations 
, of voltage (or current) maxima (or minima) on the line we can easily find the complete com- 
, plex Z,, even if the operating frequency of the line is not known. The special cases with 
| Z, =0,|Z,,] > co, and Z, = Zo will be discussed in a separate section. 


| Seu pa ee Measurement of Load Impedance Using a Slotted Line _ 


q An instrument consisting of an air-filled section of a rigid coaxial line (cable) with a narrow 
}| longitudinal slot in the outer conductor through which a movable (sliding) electric probe 
: (short wire antenna) is inserted to sample the electric field and hence voltage between the 
| line conductors, at different locations along the line, is used to measure load impedances 
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generalized voltage reflection 
coefficient for a lossy line 


at high frequencies. By measurements on sueh a slotted line terminated in an unknown 
load, it is determined that the standing wave ratio of the line is s = 3, the distance between 
successive voltage minima A/ = 40 cm, and the distanee of the first voltage minimum from 
the load Jin = 12 cm. The characteristic impedance of the line is Zp = 50 92, and losses in 
the line conductors can be neglected. What is the complex impedance of the load? 


Solution From Eq. (12.43), the magnitude of the load reflection coefficient amounts to 
s-1 
Cae 
We see in Fig. 12.4 that adjacent minima (or maxima) on the line are A/ = (,/2 apart, which 
tells us that the wavelength along the line is 41, = 2A/ = 80 cm. With the use of the expression 
for the loeation of the first minimum (7 = 0) in Eq. (12.40) and relationship 8 = 27/1, the 
phase angle of Py; comes out to be 


(En = (0)5, (12.48) 


VL = —2B (nin = 4) = ee —-x=-042 =-72° (m=0; Zin == 
(12.49) 
The complex coefficient, Eq. (12.29), is then 
Py = Ile! =0.5e73" = 0.154 — j0.475, (12.50) 
and solving Eq. (12.27) for the load complex impedance we obtain 
Za “ae = (39.87 — j50.46) &. (12.51 


Note that Z,; is found even not knowing in advanee the operating frequency of the slot 
ted line. The frequency, in fact, can as well be identified from this measurement — as the line 
dielectric is air, Eqs. (11.17) and (9.19) give f = co/Az = 375 MHz. 


Example 12.5 Standing Wave Patterns for a Lossy Transmission Line 


Sketch voltage and eurrent standing wave patterns for a lossy transmission line with atten 
uation coefficient and phase angle of the complex characteristic impedance (Z,) given by 
(a) a = 0.3 Np/A,z and ¢ = 0 and (b) aw = 1.2 Np/A; and ¢ = 20°, respectively, and a purel 

resistive load with Ry = |Z,|/4. 


Solution (a)-(b) If the line in Fig. 12.3 is lossy, the gencralized voltage reflection coeffieien 
in Eq. (12.33) becomes (with jf replaced by y = @ + jf) 


l(z) =P e7rz — he | e202 cl2Bzt VL) (12.52 
ad L 


With this expression for [(z) and expressions for the ineident voltage V;(z) and current /;(z 
from Eqs. (12.8) and (12.13) now substituted in Eqs. (12.36), we are able to eompute th 
total rms voltage and current magnitudes, |V(z)| and |/(z)|, as functions of z, along loss 
transmission lines, terminated in arbitrary loads. Of course, we also need Eqs. (12.27) an 
(12.29), to find the magnitude and phase angle of the load reflection coeffieient, [,, fro 
Z,, and Z,. Fig. 12.5 shows the voltage and current standing wave patterns for the two given 
attenuation coefficients, a, corresponding to a relatively low-loss (practically meaningful) 
line and a line with large losses (which would seldom be used in practice), respectively, an 
the load with Z, = |Z»|/4 +40. We see that, as expected, the values of |Vimax, Vmin- |/lmax« 
and |/|min are no longer constant, but increase with distance from the load (or decrease wit 
distance from the generator, toward the load). Hence, for lossy lines, these (different) values, 
except the ones closest to the generator or load, represent local (and not global) maxim 
and minima (for a distance of 4,/2) of the functions |V(z)| and |/(z)|. However, while the 
patterns in the low-loss case. Fig. 12.5(a), are not much different from the eorresponding no- 
loss patterns in Fig. 12.4(b), the increase of local maximum and minimum voltage and current 
values with moving away from the load is quite significant for the high-loss line, Fig. 12.5(b). 
Moreover, the differences between adjacent maxima and minima for both |V| and |/| also 
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[YOVVio. Lz)Zol/Vio 


Figure 12.5 Normalized 
3 standing wave patterns 
sce [computed from Eqs. (12.36), 
'=0.3 Np/Az as 1.2 Np/hy | ** (12.52), (12.8), (12.13), 
2 — y 2 (12.27), and (12.29)] for a lossy 
\(z)Zol Vio transmission line with (a) 
x a =0.3 Np/dz and ¢ = 0 and 
z)Zol Vio an Jp, (0) @ = 1.2 Np/Az and ¢ = 20° 
Z “ (ois the phase angle of Z,), 
—2 -1.6 -1.2 -0.8 -0.4 0 —2 -1.6 -1.2 -0.8 -0.4 0 and a purely resistive load with 
(a) (b) Ry = |Zo|/4; for Example 12.5. 


IV(z/Vio. z)Zol/ Vio IVOVVio 


|Viz)/Vio 


become smaller and smaller as the coordinate z becomes more and more negative, which, 
again, is especially evident in the high-loss case. Far away from the load, these differences 
virtually vanish, and the SWR, Eq. (12.43), becomes nearly unity, as if the line were matched 
([, = 0) or infinitely long. This is very simple to explain based on the expression for ['(z) in 
Eq. (12.52), where |I°(z)| « e?%2, and at some point toward the generator — for a sufficiently 
_ large |z| (z is negative), |[(z)| © 0, ie., |V.(z)| © 0. In other words, this far away from the 
| load, the reflected wave is so strongly attenuated that the effects of the reflection occurring 
at the load are unnoticeable. Viewed from that point (z) to the right, the line appears like 
an infinitely long or matched one. Finally, note that for the line with large losses [case (b)], 
whose characteristic impedance cannot be assumed to be purely real, a nonzero phase angle 
¢ of Zy, Eq. (12.12), leads to a phase difference between the total voltage and current on the 
line. This results in, as opposed to Eq. (12.41), the locations of voltage maxima do not exactly 
coinciding with the locations of current minima, and vice versa, in Fig. 12.5(b). 


Problems: 12.1-12.5; Conceptual Questions (on Companion Website): 12.6-12.14; 
MATLAB Exercises (on Companion Website). 


12.5 POWER COMPUTATIONS OF TRANSMISSION LINES 


_ We now discuss power flow along a transmission line, in Fig. 12.3, based on its 
voltage and current. First, let us assume that the line is lossless. Its (purely real) char- 
acteristic impedance is Zo, its complex termination load impedance Z, = RL + jXL, 
and the corresponding load reflection coefficient I, Eq. (12.27). Let the complex 
rms voltage and current on the line, V(z) and J(z), be given by Eqs. (12.36), (12.33), 
(12.8), and (12.13). Using Eq. (11.44) and carrying out the same simple algebraic 
, manipulations as in Eq. (10.57), the net complex power flow in the positive z direc- 
tion (toward the load) through the cross section of the line defined by the coordinate 
| =! = z <0) is 


S(z) = Vizil(z))* = V;(z) {1+ L@))| ae a 


_ Wi@Ir ei (1 Tr ei?Pr) (1 Be aad 


fi-rmy 


re 
> a ' — (PL + 2iIP | sin@6z + v1) | (12.53) 


) where |V;(z)| = [Viol = Vio = const since |ei4z] = 1. The imaginary part of S 
.Tepresents the reactive power on the line characteristic for standing waves. It 


590 Chapter 12 Circuit Analysis of Transmission Lines 


net time-average power flaw 
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incident and reflected pawers, 
no losses 


time-average load pawer 


determines the rate of energy exchange in time and space between the electric 
and magnetic fields in the line dielectric, that is, between the line voltage and cur- 
rent, like in an electromagnetic resonator (e.g., a simple resonant LC circuit). On 
the other side, the real part of S equals the net time-average power transfer in the 
positive z direction by the resultant voltage and current waves along the line, 


ve 
P= Paye = Re{S} = Z (1 — IP). (12.54) 


This power can be written as 


P=P,-P,, (12.55) 


in terms of the time-average powers carried by the incident and reflected waves, P; 
and P,, respectively. Namely, from Eq. (11.44), 


Ve 
Pi = (Pi)ave = =. 


v2, yn ae 
Py = (Pave = 2 = 10,1? 8 = 10, 7. | ee 
Zo Zo 


Zo 


Note that all three time-average powers are nonnegative (P, P;, P; = 0), which con- 
firms that |) | cannot be greater than unity, Eq. (12.29). Note also that P; appears 
with a minus sign in Eq. (12.55) because the actual power flow by the reflected 
wave is in the backward (negative z) direction, opposite to the reference direction 
(positive z) of the power flow P (as well as P;) in this equation. In other words, 
given the same reference orientations of all voltages (V, V;, and V,) and currents 
U, J;, and J,) in Fig. 12.2, all resulting in the reference power flow in the forward 
direction, the reflected current /,, Eq. (12.11), must be introduced with a minus 
sign in Eq. (11.44) to obtain the proper expression for P;. Therefore, with the same 
minus sign as in Eq. (12.15), the reflected complex power (flowing in the backward 
direction in Fig. 12.2) is computed as 
* 2) 2 
$.= Yeol-L(or = Yee] = ESP ep, 12.57) 
0 0 
ana this is, of course, the same result as in Eq. (12.56). 
We see that the power P in Eq. (12.54) does not depend on z, i.e., P = const 
along the entire line, as expected — since the line is assumed to be lossless (no power 


is lost to heat in series and shunt resistors in Fig. 12.1). This power is, in its entirety, — 
delivered to the load, at z = 0, i.e., it is equal to the time-average power dissipated — 


in the load, PL, which, in turn, can be expressed as [see Eq. (8.210)] 


: 
P= PL =Re(Vi It) = Re(Z MAL? = ALLO, 02.58)) 


where V; and /, are the voltage and current of the load, Fig. 12.3, and R, is the load . 


resistance. Moreover, for a given incident power on the line (/;), the load power PL 


is maximum when R, = Zo and X,, = 0 (impedance-matched load), that is, when 


Pr, = Oand P, = 0 [Egs. (12.47) and (12.56)], and hence P = P; = P,_ in Eqs. (12iaam 
and (12.58). This means that all of the power Pj is delivered to the load, or to a 
nctwork or device (c.g., a transmitting antcnna) represented by the resistance R_,. In 
gencral, the power efficiency of the load impedance match can be expressed through 
the following ratio: 

P] 


I 
Moad match = P. =1- (Epi (0 < Moad match < 1), (12.599 
i 


with the efficiency coefficient noad match being maximum (unity) for a perfect match 
of the load impedance to the characteristic impedance of the line (Cy, = 0), and 


j 
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) Moad match = 0 resulting from a complete mismatch of impedances at z = 0 (\C;,| = 
1). However, note that the maximum power-handling capability of the system in 
Fig. 12.3 requires impedance matching of the generator to the line, at the line input 
" terminals (z = —J), as well. 


Seu PAeme POwer Transfer along a Lossy Line with a Matched Load 


| Find the net time-average power flow in the forward direction on a lossy transmission line 
with a time-harmonic wave traveling with attenuation and phase coefficients a and B, respec- 
tively, along the line. The rms voltage of the wave for z = 0 is Vig. Assume that there is no 
| reflected wave on the line, as well as that the line complex characteristic impedance is Zp . 


Solution For only a single traveling (forward) wave on a lossy line (Fig. 12.3), which means 
that the line is either terminated in a matched load, or infinitely long, or so lossy that the 
_ forward wave practically does not reach the load, and thus there is no reflected wave on the 
\ line, V(z) = V,(z) and J(z) = J;(z) in Eq. (12.53). Using Eqs. (12.8) and (12.13), we then have 


on WE he” y2 
S(z) = Vi (z)UG (2) 1" = Vig 0%? e182 10 0% eiBZ cid — 10 9-202 gid (12.60) 
Zy\ IZol 


j Hence, the time-average power along the line is [also see Eq. (9.96)] 


2 


Y: 
P(z) = Pi(z) = Re{S(z)} = —2 e~?% cos ¢, (12.61) _ time-average incident power 
|Zo| flow on a lossy line 


| which is the same dependence on the coordinate z, i.e., an exponential decrease of P with 
| z (due to uniform z-distributed losses along the line), as in Eq. (11.71). As expected, the 
| effective attenuation coefficient for the power is twice that, a, for the voltage and current, 
| as well as for the electric and magnetic fields, of the lossy line. Note that, assuming that the 
losses on the line are small, the characteristic impedance of the line can approximately be 
) taken to be purely real, Eq. (12.23), and the phase angle ¢ approximately zero (cos ¢ ¥ 1). 


| Example 12.7 [RG Flow ona Low-Loss Line with an Unmatched Load ttn 


Repeat the previous example but for a transmission line with small losses that is terminated 
in a load whose reflection coefficient with respect to the line is I, . 


Solution For a line that is both lossy and with an arbitrary (unmatched) load, both the 
incident and reflected waves are exponentially attenuated with distance, and the generalized 
voltage reflection coefficient, '(z), is given by Eq. (12.52). The complex power on the line in 
Eq. (12.53), with Z) Zp (low-loss assumption), now becomes 


IVi(z)/? Qa 2 2 2 
S(z) = a (1+Ive Z @i Be) (1 — Pe eZ eo pz) 


v2 
=~em [1 — | Pp ef + 2i[P, | 2% sin(2Bz + v1)]. (12.62) 
0 
Its real part is 2 
PQ) = = em (1 Siwy gn) = Pi(z) — Pr(z), (12.63) 
0 


and the incident- and reflected-wave power components, 


v2 
~2az 0 Pz) = ae ae e792 = |T(z)|7Pi(z). (12.64) incident and reflected powers 
= =) on a low-loss line 


| Note that botha #0 andI, #40 cause respective reductions in P(z), when compared to the 
| ideal case (with no Joule’s losses and no reflection at the load). Obviously, the expression for 
| P(z) in Eq. (12.63) resumes its no-loss form in Eq. (12.54) when a = 0, and reduces to its 


ee a a ra ee ee en re 
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perfect-match, low-loss equivalent in Eq. (12.61) with @ = 0 when [, = 0. Note also that far 
away from the load (theoretically, for z ~ ~—oo), P;(z) + 0 (see Fig. 12.5). 


Problems: 12.6; Conceptual Questions (on Companion Website): 12.15 and 12.16; 
MATLAB Exercises (on Companion Website). 


12.6 TRANSMISSION-LINE IMPEDANCE 


As pointed out on several occasions so far, the proportionality between the voltage 
and current ofa transmission line (Fig. 12.3) via its characteristic impedance, Zp, takes 
place only for a single traveling (forward or backward) wave, and not for a general 
solution for V(z) and /(z), on the line, Eq. (12.16). Combining Eqs. (12.36), (12.15), 
and (12.52), the total voltage to current ratio expressed in terms of Zp and either 
the generalized voltage reflection coefficient, [(z), or the load voltage reflection 
coefficient, [; , and the complex propagation coefficient, y, of the line amounts to 


24), aia 1th eX 


A) = S— = a 2 


with Fy given by Eq. (12.27). This ratio, denoted simply by Z(z), represents the 
so-called transmission-line impedance, seen at a line cross section defined by the: 
coordinate z looking toward the load. In other words, Z(z) equals the complex 
impedance of an equivalent load that can be used to completely replace the portion: 
of the line beyond this cross section, including the (original) load of impedance Z, , 
with respect to the rest of the line (and the generator), as illustrated in Fig. 12.6. By 
such equivalency, the voltage V(z’) and current /(z’) on the first portion of the line, 
for —/ < z’ < z, are identical in the original structure, Fig. 12.6(a), and the structure 
with the equivalent load of impedance Z(z), Fig. 12.6(b). From Eq. (12.65), 


_ 4) - 4 


Pea) 12.66 
Z(z) + Zo a 


T(z) 


Figure 12.6 Illustration of the 

definition of the transmission- Zs I(z’) 

line impedance, Z(z), as the Nee 
impedance seen at a line cross + 

section defined by the af 

coordinate z looking toward EN V(z’) Zz) 


the load (a), that is, impedance 

of an equivalent load replacing 

the portion of the structure for ————— 
z= (by: (b) 


' and this can also be obtained from Fig. 12.6(b), in the context of which ['(z) stands 
for the load voltage reflection coefficient, for the load impedance Z(z), and thus 
| Eq. (12.27) applies. Like any (load) impedance [Eq. (8.209)], Z(z) can be written as 


Z(z) = R(z) + jX(z), (12.67) 


where R(z) and X(z) are termed, respectively, the line resistance and reactance (at 
| a given coordinate z along the line). The line admittance (at any z) is 


| 1 1—L, e%? 
Z@ ~°14+r,e% 


Y@= = G(z) + jB(z), (12.68) 


with the representation in terms of the line conductance (G) and susceptance 
(B), and Y,) = 1/Z) being the (complex) characteristic admittance of the line [see 
| Bq. (1'1.35)]. 

In a limit of z =0, the line impedance at the load terminals in Fig. 12.6(a) 
becomes, using Egs. (12.65) and (12.51), 


Z(0) = 


r 
al — 7, (12.69) 
SIL, 


| 

| i.e., it turns out to be equal to the load impedance, Z, , as expected. In the other 

| limit, for z= —/, Z at the generator terminals represents the equivalent input 
impedance of the entire line in Fig. 12.6(a), replacing the combination of the line 
and load with respect to the generator, and we mark it as Z;,. From Eq. (12.65), it 
is computed as 


1 + Jey eu! 
1-[,eu! 
We note that this expression for the impedance Z;,, has the identical form as the 


| one given by Eqs. (10.156), and hence the alternative expression analogous to that 
in Eq. (10.159): 


Zin = Z(-lI) = Zo (12.70) 


Z, cosh y! + Zp sinh y/ 


Zz (1271) 


= lellegeZ, cosh yl+ Z, sinh yl 


Similarly to the structure in Fig. 10.25, this equation defines the impedance trans- 
_ formation property of transmission lines. Namely, a transmission line [Fig. 12.6(a)] 
of given parameters Zy, y, and / transforms the termination impedance Z, to 
the equivalent impedance Z,, at its input terminals. Here, Z, may be the input 
impedance of another passive network (Fig. 12.2), such as an arbitrary RLC elec- 
tric circuit, another transmission line, a transmitting antenna, etc. As we shall see 
- throughout the rest of this chapter, there are numerous applications of transmission 
i lines as impedance transformers. 

| If the line in Fig. 12.6(a) is (or can approximately be treated as) lossless, y is 
| 

| 


purely imaginary (y = jf), Eq. (12.19), and Zp purely real (Z) = Zo), Eq. (12.18), 
so that, in analogy with Eq. (10.160), the input impedance of the line becomes 


Zz Z,_ cos Bl +jZpo sin Bl 


= =  . ZG 
ea ° Z cos Bl + jZy sin pl ( ) 


| Since, from Eqs. (12.10), 


| 
. jj, (12.73) 
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line admittance (unit: S) 


input impedance — lossy line 


input impedance — lossless 
line 


electrical length of a line 
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no-loss impedance at an 
arbitrary z 


normalized impedance 
(dimensionless) 


normalized admittance 
(dimensionless) 


quarter wave transformer 


we realize that Z,, actually depends on the electrical length of the line, /., defined 
as the ratio of the physical length of the line, /, to the wavelength along the line, A;. 
Note that the line impedance in Eq. (12.65), for an arbitrary z along the line, can 
now be written as 


Z,, cos Bz — jZg sin Bz 
° Zy cos Bz — jZ, sin Bz 


Zz)=Z (12.74) 

In the analysis and design of transmission lines, it is often convenient to deal 
with all impedances using their normalized values, with the characteristic impe- 
dance of the line (Zo) serving as the normalization constant. From Eq. (12.67), the 
normalized transmission-line impedance, denoted by z,, is given by 


(12.759 


where we keep in mind that all the quantities except Zo are functions of the 
coordinate z. The real and imaginary parts of z,, equal to 
ab a (12.76) 
= 36 hams S45 5 
Z0 Zo 
are termed the normalized line resistance and reactance, respectively. Similarly, 
using Eq. (12.68), we introduce the normalized line admittance, 


iP 


wa ae. 
= b, 12.74 
Db Yo ae §+) ; ( ) 
with the normalized line conductance and susceptance given, respectively, by 
G B 
a. 12.78 
g= 7, Yo ( ) 


Of course, all lowercase (normalized) quantities in Eqs. (12.75) and (12.77) are 
dimensionless. In the case of a transmission line with substantial losses such that 
imaginary parts of complex Zp and Y,) cannot be neglected, Z and Y are normalized 
to |Z,| and |Yo|, respectively. 


| Example 12.8 | ‘pe:mm Quarter-Wave Transformer Matching 


At a frequency of f; = 1 GHz, the input impedance of an antenna is purely real and equal 
to Ra = 200 Q. This antenna needs to be impedance-matched to a transmission line having 
a characteristic impedance of Zp; = 50 2. To this end, (a) design a transmission-line section 
(find its characteristic impedance and Jength) such that it transforms Ra to Zo), namely, 
that the input impedance of the line section with the antenna as load equals Zo ;. (b) If 
the frequency is changed to f) = 1.4 GHz, determine the percentage of the incident power 
that is bounced back off the connection of the matching line in (a) and the feeding line (of 
characteristic impedance Z, ), assuming that the antenna impedance is unchanged. 


Solution 


(a) We realize that this impedance-matching (no reflection) requirement is completely anal- 
ogous to that in Eqs. (10.161), rewritten here, of course, in terms of the input impedance 
of the line section, Z;,, given by Eq. (12.72). Therefore, we need a line acting like a 
quarter-wave transformer, as in Eqs. (10.165), which become 


‘Zin =%o — Zy=VJVZuRL and f= a (12.79) 
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where Ry = Ra and A; denotes the wavelength of the transformer. For the given numer- 
ical data, the characteristic impedance of the transformer amounts to Zp = 1002. 
Its length, combining Eqs. (8.112) and (9.47) and assuming that the line dielectric is 
polyethylene (¢, = 2.25), for instance, comes out to be / = Ao/(4./ér) = co/(4./erfi) = 
5 cm [or any odd integer multiple of this — see Eqs. (10.164)], with cp and Ag standing 
for the free-space wave velocity and wavelength at the operating frequency (f,) of the 
structure. 


(b 


-— 


As discussed in Example 10.26, the principal drawback of quarter-wave transformer 
matching in general is its inherent resonant (single-frequency) operation (which can be 
made more broadband by cascading multiple quarter-wave sections). In particular, if the 
operating frequency of the transformer in (a) is changed to f) = 1.4 GHz, B/ (J = 5 cm) 
in Eqs. (10.164) is no longer 2/2, but 61 = 27f./er1/co = 2.2 (rad). With this, the input 
impedance of the line, Eq. (12.72), the associated generalized voltage reflection coeffi- 
cient, Eq. (12.66), and the percentage of the time-average incident power that is reflected 
from the transformer with the antenna as load, Eqs. (12.56), are computed as follows: 


7 = ; Ra cos bl+jZor sin Bl = 33 2 i355" Q eae Pw Zin — Zol 
=n * Zot cos B! + jRa sin Bl 2 Zin + Zor 
“47.79 P 
=0.404e7" +» —=IP,,|* = 16.31% (12.80) 


Pi 


(see the similar computation in Example 10.27). 


Sell paeme impedance Inverter 


Show that the normalized input impedance of a quarter-wave transformer (with no losses) is 
exactly the reciprocal of its normalized complex load impedance. 


Solution Substituting / = A;/4 or B/ = 2/2 in the impedance expression in Eq. (12.72), we 
obtain 
1 


Zi Z, 
— —> . 
Zo 2Z,/Zo = 


Zin = Zh 


= a (12.81) 
ai 


where z;, and z, are normalized (to Zo) values (z,,), according to Eq. (12.75), of the input 
and load impedances, Z;, and Z, , respectively, of the transformer. So, indeed, a quarter- 
wave long transmission line transforms the normalized termination complex impedance z, 
to its reciprocal (also normalized) at the line input terminals. This is why the quarter-wave 
transformer is also referred to as the impedance inverter. 

Note that Eqs. (12.81) can as well be derived from Eqs. (12.79) in the case of a purely 
resistive load. However, we also note that the quarter-wave matching requirements, in 
Egs. (12.79), are more stringent than the impedance inverting property. In other words, 
every / = A;/4 long section of a transmission line inverts normalized impedances, but does 
not necessarily provide impedance matching. 


Seal Pate Maximum and Minimum Resistances of a Lossless Line 


Consider the lossless transmission line and four different load impedances, Z,, from 
Example 12.3, and sketch the dependence of the real and imaginary parts of the transmission- 
line impedance, Z, on the coordinate z along the line. Also show that both the maximum 
and minimum value of the real part of Z(z) (line resistance) can be expressed in terms of the 
characteristic impedance and standing wave ratio of the line. 


Solution Fig. 12.7 shows the plots of the real and imaginary parts of the impedance Z(z), 
Egs. (12.74) and (12.67), corresponding to the standing wave patterns in Fig. 12.4. We see 
from the plots that at the locations of voltage maxima on the line, z = Zmax, which coincide 
with the locations of current minima, Z is purely resistive (X = 0) and R attains its maximum 
value, Rmax, whereas at the locations of voltage minima (current maxima), z = Zmin, Z is 


|Z.=2Z+j0) Z@/Zo 


X/Zo 9 
(a) 
Z=Z/4+j0| Z@V/Zo 


(b) 


(d) 


Figure 12.7 Plots of the real 
(R) and imaginary (X) parts 
of the impedance Z in 

Eq. (12.74), normalized 
according to Eq. (12.75), 
against z/A, for the lossless 
transmission line and four 
different load impedances 
(Z, ) in Fig. 12.4; for 
Example 12.10. 
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maximum resistance of a 
transmission line 


minimum resistance 


purely resistive and equal to Rpin. Combining Eqs. (12.36), (12.8), (12.33), (12.39), (12.9), 
(12.13), and (12.42), we then realize that 


V(zmax) 1 V5 (Zmax) [1 3- C(max)} = Vig e1B2max (1 ate IF.) = [Vmax e) Gio“ B2max) , 
(Zima) = = e JB Zmax (1 a Cy 1) = Wilmien e)(i0-BZmax) poss = i] : (12.82) 
0 


namely, that V(Zmax) and /(Zmax) are in phase. With this, and the help of Eqs. (12.65), (12.67), 
and (12.43), the maximum of the line resistance is given by 


Rmax = R(Zmax) = =5Zq [X(Zmax) = 0]. | (12.83) 


=] 


where s is the standing wave ratio of the line. In a similar fashion, its minimum is 


Rmin = R(Zmin) = ! [X (Zmin) = 0]. a 2.84) 


So, R(z) varies between Zg/s and sZg along the line (note that s > 1). On the other side, 
the line reactance X(z) changes its sign at Zz = Zmax and Zmin, i.e., the complex Z(z) alter- 
nates from an inductive impedance [X(z) > 0] to a capacitive one [X(z) < 0] or vice versa at 
intervals of 4,/4. For purely resistive loads (X_ = 0), Fig. 12.7(a) and Fig. 12.7(b), either the 
first voltage maximum or minimum is at the load terminals (z = 0), and we have that either 
Rmax = Ry (when Ry > Zo) or Rmin = R_ (when Ry < Zo). Hence, Ry equals either sZp or 
Zo/s, which, for instance, can be used to determine the resistance of an unknown (purely 
resistive) load based on the known Zp for the line and measured SWR. (The case Ry = Zo 
will be discussed in a later section.) For complex loads (X, # 0), Fig. 12.7(c) and Fig. 12.7(d), 
the locations of R = Rmax and R = Rmin (X = 0) are shifted with respect to the load position, 
with the resistance maximum being closer to the load than the minimum if X,_ > 0 (inductive 
load), and vice versa if X, < 0 (capacitive load). Note that each of the graphs in Fig. 12.7 
can as well be considered as representing the line input impedance Z;,,, Eq. (12.72), for dif- 
ferent lengths / of the line (/ = |z|) and a particular load impedance. As such, they show a 
wide range of possible impedance transformations from Z, to Z;, that can be obtained with 
different choices of the electrical length of the line, Eq. (12.73). 


Example 12.11 Quarter-Wave Transformer Circuit for a Complex Load 


Design a matching circuit using a quarter-wave transformer for the antenna from 
Example 12.8 if its input impedance equals Z, = (15 + j35) Q at the frequency fy. 


Solution Since the load (antenna) impedance now is not purely real, we first need to 
compensate (annul) its imaginary part, which can be done by moving along the feeding 
transmission line (of characteristic impedance Zo; = 50 2) away from the load (toward 
the generator) to a location where the transmission-line impedance, Z, is purely resistive 
(X = 0). In other words, we insert another line section between the load and a quarter-wave 
transformer, as shown in Fig. 12.8. In general, all possible locations at which X = 0 are those 
in Eqs. (12.83) and (12.84). However, to make the length /, of the compensating section the 
smallest possible, we recall from the discussion of voltage and current standing wave patterns 


Figure 12.8 Inserting a quarter-wave 

transformer (/ = A,/4) in the feeding ie Fe, re 
transmission line of an antenna with an an Zor (=5) b L 
inductive complex input impedance, at a Zin=R(Zmax)ti0 


location on the line where its impedance (Z) is j=1,/4 / 
purely resistive; for Example 12.11. | — 
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in Fig, 12.4 that in the case of an inductive complex load (X,, > 0), such as the one in Fig. 12.8 
(X, = 35 Q), the first voltage maximum (and not minimum) comes first, moving away from 
the load, and that is where we choose to connect the transformer. Using Eqs. (12.27) and 
(12.29), on the other side, the magnitude and phase angle of the reflection coefficient at the 
antenna terminals are {I} | = 0.67 and yx, = 106.7° = 1.86 rad, respectively, and the associ- 
ated SWR, Eq. (12.43), amounts tos = S. Eq. (12.39) with m = 0 then tells us that the location 
of the first maximum is given by 
WL 1.86, 
Zmax = 28 = ony es 
Hence, the length of the compensating line section is /, = 0.1484, ~ 3 cm, where we assume 
that the dielectric of this section is polyethylene as well, so the wavelength along it is the 
same as along the transformer (A, = A; = 20 cm). From Eq. (12.83), the input impedance of 
the section is 


= —0.148., (m=O). (12.85) 


Zin = R(Zmax) + JO = Zo, = 250 Q [X(Zmax) = 0]. 


Finally, to transform this purely resistive impedance to Za, (for the main feeding line), and 
fulfill the overall no-reflection condition (s = 1), the characteristic impedance of the quarter- 
wave transformer in Fig. 12.8 is computed as in Eqs. (12.79), and it turns out to be 


Xr 
Zot = ./ Aili Gnere) = 1122 (: = ai =5 em). 


Sel (papa impedance Plots for Lossy Lines 


Sketch the behavior of the real and imaginary parts of the transmission-line impedance 
along the line for the two cases of lossy transmission lines from Example 12.5. 


(12.86) 


(12.87) 


Solution Using Eqs. (12.65) and (12.75), this impedance behavior, namely, the dependence 
of the impedance Z(z) [or Z;,,(/)] on z (or /), is illustrated in Fig. 12.9. We see that the period- 
icity in repetitions of the same values in R and X with successive movements by ,/2 away 
from the load (observed for the lossless line in Fig. 12.7) does not take place any more, which 
is especially evident in the high-loss case. The values of Rmax and Rmin are not constant, 
but decrease with distance from the load, due to losses in the line. Far away from the load, 
Rmax © Rmin, and Z(z) © Zo, as if the line were infinitely long or terminated in a matched 
load [[;, = 0 in Eq. (12.65)]. Note that this phenomenon is explained in the discussion of 
patterns in Fig. 12.5. In addition, because of a nonzero (nonnegligible) phase angle ¢ of Zy 
for the high-loss line, the locations where R = Rmax and R = Rypin do not exactly coincide 
with the zeros of X in this case. 


Problems: 12.7-12.11; Conceptual Questions (on Companion Website): 
12.17-12.20; MATLAB Exercises (on Companion Website). 


12.7 COMPLETE SOLUTION FOR LINE VOLTAGE AND 
CURRENT 


With the concept of the input impedance of a transmission line (Z;,,) in hand, and 
the expressions in Egs. (12.70)-(12.72) for its computation, it is now a very simple 
matter to express the constant Vj in Eqs. (12.26) using the parameters of the voltage 
generator at the beginning of the line in Fig. 12.3, namely, its complex rms emf € 
and internal impedance Z,. Fig. 12.10 shows a version of the equivalent circuit in 
Fig. 12.6(b) — for z = —/, so with the entire line and the load in Fig. 12.6(a) replaced 
by Z;,,. In this circuit, by which we are essentially taking into account the boundary 
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(a=0.3 Np/a, 22//Zol 
RI\Zo] 
\ 


2-1. XT +03)! 
X/Zol 
(a) 

oS) 2 NPM, Z(2VZol 

X/|Zo| R/\Zo| 


—=—awe™ 


(b) 


Figure 12.9 Normalized 
impedance (resistance and 
reactance) plots [computed 
from Eqs. (12.65) and 
(12.75), with |Z| as the 
normalization constant] for 
two lossy transmission lines 
in Fig. 12.5; for 

Example 12.12. 


Zs ey 
<A pea pe IE 
+ | 
aia ra 
e ~ Ve | Zin 


Figure 12.10 Equivalent 
circuit of a transmission line 
in Fig. 12.6(a) as seen from 
the generator terminals. 
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solution for Vig in Eq. (12.8) 


conditions at the generator terminals (z = —/) in Fig. 12.3, Z,, and Z, form a voltage 
divider, that gives the following expression for the voltage V, of the generator: 


Z. 
V,= >" €. 12.88 
—P, Ze es = ( ) 


From Eggs. (12.36), (12.8), and (12.52), on the other side, this same voltage is 
V, = V(-l) = Vig eX! (1 +0, a) (12.89) 


and hence the solution for Vig, 


Drees 


Vv. = —————_—_.. (12.90) 
"1 @.+ 2G ea 


With it, and the solution for Vg [Vig = Ey Vin, Eq. (12.27)], we are then able to 
express the voltage V(z) and current /(z) along the line, Eqs. (12.7) and (12.11), in 
terms of the parameters of the line terminal networks and operating frequency (f) 
of the structure, in addition to the length (/) and other characteristics of the line 
itself. Examples in this section illustrate obtaining such complete solutions for line 
voltage and current. Of course, we can also use the expression for Vip in Eq. (12.90) 
to rewrite the solutions for all other associated quantities of interest, like the time- 
average power P(z) along the line, Eq. (12.63). 


| Example 12.13 | Complete Circuit Analysis of a Lossless Transmission Line 


A lossless transmission line of length / = 4.25 m and characteristic impedance Zp = 50 Q 
is driven by a time-harmonic voltage generator of frequency f = 75 MHz. The emf of the 
generator has rms value of € = 20 V and zero initial phase; its internal impedance is purely 
real and equal to Rg = 20 &. At the other end, the line is terminated in a load whose complex 
impedance is Z; = (100+ j50) &. The relative permittivity of the line dielectric is er = 4 
(u, = 1). Find (a) complex and instantaneous total voltages and currents along the line, and 
(b) time-average loss powers in the load and generator, respectively. 


Solution 


(a) Using Eqs. (11.17) and (9.47) to compute the phase coefficient of the line, we can write 
2 
j= = on} eB =x rad/m — tanf/=tan4.252 = tan— =1) (2.9% 
Vp Co 4 
so that the input impedance of the line, Eq. (12.72), amounts to 
Z,, + jZo tan Bl 
Zin = Zo > = aun 
Zo + jZ, tan Bl 
From Eq. (12.27), on the other side, the load reflection coefficient is [; = 0.4 + j0.2, 
and hence its magnitude and phase angle, Eq. (12.29), come out to be || = 0.447 and 
WL = 26.6°, respectively. Having in mind that € = € e® and Z, = Re + j0, the version of 
Eq. (12.90) for lossless lines then yields 
Zin€ eu 
(Zin + Rg) [1 + [Dl et 20+¥.)] 
With this, the expression in Eq. (12.44) for the total complex rms voltage of the line (in 
Fig. 12.3) becomes 


V(z) = Vig [ee +IELI VO sale 136 eae + 0.447 ¢lin2+266°)) Vv 


= (50 — j50) Q. (12.92) 


= 13 eH y. (12.93) 


Vin = 


(-l<z<0; zinm). (12.94) 
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Similarly, the complex current distribution along the line is given by 


V. ; ee pee , S 
12) = = [ ei = ir, | eS) = 260 e7i36 es — 0.447 elt 2+26.6 | mA. 
0 


(12,95) 
Finally, by means of Eq. (8.66), we convert these complex expressions to their time- 
domain (instantaneous) counterparts: 


v(z, t) = [18.37 cos(4.71 x 10°¢ — rz — 36°) + 8.21 cos(4.71 x 108t + rz — 9.4°)]V, 
i(z, t) = [367.6 cos(4.71 x 108t — rz — 36°) — 164.3 cos(4.71 x 10°¢ + wz — 9.4°)| mA 
(tins; zinm). (12.96) 


(b) Specifying, respectively, z = 0 and z = —/ = —4.25 m in Eq. (12.95), we obtain the com- 
plex current intensities of the load and generator: J; = J(0) = 164.4e-64 mA and 
I, = I(—l) = 233 e?>° mA. Invoking Eq. (12.58), the time-average power dissipated in 
the load and generator (its internal resistance) are 


PL= Ri =2.7W (RL=Re{Zy} =1002) and Pr, =RglI,|? = 1.08 W, 

IZ 97) 
respectively. Since the transmission line itself is lossless, the sum of the above two loss 
powers equals, by the conservation of power principle, the time-average power delivered 
by the emf of the generator to the rest of the circuit. This input power (Pinput) can, on 
the other hand, be evaluated in terms of the complex emf and generator current as in 
Eq. (8.207), so indeed we have 


Pinput =S Re{EI>} = Pr, + PL = 3.78 W. (12.98) 


Sena we Complete Solution for a Low-Loss Line 


Consider the transmission line and its excitation and load from the previous example, and 
assume that the line conductors have small losses described by the high-frequency resistance 
per unit length of the line equal to R’ = 1.2 Q/m, whereas the line dielectric is the same 
(lossless). Under these circumstances, compute (a) the complex resultant current intensity 
along the line and (b) the total time-average power of Joule’s losses in the conductors. 


Solution 


(a) Since the losses along the line can be considered to be small, the line phase coefficient 
is (approximately) the same as in the no-loss case, so that in Eqs. (12.91). The low-loss 
attenuation coefficient (a) of the line is found from Eqs. (11.75) and (12.24), where ag = 
0 (perfect dielectric), which results in the following complex propagation coefficient (y): 


i 
7, 


=0.012Np/m —> y=a+jf = (0.012 +j3.14)m™!. (12.99) 


With the use of Eq. (12.70), the input impedance of the line is now 


Lt IP, |en2! ei(-26/+0L) 
Z + | le 


(L, is the same as in the previous example), in place of Eq. (12.92). Similarly, Eq. (12.90) 
gives 
Zee ew! e7 JA! 


5) SS eT, al —j36.8° V, anne 
= (Zin + Rg) [1 + |E,! e2al el 26i+ 41) e ( ) 
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cascaded transmission lines 


Figure 12.11 Two cascaded 
lossless transmission lines of 
different characteristic 
impedances and different 
electrical lengths in a 
time-harmonic regime; for 
Example 12.15. 


and the expression for the total complex rms currcnt intensity along the line in — 


Eq. (12.95) becomes | 
V. me ae 

(z= Zo [ee e JF _ IP, | e% qos) = 249 e168 [ee e Itz | 

~0.447 e99122 eee | mA (-/<z<0; zinm). (12.102) | 


(b) The time-average loss power in the load is computed as in Eqs. (12.97), and, using 
Eq. (12.102), it amounts to PL = R,{/(0)|? = 2.5 W. The time-average power that the 
generator (including its internal resistance) delivers to the line (and load), Pg, is found 
as the time-average (real) power dissipated in the real part of the impedance Z,,, in the 
equivalent cireuit in Fig. 12.10. In Fig. 12.3, this power is split between Py and the power 
dissipated along the line, so we have 


Py = Re{Zi}L(—D/? =2.9W —> Pine tosses = Pg —PL=0.4W. (12.103) 


Note that Piine losses Can also be obtained directly, by integrating the per-unit-length loss 
power P..(z) = R’|1(z)|*, Eq. (11.66), along the line, that is, by adding up the time-average 
dissipated power in series resistors of resistances AR = R’Az in the circuit model of the 
line in Fig. 12.1. 


Sel PM ewe WO Cascaded Transmission Lines  _-—— an 


Shown in Fig. 12.11 are two cascaded lossless transmission lines thorough which a time- 
harmonie voltage generator drives a complex impedance load. For the parameters of the 
circuit given in the figure, find the time-average power delivered to the load. 


Solution By means of Eq. (9.67), the free-space wavelength at the operating frequency of 
the circuit is Ag = co/f = 1 m, and hence the wavelengths along the two cascaded transmis- 
sion lines 4,1 = Ag/./ér = 50 cm and 4,2 = Ag = 1 m, respectively. From Eqs. (12.10), the 
corresponding phase coefficients are 6; = 27/A,; = 4x rad/m and f2 = 27/),2 = 2m rad/m. 
Since tan fo/2 = tan 1.55m = tan0.552 = —6.31, Eq. (12.92) gives the following for the input 
impedance of the second line in Fig. 12.11: 


Zz + jZo2 tan By! 
Zo2 + jZy tan Bolo 
which, in turn, represents a load impedance for the first line. With tan f,/; = tan3.1z7 = 


tan 0.12 = 0.325, the input impedance of the first line, and thus of the serics connection of 
the two lines (plus, of course, the load Z;), amounts to 


Zin2 = 202 = (18.62 — 37.9) &, (12.104) 


— WZ...» (aot 
Z,, = ZS 79) 2 = ee aoe 12.105 
a a ul Zo + jZin2 tan Bl J ( ) 


Eq. (12.88) then tells us that the voltage of the generator in Fig. 12.11, including its internal 
resistance, is 


Ze ae 
Vo = —=) fai 12.106 
ae Zi + Rp i ( ) 

b=17.5 em 
Rg=S0Q  ,=77.5 em | 
e=s0 Vi « [ : ; 
N ZAyi=!2 02, £&,=4 Zo2=50 ON E,= 1 | Z,=(80+j60) Q ( 
f=300 MHz 
ae | 
Zin = Zink Zin2 


Section 12.8 Short-Circuited, Open-Circuited, and Matched Transmission Lines 601 


Like in Eq. (12.103), the time-average power delivered by the generator to the rest of 
the circuit (Pg) equals the real power dissipated in the impedance Z,;,, in the equivalent circuit 
as seen by the generator (Fig. 12.10). Because both transmission lines are lossless, this power 
equals the time-average power of the load in Fig. 12.11 (P,), which we seek, 


2 
= 9.6 W. (12.107) 


See Fransmission Lines Connected in Parallel 


Repeat the previous example but for the two transmission lines connected in parallel, as 
depicted in Fig. 12.12 (find the time-average power delivered to each of the loads). 


2 is, 
PL = Pg = ReiZilligl” = Re{Zin} |Z 
=i 


Solution The input impedance of the second line in Fig. 12.12, Z;,5, is the same as in the 
previous example, so given in Eq. (12.104); the input impedance of the first line is computed 
in a similar fashion, and it amounts to Z;,; = (132.45 + j52) Q. The equivalent impedance in 


Fig. 12.10 is now the parallel combination of the two input impedances, 


Lim Zine = 7.4 j5.6) Q, (12.108) 


Jin = 
=e OZ.) 45 


and the voltage of the generator, Eq. (12.106), amounts to V, = 13.51e7)!*" V. Finally, as 
this voltage is the same for the two parallel lines, we can apply the power computation from 
Eq. (12.107) to each of the lines to obtain the time-average powers delivered to the two loads 
in Fig. 12.12 as follows: 


@ 2 


V 
=1.19W, Py2=Pg2= Re{Zino} a 


Fin2 


Vs 
Z, 


inl 


Py =P oi = Re{Zin1} = 8.32 W. 


(12.109) 


Problems: 12.12-12.15; MATLAB Exercises (on Companion Website). 


12.8 SHORT-CIRCUITED, OPEN-CIRCUITED, AND MATCHED 
TRANSMISSION LINES 


_ This section discusses three important special cases of load terminations of a trans- 
mission line, in Fig. 12.3: a short-circuited, open-circuited, and matched line, with 
the load impedance given by Z, = 0,|Z,| — oo, and Z; = Zp, respectively. We first 


ly . Figure 12.12 Transmission 
Zi) 150) = lines from Fig. 12.11 connected 
in parallel; for Example 12.16. 


transmission lines in parallel 
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Figure 12.13 Three important special cases of the impedance load termination of a transmission line: (a) short circuit, (b) open 
circuit, and (c) impedance-matched load. 


short-circuited transmission 
line 


voltage, current — shorted line 


assume that the line is lossless. Let its phase coefficient be £, Eq. (12.19), and (purely 
real) characteristic impedance Zp, Eq. (12.18). The length of the line is /. 
If the line is terminated in a short circuit (sc), 1.e., if its output terminals (at 
= 0) are galvanically connected together (are at the same potential), as shown 
in Fig. 12.13(a), the load voltage, V,, is zero in Eqs. (12.25), and so is the load 
impedance. Therefore, the load voltage reflection coefficient (I), Eq. (12.27), 
equals (0 — Zo)/(0 + Zo) = —1, 


Zi =9 ee (12.110) 


Referring to Eq. (12.29), we then have that the magnitude and phase angle of Ty 
are |; | =1 and wy = 180°, respectively. In addition, the return loss of the line, 
Eq. (12.30), comes out to be RL = 0 dB, and the standing wave ratio, Eq. (12.43), 
s — oo. From Eq. (12.27), the reflected complex rms voltage at the load terminals 
is related to the incident one as Vig = —Vj9. Also, Eq. (12.32) tells us that the load 
voltage transmission coefficient of the line is t; = 0. With this, and having in mind 
Eqs. (12.37), (12.11), and (12.38), the total complex rms voltage and current on a 
short-circuited line are given by 


[ee | V, 
V,.(z) = —2jViosinBz, 1,.(z) = 2=2 cos Bz, 
“al JVio Me Zz 


and their instantaneous counterparts by 


(12.11 


Vse(Z, 1) = 2V2Vi9 sin Bzsinwl, — ige(Z, 1) = wie cos Bzcoswt. (12.112) 
Z0 
Here, a zero initial phase, 69 = 0, of the incident voltage in the z = 0 cross section 
of the line (reference plane) is assumed for simplicity (Vig = Vio). Of course, this 
can be done without any loss of generality, since a 6) 4 0 only takes into account a 
shift of the time reference (f = 0). 

The resultant voltage and current waves along the shorted line are pure stand- 
ing waves. The instantaneous Vc (Z, f) and isc(Z, 4), Eqs. (12.112), are in time-phase 
quadrature (90° out of phase with respect to each other) in every cross section 
of the line (for every z), which corresponds to the difference in “j” in the com- 
plex expressions — for V..(z) and J/,.(z), Eqs. (12.111). The linc cross sections in 
which vsc(z, f) is zero at all times are defincd by Eq. (10.10) with A substituted by 
2.2 (wavclength along the line), Eqs. (11.43), and these same locations are obtained 
from Eq. (12.40) with WL = 180°. The locations at which isc(z, f) is always zero are 
shiftcd by 4,/4 with respect to the voltage zcros. Note that the very same snap- 
shots at different times of normalizcd clectric and magnetic field intensities against 
z in Fig. 10.2 represcnt as well the snapshots of the normalized voltage and current 
Vse/(2V2Viig) and isc Z9 /(2V2Viq) in Fig. 12.13(a). In addition, Fig. 12.14(a) shows 
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Figure 12.14 Normalized voltage and current standing wave patterns, |V|/Vio and |Z|Zo/Vio against z/Az, for a lossless 
transmission line and three special cases of the impedance load termination in Fig. 12.13, computed from Eqs. (12.111), 


(12.114), and (12.116). 


the dependence of the magnitudes of V,.(z) and J,,(z) on z along the line (standing 
wave patterns). Compared with the patterns in Fig. 12.4(b), where the load is given 
by 0 < Ry < Zo (XL = O) and the first voltage minimum and current maximum are 
also at the load location, the principal difference is that the voltage and current 
minima are now zero, |V| min, |J|min = 0 [see Eqs. (12.40) and (12.42)]. The maxima 
amount to |V|max = 2Vi9 and |Z|max = 2Vio/Zo [Eqs. (12.39) and (12.42)], and these 
are the largest possible values for these quantities (for given Vig and Zo, and any 
load), as the largest possible value for |I'; | is unity, Eq. (12.29). 

On the other side, if the line is terminated in an open circuit (oc), that is, if 
the output terminals (z = 0) in Fig. 12.3 are left open, as in Fig. 12.13(b), then the 
load current, J, , is forced to be zero, and hence an infinite load impedance [see 
Egs. (12.25)]. This, in turn, gives [in Eq. (12.27)] a unity load voltage reflection coef- 
ficient of the line [it equals (Z, — 0)/(Z,;, — 0) = 1, since Zp can be treated as a zero 
value in comparison with the infinitely large |Z, |], 


Zul co => T= T. (12.113) 


Using the same equations as for the shorted line, we now obtain that, for the situ- 
Sxonm lio, 12.13(b), |P,.| =1,44, = 0, RL=0 dB, s > 00, Vg = Vin, and z, = 2. 
Thus, with the help of Eqs. (12.7) and (12.11), the complex voltage and current on 
an open-circuited line are 


Vio .. 
Voo(2) = 2Vin COs BZ, Ige(z) = —2)=F> sin Bz. (12.114) 


0 


These are also pure standing waves, as in Eqs. (12.111). Moreover, note that the 
expression for the current on the open line has the same form (the only difference 
is a constant multiplier 1/Z ) as the voltage expression for the shorted one, and vice 
versa, so that V,, = Zol,, andl, = V,,/Zo. The voltage and current standing wave 
patterns based on Eqs. (12.114) are shown in Fig. 12.14(b), where it is obvious that 
they can be obtained by shifting the patterns in Fig. 12.14(a), for the short-circuited 
line, by 4,/4 along the z-axis. 

As the last special case, if the line is terminated in a load whose impedance 
is equal to the line characteristic impedance (Zo), Fig. 12.13(c), the load voltage 
reflection coefficient is zero, 


= 7a | Ty = 0. (12.115) 


open-circuited transmission 
line 


voltage, current — open line 


matched transmission line 
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voltage, current — matched 
load 


input impedance — shorted 
line 


We say that the load is matched (by its impedance) to the line - a matched load 
(ml), and also refer to the line itself as a matched line. Obviously, for lossless and 
low-loss lines, whose characteristic impedance is, or can be considered as, purely 
real, Eqs. (12.18) and (12.23), the matched load must be purely real as well. In 
Fig. 12.13(c), RL — oo ands = 1. Since Vp) =0, i.e., there is no reflected wave on 
the line, the total voltage and current on the line equal the incident ones, Eqs. (12.8) 
and (12.13), 


Vau(2) = Vigo, Lyy(z) = 42 oe, 
0 


(12.116) 


So, there is only one traveling wave (in the forward direction) in Fig. 12.13(c). 
Given that |V.)(z)| = ZolZq1(z)| = Vio = const, the standing wave patterns degen- 
erate into a constant (normalized patterns amount to unity) — along the entire line, 
as shown in Fig. 12.14(c). Overall, a matched line appears as if it were infinitely long, 
i.e., the load impedance in Fig. 12.13(c) may be considered as an equivalent of an 
infinite extension of the line to the right (for 0 < z < 00). 

The voltages and currents in Fig. 12.14(a) and Fig. 12.14(b), being pure standing 
waves, do not carry any net real power (in any direction) along the line. This is 
also obvious from Eq. (12.54), where the resultant time-average power is P =0 
for || = 1, so for both shorted and open lines. On the other side, as discussed 
in Section 12.5, the transfer of real (time-average) power (P) along the line and 
its delivery to the load is maximized for a matched load, in which case the power 
efficiency coefficient njoad match In Eq. (12.59) is unity. For shorted or open lines, 
Moad match = 9. 

Using Egs. (12.72) and (12.110), the input impedance of a short-circuited line, 
Fig. 12.13(a), is 


Z (12.1ge 


= Zinlz, =0 = jZo tan Bl. 


This impedance is purely imaginary (reactive), Z,. = jXsc (Rsc = 0). Fig. 12.15(a) 
shows the plot of the line reactance, 


Xsc(zZ) = —Zotanpz (C= 20) (12.118) 


as a function of the z-coordinate in Fig. 12.13(a) [/ substituted by —z in Eq. (12.117)]. 
We conclude that any input reactance Xs_ (—00 < Xs¢ < 00) can be realized by sim- 
ply varying the length / of a short-circuited line, for a given operating frequency 
(f) of the structure (given 4,). If 0 </ < 4,/4, the input impedance is inductive 
(Xs¢ > 0); in the next interval of 1,/4 (A,/4 <1 <A,/2), it is capacitive (Xs < 0), 
and so on. Note that Xs_ can be varied by varying 4, (or f) for a fixed / as well; in 
general, a desired Xs- can be obtained by adjusting both f and /, 1.e., by adopting 
a proper elcctrical length of the line, Eq. (12.73). Owing to these features, short- 
circuited transmission line segments (called stubs), connected usually in parallel 
(shunt stubs) to the existing circuit or device, are extensively used as tuning and 
compensating elements in impedance-matching applications at higher (microwave) 
frequencies. 

We notc that for / = 42/4, Xs: — boo, where the sign, plus or minus, depends 
on the sidc from which this vertical asymptote, at z = —A,/4, in Fig. 12.15(a) is 
approached (for line lengths slightly shorter than 4,/4, Xsc is very large and pos- 
itive, while bcing very large and negative for Icngths slightly longer than 4,/4). This 
means that a quarter-wave (quartcr-wavclength long) short-circuited line appears 
at its input terminals (z = —/) as an open circuit. We may say that a quarter-wave 
linc transforms a short to an open, which, of course, is in agreement with the 
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Xs0/Zq Xoc/Zo 


(b) 


Figure 12.15 Line impedance plots, Eqs. (12.118), (12.120), and (12.122), corresponding to standing wave patterns in 
Fig. 12.14 [normalization using Eqs. (12.76)]. 


impedance inverting property of such line sections, in Eqs. (12.81). In general, this 
is true for a line with length / = (2m + 1)d,/4 (m =0,1,2,...). Similarly, a half- 
wave (/ = i,/2) line in Fig. 12.13(a) behaves, looking from the cross section at 
z = —l, as a short circuit (Z,. = 0). Again, this can be any of the lengths given by 
1=mh,/2 (m =1,2,...). Short-circuited quarter- and half-wave transmission lines 
(as well as their extensions by any integer multiple of 1,/2) are commonly used as 
electromagnetic resonators, which will be discussed in the next two sections. 

In a similar fashion, the input impedance of an open-circuited line, 
Fig. 12.13(b), is 


V4. = 1h = —jZ cot Bl (12.119) input impedance — open line 


(Zoc = jXoc), and the line reactance, whose plot against z along the line is presented 
in Fig. 12.15(b), 
Xoc(Z) = ZocotBz (-l<z<0). (12.120) 


As for the corresponding standing wave patterns in Fig. 12.14, we see that the Xo 
diagram can be obtained from that in Fig. 12.15(a), for Xc, by a simple translation 
by A,/4 along the z-axis. Shunt open-circuited stubs, providing a desired (capacitive 
or inductive) reactance Xo. by adjusting the electrical length of the line segment 
[Eq. (12.73)], are as well routinely utilized for impedance matching. Open stubs are 
preferred over shorted ones when realized as sections of microstrip or strip lines 
(studied in Section 11.10), due to a more difficult fabrication of shorted sections 
in this case. If ] = A,/4, Xoc = 0 (line appears as a short circuit at z = —/); for] = 
hz/2, Xoc > 00 (open circuit). Such sections (of lengths A,/4,,/2,...), like their 
short-circuited counterparts, find application as transmission-line resonators. 

Finally, from either Eq. (12.70) or (12.72), the input impedance of a matched 
line, Fig. 12.13(c), is 


(12.121) — input impedance — matched 
load 


We see that it does not depend on the length of the line. Equivalently, the line 
impedance in Eq. (12.74) is constant along the entire line, 


ZG@)=Zpo=comst (—1 <z <0), Gi2122) 


and this is illustrated in Fig. 12.15(c). 
For lossy lines, all the characteristic effects attributed to losses in voltage and 
current standing wave patterns and impedance plots in Fig. 12.5 and 12.9, given 
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Figure 12.16 Normalized 
resistance and reactance 
plots for two lossy 
transmission lines from 

Fig. 12.5 and a short-circuit 
termination [Eqs. (12.123) 
and (12.75)). 


for a purely resistive load with Ry = |Z,|/4, are present also for such lines when 
terminated in a short or open circuit, Fig. 12.13(a) and Fig. 12.13(b). On the other 
hand, when the termination is a matched load, Fig. 12.13(c), the voltage and current 
magnitudes along the line are, from Eqs. (12.8) and (12.13), |V,(z)| = |V;(z)| = 
Vioe°* # const and |J,,)(z)| = (Vio/|Zo|) e- ** # const, where a@ is the attenuation 
coefficient of the line [Eq. (12.6)]. Hence, the wave patterns in Fig. 12.14(c) are no 
longer uniform along the line, but exponentially decaying functions of the coordi- 
nate z. However, as Z(z) = Zp = const [from Eq. (12.65) or (12.71)], the associated 
line impedance (resistance and reactance) diagrams are uniform. For low-loss lines, 
the imaginary part of Zp), and hence the line reactance, are approximately zero. 
When the termination is a short or open, Eq. (12.71) gives 

Zz 


Zo, =Zotanhy!l, Zo. = Zocoth yl, (12.1238 
with y standing for the complex propagation coefficient of the line.” As an illustra- 
tion, Fig. 12.16 shows the impedance diagrams for the two lossy lines in Fig. 12.5 
and a short-circuit termination. The input impedance of a quarter-wave (or nearly 
so long) line (as well as of lines with / © 3, /4, etc.) is not infinite as in Fig. 12.15(a) 
any more, but is a large finite value. Similarly, the input impedance of a (nearly) 
half-wave line is not zero, but a small nonzero value. This can also be explained 
based on the circuit model of the lossy line in Fig. 12.1, where the shunt resistors 
of conductances AG and series resistors of resistances AR make infinite and zero 
input impedances from Fig. 12.15 finite (large) and nonzero (small), respectively, in 


Fig. 12.16. The larger the losses [case (b)] the more pronounced this effect. 


Seu memeae Measuring the Line Characteristic Impedance — 


Show that it is possible to obtain the (unknown) eharaeteristie impedanee of any lossless 
transmission line by measuring the input impedanee of a section of the line when it is 
short-eireuited, and when it is open-cireuited. 


Solution We note that, although both Z,. and Z,,. undergo quite vigorous variations along a 
transmission line, Fig. 12.15(a) and Fig. 12.15(b), their produet comes out to be independent 
of / (or z) in Fig. 12.13. Namely, combining Eqs. (12.117), (12.119), and (12.121), we have 


+ 2 ae (12.124) 


So, the line characteristic impedanee equals the geometrie mean of the input impedanee 
of the line when shorted and when open, respeetively, and by measuring the latter two 
impedances, we can indeed determine the unknown Zp. 


Se CPA Fransmission Line as a Lumped Capacitor or Inductor 


Consider a lossless coaxial eable of charaeteristie impedance Zp) = 50 Q, for which the phase 
velocity of propagating waves equals vp = 2 x 108 m/s. (a) Find the smallest possible length 
of an open-circuited section of this cable such that it is equivalent to a lumped eapacitor of 
capacitance Cog = 10 pF at a frequency of fj; = 500 MHz. (b) What lumped element is the 
section in (a) equivalent to if the frequeney is changed to f2 = 1 GHz? 


5 2 2 
ZZ. = Zi = 20 


Ssc=—oc 


2Note that “lanh” and “coth™ sland, respeclively, for lhe hyperbolic tangent and colangent funclions, 
which are defined via the hyperbolic sine and cosine, Eqs. (10.158), as tanh = sinh x/ cosh x and colh x = 
cosh x/ sinh x. 
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Solution 


(a) The operating angular frequency being a, = 27f; = 3.14 x 10° rad/s, the associated 
phase coefficient of the line, using Eq. (12.10), amounts to 6j = w;/vp = 15.7 rad/m. 
Equating the expression for the input impedance of an open-circuited transmission line 
in Eq. (12.119) to the impedance Z- of the equivalent lumped capacitor, we obtain the 
required length (/) of the line section: 


: j 1 
== = ee l= — t Zo) = 6.4 cm, 
Ds jZp cot Bil = Zc TE — Bi arctan (w CeqZo) = 6.4 cm 
(2125) 


and this is the shortest possible section. 

(b) As now @ = 6.28 x 10° rad/s and Bo = 31.4 rad/m, Z,, is changed as well. In particular, 
it turns out to be purely inductive, so the line becomes equivalent to a lumped inductor, 
whose inductance, Leg, is computed as follows: 


Z 


Z, 
Zoo = —jZo cot Bal = j23.31 Q=Z, =jorzbeg —> Leq= Zoca) _ 3.74 nH. 
@: 


(12.126) 


Sell eae Admittance-Matching by a Shunt Short-Circuited Stub 


For a lossless transmission line, the magnitude and phase angle of the load reflection coef- 
ficient are |’; | = 0.38 and wy = 138°, respectively, and the wavelength along the line is 
hz = 60 mm. At a distance of / = 20.8 mm from the load, the real part of the complex line 
admittance appears to be equal to the characteristic admittance of the line, Yo = 10 mS. 
Design an admittance-matching shunt short-circuited stub that is to be connected at this 
location. 


Solution From Eqs. (12.68), (12.29), and (12.10), the line admittance at the given location 
amounts to 


1—{I,] el(—2B/+ YL) 
1+ (Py, | i 2A) 


so, indeed, its real part is exactly Yo. The imaginary part, B = 8.2 mS, needs to be compen- 
sated (canceled) by a short-circuited transmission line segment (stub) connected in parallel 
— as shown in Fig. 12.17. In other words, the sum of the input admittances of the two parallel 
lines at their junction (looking toward their loads) has to match Yo (or Yo + jO). Adopting 
that the stub be cut of the same transmission line (the same Yo = 1/Zp and £) as the main sec- 
tion and using the expression for the input impedance of a short-circuited line in Eq. (12.117), 
we thus write 


mC) = Yo = (10-478.2) mS = Yo 4B, 251.27) 


1 . : Yo Yo 1 
YiYN+—=Y — Y,91+jB —j; ———=Yyr — tanBlyy= — = -, 
aa Ze 0 or) J tan Bleu 0 Blstup B B 

@iZ2n23) 


where b = B/Yo = 0.82 is the normalized line susceptance, Eqs. (12.78). Hence the required 
(minimal) length of the stub 


1 1 Xr 
liu = Z arctan "i = 0.884 = 0.1414, = 8.4 mm. (1271/29) 


Sell mvaaiee Impedance-Matching Using a Series Stub 


Repeat the previous example but for an impedance-matching series short-circuited stub that 
is to be connected at a location / = 17 mm away from the load. 


Solution This situation is depicted in Fig. 12.18. The line impedance at the new given loca- 
tion is obtained from Eq. (12.70), and, in an analogy with Eqs. (12.127)-(12.129), the stub 
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Figure 12.17 Matching by 
a shunt short-circuited stub 
connected at a location on 
a transmission line where 
the real part of the complex 
line admittance equals 

Yo = 1/Zp; for 

Example 12.19. 
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Figure 12.18 Matching by 
a series short-circuited stub, 
at a distance from the load 
where the real part of the 
transmission-line impedance 
equals Zo; for 

Example 12.20. 
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transmission-line resonance 


length is determined as follows: 
Z(—/) = (100 — j82.06) 2= Zo +jX — Z(-)4+Z,.=Zo —  tanBloup 


xX i 
=—-—S—=-x —>  (gyp = — arctan(—x) = 0.1094, = 6.56 mm, (12.130) 
Zo 20 


with x = X/Zo9 = —0.821 being the normalized line reactance, Eqs. (12.76). 


Problems: 12.16-12.20: Conceptual Questions (on Companion Website): 
12.21-12.26, MATLAB Exercises (on Companion Website). 


12.9 TRANSMISSION-LINE RESONATORS 


As mentioned in the previous section, short- or open-circuited transmission lines 
of certain characteristic electrical lengths behave like electromagnetic resonators, 
and as such find application in engineering practice. Examples include their use as 
elements of microwave circuits (e.g., filters and tuned amplifiers), devices for mea- 
suring the frequency or wavelength (frequency-meters or wavemeters), and compo- 
nents in impedance-matching networks in antenna systems. Overall, transmission- 
line resonators are typically used at frequencies between about 300 MHz and 
3 GHz. Below that range, lumped resonant RLC circuits suffice; above it, waveg- 
ulde resonators are a preferable choice. So, in continuation of studies of shorted and 
open transmission lines from the previous section, we take here, and in the next sec- 
tion, a closer look at transmission-line resonators, and define and discuss a number 
of their parameters and properties with theoretical and practical importance. 

Considering the short-circuited transmission line in Fig. 12.13(a), let us first 
assume that there are no losses along the line, i.e., that both the conductors and 
dielectric of the line are perfect. As already discussed in the previous section, at 
locations defined by z = —mA,/2(m = 1,2,...), with A, being the wavelength along 
the line, Eqs. (11.43), the total instantaneous voltage of the line, v(z, t) = Vsc(Z, 0), 
given in Eqs. (12.112), is zero at all times. Consequently, we can short-circuit (gal- 
vanically connect together) the line conductors in any of these cross sections, and 
nothing will change in the entire structure; simply, the newly added short circuit 
forces the condition v = 0 to be always satisfied. This can also be explained from 
the impedancc point of view. Namely, we know that, looking from the above speci- 
fied locations in Fig. 12.13(a) to the right, the line behaves as a short circuit, because 
its input impedance (Z;, = Z,.), Eq. (12.117), is zero there, and actually creating a 
short in these transversal planes will not affect the voltage and current on the line. 
We can now remove the part of the transmission linc on the left-hand side of the 
new short circuit, to obtain a self-contained structure (shorted at both cnds), with a 
standing wave trapped betwecn the two short circuits (multiple of half-wavclengths 
apart). With the no-loss assumption, this wave, once generated, exists in the struc- 
turc (theorctically) indefinitcly. In analogy to Eqs. (10.10) and (10.12), the resonant 
frequency of the transmission-line resonator, fres, is given by 


. Az Yp 
snfl=QO — l=m=— — f=fes=m— (m=1,2,...), 
ee 2 —~ 2l 


(12.131) 
wherc / is the Icngth of the resonator, and vp the phasc velocity along the line, 
Eqs. (11.43). Note that m (arbitrary positive integer) cquals the numbcr of half- 
wavclengths along the z-axis in Fig. 12.13(a) that fit into /. Each valuc of m 


| determines a possible resonant voltage/current distribution along the line, at a dif- 
. ferent frequency fres (there are an infinite number of resonant frequencies). Most 
often, we use a half-wave (/ = A,/2) resonator, shown in Fig. 12.19. Its resonant 
_ frequency and the associated phase coefficient of the line are 


a L'C’ 


where C’ and L’ are the capacitance and inductance per unit length of the line. 

The principal property of an electromagnetic resonator is its capability to store 
the energy. The total stored energy periodically oscillates between the electric and 
magnetic energies in the structure, as they cyclically assume maximum and zero 
values. In what follows, we compute the total instantaneous electromagnetic energy, 
| Wem(0), of the transmission-line resonator in Fig. 12.19. The instantaneous electric 
energy of every short section of the transmission line, with length Az, equals the 
energy stored in the associated capacitor of capacitance AC in the circuit model of 
the line in Fig. 12.1, which, using Eq. (2.192), is given by 


1 I 
Tes a == a ————s Bres = "i (12.1 32) 


AW-(Z,t) = ; ACY G0) - C'Azv*(z,t), (12.133) 


| with the expression for the voltage v(z, f) being that in Eqs. (12.112). Hence, the 
| electric energy per unit length of the line is [see also Eq. (2.208)] 
AW(z,t) _1 
WEG) = eet, ~ C'y*(z, t) = 4C'V2 sin’ Bzsin’ wt, (12.134) 
Vio being the rms value of fe incident voltage on the line. Similarly, given 
the instantaneous current distribution along the line, i(z, f), in Eqs. (12.112), the 
per-unit-length instantaneous magnetic energy of the line [see Eq. (7.88)] is 
/ 1 12 Vio 2 2 v 
| (zt) — 5 ied (eb) = 4 7 cos” Bz cos” wt = 4C V4 cos” Bz cos” ot, 


0 
(12.135) 


where the use is made of the relation between L’ and C’ via the characteristic 
impedance of the line, Zo, in Eq. (12.18). With @ = yes = 27 fres (resonant angu- 
lar frequency of the resonator) and the resonant value for 6 in Eqs. (12.132), the 
' total energy in the resonator in Fig. 12.19 is now obtained performing essentially 
| the same integrations as in Eq. (10.22), and the result is 


| Wem = Wem(t) = i Wz(z, t) dz +f We az) dz 2EVEL (12.136) 
\ z=—l z=—l 

| As expected, it comes out to be constant in time (Wem =const). Note that it is 
: customary to express the energy in terms of the magnitude (rms value) of the total 
voltage, Eqs. (12.111) and (12.112), at the center of the resonator in Fig. 12.19, Ve, 


i 1e., for z= —1/2 = —A,/4, 
| 


1 
| Wa,== 5 CVel, where V, = 2Vio. Ci2.137) 


| In the example, we shall ve this same result by computing Wem at instants of 
| time when it is all electric, Wem = (We)max (Wm = 9), and also as the maximum 
| magnetic energy of the resonator, Wem = (Wm) max (We = 0). 

In order to excite the electromagnetic field in the resonator in Fig. 12.19, we can, 


| for instance, use an electric probe (short wire antenna), like the one in Fig. 10.5, 
| 


Section 12.9 Transmission-Line Resonators 609 


half-wave resonator, m = 1 


Figure 12.19 Half-wave 
transmission-line resonator, 
short-circuited at both ends; 
once the structure is 
charged with voltage and 
current, the generator at its 
center can be removed, and 
a standing electromagnetic 
wave oscillates trapped 
between the two short 
circuits. 


stored energy ina 
transmission-line resonator 
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positioned at the electric field (and voltage) maximum of the structure, so in the 
middle of the line (at z = —//2), and directed in parallel to the electric field lines. 
This probe can be modeled by an ideal voltage generator, of the rms emf equal 
to Vc, Eqs. (12.137), inserted between the line conductors at the same location, as 
indicated in Fig. 12.19. Moreover, the same probe can be used to extract (receive) 
the energy (signal) from the resonator, and deliver it to an external device or 
system. 

Finally, note that similar resonators consisting of open-circuited transmission 
lines are also possible (as mentioned in the previous section, open ends are prefer- 
able to shorted ones for microstrip or strip lines), as well as lines with a short circuit 
at one end and open at the other. Namely, both a short and open circuit as line termi- 
nations lead to the voltage reflection coefficients with a unity magnitude, |,| = 1, 
Eqs. (12.110) and (12.113), so we have a total reflection of the incoming waves at 
both ends of the line, resulting in everlasting standing waves, in all cases. 


Example 12.21 Maximum Electric and Magnetic Energies ofaResonator 


Obtain the expression for the electromagnetic energy stored in a transmission-line resonator 
(Fig. 12.19) by computing the maximum electric (a) and magnetic (b) energies of the 
structure, respectively. 


Solution 


(a) At instants t= T7/4+kT/2, T being the time period of the time-harmonic wave in 
Eq. (8.49) and k any integer, we have that sinwf = +1 and coswt = 0, which means 
that the voltage and per-unit-length electric energy of a transmission-line resonator, 
in Eqs. (12.112) and (12.134), respectively, both attain their maximum values for any 
z (-/ < z <0). At the same times, the current intensity and magnetic energy per unit 
length of the resonator, Eqs. (12.112) and (12.135), are zero at every location. Therefore, 
the stored electromagnetic energy of the resonator (Wem) is all electric, and we can 
compute it as 


0 0 


t e 1 / / . 
Wem = (We)max = / (Wi )max(z) dz = i = Cv? (z) dz = 4C'V}, if sin? (= z) dz 
z=~l -12 = ! 
—————— 
/2 
=2C VAI (Wm =0), (12.138) 


where the use is also made of the expression for B = Pres in Eqs. (12.132). Of course, this 
is the same result as in Eq. (12.136). 

Similarly, Wem can be evaluated at instants ¢ = kT/2 (sinwt = 0, cos wt = +1), when it is 
all magnetic (both i and W/, are maximum for every z along the resonator, and W. = 0). 
Having in mind Eq. (12.135), this integration gives 


(b 


— 


0 0 qt 
Wem = (Wn)max = (Win )max(2) dz= 4c-Vi, [ cos? (+ z) dz= 2C'Viil. (1 yz | 39) 


12.10 QUALITY FACTOR OF RESONATORS WITH SMALL 
LOSSES 


In an ideal (lossless) transmission-line resonator, that is once charged with voltage 
and current, and the accompanying ficlds (e.g., using the generator in Fig. 12.19), 
and then left to itself (the gcncrator is turned off or removed), its electromagnctic 
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energy, Wem(), stored in distributed capacitors and inductors in Fig. 12.1, stays 
' constant forever (to t > oo). In a real resonator, however, Wem(t) decays with 
| time, due to Joule’s (ohmic) losses in the structure. If these losses are small, which 
is always the case in practical applications, we can assume that the line voltage 
and current and the resonator energy are given by their no-loss expressions, e.g., 
| Eqs. (12.112) and (12.136) for the resonator in Fig. 12.19, and just decrease exponen- 
tially with time, as the capacitors and inductors (slowly) discharge through resistors 

in Fig. 12.1. Denoting by t the time constant, also known as the relaxation time, of 


the resonator, this exponential decay for v and i can be written as 


} 


| v(z,t)=v(z,0)e"/",  i(z,t) =i(z,0)e"/7 (0 <t < 00). (12.140) 


_ The reciprocal of t is termed the damping factor of the resonator, and marked by 
| 6,. From Eggs. (12.134) and (12.135), the effective damping factor for Wem is twice 
that for the voltage and current, 


il 

(Sa ey) e 5! = where 6,=-. (12.141) — damping of a resonator 
c 

| 

| 


By the conservation of power principle, the time-average Joule’s power Py lost 
| (to heat) in the resistors in Fig. 12.1 is equal to the negative of the time rate of 
change of the stored energy Wem (the loss power Py is positive and the change of 
energy dWem over an elemental time dt is negative). Taking the derivative of Wem 
with respect to ¢ from Eq. (12.141), we get 


_ dWem(0) 
dt 


and hence the following expression for the time constant of the resonator: 


Py) = = 25,Wem(0) e725" = 25, Wem (t), (12.142) 


(12.143) time constant of a resonator 


The larger the ratio Wem/Py; the slower the damping (discharge) of the resonator 
and, simply, the better the resonator, in terms of its ability to store and keep the 

energy. Accordingly, this ratio determines the so-called quality factor (or Q factor) 
of the resonator.* More precisely, we define the Q factor as 27 times the ratio of 
Wem and the energy lost in one cycle of time-harmonic variation of the voltage and 
current on the line, Wiost/cycle; 


Q=2n Wem (12.144) 
Whost/cycle 


Symbolizing the cycle duration (time period), Eq. (8.49), at resonance by Tye, and 
having in mind Eq. (8.53), this lost energy can be expressed as 


1 2a 


fi res _ Wres 


Whost/cycle =PjTres, Where Tres = (12.145) 


3In general, the quality factor of electromagnetic resonators, including those with lumped elements, also 
| defines the bandwidth (BW) of the resonator around the resonant frequency, and is thus a measure of the 
_ sharpness of the resonance and frequency selectivity of the device. BW is inversely proportional to the 
{ Q factor, and the higher the Q of a resonant structure (circuit) the narrower its bandwidth and sharper 
the resonance. This means, in turn, that a high-Q structure (device) is more frequency selective, that is, 
more tuned to a single (resonant) frequency, than a similar structure with a lower Q. 
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quality factor of a resonator 
(dimensionless) 


O factor via the time 
constant and period 


Q factor for line conductors 


and finally 


(12.146) 


Note that Q — oo for an ideal resonator (Pj = 0). Using Eqs. (12.143) and (12.146), 
the damping factor of the resonator is now 


Wres 
oy = : : 

‘= 36 (12.147) 
which yields, with the help of Eqs. (12.145), an explicit proportionality relation 
between Q and Tt: 

0S (12.148) 
=i, - 
Tres 


Specifying t = QTyes in Eq. (12.141), 
Wem(t = QOTres) = Wem(0) enet = 0.00187Wem(0), (12.149) 


so we see that after Q time periods at the resonant frequency, the stored energy 
of the resonator is damped to less than 0.2% of its initial value (at t = 0), which is 
another physical interpretation of the quality factor. The energy is further reduced 
by the same factor (i.e., multiplied by 0.00187) at every following QO7;es long interval 
of time. Overall, the Q factor of a resonator is a quantitative measure of its ability 
to keep (store) the energy during the course of time in spite of losses. 

With the resonant angular frequency of the resonator in Fig. 12.19 being 
given by ares = 27 fres and Eq. (12.132), and the energy in the resonator, Wem, by 
Eq. (12.136), we yet need the expression for the time-average power of Joule’s losses 
in the structure, Py, to be able to find its quality factor using Eq. (12.146). Under the 
low-loss assumption, we compute Py, and thus Q, based on the current and voltage 
distributions for the lossless case (perturbation method). Let us consider first the 
conductor losses. From Eq. (11.66), the time-average dissipated power in the line 
conductors in Fig. 12.19, or, equivalently, in series resistors of resistances AR in the 
circuit model of the line in Fig. 12.1, per unit length of the structure is obtained as 
Pe) = R'1(z){*, with [(z) in Egs. (12.111) and R’ designating the high-frequency 
resistance per unit length of the line. Hence, neglecting the losses in the short cir- 
cuits at both ends of the line, the total time-average conductor loss power in the 
resonator is 


0 0 4R’v2 ro x R'vV2] 
Po= P'(z)dz = RMP dz = 8 f cos*(— z) dz = ——=— 
; i= (2) i; (2)! Ft le a7 


(12.150) 
where the integral in z is already computed in Eq. (12.136) or (12.139), and V¢ is the 
rms voltage at the center of the resonator, Eqs. (12.137). Combining Eqs. (12.146), 
(12.136), and (12.150), the quality factor Q_. associated with the losses in the 
resonator conductors alone (as if there were no losses in the dielectric) is 


"Wn  Onmmm 
2 = Ores = Ores = Ores z (12.151) 
c 


Note that Q, can be written as Og = wes AL/AR, and viewed as the Q factor of 
a series resonant RLC circuit whose resistance, inductance, and capacitance are 
AR = R' Az, AL = L'Az, and AC = C’ Az, respectively. This can as well be identi- 
fied in Fig. 12.1, where each circuit cell in the transmission-line model with the shunt 
resistor of conductance AG removed (AG = 0) represents such a resonant circuit. 


' tric of the resonator in Fig. 12.19 (i.e., in the shunt resistors of conductances AG in 
Fig. 12.1) is 


t 
Similarly, based on Eq. (11.68), the total time-average loss power in the dielec- 


0 0 0 G'V2] 
| nel Pye)de = | GV) az = 46'V4 | sin? (72) de = =, 
ee) = —l 
| (12.152) 


with G’ being the leakage conductance per unit length of the line. Combined with 
Egs. (12.146) and (12.136), this gives the following expression for the quality factor 
Qa for the resonator dielectric: 


| 
J 

: Qu = oes = ores (12.153) 
_ Again, this Q factor can be recognized as that of a parallel resonant RLC or GLC 
circuit with parameters AG = G’Az, AL, and AC, which is in agreement with the 
model in Fig. 12.1 with AR =0. For transmission-line resonators with a homo- 
geneous (lossy) dielectric, of permittivity « and conductivity og, using the duality 
| relationship between G’ and C’ in Eq. (3.171), Qg can alternatively be expressed as 
| € Ii 


Qu = Wres — 


= ——_., 12.154 
O” tan dg ( ) 


where tan dy is the loss tangent of the dielectric, in Eq. (9.125) or (9.130). 

Once Q, and Qg are known, the overall Q factor of the resonator is obtained 
from the sum of conductor and dielectric losses making up the total loss power in 
the structure, 


1 1 i iE 1 
Py = Pot Pa= dresWem ( ) mame 


| So: Gimeno, (12.155) 


so that 


c= naan (12.156) 


} 


| This is a general expression for the quality factor of any structure that has both 
| imperfectly conducting and lossy dielectric parts. In particular, substituting the 
| results from Eqs. (12.151) and (12.153), we have, for the resonator in Fig. 12.19, 

me 
| C= RC+GL 
Having in mind Eqs. (12.22), Q, and Qg can alternatively be evaluated in 


terms of Pres, Eqs. (12.132), and the respective attenuation coefficients, for the line 
conductors and dielectric, a, and aq, 


as Ores L! = 1 @resv L'C’ e Bres 


(12.157) 


=e eee eee ; 12.158 
| Ge = Ri 2RJC/L'/2 2a : 
: On =. WresC’ = 1 @resv L/C’ - Bres (12.159) 


Go 2G /UjC/2 maa 
Adding up the partial attenuation coefficients, according to Eq. (11.75), the total a 
for the line is 


———— 


| 
| 
i 


t 


eee, = (= 4 5) ete (12.160) 
es” 03) 20 
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QO factor for line dielectric 


Qa using dielectric 
parameters 


total O factor in terms of O, 
and Og 
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Q factor via attenuation and 
phase coefficients 


which results in yet another useful simple expression to compute the Q factor of 
transmission-line resonators: 


C— Pres. (12.161) 
2a 
Of course, this can as well be derived directly from Eq. (12.157). Q factors of prac- 
tical transmission-line resonators can be very high, up to several thousand, which is 
by more than an order of magnitude higher than what can be achieved (up to about 
100) with lumped resonant circuits (e.g., a series or parallel resonant RLC circuit). 
Although the presented theory of transmission-line resonators applies to a line 
of an arbitrary cross section, in Fig. 11.3, the quality factor in Eq. (12.146) may not 
adequately represent the behavior of open structures that significantly radiate (like 
antennas) into the external space. For instance, a resonator made out of a section of 
a two-wire transmission line with air (or any other) dielectric, Fig. 2.22, may exhibit 
nonnegligible radiation losses at high frequencies, because it is entirely open in 
transversal planes. On the other side, a half-wave coaxial cable, Fig. 2.17, completely 
closed (using metallic plates) at both ends is immune to radiation, since its dielec- 
tric, in which the electromagnetic field resides, is shielded by the outer conductor. 
Such closed metallic structures, of different shapes (not necessarily transmission- 
line segments), are called cavity resonators. A notable example is a rectangular 
cavity resonator, to be studied in the next chapter, which is a metallic box made 
of a resonant section of a rectangular waveguide in Fig. 10.15. 


Se eweee Quality Factor of a Coaxial-Cable Resonator 


Find the @Q factor, as well as its portions associated with conductor and dielectric losses, of a 
resonator made by short-circuiting both ends of a half-wavelength long section of the coaxial 
cable described in Example 11.3 (neglect the losses in the short circuits). 


Solution Combining Eqs. (11.17) and (9.47), the length of the cable resonator comes 
out to be 1 =d;/2 = vp/(2f) = co/(2./erf) = 10 cm, where f = fres = 1 GHz is the reso- 
nant frequency of the structure, so that the associated phase coefficicnt of the cable, from 
Eqs. (12.132), equals Brey = 17/! = 31.4 rad/m. With this, and the result for the attenuation 
coefficient for the cable conductors and the given loss tangent of the cable dielectric from 
Example 11.3, Eqs. (12.160), (12.161), and (12.154) yield the following for the respective 
partial Q factors of the resonator: 


Bres 1 
= — = 931.7 d = —— = 10,000. 12.162 
Qc a. 93 an Qg tanéq ( ) 
By means of Eq. (12.156), the total quality factor amounts to Q = 852.3, which, of coursc, 
can also be obtained directly from Eq. (12.161), as well as from Eq. (12.157) using the values 


of primary circuit parameters (C’, L’, R’, and G’) of the cable. 


Problems: 12.21 and 12.22; Conceptual Questions (on Companion Website): 
12.27-12.29; MATLAB Exercises (on Companion Website). 


12.11 THE SMITH CHART - CONSTRUCTION AND BASIC 
PROPERTIES 


As the last topic in the circuit theory of two-conductor transmission lines in a 
time-harmonic regime, in this and the following section we present an alternative, 
graphical, technique for the circuit analysis and design of transmission lines in the 
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frequency domain. The technique is based on the so-called Smith* chart. It enables 
' approximate determination, based on graphical manipulations on the chart, of the 
| reflection coefficients, line impedances, voltages, currents, and other quantities of 

interest for a given transmission-line problem — without actually performing any 
complex algebra. Of course, it is possible (and advisable) to combine computa- 
tions in the complex domain using concepts and equations developed in previous 
sections of this chapter with visualizations and graphical evaluations on the Smith 
chart. In addition, electronic forms of the chart are often used as a presentation 
medium for displays of antenna and microwave laboratory test equipment, as well 
as output interfaces of computational electromagnetic software. While the graphi- 
cal analysis of lossy transmission lines employing the Smith chart is also possible, 
we confine our discussions to the lossless case. In fact, this graphical tool is seldom 
used for transmission-line calculations where the losses are not negligible. This sec- 
_ tion develops understanding of the construction and basic properties of the Smith 
chart; its use to solve transmission-line problems is presented in the next section, 


with a number of application examples. 

The Smith chart is, essentially, a polar plot of the generalized voltage reflec- 
tion coefficient, ['(z), given by Eq. (12.33), along a transmission line (in Fig. 12.3). 
Equivalently, representing I’ via its real and imaginary parts, 


P=", +i, (12.163) 


the chart lies in the complex plane of I’, 1.e., the [,;—-I'j plane, as shown in Fig. 12.20. 

The magnitude of I is constant along the line (with no losses), which corresponds 

to a circle of radius ||, centered at the coordinate origin in the I’,-I plane.*> The 

position of a particular point I on the circle is determined by the angle y = 26z + 

wi, Eq. (12.35), where £ is the phase coefficient of the line, Eq. (12.19), and yy is 

the phase angle of the load (for z = 0) voltage reflection coefficient, Eq. (12.29). 
| Employing the standing wave ratio, s, of the line, Eq. (12.43), we have 


| where / is the length of the line, and hence the constant-|I| circle in Fig. 12.20 

is also referred to as the s circle (or SWR circle). Of course, the values of both 

| || and s are set by the given (complex) impedance of the load (Z, = Ry +jXL) 
and (purely real) characteristic impedance of the line (Zo), Eq. (12.18). Since 
0 < || < 1, Eq. (12.29), the Smith chart is bounded by the circle defined by |I'| = 1, 
called the unit circle. 

As there is an one-to-one correspondence between I(z) and the transmission- 
line impedance, Z(z), at the same location (defined by the coordinate z) on the line, 

| Eqs. (12.65) and (12.66), the Smith chart provides graphical representation of Z as 

: 

4Philip H. Smith (1905-1987), an American electrical engineer, graduated from Tufts College in 1928. 

| While working at Bell Laboratories, Smith devised in 1939 a chart for graphical calculations on 


(12.164) 


| 

| 

>For a lossy transmission line, Eq. (12.52) gives |['(z)| « e?#%, and as the coordinate z becomes more and 

| more negative going away from the load in Fig. 12.3, |[| becomes smaller and smaller, i.e., the point 

| in the P,-Tj plane in Fig. 12.20 becomes closer and closer to the coordinate origin. In other words, the 
circle of radius |I"| becomes a spiral in the lossy case. However, if the losses per unit length of the line are 
small, then the deviation of the spiral (for any z on the line) from the circle for the load position (z = 0) 

| is small, and in many applications, especially if the line is not too long, can be neglected. 


| transmission lines — the famous Smith chart. 


{ 


real and imaginary parts of 
the reflection coefficient 


constant-|| ors circle 
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normalized load impedance 


mapping between complex 
and z, 


equation of an r circle 


Figure 12.20 Graphical 
representation in the complex 
plane of the generalized 
voltage reflection coefficient 
F(z), Eq. (12.33 )enl2063); 
along a lossless transmission 
line (Fig. 12.3), as a basis for 
construction of the Smith chart. 


s circle 
(|C|=const) 


well. However, impedances are displayed on the chart using their normalized (to 
Zo) values, z,,, according to Eq. (12.75). For instance, the normalized impedance of 
the load in Fig. 12.3, z, , is given by 


Saget (12.165) 


Zo RL+iX1 
Z £2 


where ry and x, are the normalized load resistance and reactance, respectively. At 
any location along the line, we have, from Eqs. (12.75), (12.65), and (12.66), 


(12.166) 


These simple relationships, defining in the complex plane a mapping of I to z,, and 
vice versa, are the underpinning of the utility of the Smith chart. 

With the use of the representation of [ in Eq. (12.163), the first relationship 
in Eqs. (12.166) can be written in the following form [note the similarity with 
Eq. (12.47)]: 


- PEP, eS ea ae 
eae = a soe ee r j Td4hi 


ede Se 12.167) 
a Niessen NE G=T)7 Sr : : 


Equating r to the real part of the last expression in this equation, we obtain 


(12.168) 


’ 


r l-r 
+i 


a= 
i a ere 1 ey 


which is further rearranged to read 


if i 2 i 
(Gores: ) +5 -07 = (; ) : (12.169) 
[Se al a 


We realize that this is the equation of a circle in the ',-Ij plane, whose center and 
radius are 
1 


i 


rcircle: ‘center at (pe) — (=. 0): radius = (12.170) 
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(1,2) 


| 
| 
| 
| 


equations of r (normalized-resistance) circles (a) and M 2 ca 
x (normalized-reactance) arcs (b), Eqs. (12.169) and : a eal 
(12.172), constituting the Smith chart for transmission-line (1,-2) 
analysis (x arcs are portions of the corresponding circles 

within the bounds of the unit circle in Fig. 12.20). (b) 


Moreover, this is a parametric equation corresponding to a given r (as a parameter), 
and hence the name of the resulting family of circles (for the values of the parameter 
rin the range of 0 < r < oo) in the complex plane — r circles (normalized-resistance 
circles). Fig. 12.21(a) shows several characteristic r circles. We see that the circle 
centers are all on the positive ’,-axis (0 <I, < 1, Tj = 0), and they move toward 
the center of the chart, (I, Pj) = (0, 0), as r decreases. The smaller the r the larger 
_ the circle, with the largest one being that for r = 0 — it coincides with the unit circle 
(j| = 1) in Fig. 12.20. For r — oo, on the other side, the circle degenerates into a 
| point, defined by (I, Ij) = (1, 0). Note that the r circle passing through the chart 
| center corresponds to r= 1 (R = Zo); it is centered at the point (0.5, 0), and has a 
| radius of 0.5. 
Similarly, equating the imaginary parts in Eq. (12.167) leads to 


Figure 12.21 Graphical representation of parametric 
{ 


: 
| 1 
| Gt) ATG = 2 =. (12.171) 


| which can be written as the parametric equation describing a circle, an x circle 


1 


| (normalized-reactance circle), for a given value of x, in the plane ’,-Ij, 


| Its center and radius are 


(12.172) equation of an x circle 


1 1 
| x circle: center at (I,,T;) = (1, :) ; radius = er Gi2.173) 


I 
: 
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reflection coefficient 
magnitude on the Smith chart 


Several typical representatives of the family of x circles are shown in Fig. 12.21(b). 
The circle centers now lie on the vertical line defined by [; = 1, and they move 
away from the [y-axis as |x| decreases. For x > 0 (inductive line impedance), 
the centers are above the point (1,0), while below it when x < 0 (capacitive line 
impedance). Again, like in Fig. 12.21(a), the smaller the |x| the larger the circle. 
The largest one, that for x = 0, degenerates into a line, coinciding with the I,-axis 
(fj =0). The circles defined by x ~ too both degenerate into a point, the same 
as for r > oo in Fig. 12.21(a). Note that the x circles tangential to the I'j-axis (at 
lj = +1) correspond to x = +1 (X =+Zp); they have a unity radius, and are 
centered at points (1, +1) in the l’,-Ij plane. Of course, only portions of x circles 
fall within the domain determined by |I| < 1 (Fig. 12.20). Therefore, while using 
the term “x circles,” what we mean are actually only the contours within the bounds 
of the unit circle (|F| = 1), in Fig. 12.21(b). Alternatively, we shall refer to these 
contours as x arcs or circular segments. 

Superposing the r circles and x arcs, from Fig. 12.21(a) and Fig. 12.21(b), we 
obtain the Smith chart — shown in Fig. 12.22. On the chart, a normalized line 
impedance given by Z,) =o + jxo corresponds to the point of intersection of the 
r= rp circle and x = xo arc. Note that Fig. 12.22 provides a plain chart, on top of 
which, as we shall see in the next section (in examples), the user of the chart draws 
the s circle and other lines and points pertinent for the particular application or 
problem. A rather fine grid of contours of constant r and x is plotted and labeled 
within the chart, so that z, at any position along the s circle can be easily and accu- 
rately read. Overall, the Smith chart simultaneously displays values of z, and L, 
according to the relationships in Eqs. (12.166), in a convenient format — for graphi- 
cal calculations on transmission lines and/or visualization of measured or simulated 
data. 


12.12 CIRCUIT ANALYSIS OF TRANSMISSION LINES USING 
THE SMITH CHART 


In continuation of discussions of the Smith chart from the previous section, to help 
us efficiently use the chart in analysis and design of transmission lines, which is 
the subject of this section, Fig. 12.23 highlights several key features of the chart 
in Fig. 12.22. For instance, the three important special cases of load terminations 0 
a transmission line in Fig. 12.13, a short circuit, open circuit, and matched load, 
are marked in Fig. 12.23 — points Psc, Poc, and Pm, respectively, at the leftmost 
and rightmost positions, and the center of the chart. The figure also reemphasizes 
that the upper (lower) half of the chart corresponds to inductive (capacitive) line 
impedances. By inspection of Figs. 12.22 and 12.23, we can see how movements of 
the point P (with reflection coefficient P and normalizcd line impedance z,) around 
the s circle (i.e., along the transmission line in Fig, 12.3), for different values of s or 
|| (different circle radii), translate into changes of line impedances. These changes, 
which, analytically, are given by Eq. (12.74), constitute impedance transformations 
on transmission lines discussed in Sections 12.6 and 12.8. Note, however, that for a 
given s circle on the chart, the numerical value for || is obtained by measuring the 
length (e.g., in cm) of the radius of that circle, and comparing (normalizing) it to the 
length of the unit (P| = 1) circle, 


| OP 
= 12.174 
1D =. ( ee | 


Section 12.12 Circuit Analysis of Transmission Lines Using the Smith Chart 619 


0.12 0.13 
ee ese 
fel 0.38 


wae 
- AER 
ECE Ee 
Bs sHsHet sl Tate : 

DRE ESaee _ 


KA 
sess 


eee 
] 
POSS 


gases pees 
pare Le eeenenen 


mati 


$ 
S05 


ee 


RES 
KS 
PEERS 


my 
L | 


hy 
HE 
oh 


| Figure 12.22 The Smith chart. 


| where O is the chart center and Q an arbitrary point on the unit circle (which is also 
i) the r = O circle) in Fig. 12.23. 
From Eq. (12.35), the change in the coordinate z due to a movement along the 
_ line, in Fig. 12.3, results in the following change of the phase angle y of the reflection 
| coefficient I'(z): 
Ay = 2pAz (6 = =) (12.175) 
' ve 
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Figure 12.23 Highlighting 
several key features of the 
Smith chart in Fig. 12.22 and 


its use. 


motion around the Smith 
chart in degrees 


clockwise rotation on the 
chart 


counterclockwise rotation 


one full rotation 


toward L cv in TEN 
(load) 


as 


toward G 
(generator) 


A, 
4 


Expressing Az in terms of the wavelength along the line (Az), Eqs. (11.43), Awi 
degrees is evaluated according to the following formula: 


lay ra 3, (12.176) 
hz 


The orientation of the rotation on the chart is determined by the direction of motion 
along the line. Namely, if z varies from z = 0 (load) to z = —/ (generator), Az is 
negative, and so is Aw, which means that the point P on the chart rotates in th 
negative (clockwise) direction. So, a clockwise rotation on the chart in Fig. 12.22 
corresponds to a movement toward the generator (G) along the line in Fig. 12.3, 


[Az <0 (move towardG) <~> Ay <0. (12.178 


By the same token, moving toward the load (L) in Fig. 12.3 gives the counterclock 
wise direction of rotation on the chart, 


[Az > 0 (move toward Lo == Ay > 0.) (12.178) 


In movements in either direction, one complete rotation around the chart corre 
sponds, using Eq. (12.176), to a half-wave shift along the line, 


aici ciate =... 
360° around the Smith chart <= = along the transmission line. 


To help us perform various manipulations on the Smith chart, there are several con- 
centric scales around its perimeter, Fig. 12.22. The scale labeled “angle of reflection 
coefficient in degrees” measures (as a protractor) the angle y (in degrees). The two 
outermost scales, as indicated by their names, serve for determining a new posi- 
tion on the chart based on the old position and a given movement along the line 
expressed in either “wavelengths toward generator” or “wavelengths toward load.” 
According to Eq. (12.179), these latter scales range from zero to (0.54z)/Az = 0.5 
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- for one full circle on the chart, in their respective directions [see Eqs. (12.177) and 
(12.178)]. 

| With the use of Eqs. (12.36) and (12.39), we realize that voltage maxima on the 
line in Fig. 12.3 occur at locations where the generalized voltage reflection coeffi- 

| cient is purely real and positive, ['(Zmax) = ||, and this corresponds to the point 
Pmax on the Smith chart (Fig. 12.23) where the s circle intersects the positive [’,-axis 

| (i.e., the line OPo¢), 


: IV| =|Vlmax <-> (ry, Tj) = (ILI, 0). (12.180) point Pmax on the chart 
On the other side, Eq. (12.40) tells us that I at locations of voltage minima on the 
| line is purely real and negative, '\(zmax) = —|I';|, so that the corresponding point 
Pin on the chart is at the intersection of the s circle and the negative I’,-axis (OPsc), 
IVi=|Vimin <> (y,Ti) = (-lDI, 9). (12.181) point Pmin on the chart 


So, as the point P moves around the s circle in Fig. 12.20, every crossing of the 
positive (negative) I’,-axis means a maximum (minimum) in the voltage standing 
| wave patterns, and thus minimum (maximum) in the current patterns, in Figs. 12.4 
and 12.14. From Fig. 12.23, distances between successive maxima (or minima) are 
i,/2 (a full rotation), whereas the adjacent maxima and minima are separated by 
iz/4 (a half rotation), which, of course, is in an agreement with Eqs. (12.39)-(12.41) 
and Figs. 12.4 and 12.14. Furthermore, from Eq. (12.83), the line SWR equals the 
| normalized maximum resistance of the line, 


max 


R 
5 = Tmax = Zo [x(Zmax) =9]) —> S=Plat Prax? (12.182)  SWR on the chart 


and this resistance is attained at locations of voltage maxima on the line. Hence, 
the constant-|I'| circle of the line and the r circle for r = s pass through the same 
point (Pmax) on the positive I’,-axis, that is, simply, s numerically equals the value of 
| rat Pmax- This can be used to, in place of Eq. (12.43), graphically determine s from a 
| given |I"|, or vice versa. In fact, a multitude of interpretations and discussions of volt- 
: age, current, and impedance patterns based on various analytical expressions and 
| relationships in Sections 12.4, 12.6, and 12.8 now become directly (visually) under- 
| standable from the Smith chart. As an example, let us look back at the discussion 
| in Example 12.3 of voltage (and current) standing wave patterns in Fig. 12.4. With 
the Smith chart now available, note that, as the point L (load point) in the chart for 
| a purely resistive load (xy, = 0) must be on the horizontal diameter of the unit cir- 
| cle, it coincides with the location of either the first voltage maximum (point Pmax in 
Fig. 12.23), which occurs if ry, > 1, or the first voltage minimum (point Pyin), when 
| r_ < 1. On the other hand, L for an inductive complex load (x, > 0) is somewhere 
| in the upper half of the chart, and if we move from it toward G (generator point), 
| soin the clockwise direction, we would sooner encounter the first voltage maximum 
' than the first voltage minimum on the line. Finally, Pin would come first if the start- 
| ing point (L) is in the lower half of the chart, signifying a capacitive complex load 
1 (XL < 0). 
We note that the relationship expressing the impedance inverting property 
, (for normalized impedances) of a quarter-wave transformer (A,/4 long section of 
ja transmission line) in Eqs. (12.81) can be written as 


{ 


| z,(—Az/4) = (12.183) 


es 
z,(0)' 
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impedance-admittance 
conversion 


Figure 12.24 Graphical 
representation in the Smith 
chart of normalized line 
voltage and current 
magnitudes given by 

Eqs. (12.186). 


where z, (0) = z, (normalized load impedance). Using the normalized line admit- 
tance (y,) Eq. (12.77), we have 


[éa(—A2/4) = y, (0) or y,(—Az/4) = Z, (0), (12.184) 


with the second relationship being obtained from the first one by inverting each 
of the sides of the equation. This means that a rotation by 4,/4 around the Smith 
chart, in either direction, transforms z, into a and vice versa. Therefore, as shown 
in Fig, 12.23, the points representing z, and y,, are diametrally opposite to each 
other on the s circle (inverting a normalized line impedance in the complex domain 
is equivalent to “jumping” to the opposite side of the s circle in the Smith chart). 
Note that this can also be realized from the expressions for z, and y_ in terms of 
I, the first one being that in Eqs. (12.166) and the other one, from Eqs. (12.77) and 
(12.68), given by 


Je 
Yn fee 
Namely, these two expressions can be obtained from one another by replacing D 
with —I, that is, by adding a minus sign to [. Since —1 = e)*), this is equiva- 
lent to a change of Aw = +180° in the phase angle of I’, so a half rotation about 
the s circle (or a “jump” to its opposite side) in Fig. 12.23. This complex-inverting 
transformation on the chart can be used to determine any normalized admittance 
(impedance) from the corresponding impcdance (admittance). Moreover, the Smith 
chart in Fig. 12.22 can readily be used as an admittance chart (sometimes it is more 
convenient to work with admittances than with impedances), with r circles and x 
arcs being treated as g circles and b arcs, respectively. 
Combining Egs. (12.36), (12.8), and (12.13), normalized magnitudes of the 
voltage and current along a lossless transmission line can be written as 
[V(z)| [1(z)|Zo 
Vc |1 + E(z)|. Vin 
where Vjg is the magnitude (rms value) of the incident voltage on the line. Their 
graphical represcntation in the Smith chart is shown in Fig. 12.24 [note the similarity 
with Fig. 10.9(a)]. We see that |V|/Vj9 for any z, being equal, in the [,-I'j complex 
plane, to the magnitude of the complex number | + TL (i.e., the sum of the real num- 
ber 1 and complex I’), can be determined graphically by measuring the length of the 
position vector of the point Py in Fig. 12.24 with respect to the coordinate origin. 
Likewise, the rclative currcnt magnitudes for different positions along the line are 
obtained by measuring the length of the vector 1 — L, the tip of which is at the point 
P;, in Fig. 12.24. As the coordinate z varies along the transmission line in Fig. 12.3, 
and the point P rotates about the s circle in Fig. 12.23, it is obvious from Fig. 12.24 
that the maxima and minima of |1 + [| arc 1 + || and 1 — ||, respcctively, for the 
positions Pmax and Pmin in Fig. 12.23 [see also Fig. 10.9(a)]. These values give the 
expressions for |V|max and |V|min in Eqs. (12.39) and (12.40). The locations and nor- 
malized values of |/|max and |/|min (maxima and minima of |1 — |), from Fig. 12.24, 
are revcrscd, which is consistent with Eq. (12.41). Note that the normalized line 
voltage and current standing wave pattcrns in Figs. 12.4 and 12.14, computed and 
plottcd using Eqs. (12.45), (12.46), (12.111), (12.114), and (12.116), can as well be 
obtained using the Smith chart and the cxplaincd graphical proccdure. 


Stu mpweeme Calculations on a Transmission Line Using the Smith Chart 


A lossless transmission linc of length / = 2.8 m and characteristic impedance Zy = 50 Q, fed 
by a time-harmonic generator of frequency f = 150 MHz, is terminated at the other end in 


(12.185) 


=|1-2Gie (12.186) 
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| a load with impedance Z; = (30+ j60) 2. The parameters of the line dielectric are ey = 4 
'and uw; = 1. Using the Smith chart, find: (a) the load reflection coefficient, (b) the input 
| impedance of the line, (c) locations of the first voltage maximum and minimum on the line, 
' (d) total numbers of voltage maxima and minima, (e) the standing wave ratio of the line, and 
: (f) the line input admittance. 


Solution 


(a) The normalized load impedance, Eq. (12.165), is z, = Z,/Zo = 0.6 + j1.2, so we mark 
the corresponding point L (load point) at the intersection of the r = 0.6 circle and x = 
1.2 arc in the Smith chart — in Fig. 12.25. Then we draw (using a ruler) a radial line 
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| Figure 12.25 Graphical calculations on a lossless transmission line in a time-harmonic regime using the Smith chart; for 
| Example 12.23. 
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and measure distances from the chart center (point O) to points L and Q, respectively, 
the latter point lying on the unit circle, to compute, as in Eq. (12.174) and Fig. 12.23, 
the magnitude of the load reflection coefficient, |) | = OL/OQ = 0.62. We also read 
at the scale labeled “angle of reflection coefficient in degrees” that the phase angle of 
the coefficient is wL = 72°, and hence [, = 0.62 el 2° 


(b) Next, we draw (using a compass) in Fig. 12.25 the s circle for the given load and trans- 
mission line (the circle centered at point O and passing through L). The wavelength 
along the line being Az = co/(,/érf) = 1 m [Eqs. (11.17) and (9.47)], the line length spans 
| =2.8A;. Because every half-wave (A,/2) shift along the structure (in Fig. 12.3) trans- 
lates, according to Eq. (12.179), to a full circle on the Smith chart, the input impedance 
(measured at the generator) of this line (Z;,,) is identical to that of a line with length equal 
tol; = 2.80, —5 x 0.5Az = 0.34; (0 < /; < 0.5A,). So, we move around the s circle in the 
direction toward the generator (clockwise direction) by 0.3A,, that is, from 0.154, mark 
to 0.454, mark on the “wavelengths toward generator” scale in Fig. 12.25, to obtain point 
G (generator point), where we read the normalized input impedance of z,, = 0.24 — j0.3. 
and thus Z;, = z,,Zo = (12 —jl5) Q. 

(c)-(e) As in Fig. 12.23 and Eqs. (12.180) and (12.181), locations of voltage maxima and 
minima on the transmission line under consideration correspond to points Pmax and Pmin 
on the Smith chart in Fig. 12.25, where the s circle intersects the positive and negative 
l,-axis, respectively. From point L (0.154, mark on the “wavelengths toward generator” 
scale) to Pmax (0.254, mark), the distance from the load of the first voltage maximum on 
the line is Imax = 0.25A, — 0.154, = 0.14, = 10 cm (going toward the generator), where, 
with reference to the notation in Eqs. (12.39), Imax = —Zmax- Similarly, since Pin is at 
0.54, mark on the “wavelengths toward generator” scale, it takes /min = 0.54, — 0.15, = 
0.354, = 35 cm (or /min = /max + 0.254,) from the load to the first voltage minimum. A 
slide along the full length of the line resulting in 5 full (clockwise) rotations about the s 
circle on the chart plus 0.3A;, there is a total of 5 + 1 = 6 voltage maxima and 5 voltage 
minima on the line. From Eq. (12.182), the line SWR equals the value of the normalized 
line resistance at locations of voltage maxima, s = rat p,,,, = 4-4. 

(f) Finally, having in mind Eq. (12.184) and Fig. 12.23, the normalized input admittance of 
the line is read at a location (point A) diametrally opposite (rotation by A,/4) to point G 
on the s circle as y= 1.6 + j2. Therefore, Eq. (12.77) and the fact that the line charac- 
ieristic admittance, Eq. (11.35), is Yp = 1/Z) = 20 mS tell us that the input admittance 
of the line amounts to Y,, = ihe Yo = (32 + j40) mS. 


—in 


Example 12.24 Finding Load Impedance Using the Smith Chart 


Redo Example 12.4 but now with the use of the Smith chart. 


Solution From the given SWR of the transmission line and Eq. (12.182), we have ra p,,., = 
s = 3, so the point Pmax, denoting locations of voltage maxima on the line, is at the intersec- 
tion of the r = 3 circle and the horizontal diameter of the unit circle in the Smith chart, as 
shown in Fig. 12.26. We are now able to draw the constant-|I"| circle (s = 3 circle) of the 
line, as it also passes through this same point. On the opposite side of the s circle, we mark 
the point Ppin, and move from it, i.e., from the location of the first voltage minimum on 
the line, around the circle toward the load (counterclockwise). To actually reach the load, 
we need to move a distance of /min = 12 cm = 0.154, (Az = 2A/ = 80 cm), from 0 mark to 
(0.154, mark on the “wavelengths toward load” scale. At such obtained point L in Fig. 12.26, 
the normalized impedance is read to be z, = 0.8 — jl, yielding, by means of Eq. (12.165), the 
load impedance of Z, = z, Zp = (40 — j50) Q, which is approximately the same result as in 
Eq (1231). 


Sell) paweee Quarter-Wave Matching Design Using the Smith Chart 


Repeat Example 12.11 using the Smith chart. 
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Figure 12.26 Finding an unknown load impedance by measurements on a slotted line (see Example 12.4) and 
graphical calculations on the Smith chart; for Example 12.24. 


Solution This graphical solution is shown in Fig. 12.27. From point A on the Smith 
| chart, with the normalized load impedance z, = Z; /Zo, = 0.3 + j0.7 (Zo, = 50 2), we move 
around the s circle toward the generator (clockwise) to arrive to point B, where zz = s = 5 
(5 +j0) and Zp = sZp; = 250 Q (purely resistive impedance). The length of this compen- 
sating line section in Fig. 12.8 is /, = 0.254, — 0.102A, = 0.1484, (read on the “wavelengths 
toward generator” scale in the chart). Then, continuing our movement toward the generator 
along the structure (Fig. 12.8), we enter the transformer line section, and while on this section 
we need to normalize the associated impedances to the characteristic impedance of the trans- 
former, Zo, = /Z01(SZo,) = 112 Q [as in Eq. (12.87)]. Consequently, at the beginning of the 
; transformer, looking from the load, this normalization yields 7, = Zp/Zo, = 2.23 (2.23 + j0), 
which means a horizontal shift in the Smith chart to point C in Fig. 12.27. The length of the 
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Figure 12.27 Design of the impedance-matching transmission-line circuit with a quarter-wave transformer in Fig. 12.8 
using the Smith chart; for Example 12.25. 


transformer being / = 4,/4 (assuming that the wavelength is the same along the entire struc- 
ture in Fig. 12.8), the complete slide along it translates to a half-circle rotation about the s 
circle of the transformer (s,; = 2.23 within the transformer) on the chart, to point D, where 
Zp = 0.446 and Zp = Zp Zo = 50 Q. At this location, we leave the transformer section and 
return to the main transmission line, so the impedance normalization should again be to Zo1, 
resulting in 2- = Zp/Zo1 = 1, which implies another horizontal move in the chart, ending at 
its center (point E), and hence the matched load. 


Seu pwsme Design of a Shunt Short-Circuited Stub Using the Smith Chart 


Consider the circuit with a shunt short-circuited stub in Fig. 12.17, and assume that the load 
impedance is Z, = (40 + j30) Q, the wavelength along the transmission line is A; = 1 m, and 
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Figure 12.28 Design of an admittance-matching transmission-line circuit with a shunt short-circuited stub using the Smith 
_ chart; for Example 12.26. 


U 


| the characteristic impedance of the line is Zy = 50 2. Under such circumstances, find both 
' the distance of the stub junction from the load and the length of the stub — to match the load 
| to the feeding line. 


| Solution We start by entering the Smith chart, in Fig. 12.28, at the load impedance point 
; (point N), representing the normalized impedance z, = Z;,/Zp = 0.8 + j0.6, and draw the 
| associated s circle (note that the SWR on the line is s=2). Since the matching stub is 
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connected to the main transmission line in parallel, it is more convenient to work with 
admittances than with impedances. We therefore find the normalized load admittance, y= 
0.8 — j0.6, at the point L across from N on the circle (also see Fig. 12.25). In graphical calcu- 
lations to follow, the Smith chart in Fig. 12.28 is essentially uscd as an admittance chart, with 
rand x interpreted as g and 5, respectively. 

We then recall that the transmission-line admittance at the location where the stub is 
attached has to be of the form Y = Yo + jB, Eq. (12.127), namely, its real part must equal the 
characteristic admittance of the line, Yo = 1/Zp, so that the overall matching (with the stub) 
is achieved. Normalized, y = 1 + jb, which means, in turn, that the distance / of the stub junc- 
tion from the load should be at the intersection of the g = 1 and s circles in the Smith chart. 
This gives rise to two solutions to the problem: matching points M; and Mj in Fig. 12.28, with 
y, =1+4+)0.7 and y, = 1 —j0.7, respectively. The corresponding values for the normalized 
input admittance of the shunt stub are Yerubl = —j0.7 and ee j0.7, such that y + You =e 
(Yo when unnormalized) in both cases. From L (0.3754, mark on the “wavelengths toward 
generator” scale) to M, (0.1524, mark), the required distance of the stub from the load 
(moving clockwise) is /; = 0.54, — 0.3754, + 0.1524, = 0.2774, = 27.7 cm, for the first solu- 
tion. Similarly, point M2 (second solution) is found to be /2 = 0.54, — 0.3754, + 0.3484, = 
0.4732, = 47.3 cm away from the load.® 

The shunt stub in Fig. 12.17 is a separate transmission line, and assuming that its charac- 
teristic admittance and wavelength are the same as for the main line, we perform a separate 
graphical calculation in Fig. 12.28 to determine its length (/stup). Its load termination is a short 
circuit, so y > oo, and this admittance appears at the rightmost position of the chart (marked 
here as Q), which in fact is the open-circuit position when the chart is used for impedances. 
We start from the point Q and move about the unit circle, which is the s circle for the stub 
(note that s — oo along the stub) and coincides with the g = 0 circle in an admittance chart, 
toward the generator until, first, the b = —0.7 arc is reached; at this location (point Pj), 
DC 0 — j0.7, as desired. We read from the “wavelengths toward generator” scale that 
this movement, i.e., the stub length, equals /stypy = 0.403, — 0.254, = 0.153A, = 15.3 cm. 
For the other solution (stub junction at distance /) from the load along the main line), 
we trace the rotation from the point Q to the intersection (point P2) of the unit circle 
and b = 0.7 arc (y = 0 +j0.7) on the “wavelengths toward generator” scale, and obtain 


b2 
lub = 0.542 —0.25hy + 0.098A, = 0.3482, = 34.8 cm. 


Problems: 12.23-12.30; Conceptual Questions (on Companion Website): 
12.30-12.36; MATLAB Exercises (on Companion Website). 


12.13 TRANSIENT ANALYSIS OF TRANSMISSION LINES 


In our studies of high-frequency transmission lines so far, the time-harmonic waves 
on the lines are analyzed in the steady state, that is, after all the initial transi- 
tional processes have already occurred, and the resultant steady-state sinusoidal 
voltage and current have been established along the entire line under consid- 
eration. However, it is sometimes important to analyze the waves on the line 
during these transitional periods of time. Temporary variations of voltages and cur- 
rents on transmission lines, or, in general, of various field and circuit quantities in 
arbitrary clectromagnetie systems (including electric circuits), in establishing the 


Note that this part of the stub matching design (determination of the location on the main line where 
the stub should be attached) is skipped in Example 12.19, where the length / (one solution) is given in 
advance. 


| eas state of time-harmonic or any other forms of signals in the structure are 
called transients. A notable example are transients produced by step-like (on or 
off) abrupt changes of the input voltage or current at the beginning of a trans- 
mission line, which corresponds to establishing a time-constant (dc) voltage and 
| current along the line. In integrated electronic circuits, step excitations of lines 
occur, for instance, when the output voltage of a source logic gate driving another 
logic gate via an interconnect (transmission line) switches from a “low” to “high” 
state, or vice versa, at a certain time (change of status of the driver logic gate). 
Moreover, digital signals consisting of a sequence of rectangular pulses in time 
/can be represented as a combination of step time functions. Therefore, studies of 
the step response of transmission lines terminated in arbitrary loads are a basis 
for understanding the transient behavior of interconnects in high-speed digital cir- 
|cuits in many applications of digital electronics, communications, and computer 
| engineering. 

, The material in this and the following sections is devoted to discussions of 
|step and pulse responses of two-conductor transmission lines with different ter- 
| minations. The analysis is performed directly, in the time domain. Alternatively, 
| transmission lines with linear terminal networks driven by time-pulse excitations 
' (generators) can be analyzed in the frequency (complex) domain, at a set of fre- 
quencies, which is followed by the use of the inverse Fourier transform to obtain 
| the time-domain (transient) response. We recall that complex representatives of 
| voltages and currents do not make sense for nonlinear circuits, so that lines with 
; nonlinear terminal networks, on the other hand, are best analyzed directly in the 
‘time domain. In any case, in our studies of transients on transmission lines, we 
| assume that the lines are lossless. Note that a direct transient analysis of lossy 
| lines, i-e., lines where losses cannot be neglected, is a quite difficult problem, and 
/the inverse Fourier transform of the frequency-domain solution is a preferable 
| approach for such structures. 

| We start with telegrapher’s equations for the instantaneous voltage and current, 
| ¥(z, ¢) and i(z, t), on the line in Fig. 12.3, obtained as the time-domain equivalent 
| of Eqs. (12.3). Namely, with a no-loss assumption for the line, its per-unit-length 
: series resistance and shunt (leakage) conductance are zero, R’, G’ = 0, so that, 
using Egs. (12.17) and (8.68), telegrapher’s equations in the time domain read 


dv(Z, t) “yp di(Z, t) di(Z, t) _o Ov(Z, t) 


(12.187) 


= _ 

| az Ca ennoc ee at 
where L’ and C’ are the inductance and capacitance per unit length of the line. 
Either combining together these equations or converting Eqs. (12.5) from complex 
to time domain with the help of Eq. (12.19), we then obtain the temporal form of 
| transmission-line wave equations. For the line voltage, 


dv(z,t) 1 82v(z,t) _ 1 


———— 0, where vy> = 
| az2 v3 a2 ETC! 


_[vp is the phase velocity along the line, Eqs. (11.43)], and analogously for i(z, ¢). 
_ The general solution for v along the line has the same form as that in Eq. (8.98), or 
_Egs. (9.13) and (9.28), 


(12.188) 


A % 
ve. =fi(r- =) +h(r+ =), (12.189) 
Vp Vp 
——S—S OO 
vi(z, 0) v;(z, t) 


—— =. 
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instantaneous current 


dynamic transmission-line 
impedance 


where f,(-) and f;(-) are arbitrary twice-differentiable functions.’ The two terms, like 
in the complex voltage expression in Eq. (12.7), represent, respectively, a solution — 
for the incident (forward) voltage wave, vj(z, f), propagating in the positive z direc- _ 
tion, and one for the reflected (backward) wave, v,(z, 0), with the opposite (negative 
z) direction of travel. ; 

Having in mind Eqs. (9.17) and (9.28), the associated general solution for the 
instantaneous current, i(z, £), along the line, is given by 


; 1 F 1 z\ 
,oO=—flr-— _-— t+—}], : 
(Zz, 0) ff eal Al +=)| (12.190) 
er ae j 
(Zz 1) i,(z,0) p 


with Zp being the characteristic impedance of the line, Eq. (12.18). Of course, the - 
same result is obtained by substituting the solution for v(z, 0 from Eq. (12.189) ‘ 
into telegrapher’s first equation in the time domain, i.e., the first relationship in 
Eqs. (12.187), and performing the same manipulations as in Egs. (9.15)—(9.17). Note 5 
that particular functions f; and f; in Eqs. (12.189) and (12.190) are determined | 
by the terminal networks at the two ends of the line (Fig. 12.2), along with the 
characteristics of the line itself. 

From Eqs. (12.189) and (12.190), we have, analogously to Eq. (12.15) in the” 
complex domain, 


' 


vi(Z, 0) vr(Z, 0) ek 

Sg ee Zo=,/=)}, 12.198 

§(Z, 0) i(Z, 0) C’ : 
meaning that if there is only one traveling wave on the line, the ratio of the voltage 
and current intensity in an arbitrary cross section of the line and at any instant of } 
time equals a constant (Zo). In general, when both forward and backward waves — 
are present, we define the time-domain counterpart of the complex transmission- — 


line impedance, Z(z), in Eq. (12.65), as the total instantaneous voltage to current * 
ratio at the coordinate z in Fig. 12.3, 


v(z, 0) 
igo 


Zaynamic(Z, 0) = (12.1929 


This impedance is referred to as the dynamic impedance (resistance), or impedance 
for transients, of the line. 


12.14 THEVENIN EQUIVALENT GENERATOR PAIR AND 
REFLECTION COEFFICIENTS FOR LINE TRANSIENTS 


To further discuss the transients on lossless transmission lines, let us now assume 
that the voltage generator at the beginning of the line in Fig. 12.3 is given by its 
time-varying emf e(f) and internal resistance Rg, as well as that e(¢) is zero for ¢ < 0 
and nonzero (with an arbitrary time variation) for ¢ > 0 (the generator is switched 


7Nole that in the case of a lime-harmonic (sleady-slate sinusoidal) regime on a lossless transmission 
line, both functions f; and f; acquire the form f(t’) = Vm cos(wt’ + 0), where = t F Z/vp. and hence the 
expression for vj in Eq. (12.9) with a = 0 (no losses): vj(z, 1) = fi(t — 2/Vp) = Vinv2 cos{w(t — Z/Vp) + 
Ao} = VioV2 cos(wt — Bz + Og) {also see Eqs. (9.31) and (9.32)], and similarly for f,(t + z/Vp). 


: 
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| % 10D ies ep ae i(0,t) Zo Z itd, 


fon we ai 
Sp 
= «i v(0,t) ak a ni t) ; 


| z=0 2z z=l 
: (a) (b) 
' Figure 12.29 (a) Transmission line fed by a time-varying (nonsinusoidal) voltage generator with a purely 


resistive internal impedance and terminated in a purely resistive load and (b) its Thévenin equivalent 
representation for transients. 


v1, ie 


on at t= 0). In addition, let us, for the convenience of the discussion in this and 
the sections to follow, adopt the origin of the z-axis (z = 0) to be at the generator 
terminals, as shown in Fig. 12.29(a). The load terminals are then at the position 
defined by z = /, with / being the length of the line. Finally, let (for now) the load be 

| purely resistive, of resistance Ry. 

Prior to the time t = 0, the voltage and current are identically zero at every 
- position along the line. At t = 0, the generator launches a voltage vj, and the accom- 
panying current jj, to propagate toward the load. The incident wavefront reaches the 
load at instant t = T, where T designates the full one-way transit time along the line, 


I 
T=—. (12.193) one-way delay time of a 


Vp transmission line 


| 
Since this time, in general, represents a delay of a signal because of the presence of 
: a transmission line between the two points in an electric circuit (or any other elec- 
tromagnetic structure), it is often called the delay time of the line [see the analogy 
| with the delay time in Eq. (8.108)]. In the general case for Fig. 12.29(a), the load 
| is not matched to the line, so that a reflected wave, of voltage v,; and current i,, is 
generated at the load. With the use of Eqs. (12.189) and (12.190), the total voltage 
and current at the load terminals (for z = /) and any time after the arrival of the 
| 


incident wave (for t > 7) are given by 
1 
| vLo=vdio+vud), id= 7, [vid, ) — vr(U, 0). (12.194) 
0 


| Combining these two equations in a way to eliminate v;, we get the following 
| relationship between v and i (assuming that v; is known): 


right end of a line 
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| vi, t) =2vj)0,0-Zoil,h (T<t< oo), (12.195) Thévenin generator at the 


| which tells us that the line, with respect to the load, behaves like a real (nonideal) 

| voltage generator — Thévenin equivalent generator, whose emf amounts to twice 
| the incident voltage at the load location, 2v;(/, t) = 2f,(t — //vp), and internal resis- 
| tance to the characteristic impedance of the line, Zo, as in Fig. 12.29(b). Note that 
the parameters of the equivalent generator can be found also from its general def- 
inition, namely, by Thévenin’s theorem. First, the emf of the Thévenin generator 
| equals, in general, the open-circuit voltage of the circuit it represents. So, if the trans- 
mission line in Fig. 12.29(a) is open (RL — oo), i = 0, the voltages of the incident 
, and reflected waves across the open terminals are the same, and the total voltage is 
| twice v;. Second, the internal resistance of the generator equals the input dynamic 
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impedance [see Eq. (12.192)] of the circuit (with all the generators shut down), 
and for the circuit in Fig. 12.29(a) that is Zo. Regardless of the way we identify 
its parameters, the Thévenin generator on the right-hand side of Fig. 12.29(b) and 
the relationship in Eq. (12.195) are dictated by the transmission line in Fig. 12.29(a), 
and are independent of the load. The load, however, imposes another relationship 
between v(/, ¢) and i(/, t), constituting the load boundary condition for the line, so 
that a system of two equations with these two unknowns is obtained. For the purely 


resistive load in Fig. 12.29(a), 
v(i,t) = Ril, 0, (12.196) 


which, together with Eq. (12.195), yields 
2RL 
Oe 12.197 
vil, 0) Ree vid, 0 ( 


This is also obvious from Fig. 12.29(b), where Ry and Zy form a voltage divider. The 
first equation in Eqs. (12.194) then leads to the solution for v,, for a given vj, 


Ri =z 
yt. ) = vee — vie = ee vi(1, 0). (12.198) 


Hence, as a major conclusion from this analysis, we realize that the reflected to 
incident instantaneous-voltage ratio of the line at the load terminals, 


a ) RiL-Zo pi 


— see 12.199) 
vist) RL+Zo | 


namely, the load reflection coefficient of the line (_) for instantaneous voltages, 
is the same as for complex rms voltages (and a lossless or low-loss line and purely 
resistive load), Eq. (12.31). 

As the reflected wave travels to the left, its wavefront arrives to the generator at 
t = 2T. Rewriting Eqs. (12.194) for the generator position (z = 0) and time ¢ > 277 
(i.e., any time after the arrival of the reflected wave), and eliminating v; from the 
equations, we obtain the relationship between the total voltage and current at z = 0, 
analogous to that in Eq. (12.195), 


vO; 1) = 2v, (ON) Zyi(O tae re 00). | (12.200) 


This relationship is, again, dictated by the line, and is the same as the current-voltage 
characteristic of a real voltage generator, now of emf 2v,(0, t) = 2f;(t) and internal 
resistance Zy. The Thévenin generator replacing the line looking to the right at the 
position z = 0 in Fig. 12.29(a) is thus obtained, forming the equivalent circuit on 
the left-hand side of Fig. 12.29(b). In addition, the relationship between v and @ 
dictated by the generator in Fig. 12.29(a), i.e., the generator boundary condition for 
the line, is 


v(0, 1) = e(t) — Rgi(O, om” (12.201 
and the solution for v of the two equations comes out to be 


Z 2R 
DS ae &_ (0,0). (12.202) 


v(Olo= 
On) Rg+ Zo Ry + Zo 
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Of course, the same result can be obtained also solving the simple circuit with two 
| voltage generators in Fig. 12.29(b). This gives the following expression for v;(0, £) 
| (fort > 27): 

: Zo Rg — Zo 
| vi(0, t) = v(0, t) — v-(0, 4) = Re Za e(t) + TET, V0; 2): (12.203) 

| The first term in the solution is the voltage v; that is directly due to the emf e; 

if, for instance, e= 0 for t > 27, then this voltage is zero. The second term is 

the component of v; existing because of a difference (mismatch) of the generator 
internal resistance and line characteristic impedance (Ry # Zo) in the general case. 

This wave can be interpreted as due to the reflection (namely, re-reflection) of the 

reflected voltage v, from the generator. Hence another major result of our analysis: 
| the expression for the generator reflection coefficient of the line (Ig) for instanta- 

neous voltages, defined as the re-reflected to reflected transient voltage ratio at the 
generator terminals, 


_ vi 00, t) 
i s ¥ vr (0, t) 
| 


_ Namely, it is the same as for the load coefficient in Eq. (12.199) with Rg in place of 
| the load resistance. If Rg = Zo, then I’, = 0 (we say that the generator is matched 
| to the line), and this component of vj is zero. 

Most importantly, the same Thévenin equivalent generator pair in Fig. 12.29(b), 
being dependent only on the transmission line in Fig. 12.29(a), can be used for any 
two networks connected at the left (z = 0) and right (z =/) ends of the line, as 
in Fig. 12.2. Thus, the equivalent schematic diagram in Fig. 12.30 is obtained, in 
which each of the terminal networks in the two Thévenin circuits can include both 
resistive and reactive lumped elements, as well as other transmission lines, and one 
or more (voltage and/or current) generators. Moreover, the networks can be both 

linear and nonlinear. In general, the time-domain analysis of the line can be per- 
| formed by solving (analytically or numerically) Eqs. (12.195), (12.200), (12.189), 
| and (12.190) simultaneously with the (linear or nonlinear) equations dictated by 

| the terminal networks. In some simpler, but theoretically and practically important, 
| cases, on the other hand, the analysis can be carried out by a simple reflection 

_ tracking method for transients on the line. The method is founded on the dis- 
cussions in this section, and consists, as we shall see in the following sections, of 
tracking (analytically or graphically) the transient processes as they occur on the 
line. It uses the Thévenin equivalent representation in Fig. 12.29(b) or 12.30 and 
| reflection coefficients in Eqs. (12.199) and (12.204). However, instead of solving all 
_ coupled space-time equations for the line and its terminal networks simultaneously, 
| it solves them sequentially, by tracing the travel of partial transient waves in space 
(along the line) and multiple reflections at the line terminals as a sequence of events 
in time. 


e(t)=0 Rg a Zo 


(12.204) generator reflection 
coefficient 


i(0,t) Zo Zo i(1,t) 
J fam NN; AA. — a Figure 12.30 The same Thévenin 
~ 4" ce ad equivalent generator pair from 
2 |v(0,1) 2v(0,t)/ » ( ) 2v; (Ut) v(i,t)| Fig. 12.29 — holds for arbitrary 
3 3 (resistive or reactive, linear or 


nonlinear) terminal networks with 
any number of generators. 
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12.15 STEP RESPONSE OF TRANSMISSION LINES WITH 
PURELY RESISTIVE TERMINATIONS 


In this and the next section, we employ the reflection tracking method to study 
step and pulse responses of lossless transmission lines terminated in purely resistive 
loads, which also includes open- and short-circuited lines as special cases; the section 
to follow will then introduce a graphical tool, based on so-called bounce diagrams, 
to aid the analysis. Starting with a step excitation, let the emf in Fig. 12.29(a) be a 
step time function, as indicated in Fig. 12.31(a). The emf is defined as 


ei) = Cho ANS (12.205) 


1 ior. 


thus representing a voltage generator switched on at an instant ¢ = 0, from a zero 
emf to a time-constant (for ¢ > 0) value, €. The unit step function, h(t), is known as 
the Heaviside® function. 

Prior to the return of any backward propagating wave reflected from the load, 
the only wave on the line is the incident one, traveling in the positive z direction in 
Fig. 12.31(a). Denoting its voltage and current intensity by vj, and ij}, respectively, 
we Can write v = vj, and i = ij — for the total instantaneous voltage and current of 
the line. Using Eq. (12.192), we then realize that the dynamic line impedance at the 
generator terminals, that is, the input dynamic impedance of the line, amounts to 


(12.206) 


(Zin) dynamic = “il Zo. 

Hil 
In other words, the generator sees, looking into the line, a purely resistive 
impedance equal to the characteristic impedance of the line, Zp. Hence, the line 
can be replaced, with respect to the generator, by an equivalent purely resistive 
load of resistance Zo, as illustrated in Fig, 12.31(b). From this equivalent circuit, i.e., 
the voltage divider formed by Zo and Rg, the incident voltage in this initial period 
of time (before any reflections have occurred) is given by 


Zo 
= ee 12.207 
Vil Zens ( ) 
Re. iQ iL() Ry 
ale Zo. Ju : 
me ae 
Vo(t) Vil AAR enw Pr & E 
g Vi2 nrvw enw 12 yy (y— Ry E Vi} = Zo 
e(1IV=EN(D| VIB Wr nw 3 al 
z 
0 / (b) 
(a) 


Figure 12.31 Determining the step response of a lossless transmission line with a purely resistive load by the 
multiple reflection tracking method: (a) components of the incident and reflected voltage waves on the line, 
(b) initial equivalent circuit as seen from the generator, and (c) steady-state equivalent circuit of the line. 


8 After Oliver Heaviside (sec the historical aside in Section 11.1). 
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note that this equation is a time-domain (transient) counterpart of Eq. (12.88) in 
he complex domain]. 
The incident wave progresses down the line at the velocity vp, Eq. (12.188), so 
. that at the time t = 7/2, for instance, with T denoting the (one-way) delay period 
of the line, Eq. (12.193), the voltage picture along the line is: v = vj for the first half 
_ of the line and v = 0 for the rest of it, as depicted in Fig. 12.32(a). Assuming that 
| Ry 4 Zo (unmatched load), the incident wave (partially) bounces back off the load 
at t= T. The reflected voltage, Fig. 12.31(a), is 
Vr = TLvi1, (12.208) 
where the load reflection coefficient T', is given in Eq. (12.199). Note that, for a 
positive vj1, the sign of v,; equals that of TL, so v», > 0 for RL > Zp and vy <0 
when Ry < Zp. By the time t = 37/2, this backward traveling wave covers a half of 
_ the return path from the load to the generator, along which the total voltage equals 
Vv = Vij + Vz1, While it still amounts to v = vj; on the other half of the line (near 
the generator end), as shown in Fig. 12.32(b) — for the case Rp > Zo. At t = 2T, 
the voltage v,; reaches the generator and reflects from it, provided that Rg 4 Zo 


| (unmatched generator). With the generator reflection coefficient I'g in Eq. (12.204), 
| the voltage of this new incident (forward) wave in Fig. 12.31(a) is 


vig =Vgvr1 = TLT vin. (12-209) 


: 
| 
| 
t 


Again, the outgoing voltage (Vi2) changes the sign with respect to the incoming Figure 12.32 Total voltage 
one (v;1) if the reflection coefficient (Ig) is negative (i.e., Rg < Zo); otherwise (for gi inuti San, 
Rg > Zo), Vi2 keeps the same sign as v,1. The total voltage distribution along the line 9 <7 <7 onthe 
| at t= 5T/2, when the wavefront of the voltage step increment vj2 is halfway down _ transmission line in 
the line, is given by Fig. 12.31(a) for 
Ry, Rg > Zo at (a) t = 7/2, 
(b) t = 37/2, and (c) 
V1 +n = A+TL) vi Oe, Py 210) Se 


Oz, 57/2) = fe + vy + Vi2 = (1 4+7Tp+ rs) Vii for0<z <1/2 


[sketch in Fig. 12.32(c), assuming that Rg > Zo]. Of course, these are algebraic sums 
| of voltage increments, as they, in general, can be both positive and negative. Next, 
| Vi. bounces off the load, with the reflection coefficient IL, at t = 37, so that the new 
reflected voltage [Fig. 12.31(a)] is 


v2 = Tvn = T2T eva. (12.211) 


and so on. 

While tracing the voltage distribution along the line, it is very important to 
| always have in mind that the voltages vj, vj2, ... in Fig. 12.31(a) are the simulta- 
| neously existing components at a given instant of time and given position on the 
line of the voltage vj in Eq. (12.189) of the actual forward propagating wave. By the 
! same token, v;1, v2, ... in Fig. 12.31(a) constitute the actual reflected voltage v,; in 

Eq. (12.189). Accordingly, we refer to vj, and vy, (n = 1,2,...) as component or 
partial line voltages. 
Obviously, for each round trip of the wave along the line, the component voltage 
) gets multiplied by a factor of x = II's. None of the reflection coefficients can be 
greater than unity [see Example 10.10 and Eqs. (12.55) and (12.56)], and aside from 
_ the special cases of loads and generators resulting in |I,| = |I'g| = 1, which are to 
) be addressed in an example in this section, we have that |x| < 1. Therefore, as the 
| multiple reflection process on the line continues (indefinitely), the contribution of 
| new added reflected (re-reflected) components, propagating in either direction in 
| Fig. 12.31(a), to the total voltage at any position along the line diminishes with every 
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new bounce from the load or generator. At t + oo, in the steady state, the total 
voltage for any z (0 < z < /) 1s given by 


Vsteady = V(Z,f > 00) = V1 + Yr + V2 +42 +V3+3 4+... 


= (14 TL +P ily tier e+ Ferg trie +...) vi 
vn, (0227 


where the use is made of the well-known formula for the sum of a converging infinite 
geometrie series, 1 +x +x7+...=1/(1—x) for |x] <1 x= PLP ,). Substituting 
the expressions for TL, 'g, and vj, from Eqs. (12.199), (12.204), and (12.207) into 
the result for the steady-state voltage in Eq. (12.212), and simplifying thus obtained 
expression [multiplying both the numerator and denominator by (R, + Z)(Rp + 
Zo)], we have 


(12.2139 


This simple result is expected, sinee the steady state for a structure exeited by a 
voltage step generator, Eq. (12.205), is aetually a de regime, in which a lossless 
transmission line ean be eonsidered simply as a pair of ideal short-cireuiting eon- 
ductors. Namely, for time-constant voltages and eurrents, all the distributed series 
induetors and shunt capacitors in the eireuit model of the line in Fig. 12.1 behave 
like short and open eireuits [see Eqs. (7.3) and (3.45), where d/dr = 0], respectively. 
In addition, if losses are zero or negligible, there are no distributed resistors in the 
model, i.e., the series and shunt resistors in Fig. 12.1 are shorted (bypassed) and 
open (diseonneeted), respectively (AR, AG = 0), which is also equivalent to the de 
line representation in Fig, 3.21 with R’, G’ = 0. So, at t + 0, the line appears as if 
nonexistent, that is, as if the load is directly connected to the generator. This gives 
rise to the equivalent circuit in Fig. 12.31(c), from which Eq. (12.213) is direetly 
obtained. However, in establishing and using such an equivalency, we always have 
in mind that the line, of eourse, is present in the eireuit all the time, ineluding the 
steady state (tf > oo), in which it is fully charged (for a given step emf &), with all 
the distributed capacitors in Fig. 12.1 charged to a voltage Vsteady and all inductors 
carrying a current of intensity Vsteady/RL- 

Fig. 12.33 shows the waveforms during the time of several transit periods 7 
of the voltages at the generator and load terminals, respectively, vg(t) = v(0, 1) 
and v_(t) = v(/, 1), for the line in Fig. 12.31(a), sketehed based on Fig. 12.32 and 
Eqs. (12.207)—(12.213). Note that the signal v,(t) for 0 < t < 27 is the same for any 
load at the other end of the line; the generator does not know what is eonneeted as a 
load until the voltage v,; returns at f = 27 to it with the information (I) about the 
load. Note also that, although the transitional process, i.c., establishing a steady (de) 
state, in the general ease (RL # Zp and Ry # Zo) theoretically lasts indefinitely, the 
changes of vg and v_, as well as of the total voltage and current at any position along 
the line, become practically negligible after a finite time, namely, a finite number of 
transit periods 7. The smaller the magnitudes of the load and generator reflection 
coefficients, |_| and |I"g|, the smaller this number of periods T by which the sig- 
nal (voltage or current) on the entire line praetieally reaches its steady-state value. 
Equivalently, the smaller the magnitude of x = | T, the faster the convergence of 
the geometric series in Eq. (12.212). 
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Figure 12.33 Voltage 
waveforms at the generator 
(a) and load (b) for the 
transmission line in 

Fig. 12.31(a) corresponding 
to the line voltage snapshots 


2T 3T AT 5T 6T 
(b) in Fig. 12.32. 


| If the load in Fig. 12.31(a) is matched to the line, so R, = Zo and ry, = 0 [see 

| Fig. 12.13(c) and Eq. (12.115)], we have that v,; = 0 in Eq. (12.208), and the total 

| voltage along the entire line equals v = vj; for t > 7, meaning that the transitional 
regime lasts only one delay time T, whether the generator is matched or not. On 
the other hand, a combination of an unmatched load (Ry 4 Zp) and matched gen- 
erator, with Rs = Zo and I’, = 0, leads to vj2 = 0 in Eq. (12.209), and a steady state 
is established after only 2T for the whole structure. From Eq. (12.207), 


€ 


1 (Re = Zo), (12.214) 


and hence Eq. (12.212) becomes 


& 
Vsteady = a+T,) =. (12.215) matched generator, arbitrary 
2 resistive load 


' At the load, this final voltage is established even earlier, at instant t = T. Fig. 12.34 
| shows the input and output waveforms, vg(t) and vi(‘), for the cases of Ry > Zo 
iand Ry < Zo, respectively. Note that the load voltage for t > T can also be written 
| aS VL = TLVj1, Where tz, stands for the load voltage transmission coefficient of the 
| line [see Eq. (12.32)]. 


(b) 


Figure 12.34 Input and output voltage waveforms, v,(t) and v1 (¢), for the line in Fig. 12.31(a) and matched 
generator (Rp = Zy) and unmatched load, with (a) RL > Zo and (b) Ry < Zo. 
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Figure 12.35 Voltage waveforms at the generator (a) and load (b) for the transmission line in Fig. 12.31(a) for 
R, < Zo (Ty < 0) and Ry > Zp (Tg > 0); for Example 12.27. 
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Figure 12.36 Measuring 
unknown load termination 
of a transmission line by 
time-domain reflectometry: 
oscilloscope display of the 
voltage step response of the 
line at its generator end 

(Rp = Zo), from which 

Eqs. (12.215) and (12.199) 
give the load resistance, Ri; 
for Example 12.28. 


Example 12.27 Coaxial Cable with Both Load and Generator Unmatched 


A lossless coaxial cable of length / = 30cm has a homogeneous dielectric of parameters 
€r = 2.25 and py = 1 (polyethylene). The ratio of the outer to inner conductor radii is such 
that Inb/a = 1.25. The line is fed by a voltage generator of step emf € =5 V applied at 
t = 0 and internal resistance Rp = 75 &2. The other end of the line is terminated in a purely 
resistive load of resistance Ry = 25 Q. Sketch the voltage waveforms at both ends of the line _ 
within a time interval 0 < t < 9 ns. 


Solution From Egg. (11.17), (9.47), and (11.48), vp = 2 x 10° m/s and Zp = 50 Q, so that 
Egs. (12.193), (12.207), (12.199), and (12.204) then give T = 1.5 ns, vi) = 2 V, Py = —1/3 
(note that we now have a negative load reflection coefficient, as opposed to the situa- 
tion in Fig. 12.33), and Py, = 1/5, respectively. Using Eqs. (12.208), (12.209), and (12.211), 
Vr1 = —0.667 V (note that this is a negative increment to the previous total voltage on the 
line), viz = —0.133 V, v2 = 0.0444 V, viz = 8.89 mV, and v,;3 = —2.96 mV, with which the 
waveforms in Fig. 12.35 are sketched. In the steady state (f > 00), Vsteady = 1.25 V, by means 
of Eq. (12.213). 


Example 12.28 Time-Domain Reflectometry 


A time-domain reflectometer (TDR) consisting of a step voltage generator and an oscil- 
loscope is used to determine the resistance of an unknown load resistor connected to a 
lossless transmission line. The characteristic impedance of the line is Zp = 50 , and so Is 
the internal resistance of the generator. If the line is fed by this generator, with emf € = 4 V 
applied at t = 0, the oscilloscope displays voltage vp(t) in Fig. 12.36 at the generator end of 
the line. What is the load resistance? 


Solution The generator being matched to the transmission line, the total voltage at the gen- 
erator end of the line in the steady state, that is, after two one-way wave travel time periods in 
Eq. (12.193), is given by Eq. (12.215). From Fig. 12.36, vsteady = 1.5 V, which, combined with 
Eqs. (12.215) and (12.199), yields the load reflection coefficient and resistance of Py = —1/4 
and Ry, = 30 Q, respectively. 

Note that time-domain reflectometry is widely used for measurement of characteristics 
of unknown (resistive and/or reactive) load terminations of transmission lines, as well as line 
discontinuities (between the generator and load), such as a break on a buried coaxial cable 


(or invisible internal partial break on any other coaxial cable), an undesired parasitic capac- - 


itance on a microstrip line, an inductance of a bonding wire connecting two lines, etc. Note | 


also that, by means of Eqs. (12.193) and (9.47) and Fig. 12.36, TDR can provide information 
on the (unknown) length of a transmission line (with a known dielectric) or location of the 
discontinuity on the line. 
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| Example 12.29 Bie Response of Open- and Short-Circuited Lines > * 


_ A lossless transmission line of length / is fed by a step voltage generator with emf magnitude 
_ €, Eq. (12.205), that is matched to the line. The phase velocity of electromagnetic waves on 
| the line is vp. Sketch the voltage waveforms at both the generator and load if the other end 
| of the line is (a) open and (b) shorted, respectively. 


Solution 


' (a) Voltage waveforms for an open circuit as load in Fig. 12.31(a) are sketched in 
Fig. 12.37(a), as the limit of the case in Fig. 12.34(a) for Ry —> oo, which results in a 
unity load reflection coefficient, PL = 1, as in Eq. (12.113) in the frequency domain [see 
Fig. 12.13(b)]. Note that in practice this situation also occurs when the input dynamic 
impedance of a network or device connected to the farther end of the line is very high 
compared to Zp. We then have v,; = vj; in Eq. (12.208), so that the total voltage across 
the open line terminals (at z =/) is Vsteady = 2vi1 = E for t > T, ie., after one delay 
period of the line, Eq. (12.193), which is obtained from Eq. (12.215) as well. We see that 


vL(t) = Eh(t — T), (12.216) 


ie., that the output voltage of the line is exactly the same as the emf of the generator 
in Eq. (12.205), just delayed by the period T. In other words, an open-circuited lossless 
transmission line acts as an ideal delay line for a matched generator. 


(b) On the other side, as the extreme case of the situation in Fig. 12.34(b), Fig. 12.37(b) 
shows the voltage step response of a short-circuited line [as in Fig. 12.13(a)], with RL = 
0 and thus ry, = —1 [also see Eq. (12.110)]. A short circuit can as well approximate a 
very low input dynamic impedance seen into a network/device connected to the right. 
Eq. (12.208) now gives v,; = —vj, namely, that the reflected voltage completely cancels 
the incident one at z =/ and t= T. The total voltage is zero along the entire line for 
t > 2T [Vsteady = 0 in Eq. (12.215)]. Of course, vy, = 0 at all times, as dictated by the short 
circuit (or a very low input dynamic impedance seen to the right) at the load terminals. 

Note that in both cases in Fig. 12.37, we have a total reflection of the incident wave 
at the load end of the transmission line. In other words, line terminations given by both 
Ry, — co and Ry = 0 lead to || = 1, and the entire energy of the incident wave is 
reflected back to the line. 


Example 12.30 —@)eaubtels Short-Circuited Line with an Ideal Generator 


Repeat the previous example but for an ideal step voltage generator feeding the line. For 
case (b), also sketch the voltage snapshots along the line at times ¢ = 2.5T and t= 5.757, 
respectively, T being the one-way time delay of the line. 


Solution 


(a) An ideal voltage generator has a zero internal resistance, and with Ry = 0, Eqs. (12.207) 
and (12.204) yield vi; = € and P's = —1, respectively. In addition, since I, = 1, as in 
Fig. 12.37(a), v;1 = viz, and hence the total voltage at the load for T < t < 3T equals 
Vtotl = Vit + Vr = 2E. From Eq. (12.209), vig = —vy1 = —E, so that vio = Vtot + Vi2 + 
V2 = 0 (v2 = v2) after two more delay times T. Starting at t=57, we again have 
Vtor3 = 2E, and so on. So, the voltage at the generator terminals is constant (€), while 
the voltage at the open end of the line consists of a periodic sequence of rectangular 
pulses of amplitude 2€ in time, as shown in Fig. 12.38(a). 
For the short-circuited line and ideal voltage generator, vg(t) = € and v(t) = 0 for 0 < 
t < oo, which can as well be obtained from a similar analysis to that in case (a), with 
rp=ly=—1. 

All signals on the line periodically repeat themselves in time after each interval 27, 
which means that the voltage scans on the line, v(z, t),0 < z </, at times t = 2.5T and 


(b 


— 


matched generator, 
open-circuited line 


(b) 


Figure 12.37 Step response 
of the line in Fig. 12.31(a) 
with Rp = Zo (matched 
generator) and (a) Ry, > co 
(open-circuited line) and (b) 
Ry = 0 (short-circuited line); 
for Example 12.29. 
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Figure 12.38 Input and output voltage waveforms for an open-circuited transmission line fed by an ideal step voltage 
generator (a) and voltage snapshots at times t = 2.5T (or tf = 0.57) and t = 5.75T (ort = 1.757), respectively, along the 
line when short-circuited (b)-(c); for Example 12.30. 


1 =5.75T are the same as those at t = 0.57 and t = 1.75T, respectively. Having this, as 
well as Fig. 12.32(a) and Fig. 12.32(b), in mind, the two scans are sketched in Fig. 12.38(b) 
and Fig. 12.38(c). 


Stem pewee Current-Intensity Transient Response of a Line 


Sketch transient diagrams for the transmission-line current corresponding to those in 
Figs. 12.32 and 12.33 for the line voltage. 


Solution Of course, the transient response of a transmission line can be traced for the line 
current as well. The solution for i(z, ft) of the line can be obtained starting with the cur- 
rent intensity of the initial incident wave launched by the generator in Fig. 12.31(a) at r = 0, 
which equals, from Fig. 12.31(b), ij) = E/(Zo + Rg). Multiple reflections are then tracked at 
the load and generator as for the voltages in Eqs. (12.208)-(12.211), having in mind that 
the reflection coefficients for currents are the negative of the corresponding voltage coeffi- 
cients in Eqs. (12.199) and (12.204) [see Eq. (12.28)]. Hence, the first reflected component 
current, associated with the component voltage in Eq. (12.208), is i;; = —Iy4j;, the current 
accompanying the voltage in Eq. (12.209) comes out to be ij2 = —P git; = PLT gi, and so on. 
Alternatively, the transient current can be found directly from the voltage waveforms given 
that the voltage to current ratio for a traveling wave on the line equals +Z, Eq. (12.191), — 
with the plus (minus) sign corresponding to the wave propagating in the positive (nega- 
tive) z direction in Fig. 12.31(a). The components of the total forward propagating current ; 
are thus obtained from the corresponding voltage components in Eqs. (12.207)-(12.211) as 
fy = Vit /Zo, fp = —Vr1/Zo, fi2 = Vi2/Zo, ir2 = —Vs2/Zo, etc. So, using either one approach we , 
sketch in Fig. 12.39 the current-intensity snapshots (scans), i(z, f), along the line at differ- 
ent characteristic instants of time and input/output current waveforms, !,(t) and {i (t), that 
correspond to voltage snapshots and waveforms in Figs. 12.32 and 12.33. 


Problems: 12.31-12.37; Conceptual Questions (on Companion Website): 
12.37-12.43; MATLAB Exercises (on Companion Website). 


12.16 ANALYSIS OF TRANSMISSION LINES WITH PULSE 
EXCITATIONS 


Before considering pulse excitations of lossless transmission lines in this section, 
let us point out that, from the point of view of the general system theory, an 
arbitrary line made from linear electromagnetic materials represents a linear time- 
invariant system. This comes from the linearity of the governing telegrapher’s . 
equations, Eqs. (12.187), and the coefficients in these equations, namely. the line 
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Figure 12.39 Current-intensity snapshots, i(z, t), along the line in 
Fig. 12.31(a) at three instants of time (a)—(c) and input/output current 
waveforms, ig(t) and iz (t), for the line (d)-{e), associated with voltage 


(c) snapshots and waveforms in Figs. 12.32 and 12.33; for Example 12.31. 


per-unit-length inductance and capacitance, L’ and C’, being time-invariant (not 
changing with time). In other words, all the distributed elements (inductors and 
capacitors for the lossless case) in the equivalent schematic diagram in Fig. 12.1 are 
linear (because of the linearity of the line dielectric in Fig. 11.3) and do not change 
with time. By the superposition principle, which holds because of the system lin- 
earity,’ if the input (excitation) to the system, x(t), can be represented as a linear 
combination of two component signals, x;(t) and x2(f), then the output (response) 
of the system, y(t), can be obtained as the same combination of the individual 
responses to the component inputs if applied alone, 


X(t) =axy(t)+bx2() —> y(t) =ay,(t) + by2(), | (12.217) 


where a and b are arbitrary constants. On the other side, time invariance means that 
whether we apply an excitation to the system at a reference instant ¢ = 0 or after 
some time fg, the outputs will be identical, just shifted in time (delayed) relative to 
each other by fg. Simply, if the output due to an input x(f) is y(#), then the following 
equally time-shifted input/output pair of signals takes place: 


x(t—to) — y(t—%). (1222118) 


Both properties of transmission lines, in Eqs. (12.217) and (12.218), are useful 
to have in mind, and can often help in time-domain analysis of transmission-line 


*Note that in a general linear electromagnetic system, the superposition principle holds for the electric 
and magnetic fields, excited by impressed electric fields and currents, Eqs. (3.109) and (3.124), in linear 
media, and is a consequence of the linear character of the governing Maxwell’s equations in that case. 
Of course, a transmission line with linear materials is such a system. 


linear system 


time-invariant system 
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Figure 12.40 Pulse 
excitation of a lossless 
transmission line 

(Fig. 12.31(a)}: (a) 
rectangular pulse emf 
function in time and 

(b) its representation using 
two step functions, 

Eq. (12.205). 
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systems, in conjunction with other equations and techniques. In particular, we use 
them here to find the pulse response of transmission lines based on what we already 
know about the step analysis of lines from the preceding section. 

Let us assume that the emf in Fig. 12.31(a) is a rectangular pulse function of 
time, of magnitude € and duration 4, triggered at ¢ = 0, as shown in Fig. 12.40(a). 
This function is analytically given by 


| “for 05 


e() = ello: 0 fort<QOandt> 4%’ 


M(t) = (12.219) 


with I1(¢) standing for the corresponding unit rectangular pulse time function, which 
is also called the gate or window function. 

It is obvious from Fig. 12.40(b) that e(t) can be viewed as a superposition of 
two step functions, Eq. (12.205), with opposite polarities and a time shift tg between 
them, 


e(t) = Eh(t) — Eh(t — to). (12.2203 


Due to the linearity and time invariance of the transmission line in Fig. 12.31 (a), 
including its terminal networks (generator and load), as expressed by Eqs. (12.217) 
and (12.218), the response of the line to e(t) can be computed combining the indi- 
vidual responses to the two step inputs if applied alone. Namely, marking by vy (0) 
the line output response [load voltage in Fig. 12.31(a)] to the input e; (1) = Eh(t) 
alone, the resultant output response to the combined excitation in Eq. (12.220) is 
obtained as 


VLD) = Vii(t) — VLilt = 6). | (12.221) 


i.e., the load voltage is the same superposition of vy;(‘) and its flipped-over 
(multiplied by —1) and delayed (by fo) version as in Eq. (12.220) for the excitation. 

Consequently, transient analysis of a transmission line with a rectangular pulse 
excitation can essentially be reduced to the computation on the same line if excited 
by a step generator, and this latter task is generally simpler to perform. In particular, 
we can use Eq. (12.221) and the output voltage waveforms in Figs. 12.33(b)—12.38(a) 
to obtain the corresponding waveforms for the pulse excitation in Eq. (12.219). 
Analogous transformations from a step response to the pulse one, as in Eq. (12.221), 
can as well be applied for the generator voltage, vp (t), and for the total voltage and 
current, v(z, ft) and i(z, f), at any position (z) along the line. In addition, the gener- 
alization to an excitation in the form of a sequence of rectangular pulses in time is 
straightforward. Note, however, that pulse responses can also be found directly, by 
applying the multiple reflection tracking technique to the original pulse function, 
i.e., by simultaneously tracing the travel and load/generator reflections of its two 
(rise and fall) edges. Finally, exploiting the linearity and time-invariance of trans- 
mission lines under consideration, we can obtain transient response to pulses of 
nonrectangular shapes, such as triangular pulses in time. 


Example 12.32 Pulse Response of a Line with Unmatched Load and Generator 7 


A lossless transmission line of length / = 45 cm and characteristic impedance Zp = 50 Q is 
driven by an ideal voltage generator of rectangular pulse emf in Fig. 12.40(a) with magnitude 
€ = 10 V and duration f) = 2 ns. At its other end, the line is terminated in a purcly resistive _ 
load of resistance Ry, = 200 2. The line dielectric has relative permittivity e, = 4 and is | 
nonmagnctic. Sketch the voltage waveform at the load within a time interval 0 < t < 20 ns. 
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t[ns] 


t[ns] 


9:6) V 


Solution Using Eqs. (9.47) and (12.193), the one-way delay period of the line comes out to 
be T = 3 ns. Given, furthermore, that Rg = 0, 'g = —1, and ly, = 3/5, the step response of 
the line at the load terminals, vy; (¢), obtained as that in Fig. 12.33, is sketched in Fig. 12.41(a). 
Shown in the same figure is also the flipped-over and delayed by fg version of this signal, 
namely, —vz1 (¢ — fo). Having in mind the decomposition of the pulse excitation onto two step 
ones in Eq. (12.220) and Fig. 12.40(b), the output pulse response of the line, v_ (0, is obtained, 
according to Eq. (12.221), as a sum of the two waveforms in Fig. 12.41(a), and the result is 
shown, for 0 < t < 20ns, in Fig. 12.41(b). We see that the output response of the line to a 
pulse excitation in Fig. 12.40(a) consists of multiple pulses (theoretically, an infinite series of 
pulses) of decaying magnitudes with alternating polarity, separated in time by 2T — t9 = 4 ns. 
Since fg < 27, the adjacent pulses in the sequence do not overlap (or touch each other). 

Note that if the generator were matched to the line, Rg = Zo, the voltage vyi(t) would 
have the form as in Fig. 12.34, meaning that only one pulse (the first one) would be observed 
at the load, in Fig. 12.41(b), and the same would hold true if RL, = Zp (matched load). So, 
in the case considered in this example (unmatched terminations at both ends of the line), 
multiple reflections from the load and generator result in the reception of additional pulses 
at the load, which is normally unintended and undesirable. 


Beceem Overlapping Pulses at the Load Terminals 


Repeat the previous example but for 9 = 12 ns and Ry = 200 2. Show the output voltage 
during time 0 < t < 30 ns. 


Solution By the same procedure as in Fig. 12.41, the voltage at the load is sketched in 
Fig. 12.42. This is an illustration of a case with t9 > 2T (specifically, tg = 47), in which the 
adjacent pulse responses due to multiple reflections on the line in the output sequence in 
Fig. 12.41(b) now overlap, resulting in a distorted pulse that is being received by the load. 
Namely, the load and then generator reflection of the rise edge of the incident pulse comes 
back, after one round trip, to the load terminals before the arrival of the fall edge of the pulse, 
distorting it. The principal part of this pulse lasts the same as the generator pulse (from t = T 
to t = T + tg), but the overall signal lasts theoretically indefinitely (to t — 00). 


Figure 12.41 Evaluation of the 
output pulse response of a 
lossless transmission line: 

(a) the line step response and 
Ries 57 11S 1719" 21 its delayed (by the pulse width) 
negative, and (b) the resultant 
output waveform, obtained by 
superposition in Eq. (12.221); 
(b) for Example 12.32. 
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Figure 12.42 The same as in 


Fig. 12.41 but for to > 27 
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(to = 4T) and R, > Zo (I, > 0); 


for Example 12.33. 


(b) 


| Example 12.34 [ERY Triangular Pulse Response of a Transmission Line 

An air-filled lossless transmission line of length / = 60cm and characteristic impedance 
Zo = 100 2 is connected at its one end to a voltage generator with emf in the form of a 
bipolar triangular pulse of magnitude € = 4 V and duration t@ = 3 ns, applied at t = 0, as 
shown in Fig. 12.43(a). The internal resistance of the generator is Re = 300 2. The load, 
at the other end of the line, is purely resistive, of resistance Ry, = 400 2. Sketch the load 
voltage waveform for 0 < t < 10 ns. 


Solution From Eqs. (12.193) and (9.19), the one-way time delay of the (air-filled) line is 
T =1/co =2 ns. Because the bipolar pulse in Fig. 12.43(a) lasts shorter than twice the delay, 
to < 27, there is no overlapping of responses due to multiple reflections on the line, which 
means that the load voltage consists of a sequence of pulses of the same (undistorted) shape, 
so bipolar triangular, as the excitation pulse, just with decaying magnitudes, similarly to the 


e(t) 


f=47V, fp= os 


to/2 31/4 


(a) (b) 


Figure 12.43 Evaluation of the transient response of a transmission line to a triangular pulse exci- 
tation: (a) bipolar triangular emf function in time and (b) resulting voltage waveform at the load 
terminals; for Example 12.34. 
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situation in Fig. 12.41(b). Therefore, we obtain the overall output response of the line to 
the given excitation function by essentially finding the corresponding step response, and then 
replacing each (delayed) step increment in the output sequence in time by a bipolar triangular 


_ pulse of the same magnitude. 


Reflection coefficients in Eqs. (12.199) and (12.204) for the line come out to be both 
positive, Py = 3/5 and lg = 1/2. Using Eqs. (12.207) and (12.208), we have vj, = 1 V and 
v;1 = 0.6 V, and hence the total magnitude of the first bipolar triangular pulse at the load, 
lasting from t= T =2ns to t= T+% =Sns, equals Viriangt = Vit + ¥r1 = 1.6 V. For the 
second pulse in the output sequence, starting at t= 37 = 6 ns and ending att = 3T+% = 
9 ns, Eqs. (12.209) and (12.211) give viz = 0.3 V and v,2 = 0.18 V, respectively, from which 
Vtriang2 = Vi2 + ¥y2 = 0.48 V. Only these two pulses fall into the time interval considered 
(0 < t < 10ns), and they are sketched in Fig. 12.43(b). 


| Example 12.35 | Effects of a Finite Rise Time of a Step Voltage Excitation 


A lossless transmission line with characteristic impedance Zp = 100 Q and one-way wave 


} travel time T =0.2 ns is excited at one end by a voltage generator of step emf with 


magnitude € =3 V and finite linear-rise time, t,, as shown in Fig. 12.44(a). This emf is 
applied at r = 0. At its other end, the line is terminated in a purely resistive load of resistance 
Ry = 400 &. The internal resistance of the generator is Rg = 20 Q. Sketch the waveform 
during time 0 < rt < 2.2 ns of the voltage across the load for (a) tf; = 0.4 ns and (b) ¢; = 0.8 ns, 
respectively. 


Solution 


| (a)-(b) Similarly to the procedure carried out in the previous example, we consider the 


signal buildup on the line as if it were excited by an ideal step emf, with a zero 
rise time (t; =0), and merely “multiply” the ideal-step increments as they appear 
(delayed) at the load by a step signal form with a finite rise time (4 40) and unit 
magnitude. So, each increment in the output voltage sequence in time linearly rises 
during time ¢, from zero to the same voltage magnitude as in the ideal-step sequence. 
These voltage magnitudes are computed using Eqs. (12.207), (12.199), (12.208), (12.204), 
(12.209), and (12.211), and they amount to (note that Ty =3/5 and I’, = —2/3) 
Vi ty =4 Vi vi2 +2 = -1.6 V, viz + 73 = 0.64 V, vig + vr4 = —0.256 V, vis + 75 = 
0.1 V, and so on. The corresponding finite-rise-time voltage increments for t; = 0.4 ns = 
2T are sketched in Fig. 12.44(b). The total voltage waveform at the load termi- 
nals, in Fig. 12.44(c), is then obtained as a superposition of all partial waveforms 
in Fig. 12.44(b). In Fig. 12.44(d) and Fig. 12.44(e), the same procedure is repeated 
for 4; = 0.8 ns = 47. Shown in both Fig. 12.44(c) and Fig. 12.44(e) are also the volt- 
age waveforms that would be observed at the load if the transmission-line effects 
in the circuit in Fig. 12.44(a) were neglected, that is, if the load were directly con- 
nected to the generator, as in Fig. 12.31(c); these voltages are obtained combining 
Eq. (12.213) and the emf time function in Fig. 12.44(a). Of course, similar analysis can 
be performed for pulse excitations with both rise and fall times nonzero, t; 4 0 and 
te ~ 0. 

We see that, while the actual voltage waveform at the load in Fig. 12.44(c), for 
t,/T = 2, is very different from the same voltage with no transmission-line effects, such 
difference is quite small in Fig. 12.44(e). This implies that for a larger 4, over T ratio, 
namely, if t;/T = 4, the line appears almost as if nonexistent. In general, a rule of thumb 
in transient analysis of digital circuits is that the one-way signal delay time T along an 
interconnect in the circuit can be neglected (T ~ 0) if the rise and fall times of pulse sig- 
nals in the circuit are such that t,/T > 5 and similarly for tg; otherwise, the interconnect 
must be treated as a transmission line. 


) Problems: 12.38-12.42; MATLAB Exercises (on Companion Website). 


645 


646 


Chapter 12 Circuit Analysis of Transmission Lines 


¥i¥-1V] 


Vis+V,5=0.1 V 
¥j3+v,3=0.64 V 


— N WwW 


t(ns] 


Figure 12.44 Evaluation of effects of a finite rise time of a step voltage excitation of a transmission line: (a) circuit 
schematic diagram and source emf function in time, (b)-(c) time sequence of voltage increments and total 
voltage waveform, vi(4), at the load terminals for = 27, and (d)-(e) the same as (b)-(c) but for 4, = 47 
[shown in dashed line in (c) and (e) are also the corresponding output voltages for the same circuit but with 
the transmission-line effects neglected, as in Fig. 12.31(c)]; for Example 12.35. 


12.17 BOUNCE DIAGRAMS 


We now present a graphical tool for recording multiple reflection transient pro- 
cesses on lossless transmission lines and computing the total voltage and current 
intensity at an arbitrary location on the line and any instant of time, called a 
bounce diagram (also known as a lattice diagram) of the line. This is a space- 
time (i.e., distance-time) plot of the voltage (or current) state of a transmission 
line, with the distance (z) from the generator end measured on the horizontal axis 
and time (t > 0) on the vertical axis oriented downward, as shown in Fig. 12.45. 
We assume a step excitation and purely resistive load termination of the line, as 
in Fig. 12.31(a). The zigzag line in Fig. 12.45 indicates the progress of the voltage 
wave along the line, where each line segment (sloping downward from left to right 
or right to left) represents a component traveling voltage (forward or backward) 
and is labeled with the magnitude of the voltage step increment. Starting from 
the top of the diagram, these voltages are successively obtained by multiplying the 


Section 12.17 


magnitude of the preceding component by one of the line reflection coefficients 
ry and Ws, given in Eqs. (12.199) and (12.204), depending on the position (load 
or generator) where the reflection occurs. Of course, the expressions for com- 


| ponent voltages in the labels of segments in Fig. 12.45 are the same as those in 
Eqs. (12.207)-(12.211). 


Once the bounce diagram is constructed, the total voltage at a location z = z; 
and time t = t, v(z1, t;), can be easily found from the position of the point (z1, t1) 
in Fig. 12.45, point P;, relative to the zigzag voltage line. Namely, v(zj, t;) equals 
the sum of the component voltages of all sloping line segments intersected by the 


' vertical line z = z; between points t = 0 and ft = ty, so above Pj, on that line (these 


points are also included in the count if on the zigzag line). Hence, for the choice of 
z1 and ty in Fig. 12.45, we see that v(z1, 1) = vii +r + vig = (1+ TL4+I Ps) vi, 
since the vertical (dashed) line starting at the point marked z; on the z-axis inter- 


sects the first three sloping line segments along its part above Pj. Similarly, the total 


voltage scan v(z, t2) along the transmission line at any given time (f2), as well as the 


| voltage waveform v(z3, £) at any fixed location (z3) on the line, can also be obtained 


from the diagram, in a straightforward fashion. In the first case, we draw a hori- 


| zontal (dashed) line from f2 on the t-axis to the right, and identify its intersection 


with the zigzag voltage line, point Pz, and the corresponding point z2 on the z-axis 
— this is the position on the transmission line where the voltage picture exhibits an 
abrupt (step-like) change. For example, if the instant fz is chosen as in Fig. 12.45, so 
that P2 belongs to the segment labeled with the component voltage magnitude v,1, 
we read from the diagram that v(z, ft) = vj, for 0 < z < z2 and v(z, f2) = vi +n 
for z2 < z <1. For the second case (fixed location), we look at the intersections of 
the vertical dashed line z = z3 with the segments of the zigzag line, and the cor- 
responding points on the f-axis, marked as ¢, 1@, ... in Fig. 12.45. We then read 
that v(z3, 1) = 0 for 0 <t < ©, v(z3, 0) = vi, for  <t < , v(z3, 1) = vy + eI 
for 12 < t <1®), and so on. Note that in this way all voltage snapshots and wave- 
forms in Figs. 12.32-12.37 can now be directly reproduced — from the bounce 
diagrams. Finally, the current bounce diagram of a transmission line is constructed 


and used in the same way as the corresponding voltage diagram, the only difference 


being in the values of the reflection coefficients - the load and generator reflec- 


| tion coefficients for currents equal —I, and —Ig, respectively [see Eq. (12.28) and 
big, 12.39]. 


| Selly paeime Voltage and Current Waveforms from Bounce Diagrams 


Construct voltage and current bounce diagrams for the coaxial cable and its excitation and 
load described in Example 12.27. Based on these diagrams, obtain the total voltage and 
current scans along the cable at a time instant t=5 ns, as well as voltage and current 
waveforms for 0 < t < 9 ns at the cable cross section whose distance from the generator is 
z=7.5 cm. 


_ Solution Using the data computed in Example 12.27 and having in mind Fig. 12.45 and the 


accompanying explanations, the voltage and current bounce diagrams of the cable, as well as 
v and i snapshots and waveforms at the given time and location on the cable, respectively, are 
sketched in Fig. 12.46. 


Problems: 12.43-12.45; MATLAB Exercises (on Companion Website). 
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Figure 12.45 Voltage 
bounce diagram of a lossless 
transmission line with a step 
excitation, in Fig. 12.31(a). 
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Figure 12.46 Voltage and current 
bounce diagrams (a), snapshots at 
(SS ie = 34 T (b), and waveforms 
at z= 7.5 cm = //4 (c) for the 
coaxial cable from Example 12.27; 
for Example 12.36. 
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Section 12.18 Transient Response for Reactive or Nonlinear Terminations 


12.18 TRANSIENT RESPONSE FOR REACTIVE OR 
NONLINEAR TERMINATIONS 


Often, transmission-line terminations involve reactive lumped elements, inductors 
and capacitors. In the analysis of high-speed digital circuits, these elements are 
used to model various lumped inductive and capacitive effects at line terminals 
that are not already included in the transmission-line model (with distributed 
inductors and capacitors). Some of examples are the inductance of bonding wires 
connecting two lines and that of resistor (load) leads, and capacitances of various 
packaging inclusions near line terminals, in the form of conducting wires (e.g., vias 
in a multilayer printed circuit board, Fig. 11.14, and packaging pins) and plates 
(e.g., nearby ground planes and plug-in cards in a computer). In addition, they 
can model, along with resistors, a complex input impedance of a device (e.g., a 
transmitting antenna) connected at the load end of the line. As the most notable 
difference when compared to the lines with purely resistive terminations, the 
reflected and total voltages and current intensities on lines with reactive loads do 
not have the same temporal shape as the incident ones. This is essentially due to 
integrating effects related to charging the reactive elements, that is, establishing 
the current through an inductor or voltage across a capacitor. In this section, 
we extend our transient analysis of transmission lines with resistive loads from 
previous sections to some simple characteristic cases of reactively loaded lines. We 
also discuss transient responses of lines with nonlinear loads. 

Consider first a lossless transmission line terminated in an ideal inductor, of 
inductance L, as in Fig. 12.47(a). We assume, for simplicity, that the generator, with 
a step emf of magnitude €, Eq. (12.205), is matched to the line, Rg = Zo (I'g = 0), 
so that there are no multiple reflections on the line, and the only forward propa- 
gating wave at all times (after the switch of the generator) is the initial one. The 
incident voltage is thus vj = vj = €/2, Eq. (12.214), much like in previous cases 
with a matched generator, in Figs. 12.34 and 12.37. Prior to the instant t = T, the 
load voltage, vy (t), is zero. At t= T, with T being the one-way time delay of the 
line, Eq. (12.193), the wavefront of the signal vj; arrives to the load terminals, and 
the voltage of the inductor is abruptly changed. In general, for rapid variations of 
an applied voltage, an inductor behaves as an open circuit, and its current is zero. In 
other words, the current of an inductor cannot change instantaneously [note that 
a step-like jump of i in Eq. (7.3) would result in an infinite v]. So, at this time 
the incident voltage is reflected from the load in Fig. 12.47(a) as in the case of an 
open-circuited transmission line, and the total voltage of the load jumps to 

vL(T) = 2v;3 = € (inductor > open circuit, Ty, = 1), (2222) 
as in Fig. 12.37(a). After this initial sudden change of the state of the inductor, its 
current starts to build up, from zero to a steady-state value. In the steady state, 
as in a dc regime, the inductor can be considered as a short circuit [Eq. (7.3) with 
d/dt = 0, no time variations], and hence 


VL(t > 00) = Vsteady = 9 (inductor — short circuit, lL, = —1), Cl2.223) 


as in Fig. 12.37(b). Between the time t = T (abrupt variation, inductor open cir- 
cuit) and t — oo (steady state, inductor short circuit), the change (decrease) of the 
inductor voltage is an exponential one, as sketched in Fig. 12.47(b), and we can write 

v(t) = Eh(t— Tye Ot 


(0<t<oo), (12.224) 
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Figure 12.47 Step transient 
analysis of a lossless 
transmission line with a 
purely inductive load and 
matched generator: (a) 
circuit schematic diagram, 
(b) total [v_(@)] and reflected 
[vr (1, )] voltage waveforms 
at the load, (c) Thévenin 
equivalent generator for the 
line as seen from the load, 
and (d) total [vg(t)] and 
reflected [v,(0, t)] voltage 
waveforms at the generator. 
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time constant of a line with a 
purely inductive load 


Thévenin emf and resistance 
as seen from the load 


load line of the circuit 


where the time-shifted Heaviside function A(t — T) makes the expression for vy (t) 
zero for t < T. Since the input dynamic impedance that the load sees looking into 
the transmission line equals the line characteristic impedance, Zo, the time constant 


of this exponential change is ee 
L 
= >. 12.228 


Of course, the load current, i, (f), increases by the same exponential law, which is a 
typical charging curve for an inductor (as well as a capacitor, but for voltage). From 
Fig. 12.31(c), with Rp = 0 and Ry = Zp, the current at f > oo is 


hj 
steady = Re = Za 


Note that this same analytical result in Eqs. (12.224) and (12.225) and the plot of 
vi in Fig. 12.47(b) can be obtained also using Thévenin’s theorem, namely, replacing 
the circuit to the left of the load (inductor) in Fig. 12.47(a) by the Thévenin equiv- 
alent generator, as shown in Fig. 12.47(c). This is simply the Thévenin circuit on 
the right-hand side of Fig. 12.30, in the general Thévenin equivalent representation 
(Thévenin generator pair) for transients on transmission lines. Hence, the internal 
resistance of the equivalent generator in Fig. 12.47(c), Rr, equals Zo, and its emf, er, 
twice the incident voltage at the load location in Fig. 12.47(a), v;(/, £), which, in turn, 
comes out to be the step-function incident voltage of magnitude €/2 in Eq. (12.214) 
delayed by 7 (for the travel time over the distance /, to the load). However, even 
without taking the general result from Fig. 12.30, we can find ey directly for this 
case as (by Thévenin’s theorem) the output voltage of the line in Fig. 12.47(a) 
when open-circuited, and that is exactly the output voltage in Fig. 12.37(a) and 
Eq. (12.216). So, the parameters of the Thévenin equivalent generator are 


(12.226) 


ler) = 2vi(l,) =Eh@-T), Rr =Zo,| (12.227 


and we next show that the voltage vz (f) in Eq. (12.224) represents the solution of the 
differential equation for the simple RL circuit in Fig. 12.47(c), whose time constant 
t is the one in Eq. (12.225). Furthermore, we have in mind that this equivalent 
representation of the line holds true for any load. 

Kirchhoff’s voltage law, Eq. (1.92) or (3.119), for the circuit in Fig. 12.47(c) gives 


vi + Zoi = er. (12.228) 


Taking the derivative with respect to time of both sides of this equation and using 
the current-voltage characteristic (differential equation) for an inductor in Eq. (7.3), 
we then obtain the following differential equation in time for vy as unknown, valid 
for the time after the Thévenin emf is switched on: 

dit dyp Zo 
amie Me 7 
[de;/dt = 0 since ey = const for ¢ > 7, Eq. (12.227)]. The initial condition for v;, 
right after the switch instant, f= 7, is obtained from Eqs. (12.228) and (12.227), 
and the fact that there cannot be an abrupt change of current intensity through an 
inductor, so iy initially stays the same (zero) as before the generator switch, 


(TT) =i.) =0 == wir jee (12.230) 
The solution of the first-order differential equation in Eq. (12.229) that satisfies this 


initial condition is exactly the expression for v(t) in Eqs. (12.224) and (12.225). 
Eq. (12.228) then gives the solution for the current i, (¢). 


vyp=0 (Ti =o) (12.229) 
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The input voltage of the line, vg(t), is given by Eq. (12.214) until the arrival of 
| the reflected wave, at t = 27. In order to compute and sketch its temporal form 
after that time, we first determine the voltage of the reflected wave, v,,, on the line. 
Since this is the only one reflected voltage (for T < t < 00), vy = vy, it equals the 
difference of the total and incident voltages at a given location (z) along the line. 
_ At the load terminals (z = J), using the first equation in Eqs. (12.194), 
v.10) =v(i,0 — (1,0 = vL@) — = hit = Py —ent— 7) [eaten = 5 
(12.231) 
and this waveform is also shown in Fig. 12.47(b). For t > 2T, the reflected voltage 
at the generator terminals (z = 0), v,(0, f), has the same form as that at the load 
, end, in Fig. 12.47(b), just with an additional delay T relative to the signal v,(/, ), so 
| v,(0,t) =v,(/,t — T), as shown in Fig. 12.47(d). Finally, the voltage of the generator 
| is obtained as 


Ve (t) = v;(0, ) + vr(0, 1) = = h(i ent 2D) [ae = Al (12.232) 
| and sketched in Fig. 12.47(d). 

Next, let the reactive element at the farther end of the line be an ideal capacitor, 
of capacitance C, Fig. 12.48(a). Just opposite to an inductor, a capacitor acts as a 
short circuit for rapid variations of an applied signal (the voltage across a capacitor 
cannot change instantaneously), whereas as an open circuit (current is zero) in the 
steady (dc) state [see Eq. (3.45)]. Therefore, in place of Eqs. (12.222) and (12.223), 
| we have 


vp(T) =0 (Tp = 1). 


During the time T <t < oo, as the capacitor is being charged the signal vz_(4) 
increases exponentially between these two values (characteristic charging curve for 
a capacitor), Fig. 12.48(b). It is zero for t < T, so that overall 


(Typ =-1), vet oo) =2v, =€ Ci2e255) 


vi) = Ent — T) [1 = aca (== co), (12.234) 
with the following time constant: 
(2.235) 


This can as well be obtained solving the RC circuit in Fig. 12.48(c), where the 
structure to the left of the capacitor in Fig. 12.48(a) is replaced by the Thévenin 
_ equivalent generator, of parameters in Eqs. (12.227). Finally, shown in Figs. 12.48(b) 
| and (d) are the corresponding reflected voltage waveforms at the load and gener- 
ator terminals, v,(/, t) and v;(0, 7), as well as the voltage of the generator, vp(f), in 
| Fig. 12.48(a), obtained in the same way, using Eqs. (12.231) and (12.232), as for the 
inductive load in Fig. 12.47. 

We see that, indeed, the total and reflected voltages at the load (inductor or 
| capacitor) and generator in Figs. 12.47 and 12.48 do not exhibit the same temporal 
shape as the incident voltage (which is a step function). In specific, let us com- 
| pare the waveforms for vy (t) and ve(f) in Fig. 12.47 for the inductor as load with 
| the corresponding ones in Fig. 12.37(b) for the short-circuited line, and then the 
same diagrams in Fig. 12.48 for the capacitor with those for an open circuit as load, 
| Fig. 12.37(a). We realize that essentially the only change in waveforms due to the 
| presence of a reactive element in the circuit is that establishing the steady state is 


651 


Ry=Zo 
wth A 


e(1) 


ae 


ii 
(b) 
Ry=Zo 
r AN Vane —0 7 
+ C 
ep)» 
=Eht-T)y 


(c) 


Vg.Vz 


Figure 12.48 The same as 
in Fig. 12.47 but for a purely 
capacitive load. 


time constant for a purely 
capacitive load 


(c) 


Figure 12.49 Transients on 
the line in Fig. 12.47(a) 
when terminated in a 
nonlinear load: (a) circuit 
schematic diagram, 

(b) Thévenin equivalent 
circuit at the load end, and 
(c) solution for the load 
voltage and current — at the 
intersection of the load line 
of the circuit in (b), 

Eq. (12.228), and 
(nonlinear) current-voltage 
characteristic of the load. 
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prolonged, theoretically indefinitely, to accommodate the time (theoretically infi- 
nite) for that element to charge. In other words, the integrating (charging) effects 
of the inductor and capacitor turn the sharp (rising or falling) edges of (positive or 
negative) step signals, i.e., the instantaneous voltage jumps (with infinite slopes), 
into smooth (exponential) changes over time. The lower the L and C the shorter 
the time constants t in Eqs. (12.225) and (12.235) and faster the transitional period, 
which, in practice, may be said to be completed after several time constants. 

Of course, similar computations of transients can be performed on transmission 
lines with various combined resistive and reactive terminations (i.e., lossy reactive 
loads), such as series or parallel combinations of a resistor and an inductor (capac- 
itor). However, this simple technique, based on reflection tracking in conjunction 
with analysis of transient behavior of reactive loads from their current-voltage char- 
acteristics, can become exceedingly complicated for loads that involve more than 
one reactive element, as well as for lines with unmatched generators and/or emf 
time functions different from step and pulse ones. Moreover, reactive elements can 
be present also on the source end of the line. In general, the transient responses of 
a line can be found by solving the two (input and output) coupled Thévenin equiv- 
alent circuits in Fig. 12.30, that is, by simultaneously solving Eqs. (12.195), (12.200), 
(12.189), and (12.190) for the line together with differential equations describing 
boundary conditions imposed by the terminal networks. Such computations often 
use Fourier or Laplace transform methods to avoid the direct time-domain analysis. 

Finally, as an illustration of transient analysis of transmission lines with non- 
linear terminations, which are often encountered in high-speed digital circuits 
(nonlinear logic gates), let us assume that the load of a lossless transmission line 
with a matched step-voltage generator has a nonlinear current-voltage character- 
istic, as indicated in Fig. 12.49(a). Here, we can use the same Thévenin generator 
with parameters in Eqs. (12.227) to obtain the equivalent circuit in Fig. 12.49(b). 
The solution for the load voltage vy (and current i,,) corresponds to the intersec- 
tion of the load line of the circuit, dictated by the Thévenin generator and given 
in Eq. (12.228), and the nonlinear current-voltage characteristic of the load (e.g., a 
diode or transistor), as illustrated in Fig. 12.49(c).' This intersection can be deter- 
mined analytically in some situations, and graphically or numerically for arbitrary 
nonlinear loads. The input voltage v(t) can then be found via the reflected volt- 
age, as in Eqs. (12.231) and (12.232). Note that, in general, the analysis can be 
extended to cases where the generator in Fig. 12.49(a) is unmatched, or when termi- 
nal networks at both ends of the line, Fig. 12.30, exhibit nonlinearities (e.g., driver 
and receiving logic gates in a digital circuit). 


Example 12.37 TDR Measurement of Unknown Load Inductance - 


Consider the time-domain reflcctometer and transmission line from Example 12.28 and 
assume that the load is an ideal inductor of unknown inductance. If the oscilloscope showing, 
vp(t), is now that in Fig. 12.47(d), where the area undcr the decaying exponential curve 
in the voltage display is measured to be A = 12 nVs [note that this “area,” measured in a 
voltage (expressed in volts) over time (seconds) diagram, is expresscd in Vs, rather than m?], 
determine the value of the load inductance. 


10Note the similarity with solutions for magnelic ficld intensities (#7) and flux densities (8) in nonlin- 
ear magnetic circuits delermined by inlerscctions of circuit load lines and magnetization curves of core 
materials, Figs. 5.30 and 5.34. 


Section 12.18 Transient Response for Reactive or Nonlinear Terminations 653 


Solution The analytical expression for the voltage vg in the circuit in Fig. 12.47(a) is given 
by Eq. (12.232). Therefore, the “area” under the exponential curve in the TDR diagram in 
Fig. 12.47(d), and from it the inductance (L) we seek, can be computed as follows: 
[oe ~ 
A= vg(t) dt = ef a ae = = 1 <a sia 
t=2T oe 0 é 
(12.236) 
where the use is made of the fact that both Heaviside functions in Eq. (12.232) are unity for 
t > 2T, as well as of the expression for the time constant of the circuit in Eq. (12.225). 

Note that a TDR response like the one in Fig. 12.47(d) tells us, in the first place, that 
the unknown impedance load at the farther end of a transmission line is purely inductive 
(ideal inductor). Other examples of TDR signatures that indicate the nature of a load on a 
transmission line are those in Figs. 12.34(a)-(b) and 12.37(a)-(b) for purely resistive loads 
with Ry > Zo, RL < Zo, RL — oo, and Ry, = 0, respectively, whereas Fig. 12.48(d) shows the 
' TDR signature of a purely capacitive load. 


Sel paste Line Terminated in a Series Connection of a Resistor and an 


Inductor 


A lossless transmission line, for which the one-way wave travel time is T = 2 ns, is fed by 
a voltage generator of rectangular pulse emf with magnitude € = 5 V and width fp = 1 ns, 
applied at t= 0. The characteristic impedance of the line and internal resistance of the 
generator are Zp) = Rg = 50 . The other end of the line is terminated in a load consisting 
of a resistor of resistance R = 30 Q and an inductor of inductance L = 80 nH connected in 
series. Sketch the waveform for 0 <t < oo of the voltage across (a) the load and (b) the 
generator, respectively. 


Solution 


(a) Let us first find the step response of the line. At t = T, the inductor behaves like an open 
circuit, and so does the entire load (an open in series with a resistor is open as well), and 
the total voltage of the load is thus that in Eq. (12.222). At t + oo, the inductor can be 
replaced by a short circuit, Eq. (12.223), and the entire load reduces to the resistor (of 
resistance R) only, meaning that the expression for the steady-state voltage across the 
load is the same as in Fig. 12.34(b) (R < Zo), given by Eqs. (12.215) and (12.199), so it 
amounts to 


Vsteadyl = ¢ + RES = 1.875 V. (12.237) 


Z 
Between the initial abrupt variation of the load voltage and the steady state, this voltage 
decreases exponentially with the following time constant: 


=i ns, (12.238) 
0 


in place of the one in Eq. (12.225), which can as well be obtained from the analysis of 
an equivalent circuit with the transmission line and generator replaced by the Thévenin 
equivalent generator in Fig. 12.47(c). Based on these data, the waveform of the step 
response of the line at the load terminals, vy1(t), is sketched in Fig. 12.50(a). Using 
Eq. (12.221), this waveform is then transformed to the corresponding pulse response, 
vi (t) — shown in the figure. Finally, since the step response vy (f) can be written as [see 
also Eq. (12.224)]| 


vii (t) = iG — Vsteady1) EO PF + Vsteadyr | At—T) (<t<oo), (12.239) 


we compute the voltage Vo at the tip of the fall edge of the distorted pulse at the output, 
in the diagram of vy(f) in Fig. 12.50(a), as 


Vo = vy (T + to) = vii (3 ns) = 3.025 V. (12.240) 
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Figure 12.50 Step and pulse voltage responses of a transmission line terminated in a series connection of a 
resistor and an inductor observed at (a) the load, vi; and v,, and (b) the generator, vp; and vp, respectively; 
for Example 12.38. 


Figure 12.51 The same as in 
Fig. 12.50 but for the line 
terminated in a resistor and a 
capacitor connected in series; 
for Example 12.39. 


(b) Fig. 12.50(b) shows the voltage step response of the line at its generator end, v,j(t), 
which is obtained, from vz, (t) in Fig. 12.50(a), as in Fig. 12.47(b) and Fig. 12.47(d) using 
Eqs. (12.231) and (12.232); vpi(‘) ends up being equal to €/2 for 0 <1 < 27 and to 
v_(t — T), so v_(t) delayed by 7, for 27 <1 < oo. The figure also shows the total input 
waveform ve(t) for the pulse excitation, determined from vg; (t) by means of Eq. (12.221). 


Example 12.39 Line Terminated in a Resistor and a Capacitor in Series ee 


Repeat the previous example but for a capacitor of capacitance C = 20 pF in place of the 
inductor in the line load. 


Solution 


(a) In the step analysis, at f= 7, with the capacitor acting like a short circuit, we are left 
with the resistor (of resistance R) as load, and hence the reflection coefficient at the load 
is given by Eq. (12.199), namely, PL = (R — Zo)/(R + Zo), and the total output voltage 
actually equals the steady-state voltage in Eq. (12.237), v.1(7) = 1.875 V. Att > oo, on 
the other hand, the capacitor, and thus the entire load, can be considered as an open 
circuit, so the output voltage in the steady state equals the initial voltage in Eq. (12.222), 
Vsteady] = € = 5 V. Between the two voltage values, we have an exponential increase of 
vp (4), similar to that in Fig. 12.48(b) but with a time constant t = (RK + Zo)C = 1.6 ns, 
which is shown in Fig. 12.51(a). Combining this waveform in accordance to Eq. (12.221), 
we then obtain and sketch the associated pulse response, vi(‘), where the maximum 
value of the total load voltage, Vp = 3.33 V in Fig. 12.51(a), is computed in a similar way 
to that in Eqs. (12.239) and (12.240). 


(a) (b) 
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operating point 
a load line 
vi [V] 


Figure 12.52 Transient analysis 
of a transmission line with a 
nonlinear load: (a) 
current-voltage characteristic of 
the load, and load line and 
Operating point for the 
Thévenin equivalent circuit in 
0 06 12 18 t{ns] Fig. 12.49(b), and (b) input 
and output step responses of 
(b) the line; for Example 12.40. 


(b) The step and pulse voltage responses of the line at the generator end are found as in 
Figs. 12.50(b) and 12.48(b) and (qd), and plotted in Fig. 12.51(b). 


Example 12.40 Step Response of a Transmission Line with a Nonlinear Load 


A lossless transmission line of length / = 9 cm, dielectric relative permittivity ¢, = 4 (wu; = 1), 
and characteristic impedance Zp = 50 Q is driven by a matched voltage generator of step 
emf € = 3 V applied at t= 0. The other end of the line is terminated in a nonlinear load 
whose current-voltage characteristic is shown in Fig, 12.52(a). Sketch the voltage waveforms 
at both ends of the line. 


| 
| Solution With the given numerical data substituted, the equation of the load line for the 
Thévenin equivalent circuit in Fig. 12.49(b), Eq. (12.228), becomes 


vp + 550i, =3 (vr in V; i, in A). (12.241) 


The intersection of this line and the current-voltage characteristic of the load (operating point 
| of the circuit) is as indicated in Fig. 12.52(a). We realize that for T < t < oo, where T = 0.6 ns, 
from Eqs. (12.193) and (11.17), the load voltage equals vy, = 1 V, as shown in Fig. 12.52(b). 
| By means of Eq. (12.241), the load current is i, = 40 mA. 

From? = Otot = 2T = 1.2 ns, the voltage at the generator end of the line equals the inci- 
dent voltage in Eq. (12.214), namely, vg = vj = €/2 = 1.5 V. As in Eq. (12.231), the voltage 
| reflected from the load (for T < t < oo) comes out to be 


vy = vp — yj = —0.5 V. (12.242) 


It arrives to the generator at t= 27, and hence vg = vj +; =1 V for 2T <t < w. The 
voltage waveform v(t) is sketched in Fig. 12.52(b) as well. 


Problems: 12.46-12.50: Conceptual Questions (on Companion Website): 
) 12.44-12.47; MATLAB Exercises (on Companion Website). 
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Problems 


12.1. Voltage and current standing wave patterns 


2. 


12.3: 


12. 


z. 


4. 


tn 


for resistive loads. Consider a lossless trans- 
mission line of characteristic impedance Zp = 
50 @ and a time-harmonic traveling wave of 
rms voltage Vig = 10 V on it. The wavelength 
along the line is A, = 1 m. Find the magnitude 
and phase angle of the load reflection coef- 
ficient, the maxima and minima of the total 
voltage and of the total current of the line and 
their locations, and the standing wave ratio 
of the line, and sketch the voltage and cur- 
rent standing wave patterns along the line — 
if it is terminated in a purely resistive load of 
resistance (a) Rp = 250 Q and (b) Ry = 10 Q, 
respectively. 


Standing wave patterns for reactive loads. 
Repeat the previous problem but for a purely 
reactive load of reactance (a) X, = 50 Q and 
(b) XL = —50 Q, respectively. 

Standing wave patterns for complex loads. 
Repeat Problem 12.1 but for a complex load 
of impedance (a) Z, = (100 + j50) Q and (b) 
Z,, = (50 — j100) 22, respectively. 

Finding load impedance from voltage stand- 
ing wave pattern. Using an air-filled slotted 
line of characteristic impedance Zo = 100 Q 
terminated in an unknowr load, the measured 
standing wave ratio of the line turns out to be 
s =5, the distance of the first voltage maxi- 
mum from the load /,,4, = 12.5 em, and*that 
of the first voltage minimum [min = 37.5 cm. 
The line can be considered to be lossless. 
(a) What is the operating frequency of the 
line and what the complex impedance of the 
load? (b) Repeat (a) but for another load that 
results in the first voltage maximum and min- 
imum on the line switching places, namely, 
in l/min = 12.5 em andl may = 37.5 em (and the 
samc S). 


. More slotted-line measurements. (a) Find the 


operating frcqucncy of an air-filled slottcd 
line, whose characteristic impedance is Zp = 
60 &2 and losses in conductors are negligible, 
and the complex impedance of an unknown 
load terminating the line if measurements on 
it give a standing wave ratio of s = 2 and the 


12.6. 


12.7. 


location of the first voltage minimum at /min = 
40 cm from the load, which is also A/ = 80 cm 
to the next minimum. (b) Repeat (a) but for 
a load that results in the same for the first 
two voltage maxima, instead of minima, so in 
Imax = 40 em and Ay a0 cur 


Power flow on a low-loss microstrip line with 
a complex load. Take the low-loss microstrip 
line with a two-layer dielectric shown in 
Fig. 11.13 and described in Example 11.12, 
and assume that a time-harmonic wave of 
frequency f = 1 GHz is launched to propa- 
gate along the line, as well as that the line 
is terminated on its other end in a load of 
impedance Z, = (75 + j30) Q. The rms volt- 
age of the incident wave at the load is 
Vio = 1 V. Under these circumstances, com- 
pute the time-average power of the incident 
and reflected waves, and the net real power 
flow along the line at distances of 5 m, 50 cm, 
and 5 cm, respectively, from the load, and at 
the load. 


Quarter-wave transformer for a resistive load. 
(a) Design a quarter-wave transformer to 
impedance-match a purely resistive load of 
resistance Ry, = 40 Q to a transmission line 
with characteristic impedance Zo = 160 Q at 
a frequency of f = 200 MHz. (b) Then com- 
pute the percentage of the incident power 
that is reflected from the input terminals of 
the transformer, that is, from the combina- 
tion of the transformer and the load, and the 
associated standing wave ratio at frequencies 
10% above and below the design frequency, 
respectively. 


. Purely resistive line impedance for com- 


plex loads. For the transmission line from 
Problem 12.1 and each of the two complex 
loads specified in Problem 12.3, cases (a) and 
(b), determine the shortest distance from the 
load to a location where the transmission- 
line impedance is purely real (resistive), and 
compute that impedance (resistance). In both 
cases, also find the next shortest distance and 
the corresponding line resistance. What are 
the maximum and minimum line resistances, 


12.9. 


12.10. 


12.11. 


12.12. 


12.13. 


viewed along the entire line, for each of the 
loads? 


Purely resistive line impedance for resistive 
loads. Repeat the previous problem but for 
the two purely resistive loads specified in 
Problem 12.1. 


Maximum and minimum line impedances for 
reactive loads. Consider the two cases of 
purely reactive load terminations specified in 
Problem 12.2 (for the transmission line in 
Problem 12.1), and find the maximum and 
minimum values of the magnitude of the line 
impedance, and locations on the line (rel- 
ative to the load) where these values are 
encountered. 


Quarter-wave matching circuit for a capacitive 
complex load. If the load in Problem 12.7 is 
complex with impedance Z,, = (100 — j60) &, 
design a matching circuit for it that includes a 
quarter-wave transformer. 


Complete circuit and power analysis of a 
lossless line. In the transmission-line circuit 
news, let y— o6cm, Zo — 30 2, = 
28/6 V, Z, = (10 + j10) &, and Z; = (70 — 
j100) 92. In addition, let the wavelength along 
the line be 4, = 10 cm, and the attenuation 
coefficient of the line be zero. Compute: (a) 
the total voltage and current along the line in 
both complex and time domains, (b) the net 
complex power flow (toward the load) along 
the line, (c) the time-average power of the 
reflected wave, (d) the time-average power 
that the generator delivers to the line, and (e) 
the instantaneous loss power in the load. 


Complete circuit/power analysis of a low-loss 
line. Repeat the previous problem but for a 


, €,=2.2 
o2=75 
Re=25Q ym F 


E=100e! V (~) 


f=100 MHz | 


: 
fe 2 asa 
Zo1=50 oe €,=2.25 ZI Zo3=100 &. €,=4 


=(50+j50)2 


12.14. 


12.8s. 


12.16. 


12.17. 


} 
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Problems 


nonzero attenuation coefficient along the line 
amounting to a = 0.5 Np/m, which classifies 
this line as a low-loss one. Additionally, eval- 
uate the total time-average loss power in the 
line conductors and dielectric. 


Cascaded/series configuration of three trans- 
mission lines. Fig. 12.53 shows a combination 
of three lossless transmission lines and three 
complex impedance loads driven by a time- 
harmonic voltage generator. For the circuit 
parameters given in the figure, determine the 
time-average power delivered to each of the 
loads. 


Cascaded/parallel configuration of three lines. 
Repeat the previous problem but for the 
circuit configuration with three transmission 
lines and three loads depicted in Fig. 12.54. 


Combining impedances of a coaxial cable 
when shorted/open. By measurement at a fre- 
quency of f = 313 MHz on a coaxial cable 
of length / = 1.3 m, it is determined that the 
input impedance of the cable when short- 
circuited amounts to Z,. =j130 2, while 
Zoe = —J43.4 Q when open, as well as that 
the electrical length of the cable, J. = 1/Az (Az 
being the wavelength along the cable) falls 
between 2 and 2.25. The losses along the cable 
can be neglected. What are (a) the charac- 
teristic impedance of the cable and (b) the 
relative permittivity of its dielectric (4; = 1)? 
Coaxial-cable inductor. What is the shortest 
section of the coaxial cable from the previous 
problem that would be equivalent to a lumped 
inductor of inductance Leg =100nH at a 
frequency of f = 400 MHz when (a) short- 
circuited and (b) open-circuited, respectively? 


Z2=(50+4j10) Q 
an 


bh=1 m 


1,=2 m 
| Z3=(100-j50) Q 
+ 


Figure 12.53 Circuit with three lossless transmission lines of different characteristic impedances 
and different electrical lengths in a cascaded/series configuration in a time-harmonic regime [e,; 
designates the relative permittivity of line dielectrics (4; = 1)]; for Problem 12.14. 
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12.18. 


12.19. 
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Ry=25Q 
+ 

E=100e9 V ~~ Z1=50 Q, €,=2.25 

f=100 MHz 


[;=2 m Z =(50+j50) Q 


Zi2=(504j10) Q 


Z1,3=(100-j50) Q 


Figure 12.54 Transmission lines from Fig. 12.53 but in a cascaded/parallel configuration; for 


Problem 12.15. 


(c) What lumped element is the section in 
(a) equivalent to if it is open (at the same fre- 
quency)? (d) What is obtained if the section in 
(b) is shorted? 


Coaxial-cable capacitor. Repeat the previous 
problem but to obtain a lumped capacitor 
of capacitance Ceg = 100 pF (at the same 
frequency). 


Admittance-matching by a shunt open- 
circuited stub. An antenna whose input 
impedance at a frequency of f = 8 GHz 
amounts to Z, = (85+ j30) 2 needs to be 
admittance-matched to a lossless microstrip 
transmission line of characteristic impedance 
Zo = 50 8 and phase velocity vp) = 1.7 x 
108 m/s — using a shunt open-circuited stub, in 
the same configuration as the one in Fig. 12.17. 
If the location on the main line at which the 
stub is attached is /=8.2 mm away from 
the load and the stub is also a microstrip 
line, printed on the same substrate and having 
the same parameters as the main line, find the 
minimal required length of the stub. 


. Impedance-matching using a series two-wire 


stub. A series short-circuited stub is used in 
an impedance-matching circuit for an antenna 
with input impedance Z, = (73 + j42) Q ata 
frequency of f = 800 MHz, as in Fig. 12.18. 
The stub is inscrtcd at a location at /= 
112.05 mm from the load. Both the main line 
and the stub are air two-wire lincs of char- 
acteristic impedance Zp = 300 Q. Determine 
the matching length of the stub. 


. Energy storage and damping in a coaxial- 


cable resonator. Consider the coaxial- 
cable resonator from Example 12.22, and 


12.22% 


12-23. 


assume that the rms voltage of the incident 
time-harmonic wave, as well as that of the 
reflected wave, in the structure amount to 
Vio = Vio = 100 V at a time instant ¢ = 0. (a) 
What is the stored electromagnetic energy of 
the resonator at t= 0? (b) After what time 
is the energy reduced by 1% with respect to 
its value in (a)? (c) At what time the energy 
equals 1% of the value in (a)? 


Quality factor of a microstrip-line reson- 
ator, A half-wavelength long section of 
the microstrip transmission line (with con- 
siderable fringing effects) described in 
Example 11.15 is short-circuited at both ends 
to form an electromagnetic resonator (at the 
resonant frequency of f = 3 GHz). The losses 
in the short circuits can be neglected. Find the 
quality factors of this resonator for its con- 
ductors and dielectric, respectively, as well 
as the total Q factor, using (a) the primary 
circuit parameters of the line, computed in 
Example 11.16, and (b) the secondary cir- 
cuit parameters of the line, determined in 
Example 11.15. (c) What are the time con- 
stant (relaxation time) and damping factor of 
the resonator? 


Transmission-line analysis using the Smith 
chart. A lossless transmission line of charac- 
teristic impedance Zp) = 100 Q, phase velocity 
Vp =2x 10° m/s, and Iength / = 34 cm is ter- 
minated in a load of impedance Z, = (30—- 
j40) Q at a frequency of f = 1 GHz. Using the 
Smith chart, determine: (a) the magnitude and 
phase angle of the load reflection coefficient, 
(b) the standing wave ratio of the line, (c) 
the line impedance and admittance halfway 
along the line, (d) the input impedance and 


[ 


* 
\] 


\ 


12.24. 


12.25. 


12.26. 


12.27. 


12.28. 


12.29. 


12.30. 


12.31. 


admittance of the line, and (e) locations of all 
voltage maxima and minima on the line. 


Slotted-line measurements and the Smith 
chart. Repeat Problem 12.4 but now using the 
Smith chart. 


One more load determination in the Smith 
chart. Repeat Problem 12.5 with the help of 
the Smith chart. 


Purely resistive line impedances in the Smith 
chart. Redo (a) Problem 12.8 and (b) 
Problem 12.9 graphically, in the Smith chart. 


Graphical analysis of lines with reactive loads. 
Repeat Problem 12.10 but with the use of the 
Smith chart. 


Quarter-wave matching in the Smith chart. 
Repeat Problem 12.11 using the Smith chart. 


Shunt stub design using the Smith chart. With 
reference to Fig. 12.17, design a shunt short- 
circuited stub to admittance-match a load of 
impedance Z, = (80 —j140) 2 to a feeding 
line of characteristic impedance Zp = 100 2 
at a frequency at which the wavelength along 
the line is Az = 10 cm. Losses along the main 
line and the stub can be neglected. Choose 
a stub with the same Zp and A; as the main 
line, and find the distance of the stub junc- 
tion from the load and stub length to achieve 
matching. 


Series stub design using the Smith chart. For 
the same parameters of the main line, load, 
and stub as in the previous problem, design 
an impedance-matching series short-circuited 
stub (Fig. 12.18). 


Step response of a line with unmatched load 
and generator. A lossless transmission line of 
characteristic impedance Zo = 100 Q, phase 
velocity vp = 1.75 x 10° m/s, and length / = 
35 cm, terminated in a purely resistive load, 
is driven by a voltage generator of step emf 
€ =4V applied at t = 0. The internal resis- 
tance of the generator is Rg = 60 Q, while the 
load resistance is Ry, = 200 . Sketch (a) the 
voltage snapshots (scans) along the line at 
limes #—)) ns, /—) ns, and f= 7 ns, respec- 
tively, and (b) the voltage waveforms at both 


12.32; 


12.33. 


12.34. 


12.35. 


12.36. 
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Problems 


the generator and load within a time interval 
0<tr<12ns. 


Another combination of unmatched condi- 
tions. Repeat the previous problem but for 
Rg = 20 Qand Ry = 50 Q. 


Time-domain reflectometry on a buried coax- 
ial cable. A time-domain reflectometer is used 
to locate and evaluate damage (discontinuity) 
on a buried coaxial cable. The discontinu- 
ity behaves as a purely resistive load to the 
portion of the cable preceding the damage 
location. The cable dielectric is polyethylene, 
the relative permittivity of which is ¢, = 2.25, 
the characteristic impedance of the cable is 
Zo = 50 2, and the losses along it can be 
neglected. A step emf is launched to prop- 
agate along the cable by a matched voltage 
generator at t = 0, and, as a result, the oscil- 
loscope displays a TDR voltage of the same 
form as that in Fig. 12.36 back, at the gener- 
ator end of the cable. This voltage amounts 
to vg(t) = 25 V for 0 < ¢ < 100 ns and vg(f) = 
1 V for ¢t > 100 ns. How far from the gener- 
ator down the cable is the damage location? 
What is the resistance of the equivalent load 
at this location? 


Open- or short-circuited line with an unma- 
tched generator. A lossless air two-wire line 
with characteristic impedance Zp) = 300 2 
and length / = 1 m is fed by a step (at t = 0) 
voltage generator with emf magnitude € = 
20 V and internal resistance Rg = 500 2.1! 
Sketch the voltage waveforms at both ends 
of the line if it is (a) open and (b) shorted, 
respectively, for 0 < t < 20 ns. 


Ideal generator and arbitrary resistive load. 
Repeat Example 12.27 but for an ideal step 
voltage generator driving the coaxial cable. 


Transient diagrams for transmission-line cur- 
rent. For the transmission line and its exci- 
tation and load described in Problem 12.31, 
sketch the current-intensity snapshots along 
the line at specified instants of time and cur- 
rent waveforms at both ends of the line within 
the given time interval — in two ways, as fol- 
lows. (a) First, obtain the transient current by 


"Note that such a high internal resistance (Rg) may be that of the Thévenin equivalent generator 
representing a more complex terminal network at the generator end of the transmission line. 
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12.39. 


12.40. 


12.41. 
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tracing directly the line response for the cur- 
rent: starting with the current intensity of the 
initial incident wave launched by the genera- 
tor at ¢ = 0, and tracking multiple reflections 
at the load and generator with the use of the 
reflection coefficients for currents. (b) Then, 
obtain the same transient current diagrams 
directly from the corresponding voltage scans 
and waveforms, from Problem 12.31, using the 
voltage to current ratio for traveling waves on 
the line. 


. Transient current for an open/shorted line. 


Sketch the input/output current-intensity 
waveforms for the two-wire line from 
Problem 12.34, in both termination cases 
(open and short). 


. Pulse response of an open-circuited line, 


unmatched generator. Consider a_ lossless 
transmission line for which the one-way wave 
travel time is 7 = 1 ns, and assume that it is 
fed at one end by a voltage generator of rect- 
angular pulse emf with magnitude € =6 V 
and width fg = 1 ns, applied at ¢ = 0. The char- 
acteristic impedance of the line is Zp = 50 Q, 
the internal resistance of the generator is Rg = 
250 2, and the line is open-circuited at the 
other end. Under these circumstances, sketch 
the voltage waveforms at both ends of the line 
during time 0 <1 < 10 ns. 


Pulse response for a matched generator or 
matched load. Repeat the previous problem 
but with (a) a matched generator (Rp = 50 Q) 
and (b) matched load (R, = 50 &), respec- 
tively. 

Overlapping pulses at line ends. Repeat 
Problem 12.38 but for fo = 3 ns. 

Trapezoidal pulse response of a transmission 
line. A lossless transmission line of length 
!= 15cm and characteristic impedance Zp = 
75 Q is driven by an ideal voltage generator 
with emf in the form of a trapezoidal pulse, 
like the one in Fig. 6.2(b), of magnitude € = 
3 V and total duration f9 = 2 ns, applied at 
t = 0. The rise and fall times of the signal e(¢) 
are 0.5 ns each, and the duration of the con- 
stant part in between is 1 ns. The parameters 
of the line dielectric are ¢, = 4.and px, = 1, and 
the resistance of a purely resistive load ter- 
minating the line at its other end amounts to 


12.42. 


12.43. 


12.44, 


12.45. 


12.46. 


12.47. 


R,, = 150 &. Sketch the voltage waveform at 
the load within a time interval 0 < ¢ < 8 ns. 


Effects of a finite rise time for open and short 
load terminations. Consider the transmission- 
line circuit shown in Fig. 12.44(a) and 
described in Example 12.35, and assume that 
the line is open-circuited at its load end. 
Sketch the voltage waveform at the generator 
end of the line, for each of the two specified 
rise times of the applied emf. (b) Repeat (a) 
but for a short circuit as the load termination. 


Bounce diagrams for a line with unmatched 
load and generator. (a) Construct voltage and 
current bounce diagrams for the transmis- 
sion line with an unmatched load and gen- 
erator described in Problem 12.31 (see also 
Problem 12.36). Use these diagrams to obtain 
(b) the total voltage and current scans along 
the line at a time instant ¢= 9.5 ns and (c) 
voltage and current waveforms for 0<1t< 
12 ns at a location on the line z = 21 cm away 
from the generator. 


Bounce diagrams for an open/shorted line. 
Redo Problems 12.34 and 12.37 using bounce 
diagrams. 


Pulse response using bounce diagram. Redo 
Example 12.32 but with the use of the voltage 
bounce diagram of the line. 


TDR measurement of unknown load capaci- 
tance. Assume that the load in the TDR sys- 
tem from Example 12.28 is an ideal capacitor 
of unknown capacitance, and that the oscillo- 
scope showing, vp(t), is that in Fig. 12.48(d). 
If the “area” (expressed in Vs) between the 
increasing exponential curve and its horizon- 
tal asymptote in the voltage display (starting 
with the time instant when vp, = 0) is mea- 
sured to be A = 8 nVs, determine the load 
capacitance. 

Line terminated in a resistor and a capaci- 
tor in parallel. A lossless transmission line of 
characteristic impedance Zo = 50 2, dielec- 
tric parameters ¢, =2.55 and pv, =1, and 
length /= 22cm is fed by a matched volt- 
age generator of rectangular pulse emf with 
magnitude € =1V and duration ft =2 ns, 
applied at f=0. At the other end, the line 
is terminated in a parallel connection of a 
resistor of resistance R = 50 Q anda capacitor 


12.48 


12.49. 


12.50. 


of capacitance C = 70 pF. Sketch the volt- 
age waveforms at (a) the load and (b) the 
generator for 0 <t < o. 


Parallel connection of a resistor and an induc- 
tor as load. Repeat the previous problem but 
for a load consisting of a resistor of resistance 
R = 150 Q and an inductor of inductance L = 
90 nH connected in parallel. 


Four different series-parallel resistive-reactive 
load terminations. A lossless transmission line 
for which the one-way wave travel time is 
T = 1 ns and whose characteristic impedance 
is Zo = 100 2 is driven by a matched volt- 
age generator of step emf € = 2 V applied at 
t=0. Consider four different series-parallel 
combinations of resistors of resistance R = 
100 Q, inductor of inductance L = 50 nH, and 
capacitor of capacitance C = 50 pF shown in 
Fig. 12.55(a)-(d) as a load termination for this 
line. For each of the combinations, sketch the 
voltage waveform at the load end of the line 
for0 <t<o. 


Nonlinear load with a square-law current- 
voltage characteristic. Consider the transmis- 
sion line and its step voltage excitation from 
the previous problem, and assume that the 
other end of the line is terminated in a 
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nonlinear load whose current-voltage charac- 
teristic can be expressed as i, = avi, where a 
is a positive constant, for vy > 0 and i, = 0 
for vy <0. Sketch the voltage waveforms at 
both ends of the line for 0 < t < cif (a)a= 
0.01 A/V? and (b) a = 10 A/V’, respectively. 
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Figure 12.55 Four different lossy reactive load 
terminations for a lossless transmission line excited 
by a matched step voltage generator; for 

Problem 12.49. 


T 3 Waveguides and 


Cavity Resonators 


\ add 
, double) ; 


Introduction: 


t frequencies in the microwave region (see 

Fig. 9.8), waveguides in the form of metal- 
lic tubes, as the one in Fig. 10.15, are used for 
energy and information transfer in electromagnetic 
devices and systems. Essentially, electromagnetic 
waves travel along such tubes by means of mul- 
tiple reflections from the metallic walls, through 
the dielectric filling the tube (most frequently, air), 
so the waves are guided by the tube conductor. 
In general, the principal advantage of metallic 
waveguides, which have one conductor, over trans- 
mission lines (e.g., coaxial cables, Fig. 11.7), with 
two (or more) conductors, at frequencies above 


several GHz is considerably smaller attenuation 
along the structure! and its larger power transmis- 
sion capacity. However, losses and wave attenu- 
ation are a limiting factor for practical usability 
of metallic waveguides too; for larger distances 
we thus normally use waves in free space (wire- 
less links), transmitted and received by anten- 
nas,” or purely dielectric waveguides (e.g., optical 
fibers, Fig. 10.22). In addition to metallic waveg- 
uides for energy/information transmission, waveg- 
uide sections closed at both ends, thus forming 
rectangular metallic cavities, represent microwave 
resonators — also with widespread applications. 


i 


2There is always a distance between the transmit and reccive ends of an electromagnetic system below which the waveguide attenuation 
is smaller than the attenuation in free space (between antennas), and above which the power transfer in a wireless link becomes more 
efficient. This distance typically amounts to several tens of meters at a frequency of 1 GHz, and it decreases with an increase in frequency. | 
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We recall that losses in the inner conductor of a coaxial cable are considerably larger than losses in its outer conductor (see Examples 11.2 
and 11.3), and that at frequencies above several GHz losses in the cable dielectric become significant as well [see the discussion of 
F gs. (11.78) and (11.82)]. These two facts and the fact that a metallic waveguide has no inner conductor nor dielectric (if air-filled) provide 
an overly simplified but indicative explanation of why metallic waveguides exhibit smaller losses than coaxial cables. 


Section 13.1 


Although arbitrary cross sections of metallic tubes 
and cavities are theoretically possible, practical 
microwave devices and systems involve only those 
of rectangular and circular shapes, and — of the 
two — rectangular structures are used much more 
frequently; hence, our focus here will be on rectan- 
gular metallic waveguides and cavity resonators. 

We shall first analyze wave propagation along 
rectangular metallic waveguides by basically “refor- 
matting” and reinterpreting the solution to a wave 
reflection problem of a normally polarized uniform 
plane wave obliquely incident on a perfectly con- 
ducting boundary already obtained in Sections 10.5 
and 10.6. Then, we shall generalize this solution 
to the theory of arbitrary modes (there are a dou- 
ble infinite number of such modes) within both 
TE (transverse electric) and TM (transverse mag- 
netic) types of guided electromagnetic waves based 
on general Maxwell’s and wave equations for the 
waveguide. We shall see that for each mode there 
is a cutoff frequency, below which the waves are 
evanescent (vanishing) — they cannot propagate, 
analogously to the plasma frequency discussed in 
Section 9.12. Using the general modal theory of 
waveguides, we shall study the TE and TM wave 
impedances (for the propagating waves), power 
flow along the waveguide, losses in both its walls 
and dielectric, waveguide dispersion and phase and 
group velocities, and waveguide couplers for exci- 
tation or reception of different wave modes. Studies 
of rectangular cavity resonators will include compu- 
tation of cavity fields, resonant frequencies, stored 
electromagnetic energy, and the quality factor of 
rectangular cavities with small losses. 


Analysis of Rectangular Waveguides Based on Multiple Reflections of Plane Waves 
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Metallic waveguides and cavity resonators are 
important parts of many technologies and practical 
applications, with radar antenna feeds and circuitry, 
waveguide slot antenna arrays, horn antennas, 
waveguide microwave filters and other circuit com- 
ponents, and microwave ovens being just some of 
the examples. In addition, many wireless applica- 
tions and problems actually represent waveguide 
problems, such as radio propagation and coverage 
in tunnels. Also, understanding of resonant cavi- 
ties is essential for some EMC and EMI studies 
and applications. For example, a metallic box used 
to shield an RF or digital device to reduce the 
electromagnetic coupling between the device and 
its environment, i.e., to fulfill the external EMC 
requirements,’ behaves, however, as a resonant cav- 
ity. At the box resonant frequencies, even a weak 
coupling of some part of the device and the cav- 
ity can excite a strong resonant field, which, in turn, 
can generate a strong undesired signal at any other, 
possibly faraway, part of the circuit so that the inter- 
nal EMC of the device is easily deteriorated. Finally, 
the importance of comprehensive understanding of 
wave guidance, wave modes, frequency cutoff, dis- 
persion, and attenuation along metallic waveguides, 
as well as of resonant frequencies, fields, and the Q 
factor of microwave cavities, is well beyond the par- 
ticular structures that will be studied in this chapter. 
Many of these concepts and associated analysis 
techniques and design approaches may be effec- 
tively used, directly or indirectly, in other applica- 
tions of electromagnetic fields and waves, as well as 
in other areas of science and engineering. 


13.1 ANALYSIS OF RECTANGULAR WAVEGUIDES BASED 
ON MULTIPLE REFLECTIONS OF PLANE WAVES 


Consider an infinitely long uniform rectangular metallic waveguide with cross- 
sectional interior dimensions a and J, filled by a homogeneous dielectric of per- 
mittivity « and permeability j., as shown in Fig. 13.1. We assume that the waveguide 
is lossless, i.e., that its walls are made of a perfect electric conductor (PEC), and that 
the dielectric is also perfect. We would like to find a solution for a time-harmonic 


3External and internal EMC (electromagnetic compatibility) pertain to electromagnetic coupling 
between a device and other objects around it and coupling between various parts within the device, 
respectively. EMC studies are important not only because of stringent national and international EMC 


regulations but also for proper operation of devices. 


Figure 13.1 Rectangular 
waveguide with a TE or TM 
wave. 
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electromagnetic wave, of frequency f, that propagates inside the waveguide, along 
the z-axis. However, we already have one such solution — see the waveguide in 
Fig. 10.15, obtained by placing three additional PEC planes in the field of a nor- 
mally polarized uniform plane wave obliquely incident on a PEC boundary (fourth 
plane) in Fig. 10.13(a). The planes are positioned such that the tangential compo- 
nent of the electric field vector and normal component of the magnetic field vector 
of the resultant wave are zero at all waveguide walls, 

| Spe) im =)" a3. 


; —tang 


The wave propagates in the positive x direction by bouncing back and forth, at an 
incident angle 6;, between the walls at z = 0 and at one of the planes defined by 
Eq. (10.120). The electric and magnetic fields in the waveguide, E and H, are given 
in Egs. (10.99), (10.103), and (10.104). We note that the coordinate axes in Fig. 13.1 
are set up differently from Fig. 10.15 [as in Fig. 11.1 for a transmission line, it is 
customary to have the z-axis of the adopted Cartesian coordinate system be along 
the waveguide], so let us rewrite the field expressions for the new coordinate system. 
Comparing Figs. 10.15 and 13.1, we see that the following exchange of variables 
between the two figures takes place: 


X—>2Z, %2Z7-X, (13.23 


namely, x and z in Eqs. (10.99), (10.103), and (10.104) become z and —x, respec- 
tively, for the situation in Fig. 13.1, and the same transformation applies for the 
corresponding field components (for instance, H, in Eq. (10.104) becomes —H, 
in Fig. 13.1), whereas the y-coordinate is the same in both systems. Hence, the y- 
component (and the only existing one) of the electric field vector in Fig. 13.1, from 
Eqs. (10.99) and (13.2), reads 
Ey = 2jEj9 sin Bx ee? (13.3) 
(E,. E, = 0). Here, By and £, are the equivalent phase coefficients along the x- and 
Z-axis, respectively, given by 
1 
Jel 
[see also Eqs. (10.119), (10.118), and (13.2)], o = 27f being the angular frequency 
of the wave, and c the intrinsic phase velocity of the dielectric in the waveguide, 
i.e., the velocity of uniform plane waves in an unbounded medium of the same 
parameters (¢ and ;z). Similarly, Eqs. (10.104), (10.103), and (13.2) give the following 
expressions for the x- and z-components of the magnetic field vector in Fig. 13.1: 
iB-E: ; 2B-E: F 
y= aeEo ByxeP:?, Ho = — 2PxBi0 09, pact (13.5) 
we wp 


es —Z 


pe e cos§;, B.= = sing.ee = (13.4) 
(¢ é€ 


Cie =), where the use is made of the fact that c/n = 1/1, n being the intrinsic 
impedance of the waveguide dielectric, Eq. (9.21). Of course, this is a transverse 
electric (TE) wave, since E, =O and H/, £0. 

From Eq. (10.120), i.e., the boundary condition for Eyany = Ly OF Horm = Ay 
at the waveguide wall defined by x = a in Fig. 13.1, the transverse phase coefficient, 
Bx, is determined by 


pya=mnr — b= — (He= 1), 2a | (13.6) 


We sec that these boundary conditions can be satisfied only for a discrete set of val- 
ues of By. These values are referred to as the eigenvalues (characteristic values) of 
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the waveguide. Combining Eqs. (13.3) and (13.6), the electric field in the waveguide 
‘ can now be written as 


Ey = 2jEj sin (— x) eJhee (mm =1,2,.. i Gi) TE, modes 


with analogous expressions for the nonzero magnetic field components, H, and 
H,. Each integer value of m determines a possible field solution in the waveguide. 
Hence, there are an infinite number of different field configurations satisfying the 
| boundary conditions at the waveguide walls, Eqs. (13.1), along with the governing 
Maxwell’s equations, Eqs. (11.1)—(11.4), or wave (Helmholtz) equations, Eqs. (9.8) 
and (9.9), in the dielectric. Helmholtz equations are satisfied for all time-harmonic 
uniform plane waves represented in the complex domain (see Section 9.4), and thus 
for the incident and reflected waves in Fig. 10.13(a), as well as for their superpo- 
sition (resultant wave in the waveguide). These distinct waves that can exist in a 
waveguide are referred to as modes, and the corresponding electromagnetic field 
distributions as modal fields. Having another look at Eq. (10.120), rewritten with 
reference to Fig. 13.1 as 

ea 13.8) 

m a a, GB. 

where A, is the equivalent wavelength of the standing wave in the x direction, we 
realize that m actually equals the number of half-waves (half-wavelengths) along 
the x-axis that fit into the dimension a of the waveguide. Since the field does not 
vary at all along the y-axis (along the side b of the waveguide), we can say that the 
number of half-waves along the y-axis, marked as n, is zero. Accordingly, the wave 
corresponding to m (arbitrary positive integer) and n = 0 is called a TE,,9 mode.* 
The lowest mode is TEj9, for m = 1. 

We now emphasize an important difference in interpreting the situations in 
Figs. 10.15 and 13.1. In Fig, 10.15 and Eqs. (10.119) and (10.120), the incident angle, 
6;, is fixed, whereas the separation between the two parallel PEC planes at which 
' the multiple reflections occur, z, varies for different integers m. In Fig. 13.1 and 
| Eqs. (13.4) and (13.6), on the other hand, the separation between the planes, a, is 

fixed (a dimension of the waveguide), whereas the angle 6;, since 


cos 6; = Px =m—., (13.9) zigzag ray paths for different 
2 modes 


' is a function of m. So, each discrete value (for a given m) of 6 corresponds to a 
different mode, TE,,9. The larger the m (higher mode) the smaller the 6; (for 0 < 
/ & < 90°, cos 6; is a decaying function) and longer the zigzag ray path in Fig. 10.15 
| between two locations along the waveguide. 


| Example 13.1 Ray Paths of Several TE Modes ina Rectangular Waveguide _— 
| 


For a rectangular metallic waveguide in Fig. 13.1, a= 6 cm and the dielectric is air. If the 
operating frequency of the guide is f = 10 GHz, sketch the ray paths, like the one in 
_ Fig. 10.15, corresponding to the first four TE,,9 modes (m = 1, 2, 3, 4) in the structure. 


_ 44s we shall see in a later section, waveguide modes with both m and n being arbitrary nonnegative 
| integers, i.e., with m,n =0,1,2,..., where the case m = n = 0 is excluded, are also possible (if properly 
excited) in the waveguide in Fig. 13.1. 
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first four TE,,,9. Modes 


(m = 1, 2,3, 4) in an air-filled 
rectangular waveguide 
(Fig. 13.1) for a =6 cm and a 


a 
Figure 13.2 Ray paths of the | 


6:4=0 | TE49 (no propagation) 


f =10 GHz; for Example 13.1. 


waveguide phase coefficient 


Solution Solving Eq. (13.9) for the incident angle, 6;, on waveguide walls (Fig. 10.15), we 
have 


os ae _ 
6; = arccos (m =) (m = 1,2,3, 4) (13.10) 


(arccos = cos~!), where co = 3 x 10° m/s, Eq. (9.19), is the free-space (the structure is air- 
filled) wave velocity. This gives 6); = 75.5° (for TE;g mode), 6;2 = 60° (TE29), 63 = 41.4° 
(TE30), and 6:4 = 0 (TE4o), and the corresponding ray paths traced by a uniform plane 
(TEM) wave bouncing back and forth, at angles 6;, between the walls are illustrated in 
Fig. 13.2. We see that these zigzag ray paths are “denser” (break more frequently along 
the waveguide) for higher order modes, as expected. Ultimately, for m1 = 4, which results 
in cos; = 1 and 6; = 0, they degenerate into a vertical line, and the wave does not progress 
at all along the guide (this phenomenon will be discussed in the next section). Note also 
that cos 6 > 1 for m > 5, implying that such waves cannot propagate either. So, only the first 
three (m = 1, 2,3) are possible propagating TE,,,9 wave modes in this waveguide, at the given 
operating frequency. 


13.2 PROPAGATING AND EVANESCENT WAVES 


Using Eqs. (13.4) and (13.9), the longitudinal phase coefficient (in the z direction), 
Bz, of the waveguide in Fig. 13.1 is 


A 
2 = 2 ee ie pie 13518 
Bz ~ Vv! cos* 6; : I (=). (13.11) 


This coefficient is the principal phase coefficient for the waveguide, as it determines 
the propagation along the structure. Therefore, let us denote it simply by £, and call 
it the phase coefficient of the waveguide. Of course, we always have in mind that B 
depends on the mode index m. It can be written as 


\P = Be = 


ois 
| syne (13.12) 
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where the frequency fc, given by 


"e = 
f= (folmo =m>— (n=0), (13.13) 


| is called the cutoff or critical frequency of the waveguide — for a particular, TE;9, 


mode. The corresponding wavelength, namely, the cutoff wavelength, A<, is defined 
as the intrinsic wavelength in the waveguide dielectric, Eq. (8.112), at the cutoff 
frequency, 


(13.14) 


The frequency f, has the same role as the plasma frequency (fp), in Eq. (9.160). 
Analogously to a plasma medium (see Section 9.12), the waveguide in Fig. 13.1 


_ behaves like a high-pass filter, letting only waves in Fig. 13.2 whose frequency is 
higher than the cutoff frequency, 


Pte | (13.15) 


propagate through it (for f > fc, B is purely real). Otherwise, if f < fc, B is purely 
imaginary, and we have 


w | fe 
where the plus sign in the exponent is eliminated as it would imply an exponen- 
tially increasing (with z) wave amplitude. We see that |8|, for f < fc, effectively 
acts like an attenuation coefficient (a@). Therefore, the waves at these frequencies 
cannot propagate — they are so-called evanescent (vanishing) waves (as in plasmas, 
below fp). The evanescent attenuation is not due to Joule’s losses in the propa- 
gation medium, but is a consequence of the particular configuration of the guiding 


—> ez = etlBle — elle, (13.16) 


| structure (namely, the particular separation a between waveguide walls in Fig. 13.1). 


In the border-line case, f = fc, B is zero (no propagation), so that the complete 
evanescent (nonpropagating) frequency range is given by 


fs he (13.17) 


Note that the expression for the cutoff frequency in Eq. (13.13) is identical to 
that in Eq. (10.12) for the resonant frequency, fres, of a Fabry-Perot resonator, in 
Fig. 10.3. Note also that 6 = 8B, = 0 in Eq. (13.4) gives 6; = 0, which means that a 
wave in a rectangular waveguide with a frequency 


fe fe: =, 10) (13.18) 
bounces up and down (normal incidence) between the waveguide walls, as in 
Fig. 10.3, and does not propagate along the z-axis, and this exactly is the case in 
Fig. 13.2 for m = 4. So, the waveguide in Fig. 13.1 at cutoff behaves like a Fabry- 
Perot resonator (at resonance), which is another explanation of nonpropagating 
waves at f = f, in Eq. (13.17). 

Finally, note that the cutoff frequency of a TEM wave in a transmission line, 
Fig. 11.1, whose phase coefficient (8) is given in Eq. (11.16), is 


\fe =O (13.19) 


Namely, unlike for TE (or TM) waves in waveguides, there is no theoretical lower 
frequency limit for the existence and propagation of TEM waves along transmission 


cutoff frequency, TE,,. mode 


cutoff wavelength 


propagating waves 


evanescent waves 


resonator 


TEM waves in transmission 
lines 
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cutoff frequency, TE\y mode 


cutoff wavelength, TE 
mode 


dominant frequency range 


lines. Moreover, as we know from Section 3.12, even de voltages and currents, at 
f = 0, can exist along lines, so their theoretical operating frequency range is actually 
jee) 


Conceptual Questions (on Companion Website): 13.1-13.6 


13.3 DOMINANT WAVEGUIDE MODE 


From Eqs. (13.13) and (13.14), the cutoff frequency of the TE;g mode in a 
rectangular waveguide (Fig. 13.1) is 


GA = (13.20) 
a 


and the cutoff wavelength 


(Ac)io = 2a. (13.219 


€ _ 
(fe)10 
Note that the transverse dimension a of the waveguide equals a cutoff half-wave 
(Ac/2) for the TE;9 mode. So, for the given operating frequency, f, of the wave, 
a must be greater than the intrinsic half-wave of the guide dielectric, a > A/2, for 
propagation of this mode to be possible [see Eqs. (13.15) and (8.112)]. The next 
higher order mode (assuming n = 0), TE29 (m = 2), can propagate if the frequency 
f is above (fc)29 = c/a = 2(fc)i9. In the frequency range between (f¢)29 and the 
next cutoff frequency in Eq. (13.13), for m = 3, both TE;9 and TE29 are possible. 
As the frequency increases, more and more modes would propagate if excited. 
However, there is an exclusive frequency range, that between (f¢)i9 and (f¢)20, 
in which only one mode, the TEj9 mode, can propagate, and hence its name — 
the dominant mode. In practice, as a wave propagates along the waveguide, every 
discontinuity on its way [e.g., a waveguide bend (corner), a junction with another 
waveguide, a slot in the waveguide wall, or a metallic wire inserted in the guide] 
may cause a multitude of different modes to be excited (in order for the boundary 
conditions to be satisfied at the discontinuity). If f belongs to this exclusive range, 
referred to as the dominant range, 

— 2 fae (13.22) 
2a a 

out of all excited modes only the dominant mode will propagate, while all other 
modes will be evanescent. 

Multimode propagation along a waveguide (with several propagating modes 
existing simultaneously in the structure — if the frequency f is above the cutoffs of 
all of them) is, in general, undesirable, because each such propagating mode has a 
different phase coefficient, 6, and thus different phase velocity, vp [see Eqs. (13.12), 
(13.13), and (9.35)]. Note that vp of a rectangular waveguide for arbitrary modes 
will be discussed in a later section. This means that different modal components of 
the total (multimode) field would propagate at different phase velocities, and thus 
arrive with different phase delays to the receiving end of the waveguide. Hence, the 
relative phases of the modal components in the receiving cross section of the waveg- 
uide would be changed, and the received field (signal) distorted (signal shape, i.e., 
waveform, in time would change). In addition, as the field configurations of indi- 
vidual modes differ from each other [see Eq. (13.7)], it is practically impossible 
to devise a receiving mechanism to extract the complete energy of the received 
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multimode field. Namely, as we shall see in a later section, each mode requires a 
different coupling structure (e.g., a distinct set of electric or magnetic probes) in 


| a waveguide for its excitation (generation) or reception. This is why most often 
| only frequencies in Eq. (13.22), and only the dominant mode are used in waveg- 


uide applications. On the other hand, even in the so-called overmoded operation 


_ of a waveguide — at frequencies above the dominant range, mode filters (to also be 


discussed later) are used to remove undesired propagating modes, and ensure that, 
again, only one mode is present in the structure. 

The multiplicative constant E;), as the complex rms electric field intensity of the 
incident wave at the coordinate origin in Fig. 10.13(a), is present in the expressions 
for all field components in Eqs. (13.3) and (13.5). Its magnitude, |E;|, determines 
the strength of the field at every point in the waveguide, and the overall power level 


| carried by the wave, as determined, in turn, by the sources of the field, i.e., by the 
_ waveguide excitation (to be discussed in a later section). Simply, by multiplying E;, 
| by 2, for instance, the field will become twice stronger everywhere in the waveguide, 


and the transmitted power will quadruple. Of course, Ei), being complex in general, 
can also introduce a constant phase factor, due to the excitation, to all field compo- 


| nents at every point in the waveguide. However, in the analysis of waveguides with 
| TE waves it is customary to denote the “peak-value” in the complex expression for 
| the axial component of the magnetic field vector, H, in the cross section of the 


waveguide defined by z = 0 (Fig. 13.1) by Ho, and to use this new constant to set 
the level of field strengths and transmitted power in the structure. Obviously, Ho is 
proportional to E;); for m = 1, Eqs. (13.5) and (13.6) yield 
_ 2B. Lin = _ 2H Ein 
WL wpa 


Hy = H,|,<9, 2-0 = (m = 1). (13.23) 


With this, the field components of the dominant (TE19) mode become, from 
Eqs. (13.7), (13.5), and (13.6), 


E, = -jou — Hy sin (= x) e~ibz (13.24) 
H, =i6 = Hy sin ie x) e~ ibe Gis25) 
H, = Hycos (= x) eiBz (13.26) 


(E,, E,, Hy = 0). Fig. 13.3 shows the field distributions of the TE;9 mode. 

As we shall see in the following sections, TE; (7 =1,2,...) modes in 
Eqs. (13.7), (13.12), and (13.13) are only a subset of all possible modes in a rect- 
angular waveguide (Fig. 13.1). The full set includes a double infinite series of TE, 
modes (with m,n =0,1,2,...,except the case m = n = 0), which are a combination 
of multiple reflections (see Fig. 13.2) from both pairs of parallel waveguide walls, 


a dominant mode (TEj0) 
HA, — dominant mode (TE) 


H, —dominant mode (TEjo) 
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' waveguide (Fig. 13.1). 
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as well as TM,,,, (transverse magnetic) modes (m,n = 1,2,...), with H, =0 and 
E, # 0. However, even within this extended list of possible propagating modes, the 
TEj,0 mode, as will be explained, remains to be the lowest and dominant mode. So, 
the generalization of the modal theory, that follows, to include all possible higher 
order modes does not affect the relevance and practical importance of the TE;9 
mode and its theory presented in this section. Note that, while the derivation of 
TE, (and TE) fields in this section is done simply taking and “reformatting” (and 
reinterpreting) the solution to a wave reflection problem in Sections 10.5 and 10.6, 
the theory of arbitrary modes will start with general Maxwell’s and wave equations 
in the waveguide, and will involve mathematically more formal and complicated 
field derivations. 


Example 13.2 Surface Current and Charge Distributions on Waveguide Walls 


A TE; wave of frequency f propagates along a rectangular metallic waveguide of transverse 
dimensions a and b, and dielectric parameters ¢ and yz (Fig. 13.1). The field components of 
the wave are given in Eqs. (13.24)-(13.26). Using boundary conditions, find the distributions 
of (a) surface currents and (b) surface charges on inner surfaces of waveguide walls. (c) Show 
that the currents and charges in (a) and (b) are interrelated by the continuity equation for 
high-frequency surface currents. 


Solution 


(a) The surface current density vector, J,, on each of the interior walls of the waveguide 
is computed from the boundary condition for the magnetic field intensity vector, H, on 
the wall (PEC) surfaces as in Eq. (10.13), with the field components //, and #7, in the 
structure being those in Eqs. (13.25) and (13.26). In specific, J, on the bottom wall in 


Fig. 13.1, where y = 0, amounts to 


(Is)bottom = 8 x H = § x (H,x + H,2) |,=0 —— Hy|,-0 z+ H,\,29 x 


a X 1 . 
Saas et —jBz aa —jBz 
= jB — Hysin (=x) ¢ é + Hy cos (=x) ¢ x. (13.24 
a 
Je; Jey 


Since H on the top wall (y = b) is the same as on the bottom of the guide, the associated 
current density vectors turn out to be opposite to each other, 


(Is) sop = (— 5) * Hp = ye Hs = = (ee (13.28) 
The x-component of H is normal to the left wall, and hence, for x = 0, 
(Is)retn = kx (H,2) pen = —Hy ei ¥: (13.299 
—————————— 
Z 


Finally, on the right wall (x = a), H, has the opposite value to that for x = 0, which yields 
the same result for J, on the two walls, 
(J) right = (—X) x (11,2) laer = —Hye Py = (Js)iett- (13.30) 


(b) Similarly, applying the boundary condition for the vector D = ¢E as in Eq. (10.15), 
while having in mind that the only existing electric field component in Fig. 13.1 is £,, 
Eq. (13.24), we obtain the surface charge density, p,, on the inner wall surfaces, as 


follows: 
ee ee aS = ~ine oe ee 
(Qh aS (59) = da I Hp sin G x) ae 
(22 op -_ e(—y) / (65)... = = (Oana? Prete a (Po right = 0: (1 3.31) 


| 
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(c) To verify that the current and charge densities in Eqs. (13.27)-(13.31) satisfy the corre- 
sponding continuity equation, Eq. (10.14), we compute the surface divergence of J, on 
each of the walls in Fig. 13.1 and show that it equals ~jw times p. at the same point. For 
the bottom wall, 


ad, oy. Wg fH 4 neg 2 fue = 
eat Vction = aa re = —Hy 7 in (= x) eJP2 + (jp) 7 fo sin (— x) e Jz 
2 
a 1 ig, | 1 
a ae aaa ae —jBz [ = 2 
— Hsin (=x) e (3 +?) 
ae 
wren 


= —jo [-ioen = Hy sin (= x) en = —jo(e,) (13.32) 


bottom’ 


since, using Eqs. (13.12), (13.20), (9.18), and (8.48), 


2 2 2 
POE ge a mare el fe 13.33 
P ~ 2 ( sp) = es a2 (-—). VERE) 


The relationship (and its derivation) for the top wall is just that in Eq. (13.32) multiplied 
by —1. Because J, on the remaining two walls is a y-directed vector depending only on 
the coordinate z, its divergence is zero, 


OJ, (Z) ; 
Vs: Gs) = gy =O = lO ew (13.34) 


and the same for (Js), ght? i.e., these currents are not associated with any excess surface 


charge, as found in (b). 
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13.4 GENERAL TE MODAL ANALYSIS OF RECTANGULAR 
WAVEGUIDES 


We now redevelop the general field theory of a transmission line with a TEM wave 
in Fig. 11.1 from Section 11.1 to analyze arbitrary TE waves, namely, a complete 
set of TE, wave modes, in a rectangular waveguide, Fig. 13.1. Modal analysis 
of TM waves follows in the next section. In general, a solution for the fields in 
the waveguide must satisfy source-free Maxwell’s equations for a (perfect) dielec- 
tric of parameters ¢ and mw (waveguide dielectric), Eqs. (11.1)-(11.4), as well as 
the corresponding Helmholtz equations, Eqs. (9.8) and (9.9), which, of course, are 
combinations of Maxwell’s equations. The solution is also subject to the boundary 
conditions at the waveguide (PEC) walls, Eqs. (13.1). For a TE wave, we add a 
longitudinal (axial) component of the magnetic field, H,, to Eqs. (11.8), 


210 


E=E, (E,=0) and H=H,+H,. (13.35) 


This is the only existing axial field component in the system, and it is customary 
and convenient to use it as the pivotal unknown quantity in the solution procedure. 
In our analysis, we thus first express all other (nonzero) electric and magnetic field 
components in terms of H,, then solve for it, and finally obtain the complete field 
picture from the solution for H,. 


TE wave 
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For this first step, we need the two curl Maxwell's cquations, Eqs. (11.1) and 
(11.2), and actually only the transverse components (projections) of these equa- 
tions after their decomposition onto transverse and longitudinal components as 
in Eqs. (11.10) and (11.11). In other words, we need the first relationship in 
Eqs. (11.10), which remains the same as for the TEM wave, and the first one in 
Egs. (11.11), which, in the TE case, acquires an additional term on the left-hand 
side of the equation, due to a nonzero H.. The TE version of this lattcr relationship 
is obtained by a similar transverse vs. longitudinal decomposition as in Eq. (11.9), 
and we have 


y2zxE,=jouH,, y2zx H,—- Vi x H, = —jweE;. (13.36) 


Note that these relationships are also used in the TEM case (with H, = 0) to 
compute, in Eq. (11.15), the propagation coefficient (y) of a transmission line, 
Eq. (11.16). 

Obviously, the solution for waveguide fields we scek will be described in the 
Cartesian coordinate system in Fig. 13.1, as in Eqs. (13.24)-(13.26), and hence we 
further decompose the transverse fields, E, and H,, as well as the transverse del 
operator, V;, onto x- and y-components. The complete Cartesian representation of 
field vectors and V; [see Eq. (11.6)] reads 


E, = E,x+£,Y, H, = H,x+AH,Y, H, = H,72, — 


(13.37) 
Substituting these expressions in Eqs. (13.36), we take the indicated vector cross 
products as 


zxE=£59-£,% VixH, =-—yrt ye (13.38) 


and similarly for z x H,. Equating then the x- and y-components, respectively, on 
the two sides of the equations gives 


2a 


-yE,=jouH,, yvE, =jouHy, ay 


+ yH, =jweL,, 
0H, 

Ox 

These four equations can easily be solved for E,, E,, H,, and H, — in terms of H,, 
i.e., its derivatives with respect to x and y. Namely, combining the second and third 
equations on one side, and the first and fourth one on the othcr, we can eliminate Hy 
and H,, respectively, and solve for E, and E,.. Substituting these solutions back in 
the last two cquations, we then solve for H, and H,. Introducing a new constant k as 


+ yH, = —jweE,. (13.39) 


whcre f = f, is the phase cocfficient of the waveguide (y is purely imaginary, as the 
waveguide is assumcd to exhibit no losses), we have 


E = jou Off, E _ jou Off, zr ta oH, z new ye OH, 
i 2) Me men i ee 
(13.41) 


In the next step, we seck a solution for the pivotal unknown, H.. To this end, 
we invoke the magnetic-field Helmholtz equation, Eq. (9.9), 


V-H + o%enH = 0, (13.42) 


Section 13.4 General TE Modal Analysis of Rectangular Waveguides 


which can be decoupled onto three scalar Helmholtz equations, for each of the com- 
ponents of H, as in Eqs. (9.10). For the z-component (here, we are not interested in 
the other two scalar equations), 


| V-H, + weuH, = 0. (13.43) 
| From Eq. (11.6), the Laplacian for waves propagating along the z-axis is decom- 
| posed onto its transverse and axial components as 
| V=aV-Va(Vi-ya)- (Vi-yd) =V2 + y. (13.44) 
' With this, and having in mind Eq. (13.40), Eq. (13.43) becomes 
| V7H, +k°H, =0. (13.45) 
| Writing k as a sum of two other positive constants, 

k? = Br + By, (13.46) 


and using Eq. (2.94), we are finally left with the following version of the scalar 
Helmholtz equation for the axial field H,, suitable for solution: 


| PH, PH, a, 2 
a) py ee = (13.47) 
This is a homogeneous (source-free) second-order differential equation in two vari- 
ables (coordinates x and y), with H, as unknown. However, it can be considered as 
a sum of two corresponding homogeneous second-order differential equations in a 
single variable (x or y), each one of the form 
dep 
a +Af=0 — f~cosAx, sinAx, (13.48) 
with cosine and sine of Ax, times a constant, as indicated, being their general solu- 
tions. Since, moreover, Eq. (13.47) does not contain any derivative with respect to 
z, the propagation factor e~”% can readily be included, as a multiplicative constant 
| (with respect to x and y), in the solutions [note that this dependence of the fields on 
| the z-coordinate is already stipulated in the solution procedure through Eqs. (11.6) 
| and (13.44)].° Consequently, the general solution for H, in our problem is 


H, = (Acos Bx + Bsin B,x)(C cos Byy + Dsin Byy) ev, (13.49) 
i 
| which can be easily verified by direct substitution in Eq. (13.47).’ 


Of course, the exponential functions e/4* and e~i4* are also general solutions of Eq. (13.48), like the 
plane-wave expressions in Eqs. (9.36) satisfy the one-dimensional Helmholtz equations in Eqs. (9.37). 
However, from Eqs. (8.61) and (10.7), each of the two sets of solutions is a linear combination of 
the other. In other words, both traveling and standing waves are general solutions of the governing 
_ Helmholtz equations, and the final form of the field (wave) expressions (traveling vs. standing) depends 
on the relevant boundary conditions for the problem. 


| ®In fact, we are solving a two-dimensional Helmholtz equation, in variables x and y only, with an already 
prescribed dependence on z in the solution. 


7Note that the portion of the solution for H,(x, y,z) in Eq. (13.49) that depends on transverse 
| coordinates (x and y) only can be written as 


H(x, y, 0) = f(x)g(), 


{ ie., as a product of functions that each depend on a single variable (x or y). This expression, in which the 
variables are formally separated between two independent functions (f and g), can actually be used as a 
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~— TE», mode 
TE,.,, mode 
TE wn mode 
I Fyn Mode 
— TI:,, mode 


The constants B, D, B,, and fy in Eq. (13.49) are determined from the bound- 
ary conditions at waveguide walls, Eqs. (13.1). From Egs. (13.41) and (13.49), the 
components of the electric field vector in the dielectric are 


jouBy 


E,=- es (A cos Bx + Bsin B,x)(—Csin Byy + D cos Byy)e ¥*, (13.50) 
jou Bx —yz 
Ey = ou (—A sin Byx + Bcos B,x)(C cos Byy + Dsin Byy) e ue (13'S 


(E, = 0). The condition E,an, = 0 at the left wall in Fig. 13.1 (wherex =0,0<y< 
b, and —co < z < co) and bottom wall (y = 0,0 < x < a, —o0 < z < 0) gives 


ip 


iB, — D=0. (13.52) 


oT? — B=0, Elo =0 


With B = D =0 in Eggs. (13.50) and (13.51), the same condition at the other two 
walls results, as in Eq. (13.6), in 


nn 
Bylo 8 B= EH 0 > 5S 
(m,n =0,1,2,...). Note that, from Eqs. (13.39), E, is proportional to H, and E, to 


H,, which means that the boundary condition for E,, at x = 0 automatically sets the 


condition for H,, so for the normal component of H, at the same wall, and analo- 
gously for the other three conditions in Eqs. (13.52) and (13.53). In other words, by 
Eqs. (13.52) and (13.53) the condition H,,,,, = 0 is imposed as well at all waveguide 
walls, yielding the same values of the four determined transverse constants (B, D, 
Bx, and By) in Eq. (13.49). Merging the remaining two transverse constants into one, 
Hy = AC, the solution for H, is 


(13.54) 


where Ho, as in Eq. (13.26), is the spatial complex “peak-value” (for x = y = 0) 
of H, in the waveguide cross section defined by z = 0, used to set the level of 
field strengths at every point in the waveguide, and consequently of the transmit- 
ted power along the waveguide, as determined by the waveguide excitation (field 
sources). Using Eqs. (13.41), the other field components are 


(13.559 


Ey= ae “— Ho sin = x) cos (+ y) e Bz, 


(13.56) 


_ jp mn 


Hea — Hysi n{—x)cos(=-y) e Az 
_ jpn 


t= yo 2) sin("Es) oH 


(13.57) 


(13.58) 


starting point of a more general and formal procedure to solve the Helmholtz equation in our problem. 
Namely, its substitution in Eq. (13.47), assuming z = 0, and then division (of both sides) of thus obtained 
equation by fg, lead to the explicit decomposition of the Helmholtz equation onto two single-variable 
equations of the type in Eq. (13.48), which solved (separately) for f and g, give, of course, the same result 
as in Eq. (13.49). This constitutes the so-called method of separation of variables, which is a general 
analytical technique for solving wave and Helmholtz equations, and similar partial differential equations 
in multiple variables. 
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and ss = 0, where m,n =0,1,2,..., with the restriction that only one of the 
| mode indices can be zero [the possibility of m =n = 0 is eliminated, because it 
| would imply that all transverse field components, in Eqs. (13.55)—(13.58), are zero]. 

Eqs. (13.54)-(13.58) represent the field of a TE,,, mode in the waveguide (obvi- 
ously, there are a double infinite number of such modes). The waveguide phase 
' coefficient, 8, and parameter k* in these expressions are also functions of m and n. 
Namely, Eqs. (13.46) and (13.53) give 


i? = p+ p2 = (2) a (Sy. (13.59) 


and f is then computed from Eq. (13.40). Its dependence on m and n will be dis- 
| cussed in a separate section. Field configurations for selected modes are illustrated 
| in Fig. 13.4. Of course, the corresponding field expressions for the dominant mode, 
| TE4o, in Eqs. (13.24)-(13.26) are a special case of those in Eqs. (13.54)-(13.58), with 


Figure 13.4 Selected TE,,,, modal field distributions in a cross section of a rectangular waveguide (Fig. 13.1) with a = 2b 
- (electric field - solid line, magnetic field — dashed line). 
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m=1 andn=0; TE; (1 = 1,2,...) modes in Eq. (13.7) are a subset of TE 
modes as well, for n = 0. 


Problems: 13.3 and 13.4: Conceptual Questions (on Companion Website): 13.9: 
VATLAB Exercises (on Companion Website). 


13.5 TM MODES IN A RECTANGULAR WAVEGUIDE 
For a TM wave in a rectangular waveguide (Fig. 13.1), Eqs. (13.35) become 
IM wave E=-E,+ E. and H= H, | (H, =0), | (13.60) 
and the pivotal unknown quantity is now E.. In place of Eqs. (13.36), we have 
yixE,-V,x E,=jouH, yzx H, = —joeE,, (13.61) 


and with analogous derivations as in Eqs. (13.37)-(13.41), the expressions for the 
other nonzero field components in terms of E. are found to be 


__Y dE, __¥ dE, _ joe OE. 
i 0 re ee 
_ joe OE, = 5° ee 
Hy aad Ga ee vy =JB, ke = =|) +@ Ep. @ 3.62) 


Following then the procedure in Eqs. (13.42)-(13.49), accommodated to the TM 
case, the general solution of the transverse scalar Helmholtz equation for E., 


ViE, +E, =O) =p, ee (13.63) 
is given by 
E, = (A’ cos Byx + B’ sin Byx)(C’ cos Byy + D’ sin pyy) e¥*. (13.64) 


Similarly to Eqs. (13.52), from the boundary condition E. = 0 for x =0 and y= 
0, we obtain A’ = 0 and C’ = 0, respectively. The same condition (E, = 0) at x = 
a and y = b then gives the same solutions for f, and fy as in Eqs. (13.53). With 
Eqs. (13.62) and (13.63), this means that the waveguide phase coefficient, f, is the 
same for TM and TE waves, for the same mode number (#1, 2). In the next section, 
we shall discuss f and cutoff frequency of arbitrary TE and TM modes. Introducing 
Ey = B'D’, we finally have 


[| ~IM,,,, mode E,= Eg sin (— x) sin (= y) e hz (13.65) 


so that Eqs. (13.62) result in 


patel nod joe ¥ Ey cos (= x) sin (> yee (13.66) 
1 I Mye. mode Ey= £ = Egsin (— x) cos (F y) ez (13.67) 
11, ~ VMye mode H,= oa = Ey sin (— x) cos (+ y) eT IAz, (13.68) 
[1 ~ | Nhee mod ils, = i — Ey cos (= x) sin (= y) eIhz (13.69) 
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Figure 13.5 Field patterns in the xy-plane of selected rectangular (a = 2b) waveguide TM), modes (electric field — solid 


; line, magnetic field — dashed line). 


| (H, = 0). This isa TM, mode in the waveguide (m,n = 1, 2, ...). The field expres- 


sions are analogous to those in Eggs. (13.54)—(13.58), for the TE case. The lowest TM 
mode is TM), since the possibilities of either m = 0 or n = 0 would make all field 
components in Eggs. (13.65)—(13.69) zero, and are thus eliminated. Shown in Fig. 13.5 
are selected TM,,,, field configurations. 


Problems: 13.5; MATLAB Exercises (on Companion Website). 


13.6 CUTOFF FREQUENCIES OF ARBITRARY WAVEGUIDE 
MODES 


As shown in the previous two sections, the phase coefficient 6 of a rectangular 


| waveguide, Fig. 13.1, is a function of mode indices m and n, but does not depend 


on the type of the propagating wave, i.e., whether it is a TE or TM wave. From 


| Eg. (13.40) or (13.62), 8? = w*/c” — k*, and hence 


pa =. /t Wet al (13.70) 
ae f? 402? ea’ 


_ where the modal expression for k? is given by Eq. (13.59) in both TE and TM cases. 


We see that 6 can be expressed in the same way as in Eq. (13.12), with the cutoff 
frequency, of the TE;,, or TM, mode, computed as 


s (2) aie (Gy it — O, le 2a. 


Here, as explained in the preceding two sections, either m or n, but not both, may 
be zero for TE waves, whereas none can be zero for TM waves. As for the field 
expressions of a TE,,, mode in Eqs. (13.54)-(13.58), this expression for (fc)mn is 
the general form, for a rectangular waveguide, of the corresponding expressions for 
(fe)mo (n = 0) in Eg. (13.13) and (f-)10 (m = 1 and n = 0) in Eq. (13.20), obtained 


fe = (fe)mn = (13.71) 


| in the analysis of TE,,9 and TEi9 modes. 


cutoff frequency, TE; OF 
TMi Mode 
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standard waveguide 


Having now the general expression for the cutoff frequency of an arbitrary 
mode, numbered (1,7), let us revisit the concept and relative size of the domi- 
nant frequency range defined as the range of frequencies f of a propagating wave 
in a waveguide in which only one propagating mode is possible. Let the relative 
size of the range be specified as the ratio of its upper and lower limits, fo/f;. The 
dominant range for TE,,9 modes (for 1 = 0) is given in Eq. (13.22), where fo/f; = 2 
[often, we write fy : fj =2: 1, and call this a 2: 1 (two-to-one) frequency range®]. 
We note here that it is customary to always denote the transverse dimensions of 
the waveguide in Fig. 13.1 such that a > b, where a and b are, respectively, the 
extents of the waveguide cross section in the x and y directions (as in the figure). 
Simply, in setting up the Cartesian coordinate system for the analysis, we adopt the 
x-axis along the larger dimension of the guide. The case a = b (square waveguide) 
has very little practical significance, since it yields (fc); = (fc)10, from Eq. (13.71), 
so that the dominant range essentially does not exist (f2 = fi). Therefore, we 
assume that a > b. With this, we have, in Eq. (13.71), that the TEj9 mode has 
the lowest cutoff frequency among all values of m and n, and can, in general, 
be considered as the dominant mode in a rectangular waveguide. So, fj = (fc)10, 
as for TE,,9 modes, also in the general (m,n) case. Eq. (13.71) then tells us that 
the next higher cutoff frequency, with respect to fj, is one of the following two 
frequencies: 


(G G 
(fc)20 = A (TEz9 mode), (fc)oi = ab (TEo; mode), (13.72) 


and which one defines the upper limit of the dominant range, f:, depends on 
the ratio of the waveguide dimensions a/b (so-called waveguide aspect ratio). 
Normally, we would like to have an aspect ratio that maximizes fo/f; (why 
multimode propagation along a waveguide is not desirable, in general, and the 
single-mode operation preferred is explained in Section 13.3). Since (f¢)20/fi = 2, 
as in Eq. (13.22), regardless of b, the maximum possible f>/f; is 2. On the other 
hand, the ratio (fc)o1/f, does depend on b, and, to keep fo/f; = 2, we seek an a/b 
that places (fc); at or above (f-)29. Using the values from Eggs. (13.72), we find that 


A/f=2 — (fen = (fe200 — a/b2=2. (13.73) 


Thus, for a > 2b, the relative size of the dominant range is maximal (two), and 
the range is given by Eq. (13.22). In practice, the cross-sectional dimensions of 
rectangular waveguides are usually chosen to (approximately) be a= 2b [the 
smallest aspect ratio in Eq. (13.73)],’ which gives (fc)o1 = (fc)20. A waveguide with 
a2: | aspect ratio, or nearly so, 


a=2b or ax 2b, | (13.74) 


is often referred to as a standard waveguide (see Fig. 13.6 in the following example 
for a graphical representation along the frequency axis of the first several cutoff 
frequcncies of TE and TM modes in a standard waveguide). 


8Note that a frequency range from fj to f2 = 2f; is also referrcd to as an octave; in music, cight (“octo”) 
notes Starting at an acoustic (sound) frequency f; and ending at 2f; form an octave. 


As we shall sce in later sections, too large aspect ratios a/b (above a/b = 2) for a rectangular waveg- 
uide, although in agreement with Eq. (13.73), are impractical due to an increased attenuation along the 
waveguide and reduced power transmission capacity of the structure. 
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5.303 
0 1 2 3 4 5 6 
1.875 3.75 | 4.193 \\5:625 f(GHz] Figure 13.6 First several cutoff 
or. frequencies of TE; and TMmn 
| _ | ne | modes, Eq. (13.71), in an 
dominant 


TE39 air-filled standard waveguide 
with a = 8 cm and b= 4cm; 
for Example 13.3. 


TEj9 frequency TE, TE}, TE) 
range TE, Mi TM), 


| =©6Example 13.3 First Several Modal Cutoff Frequencies in a Standard Waveguide 


Consider a standard waveguide with transverse dimensions a = 8 cm and b=4cm, and 
air dielectric. (a) What wave modes can propagate along this waveguide at a frequency of 
{2 4.5 GHz? (b) What is the dominant frequency range of the waveguide? (c) Repeat (a) 
and (b) for a = 4 cm, b = 2 cm, and f = 9 GHz. 


Solution 


| (a) Using Eqs. (13.20), (13.72), and (13.71), first several modal cutoff frequencies for the 
waveguide appear to be 


fi C C 
(fe)10 = = = 1.875 GHz, (fe)20 = (fe)o1 = = = 2 = 3.75 GHz, 


Co 1 1 co 4 1 
Bo) a5 aa t pr = 4193 GHz, (fe) = Bie + 75 = 5.303 GHz, (13,75) 


where cp is the free-space (the guide dielectric is air) wave velocity, Eq. (9.19), and, at the 
given operating frequency (/) of the structure, the propagating condition in Eq. (13.15) is 
satisfied for the first four of them, as shown in Fig. 13.6. Consequently, the list of possible 
propagating modes in the waveguide is as follows: TE19, TE29, TEo;, TE1;, and TM). 
(b) From Fig. 13.6, the dominant frequency range, in which only one wave mode (the dom- 
inant mode, TEj9) can propagate, is given by f, = 1.875 GHz <f < f, =3.75 GHz. Of 
| course, f2/f; = 2 (for standard waveguides), as in Eq. (13.73), and this also complies with 


the dominant range specification in Eq. (13.22). 


(c) If we proportionally decrease the waveguide dimensions (a and b) and increase the oper- 
ating frequency (f) by the same factor, k (k = 2 in this case), the relative distribution of 
| the cutoff frequencies in Eqs. (13.75) with respect to the new frequency f will remain 
the same as in Fig. 13.6, just with different (twice as large) absolute values of individual 
frequencies. This is as well obvious from the general expression for ( f¢)mn in Eq. (13.71), 
| where the substitution of a and b by a/k and b/k leads to a change of (f.)mn to K(fe)mn- 
| Finally, the same conclusion can be reached by having in mind Eqs. (12.73), from which 
we realize that the waveguides in (a) and (c) are electrically of the same size, i.e., have 
equal electrical dimensions a/Ap and b/Ao, Ao = co/f being the wavelength, Eq. (8.112) 
| or (9.67), at the frequency f in the guide dielectric (air in our case), and hence the fields 
| 
{ 
{ 
| 


they support must be of equal forms (the same modes). So, the list of modes that would 
propagate if excited is the same as in (a). 

The lower and upper frequency limits of the dominant frequency range are both 
doubled as compared to the case (b), namely, f; = 3.75 GHz and fp) = 7.5 GHz. We note 
that, although the width of this range (bandwidth), Af = fo — f; = 3.75 GHz, is twice 
that in (b), the bound frequency ratio f)/f,; remains the same (equal to 2), and, in this 
respect, both waveguides, in (b) and (c), can be said to have a 2 : 1 bandwidth. 


| Problems: 13.6-13.9; Conceptual Questions (on Companion Website): 13.10-13.13; 
MATLAB Exercises (on Companion Website). 
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TE wave impeaance, 
arbitrary mode 


IM wave impedance 


13.7 WAVE IMPEDANCES OF TE AND TM WAVES 


The first relationship in Eqs. (13.36) and the second one in Eqs. (13.61) tell us that 
the transverse electric and magnetic field vectors, E, and H,, of a TE and TM wave, 
respectively, in a rectangular waveguide (Fig. 13.1) are perpendicular to each other, | 
as in Eq. (11.14). Moreover, these relationships indicate that the ratio of the cor- 

responding transverse complex field intensities, E, and H,, for each of the wave 4 
types comes out to be independent of the coordinates in Fig. 13.1, and purely real, 


so a real constant. The ratio E,/H,, in turn, defines the wave impedance of a TE 
or TM wave, analogously to the TEM case (for a transmission line), in Eq. (11.19). 
Specifically, using Eqs. (13.36), (13.40), and (13.12), the TE wave impedance, Z7g, 
equals 


ee 


E j w | 
po #) _ #1 _ 2 Se ae (13.76) 
is G ie ae Pi ee | 


( 
since wc = n, where c = 1/,/eu and n = //e are the intrinsic phase velocity and 
impedance, respectively, of the waveguide dielectric. Of course, the cutoff frequency 
of the waveguide, fc, for a mode (m,n) is given in Eq. (13.71), and Zt, for a 
TEmn mode, depends on mode indices m and n. Having in mind the expression ~ 
for B = B; in Eqs. (13.4), we realize that the expression for the wave impedance 7 

of a TE wave in Eq. (10.121), obtained from the analysis of multiple reflections in 
Fig. 10.15, reduces to wu/B, exactly as in Eq. (13.76). Similarly, Eqs. (13.61), (13.40), | 
and (13.12) give the following expressions for the wave impedance of a TM,n», wave: 


—— 


_(& _ ae ee. }; 
zm = (i). = joe Tae 2? Ve 7 


Unlike the TEM case, both TE and TM impedances” are functions of the frequency 
(f) of the propagating wave, as illustrated in Fig. 13.7. 

In the entire propagating frequency region (for f > fc), Zre > ZrEmM and | 
Zt < ZtTem, and their product (for the same mode), 


Zefa ee (13.78) 


is a constant, equal to Zrgy or n squared, ZpEM being the wave impedance of a 
TEM wave in a transmission line (with the same dielectric), Eq. (11.19). Note that | 
Ztx exhibits a frequency dependence of the same form as the intrinsic impedance of 
the plasma medium, Eq. (9.161). Actually, at propagating frequencies much farther 
away from the cutoff (for f >> f-), both Zt¢ and Z7yy approach 7 asymptotically, and 
the TE or TM wave in the waveguide propagates much like a TEM wave (in free 
space). For TE,,9 modes, this is also evident from Eq. (13.9), which tells us that the | 
higher the frequency (of a TE,,,9 wave) the larger 6; in Fig. 10.15, yielding 6; = 90° - 
for f > fe [fe = mc/(2a) for the TE,,9 mode, Eq. (13.13)]. This in turn means prac- 
tically no reflections in the waveguide, with an incident wave only, in Fig. 10.13(a), 


1 
| 


1ONote that, as for the TEM wave impedance in Eq. (11.19), and analogously to Eq. (10.11) for 
unbounded uniform plane waves, the expressions for the TE and TM wave impedances in Eqs. (13.76) 
and (13.77) are given only for a single traveling TE or TM wave in the waveguide. Namely, as we shall 
see in a later section, if there is also a backward (reflected) wave, propagating in the negative z direction 
in Fig. 13.1, the ratio E,/H, for the resultant (forward plus backward) TE or TM wave is a function of z. 
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propagating parallel to the walls in the axial direction. Equivalently, 6; = 90° yields 
7, = 7 in Eq. (10.121). 

On the other side, at frequencies below the cutoff (for f < f¢), both Z7pg and 
Zr, in Eqs. (13.76) and (13.77), become [see also Eq. (13.16)] purely imaginary 
(reactive). This is in agreement with the fact that there is no propagation of electro- 
magnetic waves, and no net real power flow (by the waves) along the waveguide at 
evanescent frequencies, Eq. (13.17), which will be elaborated in the next section. 

From Eqs. (13.36), (13.76), (13.61), (13.77), (11.18), and (11.19), the following 
vector relations between the transverse electric and magnetic field vectors of all 
three types of guided electromagnetic waves (TE, TM, and TEM) can be written: 


1 
Wez 


which are the same in form as those in Eqs. (9.22) for free (unbounded) uni- 
form plane waves as well. Alternatively, using the x- and y-components of the field 


zxE,, E,=ZH,xz (Z=Zte, Zt, or Zam). (3:79) 


| vectors, we can write [see Eq. (9.191)] 


E ie, 
i y 
— Z, 13.80 
i, Hs ( 3 ) 


| Note that, for TE and TM waves, these component relations also follow from 


Egs. (13.41) and (13.62), respectively. 
Conceptual Questions (on Companion Website): 13.14—13.18 


| 13.8 POWER FLOW ALONG A WAVEGUIDE 


| We now evaluate the power flow associated with a traveling TE or TM wave along 


a rectangular waveguide, in Fig. 13.1. Because the waveguide walls are considered 


| to be perfectly conducting, the wave does not penetrate at all into them. Therefore, 
| asin Eq. (11.21), the complex power carried by the wave along the z-axis equals the 
| flux of the complex Poynting vector of the wave through a cross section of the guide 
| dielectric, Sg. From Eq. (8.192), the real part of this complex power equals, in turn, 
_ the time-average transmitted power along the guide, 


Sa 


Sq 


| (dS = dS2). 


Obviously, only the z-component of P contributes to the power in Eq. (13.81). 
Having in mind Egg. (11.7) and (13.79), and adopting the reference directions for 
the vectors E, and H, such that their cross product is in the positive z direction, this 


, component is given by 


i ; 1 ee! a » 
P,=E, x Hi = 58, x (4x E) = Zhe a= FIA) t= ZA, 2 


(Z = ZTE, ZTm, OF ZTEM), (13.82) 


since both E, x H* and E, x Hf, if nonzero, lie in a transversal plane, and tx (zx 


t) = Z, where t is the unit vector along E, [also see Fig. 11.2(a)]. Here, 


PSP +12. \H,? =1H.1 +1H,/, (13.83) 
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Figure 13.7 Sketch of wave 
impedances of TE and TM 
waves (Zrr and Zrm) ina 
rectangular waveguide 

(Fig. 13.1), Eqs. (13.76) and 
(13.77), normalized to the 
intrinsic impedance of the 
waveguide dielectric (7) 

as a function of the wave 
frequency (f) normalized to 
the waveguide cutoff 
frequency (fc). These same 
graphs represent the 
waveguide phase and group 
velocities (vp and vg), given 
by Eqs. (13.109) and 
(13.111) in Section 13.10, 
normalized to the intrinsic 
phase velocity of the 
waveguide dielectric (c) 


versus f /fe. 


0 
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with the x and y field components of a TE or TM wave, that is, an arbitrary TE,,,, or 
TMmn mode, being given in Egs. (13.54)-(13.58) and (13.65)-(13.69), respectively. 
Note that the same result can as well be obtained from 


PB, = (Ek + By§) x (HR +H, §)" = (EH ~ E,H 3, (13.84) 
a 
ll =t 


as in Eq. (9.200). Moreover, based on Eqs. (13.54)-(13.56), (13.65), (13.68), and 
(13.69), it is obvious that the transverse component of the complex Poynting vec- 
tor, P,, of both TE and TM waves is purely imaginary. For instance, both E, H? and 
E,H7 for a TE wave, Eqs. (13.54)-(13.56), are purely imaginary. This is in agreement 
with the facts that the TE and TM waves in the waveguide exhibit standing-wave 
behavior [see Eq. (10.20)] in x and y directions and that no power is delivered to 
the PEC walls of the guide. Expressions in Eq. (13.82) hold for all three types of 
guided electromagnetic waves (TE and TM waves along waveguides, and TEM , 
waves along transmission lines), with the wave impedances Zrp, Z7m, and ZrEM 
given in Eqs. (13.76), (13.77), and (11.19), respectively. ; 

We see that, for a lossless guiding structure at propagating frequencies, f > fe, 
fc being the cutoff frequency of the structure, P. in Eq. (13.82) is a purely real 
vector, and write P, = P; Z, so that the transmitted power along a waveguide (ora 
transmission line), Eq. (13.81), becomes 


transmitted power 


2 | P.dS == | EP ds =Z [ |H,2 dS (13.85) 
Sa Z Sg Sg | 


[see Eq. (11.21) for the power along a transmission line]. Of course, P for TE or TM | 
waves is a function of mode indices (m and n), P = Py». As for transmission lines, | 
Eqs. (13.83), (13.55)—-(13.58), and (13.66)—(13.69) tell us that |E,| and |H,| in waveg- | 
uides do not depend on z (|e7!4| = 1), meaning that P = const along the entire ; 
guide, which is in agreement with the no-loss assumption. However, at frequencies 
below the waveguide cutoff, f < fc, both Zpgz and Zyy in Eqs. (13.76) and (13.77) | 
are purely imaginary, and so is P, in Eq. (13.82). This means a zero real part of 
the complex transmitted power in Eq. (13.81), that is, P = 0 along the waveguide 
(no real power flow at evanescent frequencies). In addition, at f = fc, ZTE > 00 
and Z7m = 0 (Fig. 13.7), so that Eq. (13.82) gives P, = 0, i.e., no propagation at the 
cutoff as well. 

Let us compute the integral in Eq. (13.85) for the dominant mode, TEj9. Using 
Eggs. (13.76), (13.83), (13.24), (13.20), and (8.48), 


a 2bIH,|2 
p=) pipe ee 
wt Se) if ae ioe 
ds 
a/2 
P —- TE, mode = _ |Hol” [fe = Ce)iol: (13.86) 


where the elemental surface for integration, dS, in the waveguide cross section is 
adopted in the form of a thin strip of length b and width dx, as shown in Fig. 13.8 
[this is similar to the flux evaluation in Eq. (6.64) and Fig. 6.12]. The integral in 
x is evaluated as in Eq. (12.138), and the result is a/2. Finally, the use is made 
of the fact that w1a2/m2c = pcf*/[c/(2a)|* = nf*/f2. Similar integrations lead to 
the expressions for P of arbitrary TE,,, and TM,,,, modes, respectively, in the 
waveguide. 
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Figure 13.8 Evaluation of the 
time-average power carried by a TEj9 
traveling wave along a rectangular 
waveguide, as a flux of the axial 
component of P (P,, is a purely real 
vector) through the dielectric cross 
section; the figure also shows the 
existing tangential components of H at 
waveguide walls for this wave, used in 
loss computation in the next section. 


Seu mee ee Dielectric Breakdown and Power-Handling Capacity ofa 


Waveguide 


A lossless rectangular metallic waveguide of transverse dimensions a and b is filled with a 
homogeneous dielectric of permittivity ¢, permeability 1, and dielectric strength Eo,;. Find 
the maximum permissible time-average power, limited by an eventual dielectric breakdown 
| in the structure, that can be carried along the waveguide by a TEj9 wave of frequency f. 


Solution The y-component (the only existing one) of the electric field intensity vector 
of the dominant waveguide mode (TEj9) is given in Eq. (13.24) and shown in Fig. 13.3. 
Obviously, this field is the strongest along the centerline of the larger transverse dimension 
of the waveguide, so for x = a/2, where its rms intensity amounts to 


a 
[Ee lene = lEylraa/2 = wo = |Ho|. (13.87) 


Dielectric breakdown occurs when the corresponding amplitude (peak-value) of the field 
reaches the critical field value (dielectric strength), F.,, for the dielectric filling the waveguide 
[most frequently, it is air, so Egy = Egro = 3 MV/m, Eq. (2.53)]. Since E is a linearly polarized 
vector, its peak to rms value ratio equals /2, and the breakdown condition, such as the one 
in Eq. (2.225) for instance, becomes 


Eyl max” 2 = Ecr. (13.88) 
—_—_——< 


peak-value 


Solving it for the magnitude of the complex constant Ho in Eq. (13.87), we have 


TE 
oer a ie 


which, substituted in Eq. (13.86), gives the associated time-average power carried by the TE 
Pmax = Po = 7 > 


wave along the structure: 
ab Ee c 
—= ——— A-—: 13.90 
2 fe 4 4a2f2 ( ) 


where the relationships f, = c/(2a), w = 27f, and cu = n [see Eqs. (13.20), (8.48), (9.18), and 
(9.21)] are used to transform the power expression into its final form. This is the maximum 
permissible power (Pmax) that can be put through the system (before it breaks down), and 
it hence determines the power-handling capacity of the waveguide, in the dominant mode of 
operation. 

As a numerical example, the power capacity at f = 2 GHz of an air-filled waveguide 
with a = 10.922 cm and b = 5.461 cm (WR-430 commercial rectangular waveguide) is as high 
| as Pmax = 25.9 MW (note that many high-power communication and radar systems require 
the transmission of very large microwave powers along waveguides). Of course, the power 


(13.89) 


ab f? Te eae 
i= fp [Hol = 


dielectric breakdown in a 
waveguide 


waveguide power capacity 
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capacity values used in practice in designing and operating waveguides are always defined 
with a certain safety factor included in Eq. (13.90), which reduces the computed “ideal” value, 
to allow for any nonidealities in the system and its operation. 


Example 13.5 Transmitted Power of an Arbitrary TM Wave Mode __ ‘ 


Derive the expression for the time-average power carried through a cross section of a 
rectangular metallic waveguide, in Fig. 13.1, by an arbitrary TM,,, wave mode. 


Solution Combining Eqs. (13.85), (13.77), (13.83), (13.66), and (13.67), the transmitted 
power of a TM, mode, for arbitrary m,n = 1,2,..., along the waveguide is given by 


1 we [4 b 
Poe i dS = — i E,\? +\£,\?) dxd 
Z1™ r B Jx=0 Jy=0 (12: rl pes 
_ wep\Eo|? mnr\2 ["  ,7mn b ("nn 
a =! [ cos (=x) ax [ sin (a) dy 
er 
a/2 b/2 


#(2y iL sin? (= x) ) ax ee b (=y) | (m,n=1,2,...), (een 
Soo a eee 


a/2 b/2 
where the integrals in x and y are computed in essentially the same way as the integral in 
time in Eq. (6.95), and the results are a/2 and b/2, respectively. Moreover, the two products 
of two integrals (in x and y) come out to be the same, ab/4, and can be taken as a common 
term out of the sum of the products. Finally, having in mind Eqs. (13.59), (13.12), and (8.48), 
we can write 


_ wéBlEgl* ab fymmy? | pny?) _ ab f? f2 : 
a (=) ae (ee) ae ! ae [Eyl? fe = (fen 


Sn ote 
k2 
where the cutoff frequency (fc) iS given in Eq. (13.71), and the use is made (in the term 
k?/k* = 1/k?) also of the relationship k? = 42?f?/c?, which, in turn, is obtained comparing 
Eqs. (13.70) and (13.12), as well as of the fact that ce = 1/7 [see Eqs. (13.70) and (9.21)]. 


Problems: 13.10-13.15; Conceptual Questions (on Companion Website): 13.19 and 
13.20; MATLAB Exercises (on Companion Website). 


13.9 WAVEGUIDES WITH SMALL LOSSES 


To take into account conductor and dielectric losses in a rectangular waveguide 
(Fig. 13.8), with a TE or TM wave, we assume that these losses are small, and 
apply the perturbation method for evaluation of the time-average loss power and 
the associated signal attenuation in a transmission line with small losses described in 
Sections 11.5 and 11.6. As with transmission lines, the low-loss assumption in waveg- 
uide theory is based on the fact that, by design, waveguides are fabricated from good 
conductors and good dielectrics, at the relevant frequencies for a given application, 
so that the conditions in Eqs. (11.61) are satisfied. The main premise of the perturba- 
tion method is that the field distributions in every cross section of the waveguide are 
practically the same as if there were no losses, while the difference is in the axial (2) 


| in across section of the guide. H 
| magnetic field intensity vector of the propagating TE or TM wave on the conductor 
interior surface, along C, computed as if the conductor were perfect. At the given 
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direction, in which the fields attenuate as e~°%, a being the attenuation coefficient 
of the structure. For instance, the y-component (the only existing one) of the electric 
field intensity vector of the dominant waveguide mode (TEjg), Eqs. (13.24)-(13.26), 
is now : 
Ey(, y, z) = E,(x, y, 0)e e bz (13.93) 
[see also Eqs. (11.5) and (11.63)], and analogously for the nonzero magnetic field 
components of the mode. The distribution of E,,(x, y, 0) is the same as in Eq. (13.24), 
and the phase coefficient £ is that in Eqs. (13.12) and (13.20) — as in the lossless case. 
Most importantly, a is computed using the no-loss field distributions. 
From Eq. (11.66), the time-average power of Joule’s losses in the waveguide 
conductor (i.e., in four waveguide walls) in Fig. 13.8 per unit length of the structure, 


P%, is given by 
= f Rs|Hrangl” dl ( = (=). (13.94) 
Cc Oc 


where C stands for the interior contour, with dimensions a and b, of the conductor 
is the tangential component of the complex rms 


==tang 


frequency, f, of the wave, R, is the surface resistance of the conductor, Eq. (11.65), 
with o, and pt, being its conductivity and permeability (most frequently, 4, = 0), 
respectively. 

As in Eq. (11.68), the time-average loss power in the dielectric in Fig. 13.8 per 


- unit length of the waveguide, P’,, is computed as 


P,= if oglE|? dS. (13.95) 
Sa 


Here, Sq denotes a cross section of the dielectric, as in Eq. (13.81), og is dielectric 
conductivity, and E is the no-loss complex rms electric field intensity vector of the 
wave over Sq. 

Once P, and P), are found, the respective attenuation coefficients, for the 
waveguide conductor and dielectric, a, and ag, are obtained using Eqs. (11.76) 


and the result for the time-average power transmitted along the guide, P, from 


Eq. (13.85). In what follows, we complete this procedure for the dominant mode. 
To compute P%, we note that at the walls defined by y = 0 and y = b in Fig. 13.8, 
both x- and z-components of the magnetic field vector of a TEj9 wave are tangential 


_ to the wall surface, whereas only H, is tangential to the conductor surfaces at x = 0 
_ and x =a, as indicated in the figure. In addition, having in mind Eqs. (13.25) and 


(13.26), we realize that these specified tangential components of H have the same 


| magnitudes at each pair of parallel walls (field symmetry). With this, Eq. (13.94) 


yields 


a; b 
2 y 4 
Pea 2f Re (IP +L )| 9, +2 | RolHeleoore 


= 2a? | f (&) sin P(e x x) + cos” Ex ‘fare f | 


2 
= 2Rs|Hy/” Ge et ) = 2Rs|Hol’ (35 i: ) (13.96) 


p.u.l. conductor loss power 


p.u.l. dielectric loss power 
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[also see the integral in Eq. (13.86)], since, using Eqs. (13.12), (8.48), and (13.20), 
2,3 Paps) 2 2 2 ps 
a 
tage pon) ee : 1-£)-"(£-1). aaem 
2n Ore FP 2 (c/2a) f 2 \ fe 
—— 


fe : 
The expression for a, in Eqs. (11.76) and that for P in Eq. (13.86) then result in 


PL Rs afb + 2f2/f? 


a. — TE, mode | Me ——— 


2P na Hy WHIP | 


(13.98) 


Of course, a, is given in Np/m; to convert it to dB/m, if so desired, we use the 
relationship in Eq. (9.89). 

For a TEjo mode, E = E, [Eqs. (13.35)], so that comparison of Eqs. (13.95) and 
(13.85) leads to 


P; = OdZTE P. (13.993 


where Z7g is the corresponding wave impedance. We note that this relationship has 
the same form as the one in Eq. (11.81) for a TEM wave along a transmission line. 
Combining it with Eqs. (11.76), (13.76), (9.125), and (13.12), ag can be written as 


PP’, oaZteE nog wen tandg wtandg 
any TE or IM mode ag = = = a 


par —_— 2p a 2B ate Ay — f2/f2 


tan dg being the loss tangent of the dielectric, and this result is the same for any TE 
or TM mode in the waveguide (with cutoff frequency fc). 

Of course, the overall attenuation coefficient in Eq. (13.93) is a =ac +agq, 
Eq. (11.75). However, in most applications of rectangular metallic waveguides, the 
dielectric is air, so that og, tanég, ag = Oand a = ag. In these cases, therefore, con- 
ductor losses and a,, determined based on the waveguide parameters a, b, and d¢ 
(tc = Mo), at a given operating frequency, f, in the propagating region, Eq. (13.15), 
represent a limiting factor for practical usability of the structure. Simply, if the 
waveguide is too long, the attenuation in the conductors becomes so large, i.e., the 
factor e~% in Eq. (13.93) so small, that the signal at the receiving end of the guide is 
unusable (or too weak to be efficiently used). In applications including high-power | 
transfers along a waveguide, this may mean a prohibitively inefficient overall power 
balance of the system. In addition, we note a rather complex frequency depen- 
dence of a, for the dominant mode, in Eq. (13.98), where we have in mind that | 
R, [see Eq. (13.94)] is also a function of frequency, R, « ,/f. This dependence, for 
a standard waveguide, Eq. (13.74), made of copper, is shown in Fig. 13.9. It is now 
obvious that the lowcr part of the dominant frequency range (ensuring a single- 
mode operation of the waveguide) in Eq. (13.22) is unusable, due to a very high 
signal attcnuation [for frequencies just above the cutoff (f = f), a — oo]. On the 
other side, while considering frequcncies close to the uppcr limit of the dominant 4 
range, it is always preferable to have some safety margin (frequency separation) 
with respect to the next higher order mode. Consequently, a good rule of thumb 
is to design a waveguide such that the operating frequency (or frequencies) of the 
dominant mode be within the following range: 


(13.100) 


c c Ga 
ssabie frequency range | SS a = as e ee < 0.95 | a 3.101) 


j 
which is often callcd the usable frequcncy range of the waveguide. 


——————e 
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Oo 
0 


TEj9 (b=a/10) | 
ae Figure 13.9 Attenuation coefficient 
a = a versus frequency for the 
dominant mode, Eq. (13.98), in a 
standard (a = 2 cm, b = 1 cm) 
air-filled copper (0, = 58 MS/m, 

Lc = fo) rectangular waveguide 
(Fig. 13.8); shown also is a, for b 
decreased to b = a/10 and for the 
TM) wave mode (and a = 25). 


f(GHz] 
0 5 f 10 15420 25 30 35 40 
fc=7.5GHz ‘f,=16.77 GHz 


Finally, we note, observing Eq. (13.98), that for a fixed larger transverse dimen- 
sion of the waveguide, a = const (and given frequency and material parameters 
of the structure), the larger the aspect ratio a/b (i.e., the smaller b) the larger 
the attenuation coefficient a, (for the dominant mode), which is also illustrated 
in Fig. 13.9. In addition, even without considering losses, the expression for the 
maximum possible transmitted power along the waveguide (Pmax) in Eq. (13.90), 
obtained based on considerations of an eventual dielectric breakdown in the guide, 
indicates that for a given a, a decrease in b means a reduction in the power trans- 
fer capacity of the structure. This is why too large aspect ratios (e.g., a/b = 10), 
although ensuring the maximum dominant frequency range of the waveguide, 
Eq. (13.73), are impractical, as already mentioned in relation with Eq. (13.74). On 
the other side, it certainly seems attractive to maximally increase b, i.e., reduce 
a/b (possibly to the limit of a/b = 1), in order to both increase Pmax (regard- 
less of losses) and reduce a¢. However, this is offset by the design requirement 
for as large as possible dominant range, with Eq. (13.73) defining the upper 
bound for b, for a=const. So, as a compromise between the two contradic- 
tory requirements, the typical choice for a/b is that in Eq. (13.74) -— a standard 
waveguide. 


Example 13.6 Ky-Band Waveguide Design 


Design an air-filled Ky-band standard waveguide, such that the entire Ky-band (12—18 GHz) 
falls into the usable frequency range of the guide, as defined by Eq. (13.101). 


Solution For a standard waveguide, the larger to smaller transverse dimension ratio (a/b) 
; is given in Eq. (13.74). To cover all frequencies between fj = 12 GHz and f; = 18 GHz by the 
usable frequency range in Eq. (13.101), that is, to nest the Ky-band within the usable range 
of the waveguide, we require that 


0.625 = a fiand fe 0.95 > (13.102) 


(co = 3 x 108 m/s). This translates into the following lower and upper bounds for the guide 
dimension a: 
0.625c9 0.95cp 


a< 


i fh 


1.562 cm < a < 1.583 cm. GS-103) 
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Hence, any value for a within these bounds gives a standard waveguide whose usable fre- 
quency range includes the entire Ky-band. For instance, the choice of a= 1.58cm (b= 
0.79 cm) corresponds to a commercial Ky-band WR-62 rectangular waveguide.!! 


Example 13.7 ‘Complex Propagation Coefficient of an X-Band Waveguide a 


An X-band (8—12 GHz) standard rectangular waveguide, with transverse dimensions 
a= 15.63 mm and b = 7.81 mm, is made of copper, whose conductivity is o¢ = 58 MS/m 
and permeability 4¢ = yo, and filled with polyethylene, the relative permittivity of which is 
€r = 2.25 and loss tangent tan dg = 10-4 (u = po). At an operating frequency of f = 10 GHz, 
compute the complex propagation coefficient of the waveguide for the dominant wave mode. 


Solution The intrinsic phase velocity of the waveguide dielectric, Eq. (9.18), and cutoff 
frequency of the dominant mode (TEjg), Eq. (13.20), come out to be 


Ci 
= 7 =2x10°m/s —=3 5 fe = Gee - = 6.398 GHz (13.104) 


(co = 3 x 108 m/s). The fact that (fe)10 < f < 2(fe)10, like in Eqs. (13.22) and (13.74), verifies 
that indeed only a TE;9 wave can propagate along the waveguide. The phase coefficient of : 
the waveguide, Eq. (13.12), amounts to 


c fp 
Eg. (13.98) then tells us that the attenuation coefficient for the waveguide conductor is 
_ (Rsdcuyer a/b + U(feYjo/f* 

eT ecu isrnysi 
(no = 377 2), where the surface resistance of copper, Rs = (Rs)cy = 0.026 Q/square, is 


found from Eq. (10.80), and the use is made of the relationship in Eq. (9.89) to convert Np/m 
to dB/m. For the guide dielectric, Eq. (13.100) gives the coefficient 


nfransee 50204 Naf S017 ane (13.107) 


ofl — (fo /f? 


Finally, using Eq. (11.75), the total attenuation coefficient of the waveguide isa =ac+ag= | 
0.0448 Np/m = 0.389 dB/m, which, combined with Eq. (13.105), results in the following | 
1 


| 


B = 241.44 rad/m. (13.105) 


c 


= 0.0244 Np/m = 0.212 dB/m (13.106) : 


ad 


complex propagation coefficient: 
y =a + jB = (0.0448 + j241.44) m?. (13.108) 


Problems: 13.16-13.20; Conceptual Questions (on Companion Website): 
13.21-13.25; MATLAB Exercises (on Companion Website). | 


13.10 WAVEGUIDE DISPERSION AND WAVE VELOCITIES 


Since the phase coefficient B in Eq. (13.12), of the rectangular waveguide in 
Fig. 13.1, is a nonlinear function of the angular frequency, w, of a propagating 
TE or TM wave, the phase velocity of the wave, vp, is frequency dependent, and 


= 
a ee eee, ch 


'l Note that eommereial reetangular waveguides are specified in WR-xyz numbers, with WR standing for 
“waveguide, reetangular” and xyz denoting that the larger transverse dimension (a) of the guide equals 
xyz/100 inehes. Thus, a WR-62 waveguide has a = 0.62 ineh = 0.62 x 2.54 em © 1.58 em. 
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the waveguide represents a dispersive propagation medium, as in Eq. (9.166). As 
explained in Section 9.13, a direct consequence of such frequency behavior of the 
medium, and normally the most troublesome one, is signal distortion in the time 
domain. Comparing Eqs. (13.12) and (9.160), we realize that the B-w relationship 
of a waveguide is identical in form to that of a uniform plane wave in a plasma 
medium. Therefore, a typical dispersion diagram for a metallic waveguide is prac- 
tically that in Fig. 9.17. Of course, each waveguide mode, (m,n), has a different 
diagram, according to Eq. (13.71). Moreover, in a waveguide, wave dispersion asso- 
ciated with Eq. (13.12) is, unlike in a plasma, not due to electromagnetic properties 
of the material through which the wave propagates, but is a result of the specific 
configuration of metallic boundaries (waveguide walls) confining the wave propa- 
gation. Therefore, to distinguish it from material dispersion, dispersion due to the 
waveguide structure (geometry), which is inherent for all metallic waveguides and 
present for all propagating frequencies, Eq. (13.15), and modes, is called waveg- 
uide dispersion. However, waveguides can also exhibit material dispersion, which 
occurs when the parameters of the dielectric inside the structure are frequency 
dependent. 

So, in parallel to Eq. (9.178) for a plasma medium, or from Eqs. (9.35) and 
(13.12), the phase velocity of a wave mode with cutoff frequency f, propagating, 
at frequency f (f > fc), through a rectangular metallic waveguide (Fig. 13.1) is 
given by 


(13.109) 


The wavelength along the structure (measured along the z-axis), Az, is then [see 
Eggs. (11.17)] 


(13.110) 


This wavelength is often referred to as the guide wavelength (Aguide). In the above 
equations, c = 1/,/eu and A = c/f are the intrinsic phase velocity and wavelength of 
the waveguide dielectric, i.e., the velocity of a uniform plane wave in an unbounded 
medium of parameters ¢ and yw, and the corresponding wavelength at the operating 
frequency f (w = 2zf).' Fig. 13.10 illustrates the variation of 4, with frequency for 
several modes (m, n) in a standard waveguide, Eq. (13.74), along with the frequency 
variation of 4. We see that, like the coefficient 6 in Fig. 9.17 and wave impedances 
Ztx and Zrym in Fig. 13.7, all guide wavelengths in Fig. 13.10 vary very rapidly near 
their respective cutoff frequencies. On the other side, for f > fc, Aguide — A for all 
modes, which is another confirmation that TE,,, and TM), waves have character- 
istics of TEM waves in an unbounded medium when they are operated far above 
cutoff (for example, see also Fig. 13.7). Combining Eqs. (9.172) and (13.12), the 
group velocity (or energy velocity) along the waveguide, vg, is given by the following 


1216 the polarization (and conduction) properties of the waveguide dielectric are specified using a com- 
plex permittivity (¢), Eq. (9.127), whose real part is a function of frequency, then c = 1/./e’()4, and 
we have a combination of waveguide and material dispersion in the structure. However, as the metallic 
waveguides in practice are mostly air-filled, this latter sort of dispersion in waveguide theory has much 
less practical importance than the former one. 


waveguide phase velocity 


guide wavelength 
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waveguide group velocity 


Figure 13.10 Frequency 
variation of the guide 
wavelength, Eq. (13.110), for 
several modes in a standard 
rectangular air-filled metallic 
waveguide (a = 2b = 8 cm); the 
intrinsic wavelength of the 


6 8 
waveguide dielectric (air), a 7 ia Sa 


4 =c/f =co/f, is also shown. Got 


expression: 
—— Z 


, — : 6 pees 
"8 GB/de fr 


(13.111) 


which, again, has the same form as that in Eqs. (9.178) for plasmas. 

Frequency dependences of vp and vg, Eqs. (13.109) and (13.111), are shown in 
Fig. 13.7 (in Section 13.7). The rapid variations in both velocities near cutoff are 
practically always undesirable. With such variations, problems with signal distor- 
tion due to waveguide dispersion, particularly in digital communication systems, 
are even more pronounced and difficult to overcome. This is one more reason to 
restrict the operating frequencies of waveguides to the usable frequency range in 
Eq. (13.101), rather than the entire dominant (single-mode) range in Eq. (13.22). 
At all propagating frequencies, f > f-, the product of vp and vz is frequency 
independent, 

Vplg =. (13.112) 


In addition, each of the velocities approaches c asymptotically (and the wave prop- 
agates as if in an unbounded medium) for f > oo. Note that the fact that vp > vg 
in Fig. 13.7 means that the waveguide is a normally dispersive propagation medium, 
like a plasma (Fig. 9.17). If the guide is air-filled (and this is most often the case), 
we have that vp > cg in the entire propagating region, co being the speed of light in 
free space, Eq. (9.19). However, as explained in Example 9.23, this does not violate 
the theory of special relativity, which only requires that vg < co, and this holds true 
in Fig..13.7: 


ERE Relationship between Three Wavelengths for a Waveguide 


For an arbitrary TE,,, or TM), wave mode in a reetangular metallie waveguide (Fig. 13.1), 
i, is the guide wavelength (along the z-axis), A is the intrinsic wavelength of the waveguide 
dieleetrie, and A, is the eutoff wavelength of the mode. Derive the relationship between 
these three wavelengths. 


Solution With the use of Eqs. (13.14) and (8.112), we have that the ratio of the modal eutoff 
frequency (f-) and operating frequeney (f) of the waveguide is given by fc/f = 4/Ac, which, 
substituted in Eq. (13.110), gives the following simple relationship in terms of the reeiproeals 


I i ee, Oe 
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of the three wavelengths: 


——— =nd(1 4 oes | (13.113) 


Of course, both A, and A, are functions of mode indices m and n, Az = (Az)mn and Ace = 
(Ac)mn- 


Example 13.9 (CERuatite Dielectric Permittivity Using a Waveguide 


If the larger transverse dimension and operating frequency of the waveguide in Fig. 13.1 
are a= 7.2 cm and f = 3 GHz, respectively, find the relative permittivity of an unknown 
nonmagnetic lossless dielectric filling the structure - from the measured dominant-mode 
guide wavelength A, = 7.62 cm. 


Solution Having in mind Egs. (8.112) and (9.18), the intrinsic wavelength of the guide 
dielectric with unknown relative permittivity e, can be expressed as A = co/(./érf), while 
the cutoff wavelength of the dominant (TEj9) mode is A. = (Ac)19 = 2a, Eq. (13.21). Hence, 
solving Eq. (13.113) for ¢,, we obtain 


a B(hy 1) = 2.205 (13.114) 
SP \2 42) 


where cy = 3 x 108 m/s, Eq. (9.19). Note that metallic waveguides are often used in mea- 
surement techniques for the characterization of unknown electromagnetic materials. 


Example 13.10 Travel of Signals with Different Carrier Frequencies along a 


Waveguide 


Two signals whose frequency spectra are confined to narrow bands around carrier frequen- 
cies fj = 7 GHz and fp = 8 GHz, respectively, are launched at the same instant of time at 
one end of an air-filled rectangular waveguide with transverse dimensions a = 3 cm and 
b =1.5 cm, and length / = 6 m, to propagate along it. Find the time lag between the two 
signals as they are received on the other end of the waveguide. 


Solution As the cutoff frequency of the dominant mode (TEj9), Eq. (13.20), amounts to 
(fe)10 = co /(2a) = 5 GHz (co = 3 x 108 m/s), and this is a standard waveguide, Eq. (13.74), 
we realize that both carrier frequencies, f, and fy, fall into the dominant frequency range of 
the waveguide, Eq. (13.22). Hence, we can assume that both signals travel along the guide as 
dominant wave modes. In addition, they travel with the corresponding group velocities (vz). 
Using Eq. (13.111), these velocities come out to be 


2 2 
Vgi =Co |1— wetia = 2.1 x 108 m/s, Vg2=co |1- oe = 2.34 x 10° m/s. 
1 2 
(3-175) 


For each signal, it takes the time ¢ = //vg to arrive to the receive end of the waveguide, so we 
obtain that signal 1 lags behind signal 2 for the following time interval: 


i — 7 oe (13-116) 
Ve] Vo? 


Example 13.11 AWE Group Velocity as Axial Projection of Ray Velocity 


Interpreting a TE wave in the waveguide as a uniform plane (TEM) wave tracing the zigzag 
ray path in Fig. 10.15, show that the group velocity of the TE wave equals the axial 
component of the phase velocity of the TEM wave. 
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Solution Combining Eqs. (13.11), (13.12), and (13.111), we realize that the axial (z) 
projection of the phase velocity of the TEM wave (ray velocity) in Fig. 10.15 amounts to 


Ps 
Vaxia! = csin 6; = c,/ 1 — cos? @ =c i- Bam (13.11 


(ray velocity is c), i.e., it indeed is identical to the group velocity of the TE wave. This again 
verifies the fact that the energy (or information) travels along the guide at the velocity vg. 


Problems: 13.21; Conceptual Questions (on Companion Website): 13.26-13.29; 
MATLAB Exercises (on Companion Website). 


13.11 WAVEGUIDE COUPLERS 


In order to generate a particular TE,,,, or TM), mode in a rectangular waveguide 
(Fig. 13.1), we need an electromagnetic coupling mechanism that feeds external 
energy into the guide, and excites that particular modal field. This field then trav- 
els along the structure carrying the input signal away from the feed. Conversely, 
the same mechanism can be used, in the reversed process, to extract the energy 
(signal) carried by the wave (in the same mode), and deliver it to an external 
device or system. Such signal transmitters or receivers based on electromagnetic 
coupling to waveguide fields are generally referred to as waveguide couplers. Most 
frequently, couplers convert input power from a coaxial cable, attached, externally, 
to a guide wall, into waveguide modes, and vice versa (coax-to-waveguide couplers). 
An extension of the inner conductor of the cable, called the probe, is inserted into 
the guide dielectric (usually air), with the outer conductor being connected to the 
wall, as in Fig. 13.11(a), showing a coupler with an electric probe and one with a 
magnetic probe. The electric probe, suitable for coupling to the electric field in the 
structure, is in the form of a short wire segment (straight extension of the cable 
conductor). The magnetic probe consists of a small wire loop (the conductor is 
folded and its tip connected back to the wall), and is better suited for magnetic field 
coupling. These probes are actually a short monopole wire antenna and small loop 
antenna, respectively, and both antenna types are to be studied in the next chapter. 
We recall that similar probes (antennas) are used in Fig. 10.5 to receive the signal 
carried by a uniform plane wave. 

By the same reasoning as for the plane-wave receiving dipole in Fig. 10.5, elec- 
tric probes aimed to launch or receive a TE or TM wave in the waveguide should 
be placed at the locations of the maxima of the guide electric field intensity, E, and 


waveguide 


Figure 13.11 Coax-to- 
waveguide couplers in the form 
of an electric probe (short 
monopole antenna) and 
magnetic probe (small loop 
antenna) used to excite or 
receive wave modes in a 


rectangular metallic waveguide: 


(a) general geometry of 
couplers and (b) probes for 
the dominant (TE ;9) mode. 


interior 


electric 
probe 


coaxial cable 


(a) 


magnetic probe 
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directed in parallel to the electric field lines. Here, we have in mind that, while E is 
the existing electric field in the structure in the receiving mode of operation, in the 
transmitting mode it represents the anticipated field (of the desired mode) that we 
are about to generate using the probe. On the other side, Eqs. (10.24) and (10.25) tell 
us that magnetic probes should be positioned at the magnetic field maxima in the 
waveguide, and oriented such that H is perpendicular to the loop plane. Given the 
diversity of modal field configurations in Figs. 13.4 and 13.5, we realize that waveg- 
uide couplers are mode specific, i.e., each mode requires a different set of electric or 
magnetic probes for its excitation/reception. Of course, the operating frequency of 
the wave must be in the propagating region, Eq. (13.15), for the particular (desired 
or existing) mode in the structure. 

For the dominant waveguide mode, whose field components are given in 
Egs. (13.24)-(13.26), the magnitude of the only nonzero electric field component, 
|E,|, is maximum in the plane x = a/2 (see Fig. 13.3), so that a y-directed elec- 
tric probe in that plane, shown in Fig. 13.11(b), is used to excite or receive a TE19 
wave. Similarly, the maxima of the magnitudes of the nonzero magnetic field com- 
ponents, |H,| and |H,|, occur for x = a/2 and x = 0 (or x = a), respectively, and 
hence the choice of magnetic probes (small loops) also shown in Fig. 13.11(b). Since 
H, =0forx = a/2 and H, = 0 forx = 0, each of the loops (operated one at a time) 
enables coupling with only one magnetic field component (at its maximum); this 
comes as well from the orientations of loops and mutual orthogonality of the two 
field components. 

Each of the waveguide feeds in Fig. 13.11(b) actually launches two propa- 
gating TEj9 waves, one in the positive (forward) z direction, as in Fig. 13.1 and 
Egs. (13.24)—(13.26), and another in the negative (backward) z direction. However, 
Fig. 13.12 depicts a coupling configuration designed to transmit the TE;9 mode in 
only one direction along the waveguide. To prevent the propagation in the other 
direction, the guide is closed (short-circuited), by inserting a metallic plate at its 
one end. The distance of the probe from the plate is d = 4/4, Az = Aguide being the 
guide wavelength, Eq. (13.110). With this, the backward propagating wave launched 
by the probe, after its reflection from the plate (PEC surface), adds constructively 
with the forward propagating wave. Namely, as Bd = 7/2, the phase difference 
resulting from the round trip of the backward wave, which travels a distance equal 
to 2d (from the probe to the plate and back), and the reflection phase shift of 180° 
at the plate [see Eq. (10.47)| cancel each other, 


Bd = —a-> eIBd eit —iPd — gi(t—26d) — 0-4, (13.118) 
Pes 


so that the two waves are in phase as they propagate to the right, away from the 
probe. The same constructive addition of the direct (incident) and reflected (from 
the plate) waves occur in the receiving mode of operation of the waveguide, when 
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A reflected 

Lis | wave 
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Figure 13.12 Electric-probe 
coupler transmitting the TEj9 
ase Mode in only one direction 

4 along the waveguide. 
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waveguide slot 
wall 


Figure 13.13 A narrow slot 
in a waveguide wall that 
breaks the wall surface- 
current lines, and radiates, 
via the slot electric field, the 
power of a propagating 
wave mode outside the 
structure (slot antenna). 


open end 


Poon | 
unbounded 
wave 


(radiation) 


(a) 


radiating 
(or receiving) 
aperture 


(b) 


Figure 13.14 Radiation 

of a rectangular waveguide 
through its transversal 
aperture: (a) open-ended 
waveguide antenna and 
(b) horn antenna. 


the probe in Fig. 13.12 is used to receive the signal (and deliver it to the coaxial 
cable) from a TEj9 wave propagating in the negative z direction (toward the probe). 

Another general way to couple out the energy from a waveguide mode is to cut 
narrow slots in the guide walls so that they break the lines of the surface current 
density vector, Js, of that mode [see the surface current distribution on the walls for 
the dominant mode given by Eqs. (13.27)-(13.30)]. Fig. 13.13 shows one such slot, 
cut perpendicularly to the current lines. By the high-frequency continuity equation, 
more precisely, the surface version (for J;) of the boundary condition for normal 
components of the current density vector in Eq. (8.86) [see also Eq. (8.150)], line 
charges of equal magnitudes and opposite polarities, Q’ and —Q’, are induced at 
the two long edges of the slot, as indicated in the figure. These charges, in turn, 
generate an electric field, E,jo, across the slot. The field E,j., extends also to the 
external space near the slot region, and radiates the power from the mode under 
consideration (the mode with current J; in Fig. 13.13) outside the waveguide. The 
structure in Fig. 13.13 turns out to be a slot antenna, used extensively in antenna 
practice either as a single radiator or in an antenna array. 

We note that the slot, being narrow, would have practically no effect on J; and 
would not act as a waveguide coupler if cut parallel to the current lines. This fact, 
in conjunction with the situation in Fig. 13.13, is a basis for the use of wall slots 
to remove (or substantially attenuate) undesired modes in the overmoded opera- 
tion of a waveguide, at a frequency above the dominant range in Eq. (13.22), so as 
to ensure that only one mode is present in the structure. Namely, as the individ- 
ual waveguide modes have different surface current configurations, the slots can, 
in some overmoded applications, be placed in a way that affects only the currents 
of the undesired propagating modes, while leaving the desired mode practically 
unchanged. Slots in waveguide walls thus act as mode filters. 

Finally, we note that an ultimate way to deliver the energy from a guided 
propagating wave in a waveguide to the outside space (and to other devices in 
a communication or power-transfer system), and vice versa, is to leave one of its 
ends open, and radiate (or receive) a free-space propagating wave through this 
opening (aperture). Such open-ended waveguide antennas, Fig. 13.14(a), as well as 
horn antennas, Fig. 13.14(b), where the waveguide aperture is gradually increased 
to, essentially, better match the waveguide impedance Zrg or Z7m, Fig. 13.1, to 
the free-space impedance no, Eq. (9.23), are also commonly used transmitting or 
receiving antenna elements. 


Example 13.12 Evaluation of the Emf Induced in Magnetic Probes ina | 


Waveguide 


A TEjo9 wave of frequency f = 900 MHz propagates along a lossless air-filled rectangular 
metallic waveguide of transverse dimensions a = 24.765 cm and b = 12.383 cm (WR-975 
waveguide). The wave is received by a small wire loop (magnetic probe), of the loop surface 
area S = 1 cm’, attached to one of the guide walls. If the rms electromotive force (emf) 
induced in the loop is Ejjng = 2 V, and the loop is attached to the conductor surface at 
either (a) y =0 (bottom wall) or (b) x =0 (left wall) as shown in Fig. 13.11(b), find the 
time-average power transported by the wave. 


Solution Having in mind Eqs. (13.74), (13.22), and (13.20), we realize, since (fc)10 = 
605.7 MHz, that this propagating wave in the waveguide is a TE; (dominant mode) one. 
The complex rms emf induced in any one of the loops, because they are small, is computed 
using the version of Faraday’s law of electromagnetic induction in Eq. (10.24), 


Eng = —jovoH-S (13.1199 
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(@ = 2zf), where S is the loop surface area vector (|S| = S), and H the complex rms magnetic 
field intensity vector at the loop location. 


(a) For the loop attached to the bottom wall (y = 0) at its center (x = a/2) and oriented in 
parallel to the left and right walls of the waveguide, the only magnetic field component 
generating the flux ® in Eq. (13.119) is H,, as indicated in Fig. 13.11(b). For the dominant 
mode, it is given in Eq. (13.25), and is maximum for x = a/2, so that the rms emf in the 
loop comes out to be 


a 
Eind = |Einal = @L0 |x| .2/25 = wuoB = |Hol|S. 3 120)) 


This equation can be solved for the magnitude of the complex constant Ho (present in 
all field expressions of the wave), 


(13.121) 


which is then substituted in Eq. (13.86) to obtain the time-average power of the wave, 


wuoparb\Hol* _ _abE jg 
= —_——— = —*, = 61.90 = : ete Lira 
a) Jo hobS (B = Bio) ( ) 
where the phase coefficient 619 is found from Eqs. (13.12) and (13.20). Of course, only a 
fraction of this power is actually received (collected) by the probe, but the probe, never- 
theless, can receive all the relevant information (signal) carried by the TEjg wave along 
the waveguide. 


(b) For the other loop in Fig. 13.11(b), we similarly have, using Eqs. (13.119) and (13.26), 
Eing = otto |Hz|,9 5 = @MolHolS, (13.123) 
from which P = (Ba* bE? ,)/(2n7 aS”) = 74.8 W. 


P 


Example 13.13 Electric-Probe Waveguide Couplers for Higher Order Modes 


Propose coupling configurations using electric probes for each of the higher order 
modes (modes higher than the dominant) that can propagate along the waveguide from 
Example 13.3. 


Solution In analogy to the electric-probe waveguide coupler for the TEj9 mode in 
Fig. 13.11(b), and given the electric-field distributions of TE, and TM modes in 
Eqs. (13.55)-(13.56) and (13.65)-(13.67) and Figs. 13.4 and 13.5, Fig. 13.15 shows possible 
coupling configurations using electric probes for excitation/reception of TE29, TEo1, TE11, 
and TM,; modes (which can propagate under the specified conditions). It is a simple mat- 
ter to verify that the probes are laid along the individual electric field components, at the 
locations of their maxima, to ensure the maximum coupling with the modal fields in the 
waveguide. For couplers consisting of two probes, the necessary relative reference directions 
of currents along the wires are indicated in the figure. In particular, note that the opposite 
relative directions of probe currents in the TE29 case are needed to couple with the peaks of 
the positive and negative half-waves in the function sin(2x/a) in the expression for Ey for 
this mode at x = a/4 and x = 3a/4, respectively. Similarly, the oppositely directed currents in 
the TE}; case correspond to the positive and negative quarter-waves of cos(zy/b) along the 
y-axis in the E,, expression with n = 1. Note also that the phase shift of 180° between the two 
probes for the former case is easily achieved by inserting an extra half-wavelength long seg- 
ment of coaxial cable between the probe feed points [BeoaxAcoax/2 = (21 /Acoax) Acoax/2 = 1]. 


Problems: 13.22-13.24; MATLAB Exercises (on Companion Website). 
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Figure 13.15 Coupling 
configurations using electric 
probes for several higher 
order modes in a 
rectangular waveguide; for 
Example 13.13. 
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13.12 RECTANGULAR CAVITY RESONATORS 


Next, we study electromagnetic resonators made from rectangular metallic waveg- 
uides with TE or TM waves, which are a TE/TM version of the plane-wave Fabry- 
Perot resonator, in Fig. 10.3, and TEM transmission-line resonators, Fig. 12.19. We 
recall that the Fabry-Perot resonator is obtained, essentially, by placing two parallel 
metallic (PEC) planes, that are a multiple of half-wavelengths apart, in the field of a 
uniform plane electromagnetic wave, perpendicularly to the direction of wave prop- 
agation, so that the resultant standing plane wave exists trapped between the two 
planes. Similarly, a section of a waveguide closed at both ends with new transver- 
sal conducting walls, thus forming a rectangular metallic box (cavity), represents a 
three-dimensional resonant wave structure (at certain resonant frequencies), called 
a rectangular cavity resonator. The resonant frequencies of the cavity depend, for 
an arbitrary wave mode, on all three dimensions of the parallelepiped, in addition to 
the parameters of the dielectric inside the structure. In general, any closed metallic 
structure (of an arbitrary shape), filled with an arbitrary dielectric medium, consti- 
tutes a cavity resonator, capable of storing high-frequency electromagnetic energy — 
at a discrete set of resonant frequencies. Note that the coaxial-cable resonator in 
Example 12.22 is a cavity resonator as well (a two-wire-line resonator is not, since 
it is open). Waveguide cavity resonators are typically used at frequencies higher 
than 1 GHz, and are important elements in a wide range of microwave applications, 
including oscillator circuits, filters, tuned amplifiers, frequency-meters (waveme- 
ters), high-field generators, and microwave ovens. Laser cavities are also cavity | 
resonators. In this section (and the following one), we assume that the resonator — 
under consideration is lossless, i.e., that the cavity walls are perfectly conducting 
(PEC walls), and that the dielectric is perfect as well. Resonant cavities with small 
losses will be analyzed later in this chapter. 

To determine the fields in a rectangular cavity resonator, let us first consider a 
rectangular waveguide short-circuited at only one end. In particular, let us assume 
that a PEC wall is placed in the plane z = 0 in the waveguide in Fig. 13.1, and that 
a TEj9 wave (dominant mode) travels along the semi-infinite waveguide defined 
by —co < z <0 in the positive z direction. The nonzero field components of this 
wave, which we refer to as the incident (or forward) wave, Ej,, Hj,, and H;,, are 
given in Eqs. (13.24)—(13.26). The incident wave reflects back at the short circuit, 
so that, as in Fig. 10.1 for uniform plane waves, a reflected (or backward) wave, 
propagating in the negative z direction, also exists in the waveguide (it is radiated 
by the surface currents induced in the transversal PEC wall). The reflected wave 
is also a TE;9 wave. To directly use Eqs. (13.24)-(13.26) for its field, we adopt a 
new rectangular coordinate system, x’y’z’ (attached to the waveguide), such that 
the z’-axis is in the backward direction (z’ = —z). With reference to Fig. 13.16, the 
reflected field components are 
Evy = —jou ~ Hy sin (=) e7t See < Hep sin (= x’) ez 


“sry 
! Ls —jBz’ / t 
H', = H, cos (= te!) Ee (13.124) 
or, rewritten in the xyz coordinate system (used for the incident wave), 
ta . a . IU + . a ‘s Of & 
Ey = =; = Jou = He sim (= x) QZ LL == jas = JB 5 Hy sin (= x) ela 


—ry 


i, = =H ee (=x) lhe, (13.125) 
a 


—Sz 


| 
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short circuit 


Figure 13.16 Rectangular 
cavity resonator, obtained by 


Z 
short-circuiting the rectangular 
y short metallic waveguide in Fig. 13.1 
circuit in two transversal planes. 


The phase coefficient 8 is given by Eggs. (13.12) and (13.20) — for the dominant mode. 
The constant H,o, representing the complex “peak-value” of H,, in the plane z = 0, 
is determined from the boundary condition for the tangential component of the 
total (incident plus reflected) electric field in this plane, as in Eq. (10.3) in the plane- 
wave case, 


(Ey + Bry ) z=0 


Using Eqs. (10.7), the expressions for the total field thus read 


Ey = Enoty = Eiy + Exy = —20h < Hy sin 3) sinBz, (13.127) 


=—y =toty 
-»p 4 nn (ele 
A, = Ain, = Bi, + Ly, = 258 = Ho sin (cE x) cos Bz, (13.128) 
: aS : 
A, = Ai, = Aiz + Hy, = —2jH cos ¢ x) sin BZ. (ig?) 


Of course, the boundary condition for the normal component of the total magnetic 
field at the transversal plate, H,,,, = 0 for z = 0, is satisfied as well. We see that the 
resultant TEj9 wave in a short-circuited waveguide exhibits standing-wave behavior 
in both x and z directions (the field is uniform in the y direction). 

Let us now close the waveguide at its other end, introducing a transversal PEC 
wall also in a plane z = —d in Fig. 13.16, with d designating the length of thus 
obtained rectangular PEC cavity (parallelepiped). However, in order to not disturb 
the field in Eqs. (13.127)—(13.129), this must be one of the planes where E,,,, = 0 
(and H,,,, = 0), as in Eq. (10.10) and Fig. 10.3 for the plane-wave resonator, and 
similarly in Eq. (12.131) and Fig. 12.19 for the transmission-line resonator, and 
hence we have 


A 
pd=pxr — ETD (p =1,2,...), (13.130) 


Where A, is the guide wavelength, Eq. (13.110). With this, both E,,,, =0 and 
Hyorm = 9, Eqs. (13.1), at all cavity walls. The wave described by Eqs. (13.127)- 
(13.129) and (13.130), corresponding to m = 1, n = 0, and an arbitrary p (positive 
integer), is denoted as a TEjo, cavity mode. 

Although 6 in Eqs. (13.127)-(13.129) represents the phase coefficient of the 
dominant mode, let us generalize the condition in Eq. (13.130) to an arbitrary 
TEmn or TMmn mode in the waveguide, by assuming that the cutoff frequency in 


the expression for f in (13.12) is fe = (fe)mn, Eq. (13.71). With this and Eq. (8.48), 


resonant length of a cavity 
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Eq. (13.130), rewritten as 8/2 = p/d and squared, results in 


Be ie 2f\? —pmy2— pny2_ py? 

a= qia\'-7)=(2} -G)-G)=G) aa 
(c = 1/,/en), which gives the following solution for the operating frequency, f, of 
the wave: 


f = fres = (fres)mnp = =i (2) 5 ey =f (EY (n,n, p =0, 12a 


(13.132) 
The same qualification regarding zero values of transverse mode indices m and n 
applies here as with the expression for the cutoff frequency (fe) in Eq. (13.71), 
namely, that only one index can be zero for TE waves, and none for TM waves. 
Moreover, if we consider a cavity with no imposition of any given order between 
its dimensions a, b, and d, then the only restriction for integers m, n, and p in 
Eq. (13.132) is that not more than one of them can be zero at a time (for instance, 
a combination m = n = 1 and p = Ois also possible). The frequency in Eq. (13.132) 
is the resonant frequency (fres) of a mode (m,n, p), i.€., TEmnp or TMpmp, in the 
cavity. In other words, for given cavity dimensions (a, b, and d) and dielectric param- 
eters (e and x), each mode can exist (oscillate) only at a single frequency, f = 
(fres)mnp- We note that, in general, the oscillating condition for a cavity resonator 
(f =fres) is much more stringent than the propagating condition for a waveguide 
(f > fc). There are a triple infinite number of resonant frequencies, (fres)mnp, and 
the corresponding resonance modal field configurations in the cavity, in both TE and 
TM versions. As in Eqs. (13.54)—(13.58) and (13.65)-(13.69), the integers m, n, and 
p (if nonzero) equal the number of half-wavelengths along the x-, y-, and z-axes that 
fit into a, b, and d, respectively. On the other hand, a zero index means that the field 
is uniform in that direction. Note that specifying n = 0 and p = 0 in the expression 
for ( fres)mnp in Eq. (13.132), it becomes independent of b and d, and identical to that 
in Eq. (10.12), for the resonant frequency of the two-plane structure in Fig. 10.3. The 
Fabry-Perot resonator can therefore be considered as a one-dimensional (planar) 
version of the cavity resonator in Fig. 13.16 (with b > oo and d > oo). 
If the cavity dimensions are not all the same and the coordinate axes (x, y, and 
z) in Fig. 13.16 are chosen such that a > b and d > b, out of all solutions the TE 
mode (m = p = 1,n = 0) has the lowest frequency, given by 


cavity resonance, TE» np Or 
PMinp mode 


cal 1 | 
esonant frequency, Tt (fres}io) = x\f ats. (13.1388 
mode is ae : a} 
and is hence termed the dominant cavity mode.!? Using Eqs. (13.127)-(13.129) and 
(13.130) with p = 1, the field components of this mode are 


/ IT, mode Ey = —2wjt = Hosin (=x) sin € 2), (13.134) 


La Red ei n 
i} IU yy) mode Pi 2h 7 Ho sin (= x) cos é 2), (13.1333 


— 


it mode H, = —2jH ) cos (- x) sin (= z) (13.136) 


B3Fora=b=d (cubical cavity). (fres)io1 = (ftes)110 = (fresJou = cV2/(2a). 
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(E,, E,, H, = 0). They exhibit a single half-wavelength variation in both x and z 
directions (m = p = 1), and no variation in the y direction (n = 0). Field expressions 
of arbitrary higher order TE and TM modes in a rectangular cavity will be derived 
in examples. 


Sere mem eee Wave Impedance in a Short-Circuited Waveguide 


A TE, wave propagates, at a frequency f, in the positive z direction along a lossless rectan- 
gular metallic waveguide of transverse dimensions a and b and dielectric parameters e and 
4, and is incident on a short-circuiting PEC plate placed in the plane z = 0. Find the wave 
impedance of the resultant wave in the waveguide. 


Solution The total (incident plus reflected) wave in the short-circuited waveguide is a stand- 
ing TEj9 wave, whose transverse electric and magnetic field components, £, and H,, are 
given in Egs. (13.127) and (13.128), respectively. Using Eq. (13.80), the wave impedance of 
this wave is 

E, . OY & 

Zstanding = — Fy = 7 Pal Bz = —jZ7e tan fz, (135137) 

peas 
where w = 27f (angular frequency) and the phase coefficient 6 is computed by Eqs. (13.12) 
and (13.20). Note that Zotanding, unlike the wave impedance (Zyg) of each of the two travel- 
ing TE;9 waves (incident and reflected waves) in the structure, in Eq. (13.76), is a function of 
the coordinate z. Note also that it is purely imaginary (reactive), and so is the corresponding 
component of the complex Poynting vector, P, = —E,Hyz [Eq. (13.84)]. This is character- 
istic for all pure standing electromagnetic waves [e.g., see Eq. (10.20) for a pure standing 
uniform plane wave], and means no net real power flow by the wave (in the axial direction). 


Sel eee ee Field Expressions for an Arbitrary TE Mode in a Resonant Cavity 


Find the expressions for the electric and magnetic fields of an arbitrary TEmnp wave mode 
in a lossless rectangular metallic cavity of dimensions a, b, and d (Fig. 13.16), filled with a 
homogeneous dielectric of permittivity ¢ and permeability ju. 


Solution Considering first a short-circuited waveguide, with a PEC plate inserted at the 
guide end defined by z = 0 in Fig. 13.16, the incident TE,,,, wave is that in Eqs. (13.54)- 
(13.58), and the field components of the reflected wave, which is also of the TE,,,, form, are 
written in analogy to Eqs. (13.124) and (13.125) for the TE;9 case. In doing so, we perform 
the conversion from the x’y’z’ coordinate system in Fig. 13.16, in which the reflected wave is 
originally represented, to the xyz coordinate system, used for the incident wave, as well as 
for the resultant (incident plus reflected) wave. For instance, the x-component of the reflected 
electric field vector is given by 
E,, = —SF = Heocos (= x) sin( y) ef (Hag = Ho). (13.138) 

where the constant H, is determined from the boundary condition for E;, + E,, for z = 0, as 
in Eq. (13.126). Therefore, the corresponding total field component, similarly to Eq. (13.127), 
comes out to be 

ee ee ie “ = Hp cos (= x) sin (= y) sin Bz, HiSe139) 
and the same can be done for other field components of the wave. Closing then the waveguide 
at the other end (z = —d), in Fig. 13.16, we obtain the condition in Eq. (13.130), from which 
the phase coefficient of the wave is 6 = px/d. Hence, the final expressions for the TEmnp 
field in the cavity read 


B= BET tiycos (™)sin( y) sin (22), (13.140) 


hs 


TEnmp mode 
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E,, - TEmnp mode Ey = -=> = Hoy sin (=z) cos (= y) sin (= Zz); (13.141) 
2) ma pr pr 


_ ¢mn nm 
HH. —TEjnp mode 7 Hoy sin (— x) cos i= y) cos (13.142) 
TC 


H, —TEmnp mode 


(13.143) 


IH. -—TEmnp mode (13.144) 
(E, =0), where m,n, p =) 1,27... (he parnieG k2 is computed from Eq. (13.59), and 
w = 2nf, with f = (fres)mnp being the resonant frequency of the TE,,,) mode in the cav- 
ity, Eq. (13.132). Of course, Eqs. (13.140)-(13.144) for m=p=1 and n=0 reduce to 
Egs. (13.134)-(13.136), describing the existing field components of the dominant cavity mode 
(TE,o1). 


ST OREMCIE Field of an Arbitrary TM CavityMode 


Repeat the previous example but for an arbitrary TM,nnp resonance mode in the cavity. 


Solution We start with the field components of the incident TM,,,, wave in the cavity (short- 
circuited waveguide), in Eqs. (13.65)-(13.69). Having in mind the expression for the x- or 
y-component of the electric field vector of the reflected wave, as in Eq. (13.138), it is obvious 
that the corresponding constant E,, (in place of H,,) must be set to E,y) = Ep in order for 
the boundary condition for the tangential resultant electric field at the PEC surface at z = 0 
in Fig. 13.16 to be satisfied. We then use the same procedure as in obtaining Egs. (13.140)- 
(13.144), which yields the following for an arbitrary TMynnp cavity mode: 


} 
t 


lal Ey cos (= x) sin (= y) sin (= z), 


2 

(8 = Wisin d =-— : 

ioe p mode Ey eo - r 7d (13.145) 
2 

[Bx = TMynnp mode £, = 2) > - Eo sin (— x) cos = y) sin (EG ). a 3.1 46) 

E. —TMnmp mode Ea 26,510 (= x) sin (+ y) cos (FG z), (13.147) 

3; 

1, —TMimnp mode He= — > Ep sin (= x) cos (+ y) cos (= z), (13.148) 
2jwe mn mim . (nn pT 

fh SM pay d = -—— — £ — — — 13.149 

I, p mode Hy re G Ep c0s ( - x) sin (> y) cos (© z) ( ) 


(H, = 0). Here m,n, p = 1,2,..., and the case p = 0 can also be included, while the expres- 
sions for k? and w = 2z( fres)mnp are the same as in the TE case, given by Eqs. (13.59) and 
(13.132), respectively. 


Problems: 13.25-13.30; Conceptual Questions (on Companion Website): 13.30 and 
13.31; MATLAB Exercises (on Companion Website). 


13.13 ELECTROMAGNETIC ENERGY STORED IN A CAVITY 
RESONATOR 


In order to start energy computations of wavcguide cavity resonators, we recall 
that, during the coursc of time, the stored electromagnetic energy in any resonant 
clectromagnetic structure periodically oscillates between the electric and magnetic 
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fields, as they alternate between maximum and zero values. This energy fluctuation 
in the case of the Fabry-Perot resonator (Fig. 10.3) is illustrated in Fig. 10.4. To 
show that a complete periodic exchange of the stored energy between the electric 
and magnetic fields of a standing electromagnetic wave occurs also in a rectan- 
gular cavity resonator, Fig. 13.16, let us have a look at the field expressions in 
Egs. (13.134)-(13.136), (13.140)-(13.144), and (13.145)-(13.149). We note that the 
complex electric and magnetic field intensity vectors of the dominant cavity mode 
(TEj01), as well as of an arbitrary higher order (TE;np or TMmnp) mode, can be 
written as 

E=HjAi, H=jHA2, (13.150) 


where A, and A, are purely real vectors (that, of course, depend on coordinates 
x, y, and z), and the complex constant Hp is substituted by E) for TM waves. 
Denoting the argument (phase angle) of Hy (or Ep) by & (Hp = |Ho| e!*) and using 
Eq. (8.66), the instantaneous field intensity vectors in the cavity are then [similarly 
to the expressions in Eqs. (10.9)] 


E(t) = |Hp|Aiv2cos(ot +€), H(t) = —|Hp|AgV2sin(a@t+é).| (13.151) 


We see that E(¢) and H(#) are in time-phase quadrature, i.e., are by 90° out of phase 
with respect to each other, at every point of the cavity, which results from the dif- 
ference in “j” in complex expressions in Eqs. (13.150).!4 We also realize that both 
E(® and H(#) are linearly polarized vectors — the tip of E = E(x, y, z, t) at a point 
(x, y, z) oscillates, in the course of time, along the line defined by the time-constant 
vector Ay = Aj(x, y, z), and analogously for H = H(x, y, z, t). We finally conclude, 
from Eqs. (13.151), that, like in Fig. 10.4, there are instants of time (t,) at which 
the electric field is maximum [cos(wt + €) = +1], while the magnetic field is zero 
[sin(wt + €) = 0], 


E(x, y,Z,4) =+|HolAi(x, y,z)V¥2 (maximum), H(z, y, z, 1) =0,| (13.152) 


at every point (x,y, z) in the cavity. At some other times (t =t, + T/4), the 
situation is just opposite: 


E(, y,Z,2)=0, HQ, y, Z, t2) = FlMp|A2G, y, z)v2 (maximum), | (13.153) 


everywhere in the resonator [T is the time period of the time-harmonic variation 
of the wave, Eq. (8.49)]. So, the instantaneous electromagnetic energy of the cavity, 
Wem(t), which is constant in time (assuming no Joule’s losses in the resonator), is 
all electric at instants t;, Eqs. (13.152), and all magnetic for t = tz, Eqs. (13.153). 
At intermediate times, the energy is partly electric and partly magnetic, as it moves 
from the electric to the magnetic field, and vice versa. 

We now restrict our attention to the dominant resonance mode, and compute 
its total energy, Wem, at one of the instants t;, namely, as the maximum electric 
energy, (We) max, of the cavity. Since E(f) is linearly polarized, the peak-value (Emax) 
equals /2 times rms (E;yms) of its instantaneous magnitude (this holds true for an 


14Of course, the 90° phase shift between instantaneous electric and magnetic fields (difference in “j” 
in complex field expressions) at every point of the structure is characteristic for all electromagnetic 
resonators. This is apparent, for example, in Eqs. (10.8) and (10.9) for the Fabry-Perot resonator, 
Eqs. (12.111), (12.112), and (12.114) for transmission-line resonators, and Eqs. (8.69) and (3.45) for a 
simple resonant LC circuit. 


time-phase quadrature of 
cavity field vectors 


energy all electric 


energy all magnetic 
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peak-value of E-field, TE\, 
mode 


stored energy, 1E\o, mode 


arbitrary TE or TM resonance mode in the cavity, where E has two or three nonzero 
Cartesian components). The rms field intensity, in turn, equals the magnitude of the 
complex field expression (E,,) in Eq. (13.134), and hence 


| | 
| Emax = joa ~ |E,|V2. | (13.154) 
From Eq. (8.160), the electromagnetic energy (at any time) in the cavity is then 
obtained by integrating the peak electric energy density throughout the volume of 
the cavity dielectric, vg, that is, the entire oe” interior (Fig. 13.16), 


i . 
Wen = = Wem(t) = (We) max = =f (We)max dv = [ 7 le dv 


4w ae | , W 
=e] {E,/*d as 2(—z\paee 
[. |Ey|° dv = #, _ sin’ ( = = x) sin (a z 


3 2 az 

wena bd|Ho| 

= oe abd 1 } Aol’, 
3 = feted | 7 eae Ee |? 


(13.155) 
where w = 27f and f = (fres)101 is the resonant frequency of the dominant cavity 
mode, given in Eq. (13.133). The elemental volume for integration, dv, is adopted 
in the form of a thin rectangular prism of height b and basis dimensions dx and dy. 
Finally, the integrals in x and z equal a/2 and d/2, respectively, from Eq. (13.86). 


Example 13.17 General Proof of Peak Magnetic and Electric Energy Equality 


Prove that the maximum (peak) magnetic and electric energies in a metallic cavity resonator 
are equal without knowing and using Eqs. (13.152) and (13.153), i.e., the fact that there are 
instants of time when either electric or magnetic field is zero in the entire cavity domain. 


Solution The equality of (Wm)max and (We)max comes directly from Poynting’s theo- 
rem in complex form, Eq. (8.196), applied to the cavity domain (vg). Namely, the second 
integral on the right-hand side of Eq. (8.196) is exactly the difference of these energies, 
AW = (Wm)max — (We)max. Since all other integrals in the equation are zero, assuming that 
there are no impressed sources in vg, that the cavity dielectric is perfect, and that the walls 
are impenetrable (PEC), AW must be zero as well, which gives (Wm)max = (We)max- 

Note that this equality and its proof are valid for an arbitrary lossless cavity resonator, of 
any shape and any material composition inside the cavity, and not necessarily for rectangular 
cavities with a homogeneous dielectric, in Fig. 13.16. 


See MEeme Energy Probing by a Small Loop Attached to a Cavity Wall 


A TEj9; wave oscillates in an air-filled rectangular metallic cavity resonator of dimensions 
a = 16cm, b = 8cm, and d = 18cm. A small wire loop, whose surface area is S = 0.65 cm?, 
is attached at the center of one of the cavity walls of dimensions 6 and d, such that the loop 
plane is parallel to the walls of dimensions a and b, as shown in Fig. 13.17, and the measured 
rms value of the emf induced in the loop amounts to Ejng = 12 V. Under these circumstances, 
find the electromagnetic energy stored in the cavity. 


Solution We note the similarity with computing the transported power in a waveguide 
from the loop emf in Example 13.12. Here, for the position and orientation of the loop in 
Fig. 13.17, the relevant component of the magnetic field intensity vector resulting in the flux 


cn ti AR ne et Ae sis 
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Figure 13.17 Computation of 
the emf induced in a small loop 
attached to a cavity wall; for 
Example 13.18. 


@ in Eq. (13.119) is H,, given by Eq. (13.136) for the dominant cavity mode, and hence the 
following expression for the rms emf in the loop: 


Eind = Lee = WOLo0 [le z=—d/2 S= wUo2|Ho|S, @ 3.156) 


which, in turn, yields |Hp| = Ejna/(2wp10S). Employing then Eq. (13.155), the electromagnetic 
energy stored in the cavity equals 
eoa° bd? 


Problems: 13.31-13.37; Conceptual Questions (on Companion Website): 
13.32-13.35; MATLAB Exercises (on Companion Website). 


13.14 QUALITY FACTOR OF RECTANGULAR CAVITIES 
WITH SMALL LOSSES 


Neglecting the losses in a cavity resonator, its electromagnetic energy, Wem(t), 
established using some coupling configuration (e.g., Figs. 13.11-13.13), remains 
the same indefinitely (to t > oo), even though the excitation (source) might be 
removed (turned off). Here, of course, we also assume that the cavity is perfectly 
sealed (any opening used for excitation closed), to prevent energy leakage (radi- 
ation) outside. In a real (lossy) resonator, on the other hand, Wem(‘) decreases 
exponentially with time, as given by Eq. (12.141), with 5, and rt being the damp- 
ing factor and time constant, respectively, of the resonator (the fields in the cavity 
decay as e~'/), If Joule’s losses in the structure are small, we can use the no-loss 
expressions for the energies of different resonance modes, e.g., Eq. (13.155), and 
just multiply them by e~2/*. From Eq. (12.148), r is proportional to the quality fac- 
tor, Q, of the structure, so the higher the Q the slower the damping of the resonator 
(Q — oo for an ideal resonator). We recall that the Q factor also defines the band- 
width of a resonator, so the higher the Q of a resonant structure the sharper the 
resonance and higher the frequency selectivity of the device. In our analysis, more- 
over, Q (under the low-loss assumption) is determined using the field distributions 
for the lossless case (perturbation method). 

In specific, the Q factor of a rectangular cavity resonator (Fig. 13.16) is found 
using Eq. (12.146), for which we need to compute the time-average loss power in the 
structure. This computation largely parallels the evaluation of conductor and dielec- 
tric losses in a real rectangular waveguide, with small losses, presented in Section 
13.9. We consider the dominant resonance mode (TEjo;) in the cavity. 
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The time-average power of Joule’s losses in the cavity conductor (metallic 
walls), Fos is determined from Eq. (10.90), by integrating the surface power density 
R, [Hienele over the interior surface S of the cavity. Here, R, is the surface resis- 
tance of the conductor, given in Eq. (13.94), and rang ! is the tangential component 
of the complex rms magnetic field intensity vector on S, found from Eqs. (13.135) 
and (13.136) - for the TE;9; mode. In analogy to the integration in Eq. (13.96), P, 
equals a sum of the following integrals over the three pairs of parallel walls (plates) 
constituting the cavity: 


a 0 
R= f Relbang dS = 2 7 Rs (iat cae Nee me 
—ee?? '—'\!)7]]7_——X—X<—_—S_—S—S—__ 


bottom and top plates 


b 0 a b 
2 
1s, il i] Rs |Ha[><y or g dy dz +2 i Rs lH leo or -g At dy, (13.158) 
y=0 Jz=—d x=0 Jy=0 
eae! 


—————— 
left and right plates front and back plates 


where the use is made of the field symmetry, i.e., of the fact that the relevant 
field components in the surface integrals have the same magnitudes at each pair 
of parallel walls. Substituting the expressions for these components, we have 


Pe = 8RslHol" if iL E sin? (= x) cos” G z) 


+ cos” (=x) sin? G3 dede-+ [ si’ (= z) bdz 
& "sit (Es) bar} = aR (5 +ad+2bd+ a) (13.159) 


[for the solution of individual integrals in x and z, see also Eq. (13.86)]. Combination 
of Eqs. (12.146), (8.48), (13.133), (13.155), and (13.159) then gives the quality factor 
Q, of the cavity associated with conductor losses, 


= nh pe of d2y3/2 
~ 2R, ad(a2 + d2) + 2b(a3 + d3)’ 


quality factor for cavity walls, 
TE, mode 


(13.160) 


with @res = (@res)101 = 7 V a? + d*/(./ewad) being the resonant angular frequency 
of thc dominant cavity mode, and n = \/j4/é the intrinsic impedance of the cavity 
dielcctric. For a PEC cavity (a, —> 00), P,. = 0 and R, = 0, and hence Q, — oo. 

The time-average loss power in the imperfect dielectric in Fig. 13.16, Pg, is 
given by the volume version (with integration over the diclcctric volume, vg) of 
Eq. (13.95). We see that thus expressed Py is proportional to the encrgy Wem in 
Eq. (13.155), provided that the dielectric is homogeneous. Accordingly, Eq. (12.146) 
tells us that the factor Qg representing the losscs in the dielcctric is 


c 
quality factor for cavity O ann og ip [2 dv é 1 

it reste ee COres —4 = Wre5 — = = 
dielectric, 1Ewn mode ‘e Pg ae |E, I? dv Gq tandg 


(13.161) 


ies 
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where og and tan dq are, respectively, the conductivity and loss tangent, and e’ and 
e” the real and imaginary part of the high-frequency complex permittivity of the 
dielectric [see Eqs. (9.125) and (9.130)]. These expressions for Qg are valid for any 
TE or TM mode in the cavity. Note that they are the same as for a transmission-line 
resonator filled with the same dielectric, Eq. (12.154). If the dielectric is considered 
to be perfect (a4, «” = 0), Qg > ov. 

Finally, the total quality factor of the cavity, Q, is obtained from Q, and Qg 
using Eq. (12.156). In most applications, the cavity is air-filled, resulting in Qg — oo 
and Q = Q,. As we shall see in an example, with waveguide cavities it is possi- 
ble to achieve extremely high Q values, on the order of 30,000. This is by one and 
two orders of magnitude higher than the maximum Q values of transmission-line 
resonators and lumped resonant circuits (e.g., series and parallel resonant RLC 
circuits), respectively. 


Example 13.19 Quality Factor of a Cubical Cavity 


Compute the Q factor for the dominant resonance mode (TE, 1) of an air-filled cubical 
cavity with edge length a = 21.2 cm and copper walls. 


Solution The electromagnetic energy stored in the cavity and time-average power of con- 
ductor losses are evaluated using Eqs. (13.155) and (13.159), respectively, with a = b = d, and 
Eq. (12.146) then gives the following expression for the cavity quality factor: 
Wem = 2u9a°|Hol" and Pe= 12R,a"|Ho|* — Q= dares es = es 
Py 3Rs 
(13.162) 
(@res = 27 fres). By means of Eq. (13.133), the resonant frequency of the dominant cavity 
mode for the cube (a = d) equals fres = (fres)101 = co/(/2a) = GHz (co = X 108 m/s), 
and the surface resistance of copper, Eq. (10.80), at this frequency amounts to R, = 
8.25 mQ/square. Hence, the cube quality factor comes out to be as high as Q = 33,816. 


Seu me wAlme Quality Factor of a Teflon-Filled Cavity 


What is the Q factor of the cubical cavity from the previous example if it is filled with teflon, 
whose relative permittivity is e, = 2.1 and loss tangent tan dg = 1074. 


Solution Using Eg. (13.161), the quality factor associated with the losses in the cavity 
dielectric (teflon) is 


Qa = 


Bas = 10,000 [(Qa)air > co]. (13.163) 
Of course, this is a big change with respect to the case (infinite Qq) with air dielectric. On 
the other side, although the conductor of the resonator is the same (copper) as for the empty 
cavity, and only dielectric is changed, the factor Q, for the conductor losses changes as well. 
The reason is a different electrical size of the teflon-filled cavity, and thus different TEj0, 
resonant frequency, as compared to its air-filled counterpart, 


c _ Co/ Jer _ Sresdait _ 699 rz (13.164) 


(fres)tefion = a a Jaa fee 


with which, Eqs. (10.80) and (13.162) now result in the surface resistance R,; = 
6.86 mQ/square and Q, = 28,126, respectively [note that (Q.)air = 33,816, from the previous 
example]. The overall quality factor of the cavity, Eq. (12.156), amounts to 


pA lag Digi (13.165) 
d 
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So, Q of the teflon-filled cavity 1s considerably lower than that of the empty cavity, which is 
somewhat due to the lower resonant frequency and associated reduction in Qe, but primarily 
because of the low Qy (as compared to Qe). 


Example 13.21 Cooking Food in a Microwave Oven 7 a 


A microwave oven in the form of a rectangular metallic cavity resonator of dimensions 
a, b, and d operates at the TEj9; resonance of the cavity. A piece of food of rectangular 
shape and dimensions a/2, b/2, and d/2 is placed in the oven, centrally at the bottom plate, 
as shown in Fig. 13.18. The piece is a lossy homogeneous dielectric of conductivity og. (a) 
Assuming that the electric field distribution in the cavity is the same as if it were empty, find 
the time-average power of Joule’s losses in the food piece. (b) Repeat (a) if the dielectric 
completely fills up the cavity. 


Solution 


(a) The time-average loss power in the food piece, (Pj)jn food, is obtained by integrating the 
corresponding power density, py = Galaga with E, being the only existing electric field 
component of the dominant cavity mode (TEjo;), given in Eq. (13.134), throughout the 
volume (Viood) of the piece [see Eq. (13.161)], so we have (Fig. 13.18) 


30/4 p—d/4 b 
(P5)in food = / oalEy |? dv=K ib sin? (=x) sin? (= z) — drdz 
Viood x=a/4 Jz=-3d/4 dave 


dv 


3a/4 on —d/4 9) 
=| E — COS (= +) ax [ [ — cos (F2)| dz 

8 Jaya -3d/4 d 
——— 


a/2+a/n d/2+d/n 


4w..o4 pede [Hol 
2 


1 
55 2+7) 262 causa bd|Ho| («= ). (13.166) 


where fres = (fres)io1 18 the resonant frequency of the dominant mode, Eq. (13.133), 
Wres = 27fres ts the associated angular frequency, and the use is made of the trigonomet- 
ric identity sin? a = (1 — cos 2a)/2. The power (P})in food 1S dissipated to heat throughout 
the dielectric object (food), and this is the power that, locally, cooks or heats up the food 
in the oven. Of course, we have completely neglected here the influence of the lossy 
dielectric object on the field distribution in the cavity. 


(b) If the dielectric in Fig. 13.18 is extended to completely fill up the cavity, the volume 
element in Eq. (13.166) extends to dv = b dx dz, and integrals in x and z become equal 


Figure 13.18 Microwave oven 
operating at the TE) cavity 
resonance to cook a piece of 
food of rectangular shape and 
conductivity o4; for 

Example 13.21. 


Section 13.14 Quality Factor of Rectangular Cavities with Small Losses 


to a/2 and d/2, respectively, as in Eq. (13.86), so that the result for the power turns out 
to be (P3)full oven = 4f4.0a0a°bd|Hy|*. Note that this same result can be obtained by 
merely replacing ¢ by og (and yu by po) in the expression for the stored electromagnetic 
energy in the cavity (with a homogeneous dielectric in the entire cavity), in Eq. (13.155). 
Note also that (P3)in food/(Py)fult oven = (2 + 2)*/ (822) = 1/3, implying that in the case 
in Fig. 13.18 we practically use a third of the full power (heating) capacity of the oven, 
although the volume filling factor of the structure is only Vfood/Vcavity = 1/8. 


Example 13.22 Quality Factor of a Fabry-Perot Resonator 
A plane-wave Fabry-Perot resonator, in Fig. 10.3, has low-loss conducting planes of conduc- 
tivity o, and permeability 4, = 49, and a homogeneous lossless dielectric of permittivity 


é and permeability uw. At a resonant frequency ftes, determine the quality factor of the 
resonator for an arbitrary number m of half-wavelengths between the planes. 


Solution The time dependence of electric and magnetic energy densities in the resonator is 
illustrated in Fig. 10.4. Since the structure is (theoretically) infinite in both transverse direc- 
tions (x and y directions) in Fig. 10.3, we consider only a part of it for a given (finite) area, S, 
of the conducting plane pair. Hence, we determine the total electromagnetic energy (Wem) 
stored in a finite volume (vq) of a cylinder with base area S and length equal to the separa- 
tion between the planes, a, positioned perpendicularly to the planes, as shown in Fig. 13.19. 
At instants when it is all electric, we compute Wem as in Eq. (13.155), using the total com- 
plex rms electric field intensity vector (E,,,) in the structure, given in Eqs. (10.8). Having 
in mind that a = md/2 (m=1,2,...), where A is the intrinsic wavelength of the dielectric 
between the planes (6 = 27/A), we obtain essentially the same integral in Eq. (13.91), as 
follows (Fig. 13.19): 


0 
Wee Was ae ‘ (E,oI2 dv = 4eEigl? i sin? Bz Sdz = med|Epi2S (13.167) 
V4 z=—m)/2 a 


[see also Eq. (10.22)]. 

The time-average power of Joule’s losses in the conductors (P,) for the same part of the 
resonator, that is, P, in the parts of the two conducting planes in Fig. 13.19 that are each S in 
area, is then evaluated similarly to Eq. (13.158), employing the total complex rms magnetic 
field intensity vector (H,.,), Eqs. (10.8), on S. This vector is entirely tangential to the surfaces. 
Because Ba = mx and cos fa = +1, we have that the losses in the two planes are the same, 
so that P, equals twice the power on one side of the cylinder in Fig. 13.19, 


E,|* 
eu (13.168) 
UI 
with the surface resistance of the conductors, Rs, and intrinsic impedance of the dielectric 
between them, 7, being given in Eqs. (13.94) and (9.21), respectively. 


2 
z=0 or —a 


iPS => 2Rs [Hiot| S => 8R; 


Figure 13.19 Evaluation of 
the Q factor of a plane-wave 
Fabry-Perot resonator 

(Fig. 10.3) from the stored 
electromagnetic energy and 
conductor losses in an 
imaginary cylinder with base 
area S positioned across the 
resonator; for Example 13.22. 
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Finally, from Eq. (12.146), the quality factor of the resonator associated with conductor 
losses (Q,) comes out to be 


(13.169) 


Qc = Ores 


Wem “inne <I - m = 
Q. — Fabry-Perot resonator we meh 22 (m=1,2,.. i 


Po aR ae 


where the use is made of Eqs. (8.48) and (8.112), and of the relationship effesA = ec = 1/7. 
Note that the factor Qg for the dielectric losses (if nonzero and nonnegligible) of the struc- 
ture is that in Eq. (13.161). As a numerical example, for f = fre; = 3 THz, a = 1 cm, copper 
conductors, Eq. (10.80), and air dielectric, Eqs. (9.19) and (9.23), we have 4 = 0.1 mm, 
m = 2a/d = 200, and R; = 0.452 2/square, so that the quality factor is as high as Q = Q. = 
131,015. In fact, since Wem depends on the number of half-wavelengths (#1) fitting into the 
plane separation (a) in Fig. 13.19, and P, does not, we can achieve practically arbitrarily high 


Q by increasing m (or a). 


Problems: 13.38-13.42; Conceptual Questions (on Companion Website): 13.36; 
MATLAB Exercises (on Companion Website). 


Problems 


13.1. 


Waveguide phase coefficient from a Helmho- 
Itz equation. Consider a rectangular metallic 
waveguide of transverse dimensions a and b, 
and dielectric parameters ¢ and y (Fig. 13.1) 


by Egs. (13.54)-(13.58), satisfy the corre- 
sponding set of general Maxwell’s equations, 
Egs. (11.1)-(11.4). 


in a dominant mode of operation, at a fre- 13.4. Currents and charges on guide walls, arbi- 
quency f. Requiring that the general electric- tary ae me ode. Repeat Example aa 
field Helmholtz equation be satisfied in the uo: an arbitrary Teme Wave peas propaaa 
waveguide for the known TEjo electric field he ore ‘ Leones meta waver 
distribution, Eq, (32.tepl annie ses in Fig. 13.1. Verify that the obtained solu- 
uide phase coefficient (8) for the dominant “ets fel Une ples current and) Cea 
mode, given by Eqs. (13.12) and (13.20), or by sities on waveguide walls reduce for m= 1 
Ea (3 33) ce _ and n = 0 to those for the dominant mode in 
‘bat ae Eggs. (13.27)-(13.31). 
13.2. Maxwell’s equations for dominant-mode aed ; 

fields. For the waveguide from the previous 13.5. Currents/charges for an arbitrary TM mode. 
problem, assume that the electric field vector Repeat Example 13.2 but for an arbitrary 
(of the dominant wave mode) is known, given TMimn mode. 

in Eq. (13.24). (a) Use Maxwell’s equations 13.6. Waveguide phase coefficient for an arbitrary 


to derive the expression for the accompany- 
ing magnetic field vector in the waveguide. 
(b) Then start with the magnetic field in (a) 
and find the resulting electric-field expression, 
from Maxwell’s equations; comparing this 
result with Eq. (13.24), obtain the waveguide 
phase coefficient. 


3. Satisfaction of Maxwell’s equations by TEmn 


field vectors. Show that the electric and mag- 
netic field vectors of an arbitrary TE,,,, mode 
in a rectangular metallic waveguide, given 


TE or TM mode. (a) Repeat Problem 13.1 
but for an arbitrary TE,, wave mode —- 
namely, use the electric-field expressions in 
Eqs. (13.55) and (13.56) and the correspond- 
ing Helmholtz equation to obtain the waveg- 
uide phase coefficient for arbitrary m and n, 
given by Eqs. (13.12) and Eq. (13.71), or by 
Egs. (13.40) and (13.59). (b) Do the same 
using the magnetic field of the mode. (c) Do 
the same as in (a) and (b) but for an arbitrary 
TMinn mode. 


Ss7. 


13.8. 


13.10. 


13.11. 


15.12. 


Modal cutoff frequencies in WR-975 and 
WR-340 waveguides. For an air-filled WR- 
975 commercial rectangular waveguide, with 
transverse dimensions a = 24.766 cm and b = 
12.383 cm, determine (a) the dominant fre- 
quency range, (b) cutoff frequencies of the 
first three TE modes and first three TM 
modes, and (c) all possible propagating 
modes at a frequency of f =2 GHz. (d) 
Repeat (a)-(c) for a WR-340 waveguide, 
with a = 8.636 cm and b = 4.318 cm (and air 
dielectric). 


Modal cutoff frequencies in a square waveg- 
uide. Repeat the previous problem, parts (a)— 
(c), but for a square waveguide of cross- 
sectional interior dimension a = 10 cm if it is 
filled with (a) air and (b) dielectric of relative 
permittivity e, = 2.5, respectively. 


. FM and AM radio waves in a railway tunnel. 


A railway tunnel can be approximated by a 
rectangular waveguide with transverse dimen- 
sions a = 7 mand b = 4 m and nonpenetrable 
walls. What wave modes can propagate inside 
the tunnel (a) at an FM radio frequency of 
100 MHz and (b) at an AM radio frequency 
of 1 MHz, respectively? 


Poynting vector of the dominant mode. 
Consider a rectangular metallic waveguide 
with the dominant (TEj9) mode only, in 
Fig. 13.8. (a) Find the complex Poynting vec- 
tor, P, in the structure. (b) Compute the flux 
of P through the guide cross section. (c) What 
is the flux of P into each of the waveguide 
walls, per unit length of the guide? 


Poynting vector, based on multiple reflec- 
tions. Using Eqs. (13.2), (13.4), (13.6), (13.12), 
and (13.23), show that the result for P in 
the previous problem is equivalent to that in 
Eq. (10.122), for a TE wave generated by mul- 
tiple reflections of a uniform plane wave in 
Fig. 10.15. 


Power transfer by TEo2 and TE; wave 
modes. (a) Find the complex Poynting vector 
(P) of an arbitrary TE;, wave mode trav- 
eling along a rectangular metallic waveguide 
(Fig. 13.8). (b) Compute the flux of P through 
an arbitrary cross section of the structure for 
TEo2 and TE;; waves, respectively. (c) Using 
the result in (a), determine the flux of P into 


13.13. 


13.14. 


13:55; 


13.16. 


13.17. 


13.18. 


S219: 


13.20. 
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Problems 


each of the waveguide walls (for an arbitrary 
mode). 


Poynting vector for TM waves. Repeat the 
previous problem, parts (a) and (c), for an 
arbitrary TM, mode, and part (b) for a TM? 
wave. 


Dielectric breakdown and power capacity for 
a TEo2 wave. Consider a TEo2 wave propa- 
gating through an air-filled rectangular metal- 
lic waveguide of transverse dimensions a = 
38.1 cm and b = 19.05 cm (WR-1500 waveg- 
uide). Find the power-handling capacity of 
the waveguide for this mode, i.e., the maxi- 
mum time-average power that can be carried 
by the TEo2 wave for the safe operation of 
the structure — prior to an eventual dielectric 
breakdown (dielectric strength of air is Ego = 
3 MV/m), at a frequency of f = 1.8 GHz. 


Power capacity for a TE; wave. Repeat the 
previous problem but for the TE,; wave 
mode. 


Attenuation coefficients for TE 92 and TE, 
modes. Compute the attenuation coefficient 
for (a) the TEg2 wave mode and (b) the 
TE,; wave mode, respectively, of the WR- 
1500 waveguide from Problem 13.14 at the 
given frequency, assuming that the guide walls 
are made out of copper. 


TE o2 and TE; attenuation including dielec- 
tric losses. Repeat the previous problem 
but for the WR-1500 waveguide filled with 
polyethylene, of relative permittivity e¢, = 2.25 
and loss tangent tan ég = 107+. 


Attenuation coefficient for the lowest TM 
waveguide mode. Find the attenuation coef- 
ficient for the lowest TM wave mode (TM}1) 
propagating at a frequency f along an air-filled 
rectangular metallic waveguide of transverse 
dimensions a and b, and skin-effect conductor 
surface resistance Rs. Check the result against 
data in Fig. 13.9. 


X- and C-band waveguide designs. (a) Design 
an air-filled X-band (8—12 GHz) standard 
rectangular waveguide such that (if possible) 
this entire band is covered by the usable fre- 
quency range in Eq. (13.101). (b) Repeat (a) 
but for the C-band (4—8 GHz). 

Analysis of a K-band waveguide. Consider a 
K-band standard rectangular waveguide with 


710 


13.21. 


13.22. 


13:23. 


13.24. 
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larger transverse dimension a= 7mm, alu- 
minum (o¢ = 35 MS/m and fc = Mo) walls, 
and polyethylene (e, = 2.25, tandg = 1074, 
and Eg, = 47 MV/m) dielectric. (a) What part 
of the K-band (18-27 GHz) falls into the 
usable frequency range of the waveguide 
[Eq. (13.101)]? At the central frequency of 
the K-band, find (b) the complex propaga- 
tion coefficient of the traveling wave along the 
guide, (c) expressions for electric and mag- 
netic field vectors in the structure, and (d) the 
power-handling capacity (maximum permissi- 
ble time-average power, limited by an even- 
tual dielectric breakdown in the structure) of 
the waveguide, including a safety factor of 2 in 
the computation. 


Phase and group velocities in a K-band 
waveguide. For the waveguide from the 
previous problem, calculate the phase and 
group velocities and guide wavelength of the 
propagating wave, as well as the intrinsic 
wavelength of the waveguide dielectric, at the 
central frequency and at each of the end fre- 
quencies of the K-band. 


Emf in a small loop in a waveguide close 
to dielectric breakdown. If the fields in the 
waveguide described in Example 13.12 are 
at a half of their intensities at dielectric 
breakdown, find the corresponding rms emf 
induced in a small loop attached to a wall of 
the guide — for each of the two loop posi- 
tions/orientations, (a) and (b), considered in 
the example. 


Magnetic-probe coupling above the domi- 
nant range. Consider an air-filled WR-650 
waveguide, with transverse dimensions a = 
16.51 cm and b = 8.255 cm, at a frequency of 
f =2 GHz, and assume that all possible prop- 
agating modes are established in the structure. 
With reference to the coordinate system in 
Fig. 13.1, let a small wire loop of surface area 
5 = 0.25 cm? be attached to the left wall of 
the waveguide (wall at x = 0) such that it lies 
in the plane y = 5/2. Show that the loop cou- 
ples to the magnetic field of only one of the 
established modes. If the time-average power 
carried by that mode amounts to P= 1 kW, 
determine the rms emf induced in the loop. 


Electric-probe measurement on a slotted 
waveguide. A rectangular metallic waveguide 


13.25. 


13.26. 


13227. 


(Fig. 13.1), with transverse dimensions a = 
10cm and b=Scm, has a narrow longitu- 
dinal slot in the upper wall, along the line 
defined by x = a/2 and y = b, through which 
a sliding electric probe (short wire antenna) 1s 
inserted to sample (measure) the electric field. 
In addition, the guide is short-circuited in its 
cross section defined by z = 0, as in Fig. 13.12. 
Finally, the structure is completely filled with a 
liquid dielectric whose losses can be neglected 
and is nonmagnetic, and whose permittivity 
is unknown, and measurements are carried 
out in the TE;g mode of operation of the 
waveguide, at a frequency of f = 500 MHz. 
By sliding the probe from the short-circuiting 
plate toward the interior of the structure, it 
is determined that the signal reception by the 
probe is maximum at a distance of d = 4.5 cm 
from the plate. (a) Explain why this longitu- 
dinal slot practically does not affect the field 
distribution in the waveguide. (b) Find the rel- 
ative permittivity of the dielectric. (c) What 
is the cutoff frequency of the waveguide with 
and without the liquid, respectively? 


Resonant frequency of a cavity from a 
Helmholtz equation. Consider a lossless rect- 
angular metallic cavity of dimensions a, b, and 
d, filled with a homogeneous dielectric of per- 
mittivity ¢ and permeability y, Fig. 13.16, and 
obtain the expression for the resonant fre- 
quency of the dominant cavity mode, given in 
Eq. (13.133) -— by requiring that the general 
electric-field Helmholtz equation for the same 
dielectric be satisfied for the known TEjq 
electric field distribution, Eq. (13.134). 


Resonant frequency from Maxwell’s equa- 
tions. (a) For the resonant cavity from the 
previous problem, start with the electric field 
in Eq. (13.134) and derive the expression for 
the accompanying magnetic field vector using 
Maxwell’s equations. (b) Then derive back the 
electric field from the magnetic field in (a) 
and Maxwell’s equations, and comparing the 
result with Eq. (13.134) obtain the expression 
for the resonant frequency of the TE;9; mode. 


Finding cavity dimensions from resonant fre- 
quencies. (a) If in the resonant cavity in 
Fig. 13.16, b =a/2 and the dielectric is air, 
find a and d such that the structure resonates 
in the dominant (TEj9;) mode at a frequency 


13.28. 


13.29. 


13.30. 


13.31. 


13.32. 


13.33. 


of 8 GHz, whereas its TMj1; resonance is at 
a frequency of 10 GHz. (b) For dimensions 
from (a), which TEjop cavity modes resonate 
within the Ky-band (12—18 GHz)? 


Satisfaction of Maxwell’s equations by TM nnp 
field. Show that the field vectors of an arbi- 
trary TMmnp resonance mode in a rectangu- 
lar waveguide cavity (Fig. 13.16), given by 
Egs. (13.145)-(13.149), satisfy all four perti- 
nent Maxwell’s equations, Eqs. (11.1)-{11.4). 


Surface currents and charges on cavity walls. 
Consider an air-filled rectangular PEC cav- 
ity resonator of dimensions a, b, and d, 
in Fig. 13.16, and assume that a dominant 
(TE;0;) standing wave is established in the 
cavity. The field components of this wave are 
given in Eqs. (13.134)-(13.136). Find the dis- 
tributions of (a) surface currents and (b) sur- 
face charges on interior surfaces of all six sides 
of the cavity. (c) Show that the currents and 
charges in (a) and (b) satisfy the continuity 
equation for high-frequency surface currents 
(continuity equation for plates). 


Poynting vector inside a cavity resonator. (a) 
Compute the complex Poynting vector, P, 
at an arbitrary point inside the cavity from 
the previous problem. (b) Show that the flux 
of P into each of the cavity walls is zero, 
using the result in (a) and Poynting’s theorem, 
respectively. 


Computing the maximum magnetic energy of 
the cavity. Consider the dominant resonance 
wave mode (TEj9) in a lossless rectangular 
metallic cavity resonator, in Fig. 13.16, and 
obtain the expression for the electromagnetic 
energy stored in the structure at an instant 
when it is all magnetic, so as Wem = (Wm) max. 


Computing the energy of a resonator at arbi- 
trary time. For the cavity from the previous 
problem, find the stored energy of a TEjo 
wave by evaluating the total (electric plus 
magnetic) energy at an arbitrary instant of 
time. 


Instantaneous field vectors and energy in 
a cubical cavity. A TE;9; wave is estab- 
lished in an air-filled cubical cavity with edge 
length a =50 cm. The complex electric and 
magnetic field intensity vectors in the cav- 
ity are given by Eqs. (13.134)-(13.136), with 


13.34. 
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13.36. 


13.37. 


13.38. 


13.39. 


Problems 711 
Hy =5e!"/3 A/m. Determine the instanta- 
neous field vectors in the cavity (a) at an 
arbitrary instant of time and (b) at an instant 
when the total stored energy in the resonator 
is exactly half electric and half magnetic. 


Dielectric breakdown and maximum energy 
of a cavity. Find the maximum permissible 
electromagnetic energy, limited by an even- 
tual dielectric breakdown in the structure, 
that can be stored in an air-filled rectangu- 
lar metallic cavity resonator of dimensions 
a=20cm, b=10cm, and d=15cm with a 
TEj91 wave (dielectric strength of air is Egg = 
3 MV/m). 

Emf in a small loop in a cavity close to dielec- 
tric breakdown. Consider an air-filled rect- 
angular cavity with edge lengths a = 35 cm, 
b = 14 cm, and d = 19 cm in a dominant res- 
onance mode of operation. With reference 
to the coordinate system in Fig. 13.16, a 
small wire loop of surface area S = 1.8 cm? is 
attached to the front wall of the cavity (wall 
at z = 0) such that its plane coincides with the 
plane x = a/2. If the TE;0; fields in the cav- 
ity are at a half of their intensities at dielectric 
breakdown, determine the rms emf induced 
in the loop. What is the energy stored in the 
cavity? 

Energy of a TE 3 wave in a rectangular 
cavity. Derive the expression for the stored 
electromagnetic energy of a TE,23 wave 
in a rectangular metallic cavity resonator, 
Fig. 13.16. 


Stored energy of a TM411 wave. Repeat the 
previous problem but for a TMj1; wave in the 
cavity. 

Losses in copper walls for the TMy1; cav- 
ity mode. Take the air-filled cubical cavity 
from Example 13.19, and assume its over- 
moded operation. (a) Compute the time- 
average power of Joule’s losses in the cop- 
per walls of the cavity that are associated 
with the TM; resonance mode, if |Eo| = 
1kV/m in the modal field expressions. (b) 
Repeat (a) but for the teflon-filled cavity from 
Example 13.20. 


Losses in the cavity dielectric for the TM, 
mode. For the cavity and resonance mode 
from the previous problem, part (b), find the 
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time-average power of Joule’s losses in the 
cavity dielectric. ; 


Quality factor of a brass resonator in the 
dominant mode. Calculate the Q factor of 
an air-filled cubical cavity with brass (a. = 
15 MS/m and tc = Wg) walls that resonates in 
the TEj9; mode at a frequency of 500 MHz, 
1 GHz, 10 GHz, and 50 GHz, respectively. 


. Quality factor for the cavity dielectric, any 


TE/TM mode. Show that the quality fac- 
tor associated with the (small) losses in the 


13.42. 


dielectric of a rectangular cavity resonator 
equals Qg = 1/ tan dg for an arbitrary TEmnp 
or TMinnp wave mode in the cavity, tandg 
being the loss tangent of the dielectric. 


Total quality factor for the TE;23 cavity mode. 
A rectangular waveguide cavity resonator of 
edge lengths a=1icm, b=2cm, and d= 
3 cm has aluminum (o, = 35 MS/m and tc = 
io) walls and polyethylene (e, = 2.25 and 
tan 6g = 10~*) dielectric. Find the Q factor for 
the TE;23 resonance mode of this cavity. 
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Introduction: 


Ithough any conductor with a time-varying 

(e.g., time-harmonic) current radiates electro- 
magnetic energy into the surrounding space, some 
conductor configurations are specially designed 
to maximize electromagnetic radiation, in desired 
directions at given frequencies. Such systems of 
conductors, which sometimes also include dielectric 
parts, are called antennas. In other words, anten- 
nas are electromagnetic devices designed and built 
to provide a means of efficient transmitting or 
receiving of radio waves. More precisely, they pro- 
vide transition from a guided electromagnetic wave 
(in a transmission line or waveguide feeding the 
antenna) to a radiated unbounded electromagnetic 
wave (in free space or other ambient medium) in 
the transmitting (radiating) mode of operation, and 
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vice versa for an antenna operating in the receiving 
mode. As has already been discussed in the pre- 
vious three chapters, with an increase of both the 
distance and operating frequency in communica- 
tion and power-transfer systems, the wave attenu- 
ation on transmission lines and metallic waveguides 
becomes, at some point, prohibitively large and/or 
their realization too costly, and wireless links using 
antennas are favored. Of course, even at large 
distances and high frequencies, wireline systems 
have their own advantages; for instance, coaxial 
cables and metallic waveguides are not suscepti- 
ble to interference with external signals and other 
systems, which is often encountered in wireless sys- 
tems, and dielectric waveguides, such as optical 
fibers, are also an alternative solution, due to their 
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very low losses. However, in many applications 
antennas are practically the only choice for the type 
of transmission system, with examples spanning 
mobile communications involving aircraft, space- 
craft, satellites, ships, and land vehicles, radio and 
TV broadcasting to unlimited numbers of receivers, 
mobile personal communication devices (e.g., cellu- 
lar telephones), radar systems, etc. 

In the general analysis of electromagnetic radi- 
ation, an arbitrary transmitting antenna is simply 
a distribution of rapidly time-varying (or high- 
frequency) currents and charges, as in Fig. 8.7. 
If the antenna is situated in free space (or some 
other linear, homogeneous, and lossless medium), 
the electromagnetic field that it radiates (that is, 
the field due to its currents and charges) can be 
found using the theory of Lorenz (retarded) elec- 
tromagnetic potentials and the associated field vec- 
tors, provided in Sections 8.9 and 8.10. In specific, 
for a time-harmonic variation of sources, which 
is most frequently the case in antenna applica- 
tions, the complex Lorenz potentials are evaluated 
from the respective expressions in Egs. (8.113), 
(8.114), (8.116), and (8.117), depending whether 
the currents and charges of the antenna are to 
be treated as volume, surface, or line sources. For 
example, we normally assume line currents and 
charges along metallic wire antennas. The complex 
field vectors, on the other side, are computed either 
from potentials, using Eqs. (8.118) and (8.119), or 
directly through field integrals of sources, as in 
Eqs. (8.125) and (8.128). Of course, currents and 
charges are interrelated by means of different ver- 
sions of the continuity equation, Eqs. (8.82), (10.14), 
and (8.133), and all potential and field expressions 
can thus be recast in terms of currents only. In 
fact, it is customary in antenna theory to explic- 
itly consider solely antenna currents as sources of 
radiation, but always bearing in mind that there 
are accompanying charges as well on the structure. 
So, as it turns out, we already have in hand the 
general theory and analytical principles and pro- 
cedures for evaluation of radiation by an arbitrary 


high-frequency volume, surface, or line current 
distribution, i.e., by an arbitrary antenna. In this 
chapter, we shall apply this knowledge and tools to 
concrete antenna structures, to describe and study 
various practical properties of antennas, and estab- 
lish understanding of their operation and basis for 
their design, both as independent devices and as 
parts of communication (or other high-frequency, 
e.g., radar) systems.! 

Our antenna theory will start with the anal- 
ysis of a Hertzian dipole, namely, a capacitively 
loaded short wire dipole antenna, whose impor- 
tance can hardly be overstated, given that an arbi- 
trary transmitting antenna can be represented as 
a superposition of Hertzian dipoles. From the far 
field of a Hertzian dipole, at observation locations 
that are electrically far away from the antenna, 
we shall develop general steps for the radiation 
analysis of an arbitrary antenna (the principal 
function of transmitting antennas being to con- 
vey electromagnetic signals to distant locations, in 
most antenna applications we deal with the far 
field only). We shall study several circuit param- 
eters of an arbitrary transmitting antenna — most 
importantly, the antenna input impedance, that it 
presents to the feed electric circuit. We shall also 
define and use a number of antenna radiation (far- 
field) parameters — most importantly, the antenna 
characteristic radiation function. This vector func- 
tion represents the part of the general antenna 
electric and magnetic far-ficld expressions that is 
characteristic for individual antennas, i.e., that dif- 
fers from antenna to antenna, while the remain- 
ing terms in the expressions are the same for all 
antennas. Out of many basic types of antennas 
for wireless communications, we shall focus on 
various wire antennas, including electrically short 
(loaded and nonloaded) antennas, arbitrary wire 
dipole antennas, wire monopole antennas attached 
to a metallic ground plane (analyzed by image the- 
ory), and clectrically small loop (magnetic dipole) 
antennas. General thcory of receiving antennas 
will be presented, where we shall show that both 


'In addition to computing the radiation field of an antenna for its given current distribution, as well as some associated properties of 
antennas in both transmitting and receiving modes of operation, the major problem in antenna analysis and design is obtaining the current 
distribution of an antenna for its given geometry, material composition, and excitation. Although we shall discuss this general problem in 
several simple cases, its solution in more complex, real-world antenna designs and applications requires advanced numerical techniques 
that are beyond the scope of this text. 
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circuit (impedance) and directional properties of 
an antenna in the receiving mode of operation 
are directly related to its properties when trans- 
mitting. As the last topic, we shall investigate 
antenna arrays, that is, spatial arrangements of iden- 
tical antennas (array elements), equally oriented 
in space but excited independently, and demon- 
strate that by varying the phases of feed currents of 
array elements, for example, we can change (steer) 
the direction of maximum radiation of an array 
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antenna, without moving (slewing) the antenna. 
Note, finally, that in many discussions in this chapter 
we shall study not only antennas but entire wireless 
communication systems with antennas at the two 
ends. In this, we shall use many concepts and equa- 
tions describing the propagation of uniform plane 
electromagnetic waves in unbounded media (e.g, 
free space) and in the presence of material inter- 
faces (e.g., a perfectly conducting boundary), from 
Chapters 9 and 10. 


ELECTROMAGNETIC POTENTIALS AND FIELD 
VECTORS OF A HERTZIAN DIPOLE 


Consider the simplest antenna, a so-called Hertzian dipole, which is an electrically 
short straight metallic wire segment with a rapidly time-varying current that does 
not change along the wire. The dipole is named in honor of Heinrich Hertz, who 
invented the first source of radio waves (antenna), similar in concept and opera- 
tion to what we now call a Hertzian dipole, and demonstrated the first radio system 
(link) consisting of a transmitting and receiving antenna. Assuming a time-harmonic 
regime of the dipole, let it be fed at its center by a lumped generator,’ of fre- 
quency f, and let its instantaneous and complex rms current intensities be i(¢) and J, 


respectively. In specific, as in Eq. (8.66), 
i(t) =IV2cos(ot +) <> 


l=Ie¥, 


(14.1) 


where J = |J| and w are the rms value and initial phase (both uniform along the 
wire) of i(t), and w = 27f is the angular (radian) frequency of the generator. We 
further assume that the ambient medium, in which the dipole resides, is linear, 
homogeneous, and lossless, of permittivity « and permeability ~ (o =0). Most 
frequently this is air (free space), so ¢ = €9 and yz = po. Introducing a spherical 
coordinate system with the z-axis along the wire axis and origin (O) at the generator, 
as shown in Fig. 14.1, we would like to find the expressions for Lorenz electromag- 
netic potentials and field vectors of the antenna at a point P defined by (r, 0, ¢). In 
addition to being electrically small, that is, small in comparison to the wavelength of 
the surrounding medium, A, defined in Eq. (8.112), the length of the wire, /, is also 
much smaller than the distance r of the point P from the origin, so we have for the 


antenna 


I = const, <a l<r.| 


(14.2) Hertzian dipole 


In fact, the current can be considered to be uniform along the wire because the 
dipole is electrically short. Apart from its physical manifestation and practical oper- 
ation as an electrically short wire antenna, for theoretical purposes a Hertzian 
dipole can be identified to an infinitesimal (differentially short) line current ele- 
ment / dl, as in Eqs. (4.10), and hence it is commonly known also as an infinitesimal 


dipole (of length d/ rather than /). 


2This generator may represent, for instance, an insertion of the output terminals of a two-wire (or some 
other two-conductor) transmission line between two halves of the dipole, so that the antenna current 


equals the output (load) current of the line. 
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Figure 14.1 Hertzian dipole. 


dipole charge 


As i(t) is nonzero at the wire ends, it must be terminated by time-harmonic 
charges Q(t) and —Q(t) that accumulate on a pair of small metallic spheres 
(Fig. 14.1), or conductors of other shapes, attached to these ends.’ On the other 
side, a uniform antenna current, Eq. (14.2), implies that there is no charge dis- 
tributed along the wire (i.e., on its surface), so the line charge density (charge per 
unit length) of the dipole is zero, Q’ = 0, by virtue of Eq. (8.133). Applying the con- 
tinuity equation for time-varying currents in integral form, Eq. (3.36), to a surface 
completely enclosing the upper sphere, much like in Figs. 8.1 and 3.5, we realize that 
iand Q are related by Eq. (8.2) or (3.44), and hence 


(14.3) 


with Q standing for the complex rms charge of the sphere. Note that the system in 
Fig. 14.1 can be considered as a dynamic (high-frequency) generalization of an elec- 
tric (electrostatic) dipole, in Fig. 1.28. In the dynamic case, the current is needed 
to drain, via the generator, the charges Q and —Q in an oscillatory fashion, with 
the current intensity varying synchronously with the time derivative of the dipole 
charge. For i(t) in Eqs. (14.1), O() = (1/2/w) sin(wt + w). Note also that, since the 
conducting terminations (extensions) of the wire in Fig. 14.1 serve as charge contain- 
ers (accumulators), like electrodes of a capacitor, and represent capacitive loads to 
the antenna, a Hertzian dipole is also referred to as a capacitively loaded short wire 
dipole. 

The complex magnetic vector potential, A, at the point P in Fig. 14.1 is deter- 
mined solving the integral in the second expression in Eqs. (8.117), where we can 
readily move J, as a constant, outside the integral sign. Moreover, having in mind 
that the wire is short both electrically and relative to the location of the field 


3In practical realization of Hertzian dipoles, conducting objects terminating the (vertical) wire antenna 
may, in addition to spheres, be in the form of (horizontal) circular plates, umbrella-like systems of radial 
wires, conduetors of a two-wire transmission line, ete. 
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Heinrich Rudolf Hertz 
(1857-1894), a German 
physicist and the first radio 
engineer, was a professor 
_ of physics at Universities 
of Kiel, Karlsruhe, and 
Bonn. Hertz was a student 
of Helmholtz (1821-1894) 
at the University of Berlin, 
from which he received his 
doctoral degree in 1880. 
He was the first to demonstrate experimentally the 
existence of electromagnetic waves, and of electro- 
magnetic radiation, and he built the first antennas. 
In Hertz’s famous 1887 experiment at Karlsruhe, 
the source of electrical disturbances was a capac- 
itively loaded wire dipole radiator, a Hertzian 
dipole, and the receiver (detector) of disturbances 
was a circular loop of wire. The dipole was con- 
nected to an induction coil that produced sparks 
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HISTORICAL ASIDE 


which, by radiation (generation and propagation) 
of electromagnetic waves, resulted in sparks at 
the air gap in the loop at a distance of several 
meters, in Hertz’s laboratory. His wire dipole and 
loop were hence the first transmitting and receiv- 
ing antennas, respectively, and the whole system 
was the first radio (wireless) link. Hertz’s experi- 
ment was quickly confirmed by others and it laid a 
firm foundation for further discoveries and devel- 
opments in what would become radio science and 
engineering in the years and decades to come. 
Hertz also demonstrated the first coaxial cable, and 
first observed the photoelectric effect (in 1887), 
which was later explained in different ways by 
several researchers and most notably by Einstein 
(1879-1955) in 1905 (Einstein’s explanation of the 
photoelectric effect earned him the Nobel Prize for 
Physics in 1921). Hertz’s name is further immor- 
talized by the use of hertz (Hz) as the unit for 
frequency. (Portrait: © Deutsches Museum) 
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across the air gap between the dipole terminals, 


point (P), Eqs. (14.2), we can approximate the variable source-to-field distance R 
for an arbitrary point at the wire axis by the fixed distance r (from O to P), and take 
R & r out of the integral as well. Consequently, we are left with 
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(14.4) magnetic potential of a 


Hertzian dipole 


where f is the phase coefficient (wavenumber) for the ambient medium and given 
operating frequency, Eq. (8.111), and 1 = /z is the position vector of the charge Q 
with respect to —Q, ie., the length vector of the dipole whose orientation coincides 
with the reference direction of the current i. On the other hand, if the antenna 
in Fig. 14.1 is treated as an infinitesimal dipole, characterized by J dl, finding A is 
even simpler, since then there is no integration in Eq. (14.4) in the first place and 
R=r. The vector A is parallel to the dipole, so it has only a z-component, A,. 
From Fig. 14.1, A can be decomposed onto an r- (radial) and 6-components in the 
spherical coordinate system, A, and Ag, as follows 


A=A,cos0#—A,sin06 =A, + A, 6, (14.5) 


so A, = A,cos@ and Ag = —A, sin6, with A, given in Eq. (14.4). 

Since r > /, in order to compute the complex electric scalar potential, V, at the 
point P, using the first expression in Eqs. (8.116), the two charged spheres of the 
Hertzian dipole (charged over their surfaces) can be treated as point charges. In 
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analogy to Eq. (1.114) for the electrostatic dipole, we can write 


O (e-ibn  e-ibra’ Q d(e-i®R/R) | 
V= = | — - — ] > -—> ———_|___!cosd 
4me ry r2 ne dR == 

R=r AR 
—A(e7JR /R) 
Qlcos 6(1 + jBr) e7iFr | 
electric potential = SS 5 (14.6) 

‘em 4ner er axes 


Here, the increment in the function e~/4®/R from the location of the charge Q to 
that of —Q, with the distances of the point P from the two charges being r, and rp, is 
approximated by the derivative of this function with respect to R [see Eq. (8.121)], 
at the dipole center (R =r), multiplied by the corresponding increment in R, AR = 
ry — r,, which is small. In addition, AR is approximately computed as AR * [cos @, 
like in Fig. 1.28. Alternatively, V can be found from the already known A, using 
the Lorenz condition for complex electromagnetic potentials, Eq. (8.115), and the 
formula for the divergence in spherical coordinates, Eq. (1.171), 


za al me ee spe 
Y= WE [L “A= wer E or (ae: er) n6 a6 oe oA Av)}. a 


which, substituting the expressions for A, and A, from Eggs. (14. 5) and (14.4), and 
expressing / in terms of Q from Eq. (14. 3), give fle same result as in Eq. (14.6). 

The complex electric field intensity vector, E, of the antenna can now be evalu- 
ated from both potentials, Eqs. (14.4)- (14. 6), using Eq. (8.118) and the formula for 
the gradient in oa coordinates, given by E¢: a 108), 


c— 


ce av. 1aV, — nptteiPr fr 
E = -jwA — VV = -joA —- —fr- - — 8 = -————_ _{ | —— 
ies ieee ie An lla 
1 PB 
electric field of a Hertzian 2cosOf + lat - aan sin@ i} =E,r+£E,98,| (14.8) 
dipole * pr al jBr (jBr)2 * (Bp; a ee | 
where n = ./z/é is the intrinsic impedance of the medium, Eq. (9.21), and the use 
is made also of Eq. (14.3) and the facts that 
1 
wou=npB and —= a, (14.9) 
we £6 
The expression for E in terms of the magnetic vector potential only in Eq. (8.118) 
leads to this same result as well. 
Similarly, we combine Eqs. (8.119), (5.60), (14.4), and (14.5), and apply the 
formula for the curl in spherical coordinates, Eq. (4.85), to obtain the following 
expression for the magnetic field intensity vector, H: 
1 Lead dA, | > 
=-V = _- ae al 
i [L x A [> ( ) “ak 
BL te Pr sino [ 1 a4 
magnet fielc a 14.10 
41g feid t= cal (jBr)2 > = Hy 6. ( ) 


The same result can also be obtained by directly computing H due to the dipole 
current, by means of the high-frequency generalization of the Biot-Savart law, 
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Eq. (8.128) or (8.135), 


1 fidixRA+jpReFFR — [1x #1 + j6r) ei" (14.11) 


=e Ax |; R2 Amr? 
where [see Fig. 14.1 and Eq. (4.114)] 
Ixf=/zZxt=I/sind 6, (14.12) 


and (1+jfr)/r? multiplied by —1/8* = 1/(jf)? gives the two terms in square 
brackets in Eq. (14.10). 

Note that once we know one of the field vectors, the remaining one can be found 
from the appropriate curl Maxwell’s equation. For instance, given that H has only a 
g-component, Eqs. (11.2) and (4.85) tell us that 

J 


2) ies eo i 
and it is a simple matter to verify that the substitution of the result for H from 
Eq. (14.10) into this expression leads to the result for E in Eq. (14.8). So with 
Eqs. (14.11) and (14.13), we do not need potentials at all to get the field expressions 
for the dipole. 

All of the different ways of evaluation of potentials and field vectors of a 
Hertzian dipole presented in this section are extremely important for understanding 
the operation of this fundamental antenna and relations between various quantities 
in its analysis. However, perhaps the simplest, conceptually, order of steps to get the 
expressions for E and H is the following: find A in Eqs. (14.4) and (14.5), then H 
from A in Eq. (14.10), and finally E from H in Eq. (14.13). In fact, as we shall see ina 
later section, computing the potential A due to currents of an arbitrary transmitting 
antenna is the focal point in finding its radiation characteristics. 

Since the electric field in Eq. (14.8) has components E£, and E, (E, = 0), and 
magnetic field in Eq. (14.10) only H, (H, = Hy = 0), as shown in Fig. 14.1, E andH 
are mutually orthogonal at every point of space (for every location of the field point, 
P, E lies in a vertical plane defined by ¢ = const, and H is normal to this plane). The 
field expressions do not depend on ¢, E = E(r, 9) and H = H(r, 6), and the same is 
true for the potential expressions, Egs. (14.4)-(14.6), as expected from the rotational 
symmetry (with respect to the z-axis) of the dipole (note that independence of ¢, 
the azimuthal angle, is also referred to as the azimuthal symmetry). Therefore, on a 
sphere of radius r centered at the generator in Fig. 14.1, the field distribution (pat- 
tern) is determined only by the zenith angle, 9. On the other side, considering the 
field and potential dependences on r, we see that wherever we have r, it actually is 
Br. In addition, dipole fields and potentials depend on J and i, and, having in mind 
Eq. (8.111), they can be expressed in terms of the electrical length [see Eqs. (12.73)] 
of the dipole, //A, as well as electrical distance from the dipole center, r/A. As a 
result, the relative spatial field distributions do not change if we scale (increase or 
decrease) /, r, and A by the same factor. This conclusion is quite important, given that 
an arbitrary transmitting antenna can be represented as a superposition of Hertzian 
dipoles (to be shown in a later section). It implies that antennas having (drastically) 
different physical dimensions that are equal electrically at the corresponding fre- 
quencies produce the same spatial field picture (pattern), which as well has to be 
expressed in electrical units. Thus, the physical length of an electrically short dipole 
may actually be very large, at lower frequencies (e.g., at f = 100 kHz, 4 = 3 km (in 
air), and a dipole that is only one hundredth of a wavelength, is physically as long 
as / = 4/100 = 30 m). 
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complex Poynting vector of a 
Hertzian dipole 


time-average Poynting vector 


far zone 


far electric and magnetic 
fields of a Hertzian dipole 


Finally, combining Eqs. (8.194), (14.8), and (14.10), the complex Poynting vector 
at the point P in Fig. 14.1 is 


i i leaps | ee 
Gott Got |? + | aoe Gps |sntee.| 419 


where JJ* = |J|* = I”. We see that the only real term in this expression is the one 
proportional to 1/r*, in the radial component of P. This term comes from 1/r 
terms in the electric and magnetic field expressions in Eqs. (14.8) and (14.10), and 
it equals the time average of the instantaneous Poynting vector due to the antenna, 
Eq, (8.195); 
np2I2P sin? 6 . 
lone 
Integrating Pave over a closed surface placed about the dipole, which will be done in 
a later section, we can find the outward real (time-average) power flow emanating 
from the antenna. All other terms in Eq. (14.14) are imaginary, and thus represent 


the reactive power associated with the energy fluctuation back and forth between 
the electric and magnetic fields around the antenna. 


Pave = Re{(P} = (14.15) 


Problems: 14.1-14.4; Conceptual Questions (on Companion Website): 14.1-14.8; 
MATLAB Exercises (on Companion Website). 


14.2 FAR FIELD AND NEAR FIELD 


This section introduces an important special case of the electromagnetic field due 
to a Hertzian dipole (Fig. 14.1): the far field, for observation locations that are 
electrically far away from the antenna. In this case, we do not need to use the 
exact expressions for dipole field vectors, as well as potentials and Poynting vector, 
derived in the previous section, which, of course, are valid only under qualifications 
in Eqs. (14.2), but much simpler approximate ones, specialized for large distances r 
of the field point P in Fig. 14.1 from the origin. 

In specific, in the far zone r is much larger than the operating wavelength A of 
the dipole (for the ambient medium), given in Eqs. (8.112) and (8.111), Br is much 
larger than unity, and we can write 


: : : (14.16) 


r>rh — fBpr>1!1 a pr (br > (Bn 


In practice, a useful rule of thumb quantifying the far-field condition’ is: r > 10). 
Therefore, the dominant terms in both field expressions in Eqs. (14.8) and (14.10) 
are those with the smallest inverse powers of r (or Br), that is, the 1/r terms. These 
expressions thus become 


{ = ' . ~ ae , 
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lems Arr 4nr 


4For electrically large antennas, whose maximum dimension, D, is much larger than the wavelength, 
D > 3, the far-ficld condition is given by r > D, which then surpasses the condition in Eq. (14.16). 
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Fields decrease slowly with r (as 1/r) and are actually proportional to di/dt in the 
time domain, enabling electromagnetic radiation by a rapidly time-varying dipole 
current to faraway distances — they constitute the so-called radiation field of a 
Hertzian dipole.® In addition, the far electric field vector has only a 6-component, 
while the far magnetic field vector is ¢-directed, as shown in Fig. 14.2. Combining 
Eqs. (14.17), (14.5), (14.4), and (14.9), we can write for these components 


E, =—|oAg H, = =2. (14.18) 
Hence, E can be expressed solely in terms of the magnetic vector potential, A, of 
the dipole, more precisely, in terms of its 9-component (the radial component of 
A does not contribute to E —- in the far zone). The electric and magnetic complex 
field intensities are interrelated as in Eq. (9.20) for uniform plane waves. Once E is 
known, the corresponding H is found from it using this relationship. The radiated 
wave is a TEM (transverse electromagnetic) wave, as both E and H are transverse 
to the direction of propagation (radiation), that is, the radial direction in Fig. 14.2. 
In addition, E and H are perpendicular to each other. Both fields are proportional 
to eI" /r, and the wavefronts are spherical, as in Fig. 8.7, so this is a spherical TEM 
wave. 
Since E and H in the far zone are in phase, we expect that the associated com- 
plex Poynting vector is purely real. Indeed, as in the plane wave case, Eq. (9.40), we 
have 


; Ee. |e. 2722 sin? 9 
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and P equals the time-average Poynting vector, Paye, in Eq. (14.15). Of course, this 
can as well be obtained from Eq. (14.14), by eliminating all but the lowest term, pro- 
portional to 1/r?. The (radial) direction of P (Fig. 14.2) coincides with the direction 
of the spherical TEM wave propagation (direction of radiation of the antenna) and 
its magnitude, P = Paye, equals the time-average surface power density transported 
by the wave, i.e., the radiated power per unit area of the spherical wavefront. Note 
that the absence of any imaginary (reactive) component of P in Eq. (14.19) means 
that, in the far-field region, all power is radiated power. 

Just opposite to Eqs. (14.16) for the far field, the dipole-to-field distance r in the 
near zone in Fig. 14.1 is, by definition, small relative to the operating wavelength i 
of the dipole (in practice, r < 0.14), but still r >> /, and £r satisfies the condition in 
Eq. (8.130), which leads to 


1 1 1 
LO TT ee E> a (14.20) 


so only the dominant terms with the largest inverse powers of 7 in the expressions 
for each of the field components in Eqs. (14.8) and (14.10) need to be retained. 


>In the general expressions for instantaneous electric and magnetic field intensities of a Hertzian dipole, 
obtained by converting the complex field expressions in Eqs. (14.8) and (14.10) by means of Eq. (8.66), 
the terms that are proportional to 1/r are also proportional to di/dt (of course, di/dt corresponds to jwl 
in the complex domain). Being proportional to and due to the time rate of change of the dipole current, 
they are significant only if this current is rapidly varying in time, which is the case here, in Fig. 14.1, 
and for antennas in general. So, the 1/r terms determine the actual rapidly time-varying electromagnetic 
field of the Hertzian dipole, and distinguish it from its quasistatic version. This field, in turn, enables 
electromagnetic radiation by the antenna, and is termed the radiation field. 


E 


Figure 14.2 Far field of a 
Hertzian dipole (depicted in 
Fig. 14.1). 


far-zone Poynting vector of a 
dipole 


near zone 
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In addition, the retardation effect in this zone can be neglected, e~/4’ = 1, as in 
Eggs. (8.131) and (8.132). Consequently, the near electric field of a Hertzian dipole 
reduces to simply the electric field intensity vector of a quasistatic electric dipole, 
the same as an electrostatic dipole, Eq. (1.117), except that the dipole charge is 
slowly oscillating in time (and not time-constant), whose complex moment [see 
Eq. (1.116)] is p = QI. On the other side, keeping only the dominant term for the 
near zone of the magnetic field, it is simplified to that of a quasistatic (slowly oscil- 
lating) current element /1 (producing the field with the same spatial distribution as 
a steady current one); placing this current element at the point P’ in Fig. 4.5 (with a 
replaced by 6), its field would be given by Eqs. (4.11) and (4.12). So, in evaluating 
the electric and magnetic fields in the near zone, a Hertzian dipole is equivalent to 
a quasistatic electric dipole and current element, respectively. Overall, by superpo- 
sition, the near electromagnetic field of an arbitrary antenna is a quasistatic field. 
Since the charge and current intensity of the dipole, Q and i, are in time-phase 
quadrature (90° out of phase with respect to each other), which corresponds to 
the difference in “j” in their complex magnitudes, Eqs. (14.3), the same is true for 
the electric and magnetic field intensities of the dipole in the near zone. This, in 
turn, indicates reactive power associated with the fields, like in electromagnetic res- 
onators [see, for example, Eqs. (8.69) and (3.45) for a simple resonant LC circuit 
or Egs. (13.150) and (13.151) for waveguide cavity resonators]. We conclude that a 
Hertzian dipole (or any other antenna) in its near zone acts as a reactive, energy- 
storage, device. The energy oscillates between the near electric and magnetic field 
of the antenna, like in a resonant LC circuit. 

As the principal function of transmitting antennas is to convey electromag- 
netic signals (energy or information) to distant locations (through free space or 
other material media), in most applications of antennas we deal with the far field 
only. Later in this chapter, we shall define and study a number of parameters that 
characterize and quantify the radiated field of an arbitrary antenna in different 
directions of radiation (i.e., for given angles 6 and ¢ in Fig. 14.2). However, in addi- 
tion to far-field parameters, the antenna input impedance, which determines the 
impedance matching properties of an antenna to its feed electric circuit, is of equal 
practical importance for antenna analysis and design, and the reactive part of this 
impedance implicitly includes (in an integral fashion) the near-field characteristics 
of the antenna. 


Problems: 14.5 and 14.6; Conceptual Questions (on Companion Website): 
14.9-14.16; MATLAB Exercises (on Companion Website). 


14.3 STEPS IN FAR-FIELD EVALUATION OF AN ARBITRARY 
ANTENNA 


An arbitrary transmitting wire metallic antenna can be represented as a chain 
of Hertzian dipolcs, as illustrated in Fig. 14.3. The currents of individual dipoles, 
described by infinitesimal current elements / dl, constitute the current intcnsity of 
the wire, /, which, in gencral, is a function of the location along the antenna axis. In 
other words, the elementary currents gradually change from dipole to dipole, fol- 
lowing the current distribution of the antenna. As the current is not uniform along 
the wire, the charges of adjacent dipoles in the model do not cntircly compensate 
each othcr, and hencc a continuous charge distribution along the antenna. This dis- 
tribution is described by the charge per unit Icngth of the antcnna, Q’, which is 
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related to the current J through the continuity equation for wires in Eq. (8.133). 
Only in the special case of a uniform antenna current (J = const), all current ele- 
ments in Fig. 14.3 are the same, and charge Q at the end of one dipole in the chain 
completely compensates charge —Q of the next dipole, etc., so that Q’ = 0 along 
the antenna, which is also apparent from Eq. (8.133). A similar representation by 
superposition of Hertzian dipoles applies to surface and volume antennas as well, 
with equivalent dipoles defined by surface and volume current elements J, dS and 
J dv, respectively. The dipoles are distributed and interconnected to each other in 
a two- or three-dimensional fashion, following the current distribution all over the 
surface S$ or volume v of the antenna. 

Representation in Fig. 14.3 means that all conclusions and expressions derived 
for a Hertzian dipole (Fig. 14.1) so far in this chapter can readily be generalized to 
arbitrary antennas. In the far zone, for instance, Eqs. (14.18) tell us that the elec- 
tric field intensity vector, E, of an arbitrary current distribution can be expressed 
solely in terms of the corresponding magnetic vector potential, A. For a single 
dipole in Fig. 14.1, and for a straight wire antenna (of arbitrary length) along the 
z-axis, K has only a 6-component, equal to —jwAg. So, E is proportional to a non- 
radial or transverse component of A. For an arbitrarily oriented Hertzian dipole, 
and for an arbitrary antenna, the transverse components of A in the spherical coor- 
dinate system are both A, and Ag. In all cases, we can decompose A onto a radial 
(A,) and transverse (A,) vector components, analogously to the decomposition of 
the field vectors of guided electromagnetic waves onto longitudinal and transverse 
components, in Eqs. (11.7), and write for the far electric field 


(14.21) 


A=A,+A, —> E=-—joA,, 


where A, = A,f and A, = Ag 6+ Ag 6. Expressing A in terms of all three com- 
ponents in the spherical coordinate system, it is a simple matter to show that the 
transverse vector A, can be obtained from the total A by means of the following 
transformation: 

A, =f x (Ax P). (14.22) 
The far magnetic field intensity vector, H, is also a purely transverse vector, per- 
pendicular to E, Eqs. (14.18), and can be computed from E using the vector 
relation 


(14.23) 


the same as for uniform plane waves, Eqs. (9.22). Alternatively, with 

E=£,6+E,$ and H=H,6+H,$, (14.24) 
Eqs. (14.21) and (14.23) can be written in terms of 6- and ¢-components of the two 
field vectors, 


E 
£9 
H =—, 


The associated complex Poynting vector in the far zone is purely real, equal to 


Ey 
E,=—joAg, Ey, =—joAg, ae arr (14.25) 


(14.26) 
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Figure 14.3 Representation 
of an arbitrary transmitting 
wire metallic antenna by a 
chain of Hertzian dipoles. 


far E-field, arbitrary antenna 


far H-field, arbitrary antenna 


far-zone Poynting vector, 
arbitrary antenna 
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Figure 14.4 Straight wire 
antenna with an arbitrary 
current distribution: (a) 
evaluation of the magnetic 
vector potential in the far zone 


and (b) parallel-ray 


approximation for the phase 


calculation. 


for magnitude approximation 


for phase approximation, 
straight wire antenna 


radiation integral, straight 
wire antenna 


(a) (b) 


We see that the first and most important step in far-field evaluation of an arbi- 
trary antenna is computing its magnetic vector potential, A. So, let us now focus 
on the integrals involved in this part of the analysis. Consider first a straight wire 
antenna along the z-axis, shown in Fig. 14.4(a). At an observation point P (field 
point) defined by (r, 0, ), A is given by the first integral in Eq. (14.4). Under the 
far-field assumption, Eq. (14.16), we apply different approximations for the magni- 
tude and phase of the spherical-wave factor e~/68/R in the integral, with R being 
the variable source-to-field distance for an arbitrary point P’ at the wire axis (source 
point). For the magnitude, 1/R, we approximate R by the fixed radial coordinate r 
of the point P, in Fig. 14.4(a), a 

[R~r,| (14.27) 


and bring 1/R ~ 1/r outside the integral sign. For the phase factor, e—/6®, we 
approximate R by the distance from the projection point of P’ on the r-direction, 
point Po [Fig. 14.4(a)], to P, 


Rer—-zcosd,, (14.28) 
where z is the coordinate along the wire axis defining the position of the source point 
(z =0 at the coordinate origin, O). Note that a similar approximation is applied 
in Figs. 1.28 and 14.1 to express the difference of the distances of the field point 
from the two dipole charges, AR = r2 — rj, in terms of the separation between 
the charges and the angle 6. With this, we are able to take the fixed part of the 
phase factor, er, outside the integral sign, while the remaining, z-dependent, 
part, representing a phase correction for fields due to individual elementary dipoles 
in Fig. 14.3, must be integrated, and we have 


H(z) dle7iPR —jBr 
oe [= aie GE a=? dz, (14.29) 
[" 4n JI R 4rr ee 


with / being the length of the antenna, and dl = dzz. The resulting integral in terms 
of the coordinate z along the wire antenna is called the radiation integral. Its solu- 
tions, for given current distributions /(z), will be the basis for analysis of different 
types of wire antennas throughout the rest of this chapter. Obviously, the geomet- 
rical relation between R and r in Eq. (14.28) would be exact if the R and r lines 
(rays) ran parallel to each other, as in Fig. 14.4(b), and this would be the case if 
the field point P were at infinity. Hence this relation is known as the parallel-ray 
approximation for the far-field phase calculation. 

It is very important to realize that, because of the significant phase differences 
between the far fields of individual elementary Hertzian dipoles constituting the 
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antenna, the magnitude approximation in Eq. (14.27) is not accurate enough for 
the phase computation in Eq. (14.29), where Eq. (14.28) is used instead. Namely, 
although the source-to-field distances R for dipoles in the chain are almost the 
same in the far field, and can be taken as constant for the magnitude computation 
in Eq. (14.29), even small relative differences in R may have a large influence on 
the phase factor, e~/4®, For example, if the distances R for two elementary dipoles 
are R; = 100A and R2 = 99.5A, ie., they differ by AR = 0.5A, the corresponding 
magnitude factors are 

1 1 0.01 1 ee 201005 


R; 100. A’ R, 995A A 
i.e., we make a0.5% magnitude error by assuming that the two factors are the same. 
On the other side, the phase difference associated with this assumed difference in R 


is as large as 180°, 


(14.30) 


? 


eHB(R1— Ro) — gE OS — eit — 1, (14.31) 
making the two fields be in counter-phase and actually cancel each other at the point 
P in Fig. 14.4(a). However, the approximation in Eq. (14.27), R; ~ Ro, if applied to 
the phases would make the fields add in phase [+1 instead of —1 in Eq. (14.31)], 
causing a very large error in the field integral. Only for electrically short antennas, 
1<x, since then AR < A for any two points along the wire, we can use the approx- 
imation in Eg. (14.27) even for the phase factor, e~JF® ~ eI” as in Eq. (14.4), so 
that the radiation integral reduces to the integral of only the culttent intensity along 
the wire [6z ~ 0 in Eq. (14.29)]. 

Similar phase correction to that in Eq. (14.28) is used for arbitrary (wire, sur- 
face, and volume) antennas. For an arbitrary current distribution, in Fig. 14.5, let the 
source point P’ be defined by the position vector r’ with respect to the coordinate 
origin. Thus, the difference between r and R is approximately equal to the projec- 
tion of r’ on the r-ray, i.e., to 7 cosa =r’ - F, with a denoting the angle between 
vectors r’ and f. In other words, R is approximated by 


Rer-r-f, (14.32) 


with which Eq. (14.29) becomes 


~jbr ee, 
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Figure 14.5 Far-field 
computation for an arbitrary 
transmitting antenna. 
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far £.-field, straight wire 
antenna 


onloaded short wire dipole 
intenna 


Analogous expressions hold for surface antennas and for arbitrary wire antennas. 
Note that Eqs. (14.28) and (14.29) are special cases of the parallel-ray approxima- 
tion in Eq. (14.32) and radiation integral in Eq. (14.33). The equations for a straight 
wire antenna along the z-axis are obtained from general equations by specifying 
r = 72 (Fig. 14.4), so that r’- fF = zcos0. 

Once A is known, the remaining steps in the radiation analysis of the antenna 
are straightforward, and the same for any antenna type and geometry. Namely, 
for a general antenna in Fig. 14.5, E and H in the far zone are easily found from 
Eqs. (14.21) and (14.23), and Poynting vector from Eq. (14.26). Note that these 
expressions become even simpler for a wire antenna in Fig. 14.4, where the electric 
field has only a 6-component, which, using Eqs. (14.25) and (14.5), is given by 


(Ey = —jwA, = jwA, sind, | (14.34) 


with A, standing for the z-component of the magnetic vector potential in 
Eq. (14.29). 

Finally, we see from Eqs. (14.33), (14.21), and (14.23) that the far electric and 
magnetic field intensity vectors due to an arbitrary antenna are proportional to 
the characteristic spherical-wave propagation function, e~!”/r. In each of the field 
expressions, this function of r is multiplied by a corresponding vector function of 
angles 6 and ¢ (which define the direction of radiation) in Fig. 14.5. Globally, the 
radiated fields constitute a spherical TEM wave, centered at the coordinate origin, 
O. However, locally, in the far zone, the spherical wavefront appears to be approx- 
imately planar, as if it were a part of a plane wave. Moreover, if viewed only over 
a finite receiving aperture, i.e., over a small range of angles 6 and ¢ (for a fixed r), 
the fields can be considered to be uniform (the same at every point), and the wave 
can be treated as if it were uniform as well, so a uniform plane wave, as illustrated 
in Fig. 9.1. The uniform-plane-wave approximation of nonuniform spherical waves 
radiated by antennas is of great theoretical and practical importance in the analysis 
and synthesis of antenna systems. It enables us to use the concepts and equations 
governing the propagation of uniform plane electromagnetic waves in unbounded 
media and in the presence of material interfaces, from Chapters 9 and 10, to describe 
and study the properties of far antenna fields and the associated waves as they prop- 
agate away from their sources. For instance, the theory of receiving antennas, to be 
presented in a later section, assumes that the electromagnetic field received by an 
antenna, which most frequently is originated by another (transmitting) antenna in a 
wireless link, is in the form of a uniform plane wave, arriving from a given direction. 


See mee Far Field of a Nonloaded Short Wire Dipole Antenna 


Consider a nonloaded electrically short symmetrical straight PEC wire dipole antenna of 
length /. If the antenna is (centrally) fed by a time-harmonic current of complex rms intensity 
I, and frequency f, find the electric and magnetic field intensity vectors and Poynting vector 
in the far zone of the antenna. 


Solution Since the antenna ends are free (with no capacitive loads), the current at them is 
zero. In addition, the antenna being electrically short (/ < 4), we can readily assume that its 
current linearly varies between /p, at the antenna input terminals, and zero along each of the 
arms of the dipole, A = //2 long. In other words, we consider a triangular current distribution 
of the antenna, as shown in Fig. 14.6(a). Analytically, placing the coordinate origin, O, at the 
center of the antenna, /(z) is given by 


Wo = ye (1 : 7) (-hez< m (14.35) 
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As already discussed in this section, in the case of (arbitrary) electrically short straight 
wire antennas, the radiation integral in Eq. (14.29) reduces to 


—jpr ‘ 
=F fade (oem =I) 0436 
4nr 1 
— 


L 


=mean 


l 


with the phase coefficient being 8 = 27f ./eoio, for free space. Substituting the current dis- 
tribution from Eq. (14.35), the z-component (the only existing one) of the far-zone magnetic 
vector potential comes out to be 


Bah [ a gg ULI 
A, = ae 2p (1 =) dz = ee % =), (14.37) 


where, given that /(z) in Fig. 14.6(a) is an even function in z (due to its actual dependence 
on the absolute value of z), the initial integral with symmetric integration limits, —/ and h, is 
solved as twice the integral from 0 to h, in which, in turn, the absolute value sign is removed 
from |z|, because z > 0. We see that A, is the same as that, in Eq. (14.4), of a Hertzian 
dipole, Fig. 14.1, with a current-length product equal to Jp //2, which can be interpreted as 
characterizing a dipole with the same current (uniform along the wire) as the feed current of 
the antenna in Fig. 14.6(a), but a half of it in length, as indicated in Fig. 14.6(b). Of course, an 
interpretation defining the equivalent Hertzian dipole as being of the same length (/) as the 
original antenna, but with a current that is a half of its feed current, is also possible. In fact, 
we note that this equivalent current (J)/2) is exactly the mean (computed along the antenna) 
of the current distribution in Fig. 14.6(a), 


1 
frome / (2) dz. (14.38) 


This holds, as indicated in Eq. (14.36), for an arbitrary short straight wire antenna, which, 
as the magnetic potential in the far zone is concerned, can be replaced by a Hertzian dipole 
of the same length with a uniform current equaling the mean of the current of the original 
antenna. 

The fact that in the far zone, the electric and magnetic field intensity vectors, as well 
as the Poynting vector, of an arbitrary transmitting antenna can all be computed from the 
potential A, using Eqs. (14.21), (14.23), and (14.26), obviously means that if the two antennas 
have the same A, like antennas in Fig. 14.6(a) and Fig. 14.6(b) — in our case, they also have 
the same far-zone E, H, and P. Therefore, these quantities for the antenna in Fig. 14.6(a) are 
given by Eqs. (14.17) and (14.19) with J/ merely replaced by Jp //2. On the other hand, note 
that both antennas in Fig. 14.6 have E, H, and P amounting to a half of the respective field 
vectors and a quarter of the Poynting vector of the Hertzian dipole in Fig. 14.1, whose current 
is J and length /. 


Example 14.2 Charge Distribution of a Nonloaded Short Dipole Antenna 


For the nonloaded short dipole from the previous example, (a) evaluate the charge distribu- 
tion along the dipole arms and (b) discuss the far-field equivalency of the two antennas in 
Fig. 14.6(a) and Fig. 14.6(b) from the standpoint of their charges. 


Solution 


(a) The charge per unit length of the antenna, Q’(z), is found from the antenna current, 
I(z), using the continuity equation for wires in Eq. (8.133). Since the current distribu- 
tion, Eq. (14.35), is a linear function of z along each of the dipole arms, descending on 
the upper arm and ascending on the lower, the accompanying line charge densities are 
uniform (constant), and opposite to each other, as follows: 


7 idles — ilo ee 


arbitrary short wire antenna 


(b) 


Figure 14.6 Analysis of 
radiation by a nonloaded 
electrically short 
symmetrical wire dipole 
antenna: (a) triangular 
current distribution along 
the antenna and (b) 
equivalent Hertzian dipole; 
for Example 14.1. 
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Figure 14.7 Evaluation of 
accompanying charges of 
the nonloaded short dipole 
antenna in Fig. 14.6(a); for 
Example 14.2. 


traveling current wave along 
an antenna 


where w = 27f is the operating angular frequency of the antenna. The charge distribu- 
tion is shown in Fig. 14.7. 


(b) The total charges of the two arms, Q, and Q., are given by 


Q, = Qin = -*8 =-9,, (14.40) 
and these charges are exactly the same as Q and —Q on capacitive terminations of a 
Hertzian dipole with a uniform current intensity equal to Jy), Q = —jlp/w, as in Eq. (14.3), 
which is also an expression of the continuity equation for the structure. Furthermore, if 
we place Q, and Q, at the centers of the respective (electrically short) dipole arms in 
Fig. 14.6(a), as an equivalent replacement of their uniformly distributed line charges, 
which as well is illustrated in Fig. 14.7, what we obtain is exactly the Hertzian dipole in 
Fig. 14.6(b), whose arms are h/2 long. We thus see that, indeed, the far-field equivalency 
due to the currents of the two antennas in Fig. 14.6(a) and Fig. 14.6(b), established in the 
previous example, automatically, i.e., by way of the continuity equation, extends itself to 
the equivalency in terms of charges. 


Selly meme Praveling-Wave Wire Antenna 


Fig. 14.8 shows an end-fed traveling-wave wire antenna. It consists of a horizontal PEC wire 
that is / long, driven at z = 0 by acurrent of complex rms intensity /, and angular frequency 
w, and terminated at z = / by a purely resistive load, of resistance R,, adopted such that the 
current distribution along the antenna is a wave traveling in the positive z direction with 
a velocity equal to the speed of light. Neglecting the influence of the ground plane, and 
thus assuming that the antenna operates in free space, as well as the radiation of currents in 
vertical wire pieces at the two antenna ends, calculate the magnitude of the far electric field 
vector of the antenna. 


Solution As the current wave in Fig. 14.8 travels along the antenna with velocity co, 
Eq. (9.19), the associated phase coefficient of the wave is B = w/co, Eq. (8.111). In addi- 
tion, the wave is unattenuated (there are no losses on the antenna, assumed to be a PEC one, 
and the ground plane is not taken into account), so that the current distribution, /(z), along 


the antenna can be written as 
‘1@) =Jyew2 (Oey 


From Eq. (14.29), with the usual setup of the spherical coordinate system (Fig. 14.8), the 
far-zone magnetic potential of the antenna is given by 


(14.41) 


eJbr fl ee [neato eee 
A, = |] ye Pare i o-if'z gs 
Arr z=0 4nr ft) 


> -jPr e-i''/2, ie 
_ Holoe (ci! 1) = jMolye re" (c-i#t2 _ cif) 


4np'r 4np'r 
—jPr o—jR'l/2 ! 
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Figure 14.8 Far-field analysis of 
a traveling-wave wire antenna; 
for Example 14.3. 
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In the above transformations of the result of integration, the first identity in Eqs. (10.7) is 
used to obtain the final complex expression for A, with magnitude conveniently standing 
out. Hence, combining Eqs. (14.34), (14.42), and (14.9), the magnitude of the far electric field 
vector comes out to be 


no|Zo| sin 6 


— 14.4 
2x (1 —cos 6)r ( >) 


sin E 6 ~c0s0) | : 


As we shall see in a later section, for wire antennas that are open-ended (or eventu- 
ally terminated in a reactive load), and are not electrically short, the current distribution 
along the antenna is a standing wave — simply, a superposition of a traveling current wave, 
in Eq. (14.41), and a reflected wave, progressing in the opposite direction. In the case in 
Fig. 14.8, on the other hand, a matched load of resistance Ry prevents reflection from 
the wire end at z =/ (the power incident on that end is entirely dissipated to heat in the 
load). 


Sevily(eeewem Hertzian Dipole along the x-Axis 


Find the expressions for the far electric and magnetic field intensity vectors and Poynting 
vector of a Hertzian dipole, with length / and current of intensity J and angular frequency 
w, placed at the coordinate origin along the x-axis of a Cartesian coordinate system, in a 
medium of parameters ¢€ and yp. 


IE] = |Ep| = 1A, |sin@ = 


Solution The magnetic vector potential is parallel to the dipole, so it is an x-directed vector. 
Therefore, A is the same as in Eq. (14.4) but with the x-axis taking the role of the z-axis, 


~jpr 
aT a (14.44) 


nr me 


(8 = w./éeu). To find its components in the spherical coordinate system (adopted in the 
standard fashion), which are needed for the far-field computation, we employ the following 
decompositions as indicated in Fig. 14.9: 


K=cosdP+sing(—b), f=sindt+cosd6, (14.45) 
which yield , . 
x = sind cos¢F +cosécos¢6—sing >. (14.46) 
Using Eqs. (14.25), (14.44), and (14.46), the electric far-field components of the dipole are 
E, = —jwAg = —jwA, cosOcos¢, Ey = —jwAg = —jwA,(—sin¢), (14.47) 
SO we can write ; 
= ee er cos #6 +sin¢ 6). (14.48) 


Note that E can alternatively be computed from Eqs. (14.21), (14.22), and (14.44), that is, 
from the vector relationship 


E= —jwA, = —jof x (A x F) = —jwA,f x (x x 9), (14.49) 


which, upon substitution of x from Eq. (14.46) and evaluation of the resulting cross 
products between unit vectors in the spherical coordinate system, gives the same expres- 
sion in Eq. (14.48). Note also that the field for a fixed r is a function of both angles 6 
and ¢, as expected, since the x-directed dipole is not azimuthally symmetrical (about the 
Z-axis). 

The magnetic far-field components are given by Eqs. (14.25), and hence 


jBt 1 e~ iPr 


(sin @ 6 + cos 6 cos ¢ $), (14.50) 
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Figure 14.9 Resolving 
the unit vector X into 
components in spherical 
coordinates, by first 
decomposing x into 
cylindrical (polar) 
components (a), and then 
expressing the radial 
cylindrical unit vector, p, 
in terms of spherical unit 
vectors (b), Eqs. (14.45); 
for Example 14.4. 
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where 7 = ./j/€ and the use is made of the first relationship in Eqs. (14.9). Finally, combining 
Eqs. (14.26) and Eq. (14.48), the Poynting vector due to the dipole in its far zone comes out 
to be 

. 22/2 

P= Pave = ae r= oS (cos? 6 cos” o + sin? ¢) r (14.51) 


(7 = |/\). 


Problems: 14.7-14.18; Conceptual Questions (on Companion Websitc): 
14.17-14.22; MATLAB Exercises (on Companion Website). 


14.4 RADIATED POWER, RADIATION RESISTANCE, 
ANTENNA LOSSES, AND INPUT IMPEDANCE 


To find the time-average power radiated by a Hertzian dipole, in Fig. 14.1, we invoke 
Poynting’s theorem in complex form, Eq. (8.196), and compute the flux of the real 
part of the complex Poynting vector, P, of the dipole, Eq. (14.14), through an arbi- 
trary closed surface, S, placed about the dipole. The real part of P, that is, the 
time-average Poynting vector, Pave, of the antenna, is given in Eq. (14.15). Since 
the vector Pave has only a radial component, the simplest flux evaluation will be for 
a spherical surface, of radius r, centered at the coordinate origin [see Eqs. (1.137)]. 
In addition, as the magnitude of Paye depends on the angle 6 only, for a fixed r (over 
the sphere S), we can use for integration an elementary surface dS in the form of 
a thin ring of radius rsin@ and width rdé, as in Fig. 1.16 and Eq. (1.65). Thus, the 
radiated real power (or time-average power flow) through S is 


~ pB2PP pr 
Prad = (Phow)ave = f Pav ae 1672r2 i 


sin? 6 2xrsiné@ rd@ 
Ky 
d 


2} 2 Z bd 2} 2 iL 
radiated power, Hertzian = mB / sin? @.d0 = np ; (14.52) 
dipole 81 0 6x 


i. - = ==: 


where the integral in @ is solved in Eq. (5.46), and it equals 4/3. We see that the fac- 
tor 1/r? in the expression for Pave cancels the factor r* in the expression for dS in 
Eq. (14.52), which gives rise to a constant radiated power of the dipole [the depen- 
dence Paye x 1/r* holds true for an arbitrary transmitting antenna, Eq. (14.26)]. 
That P;,q cannot depend on r (for any antenna) is also obvious from the conserva- 
tion of power principle, in Eq. (8.196). Namely, as there are no impresscd sources 
(generators) past the antenna itself in Fig. 14.1, and the surrounding medium is 
assumed to be lossless, the real power cannot be accumulated or depleted in the 
domain between two sphcrical surfaces with different radii, and outward power 
flow, Prag, associated with both surfaces must be the same. 

The radiated power in Eq. (14.52) is proportional to the dipole current inten- 
sity, / = |/|, squared. For an arbitrary antenna (wire, surface, or volume), where 
the current distribution is not uniform over the antenna body, Prag is proportional 
to the magnitude of the feed current at the antenna input terminals, J), shown 
in Fig. 14.5, squared. The constant of proportionality is a resistance, called the 
radiation resistance of the antenna and denoted as Ryag, 


definition of radiation Prd = Remgle — )=— Rag = (14.53) 
resistance (unit: 2) 0 
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where Jp = |Jp|. This resistance does not, of course, represent any ohmic losses in the 
ambient medium, i.e., it does not characterize the transformation of electromagnetic 
energy to heat. It is the resistance of an equivalent resistor that the transmitting 
antenna presents to its input terminals, so that the time-average radiated power of 
the antenna is absorbed in the load. In other words, Rraq characterizes the trans- 
formation of one form of electromagnetic energy to another, namely, energy of 
a guided electromagnetic wave (in a transmission line or waveguide feeding the 
antenna) to energy of a radiated unbounded electromagnetic wave (in free space or 
other ambient medium), and thus has the nature of a mutual resistance. However, 
viewed in a wider sense, the radiated power, which leaves the antenna and never 
returns, is a form of dissipation, but useful and desired dissipation, and we may say 
that Rraq represents antenna power dissipated by radiation. Sometimes, therefore, 
Pyaq is referred to as the power of radiation losses. From Eqs. (14.53) and (14.52), 
the radiation resistance of a Hertzian dipole, with J = Ip, is 


n(Bb? _ 2xn (1? 
Ryad = ee ee 54 
rad Ot: a1 d (14.54) 
If the ambient medium is free space, Eq. (9.23) gives 
1\2 
n=no = 1207 2 —>+ Rraa = 20(B))* 2 =790 @ Q. (14.55) 


Since the dipole is electrically short (J « A), Eqs. (14.2), its radiation resistance is 
very small. 

In addition to dissipation by radiation, all real antennas exhibit some real dis- 
sipation, i.e., some Joule’s or ohmic losses in the lossy materials constituting the 
antenna body, because of the conduction current flow through the materials. These 
losses are associated with heating in the antenna structure. Although, in general, 
losses in dielectric parts of an antenna are present as well, losses in antenna con- 
ductors are of much greater practical importance. Assuming that the skin effect is 
pronounced, we use Eq. (10.90) to compute the time-average power of Joule’s losses 
in metallic parts of the antenna, whose surface we mark as Smetallic. Moreover, we 
assume that the losses are small, so that a perturbation method for evaluation of 
losses in good conductors is applied and the tangential component of the complex 
rms magnetic field intensity vector near Syetallic, Hiang: in Eq. (10.90), is found as if 
the antenna were made of a perfect electric conductor (PEC). Finally, Eq. (10.91) 
tells us that the magnitude of H,,,, equals the magnitude of the complex rms surface 
current density vector, J,, over Smetallic; 


|Hiang! = |Jsl- (14.56) 


Hence, the ohmic power, Pohmic, in the antenna metallic parts can be expressed as 


Ponmic = (Padave = f— RelHangl?45 = RsJ2dS,| (14.57) 


Smetallic Smetallic 


with R, being the surface resistance of the antenna conductors, Eq. (10.78), and J, 
the no-loss current distribution of the antenna. 

For a straight wire antenna extending along the z-axis, in Fig. 14.4, the mag- 
netic field close to the antenna cylindrical surface, Scylinder, being quasistatic (near 
field), equals in form the magnetostatic field around a wire current conductor. Its 
lines are concentric circles centered on the wire axis, and its magnitude, from the 


radiation resistance, Hertzian 
dipole 


ohmic power, arbitrary 
metallic antenna 
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ohmic power, straight wire 
antenna 


antenna ohmic resistance 
(unit: Q) 


ohmic resistance, Hertzian 
dipole 


antenna input impedance 


generalized Ampére’s law in integral form, Eq. (5.49), is /(z)/2mr, where, again, 
/(z) is the current intensity along the antenna found in the lossless (PEC) case. On 
the surface, r = a, with a denoting the wire radius, and we have 


I(z) 
Ha t.= 2na’ 
which can as well be obtained through the surface current density, J,, of the wire, 
from the definition of this density in Eq. (3.13), dividing the current intensity of 
the antenna by the wire circumference (27a). With this, and Eq. (14.57), the ohmic 
power dissipated in the wire is 


(14.58) 


[(z : R t 
Pornic= f Re [REMY anaae = f A weoPac= frwertar 
Scylinder 2na AS ! ana ! 
fr oe (14.59) 
where dS is the surface area of an elemental ring of width dz for integration over 
Scylinder> and R’ stands for 
R 
R=—. (14.60) 
27a 


Note that this expression turns out to be the high-frequency R’ of a single conductor 
of a thin symmetrical two-wire transmission line or of the inner conductor of a coax- 
ial cable, equaling the corresponding portions of the expressions in Eqs. (11.103) 
and (11.70), respectively. 

The current intensity /(z) along the wire is proportional to the antenna feed 
current, /). Therefore, Pohmic & ie, and we can write 


Pohmic 
ee 
fy 


Pohmic = Ronnicla — — Rohmic = (14.61) 


where Rohmic is the total high-frequency ohmic resistance of the antenna. For a 
Hertzian dipole, the current is uniform along the wire, Eqs. (14.2), which leads to 
Rohmic being simply R’ times the length of the wire, 


I2)=ip = Poe ee i dz = R12 Re et. (14.62) 
! 


The complex input impedance of an antenna, Z,, is, by definition, the complex 
voltage to current ratio at its input terminals, as illustrated in Fig. 14.10(a). Namely, 
if we feed the antenna by a voltage generator of complex rms electromotive force € 
and complex internal (series) impedance Z, (see also Fig. 12.3), which, in general, 
represents the Thévenin equivalent generator of an arbitrary input network feed- 
ing into the antenna, and the complex rms voltage across the generator is V, and 


current intensity through it Jp, 


% = Zin = 


Of course, a feed current gencrator of current intensity /) and internal (shunt) 
admittance Y, (Norton equivalent gencrator) is also possible. Analogously to the 
equivalent circuit in Fig. 12.10 in analysis of transmission lines, the transmitting 
antcnna can thus be replaced. with respect to its input terminals (and to the 
gencrator), by a load of complex impedance Z,, shown in Fig. 14.10(b). 


|S 


F=Ra “in (14.63) 
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The time-average (real) input power, Pin, delivered by the generator to the 
antenna and input resistance of the antenna, Ra, ie., real part of Z,, are [see 
Eq. (8.210)] 

P: 
Pin = Rali = Prat Ponmic —> Ra= Pp = Ryad + Rohmic: (14.64) 
0 
with Ra coming out to be the sum of the antenna radiation and ohmic resistances. 
Given that, in general, Prag and Pohmic represent, respectively, the desired and 
undesired parts of Pi,, we can define the antenna power efficiency through the 
Rad 


following ratio: 
Prada 
, = a are = Ved = 1). 
- Pin Rrad + Rohmic - 


This efficiency is termed the radiation efficiency of the antenna (7raq OF @raq), and 
is customarily measured in percent. For an ideal (lossless) antenna, 7;aq = 100%. 
Many antennas have Rraq >> Rohmic, and the radiation efficiency nearly 100%. 
However, electrically small antennas, like a Hertzian dipole, normally exhibit low 
efficiencies, since their ohmic losses are quite large relative to the low radiated 
power. As we shall see in examples throughout this chapter, efficient radiators 
are either of medium or large electrical sizes, that is, their physical dimensions are 
either comparable to or much larger than the wavelength (1), Eq. (8.112). 

The imaginary part of Z,, the antenna input reactance, X4, represents reactive 
power stored in the near field, Qnpear field. Of course, this power equals the input 
reactive power at the antenna terminals, Q;,, and we can write [see also Eqs. (8.211)] 


Qin = Qhear field = ale 


(14.65) 


Qnear field 
I 
As will be illustrated in an example, electrically small antennas have a dispropor- 
tionally large input reactance, along with a small input resistance, i.e., |Xa| >> Ra. 
In practice, we usually feed antennas by a two-conductor transmission line, and 
to maximize the transfer of power from the line to the antenna it is necessary to, as 
much as possible, match the antenna input impedance, Eq. (14.63), to the charac- 
teristic impedance of the line, Zo. This latter impedance is most frequently purely 
real, Eq. (12.18), or nearly so, Eq. (12.23), and ensuring that the impedance match 
condition, Z, = Zo, is met (to a desired extent) is, in general, an extremely difficult 
task, especially over a broad band of frequencies. In addition to designing antennas 
with desirable Z, , we also use impedance-matching networks to enhance the power 
transfer in antenna systems. 


Example 14.5 Radiation and Ohmic Resistances of a Short Wire Dipole 


Find (a) the radiation resistance and (b) the high-frequency ohmic resistance of the non- 
loaded short wire dipole antenna from Example 14.1, if the skin-effect surface resistance of 
the wire is R, and wire radius is a. 


a | (14.66) 


Solution 


(a) As concluded in Example 14.1, the Poynting vector of the nonloaded dipole in 
Fig. 14.6(a) equals a quarter of that due to the Hertzian dipole in Fig. 14.1. Hence, having 
in mind Eqs. (14.52) and (14.53), the same relationship holds for the radiation resistances 
of these two antennas, and using the expression for the resistance in Eq. (14.55), we have 


1 
(Rrad)nonloaded dipole = 7 (Rrad) Hertzian dipole = 5 (Bl)? Q. (14.67) 
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radiation efficiency 
(dimensionless) 


a 12a 
(| 

2 

(b) 


Figure 14.10 Illustration 
of the definition of the 
complex input impedance 
of a transmitting antenna, 
Eq. (14.63), as the 
impedance seen by a 
generator at the antenna 
input terminals (a), so that 
the antenna can be replaced 
by an equivalent load 
having the same 
impedance (b). 
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Of course, this same result can be obtained from the far-field equivalency of the two 
antennas in Fig. 14.6(a) and Fig. 14.6(b), so as Ryag of a Hertzian dipole with current Jp 
and length //2, which substituted in Eq. (14.55) gives 


2 
Rag = 20 (63) ee (14.68) 


(b) Combining Eqs. (14.61), (14.59), and (14.35), the ohmic resistance of the antenna in 
Fig. 14.6(a) amounts to 


h 


eat | ; ; 2 
Renmic = “ABE = = [Redz = R2f (1-2) de 
0 z= 


2 3) 
z z 
=OR 22 = ee 
(: Pi z] 
0 
where h = //2 and R’ is computed from Eq. (14.60). This, compared with the expression 
for Rohmic in Eq. (14.62), for the Hertzian dipole with the same R’ and /, tells us that 


h 
_ RI 


F (14.69) 


1 
(Rohmic) nonloaded dipole = a (Rohmic) Hertzian dipole: a 4.70) 


| Example 14.6 | ie awe Efficiency Comparison of Nonloaded and Loaded Dipoles 


Show that the short dipole in Fig. 14.6(a) is always less efficient than the Hertzian dipole in 
Fig. 14.1, assuming the same length, wire radius, operating frequency, and material properties 
of the two antennas. 


Solution Denoting the nonloaded dipole as antenna 1 and Hertzian dipole as antenna 2, 
Eqs. (14.65), (14.67), and (14.70) result in 
Ryadi i Ryad2 i Ryad2 


Wradl = 4 ~ 4 1 < 1 1 
Rraat + Rohmici 4 Ryad2 + 3 Ronmic2 4 Ryaa2 + 4 Ronmic2 


Ryad2 
7 Rraa2 + Rohmic2 wile | +71 
So, indeed, the radiation efficiency (nag) is always lower for the antenna in Fig, 14.6(a) than it 
is for the antenna in Fig. 14.1, for any set of antenna parameters and any frequency, provided 
that they are the same for the two antennas, as well as that the antennas are electrically short. 


Example 14.7 Radiation Efficiencies of Steel and Copper AM Radio Antennas 


An AM radio wire dipole antenna, operating at a frequency of f = 1 MHz, is /=1.5m 
in length and a = 1.5 mm in radius. Determine the radiation efficiency of the antenna, if 
it is made out either of steel, whose conductivity amounts to o = 2 MS/m and relative 
permeability to x, = 2000, or copper. 


Solution Since the free-space wavelength, Eq. (9.67), at the operating frequency of the 
antenna is Ag = co/f = 300 m, cy being the wave velocity (speed of light) in free space, 
Eq. (9.19), we have that ; 
— = 0.005 < 1, (14.72) 
io 
indicating an electrically short dipole, Fig. 14.6(a). This, in turn, means that the radiation 
resistance of the antcnna is given by Eq. (14.67), from which 


2 
Rege075 (=) Q=5 ma. (14.73) 


0 
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Using Eq. (10.78), the skin-effect surface resistances of steel and copper, respectively, at 
the operating frequency, are 


.)e.1 = ae = 63 mQ/square, (Rs)cy = 0.26 m&/square, (14.74) 


where the latter result can also be found directly from the specialized formula for cop- 
per in Eq. (10.80). Eqs. (14.69) and (14.60) then yield the following high-frequency ohmic 
resistances of the dipole: 


(Rs) steel l (Rs)cu l 
67a 67a 


Finally, the corresponding radiation efficiencies of the antenna, Eq. (14.65), for the two 
materials come out to be 


Rrad Riad 


(Nrad) stee] = =. = 0.15%, (nradcy = = 
"Trad/steel Rrad + (Rohmic) steel : AAS: Rrad + (Rohmic)Cu 


Obviously, these are quite low efficiencies, and especially if steel is used. Note that this par- 
ticular antenna (for the given dimensions), in the steel version, is the dipole equivalent of a 
typical fender-mount AM car radio antenna (steel is used for mechanical sturdiness of the 
antenna) — with the upper half (called monopole) of the dipole in Fig. 14.6(a) attached to 
the car body (monopole antennas will be studied in a later section). Such an inefficiency of 
a receiving antenna in broadcast (e.g., AM radio) applications is usually compensated by the 
use of high-power transmitters.° 


Example 14.8 Input Reactance of a Nonloaded Short Dipole 


The input reactance of a nonloaded short wire dipole antenna, of length /, in free space can 


be approximated by ; : 
12 
XA=- In— —-1] Q, 14.77 

eee (in 2a ) ae? 


with Ag standing for the free-space wavelength at the operating frequency of the antenna. 
Using this expression, find the input impedance of the two antennas from the previous 
example. 


(Rohmic) steel = 


= 26%. (14.76) 


Solution The dipole electrical length is computed in Eq. (14.72), and the length to diame- 
ter ratio is //(2a) = 500, with which Eq. (14.77) gives Xq = —39.837 kQ. From Eqs. (14.63), 
(14.64), (14.73), and (14.75), the complex input impedances of the steel and copper ver- 
sions of the antenna come out to be (Z,),,.., = (3.335 — j39,837) Q and (Za), = (0.0188 — 
39,837) Q, respectively. Evidently, the dipoles present to their terminals an extremely small 
resistance and extremely large capacitive (negative) reactance (|X| >> Ra). Note that such 
a disproportionality between the imaginary and real parts of the antenna impedance, as well 
as between the reactive power stored in the near field around the antenna, Eq. (14.66), and 
the active power, ie., the time-average radiated and loss powers combined, of the antenna, 
Eq. (14.64), are typical for electrically small antennas in general. 


Problems: 14.19-14.21; Conceptual Questions (on Companion Website): 14.23 and 
14.24; MATLAB Exercises (on Companion Website). 


®Note that this is a quite common general approach to achieving overall efficiency and accessibility in 
broadcasting systems ~ concentrate (and invest) into complexity, efficiency, and power capacity of a few 
transmitting antenna stations in the system, allowing, on the other (consumers’) side, for the simple (and 
low-cost) receiving antennas. 
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definition of the characteristic 
radiation function, F 
(dimensionless) 


radiation function of a 
Hertzian dipole 


normalized field pattern 
(dimensionless) 


Hertzian dipole 


14.5 ANTENNA CHARACTERISTIC RADIATION FUNCTION 
AND RADIATION PATTERNS 


The far electric field intensity vector, E, of an arbitrary antenna, Fig. 14.5, is propor- 
tional to the feed current at the antenna input terminals, J). Having also in mind the 
spherical-wave dependence on r in Eq. (14.33), it is customary to write E, given by 
Eqs. (14.21), in the following form: 


ge in | 
—F(6,#), where C= 5" (Cree spate = 00am 

(14.78) 
where F(6@, @) is termed the characteristic radiation function of the antenna. It is a 
simple matter to verify, based on a dimensional analysis of Eq. (14.78), that, since 
the constant C has the dimension of impedance (its unit is Q), F is a dimension- 
less quantity. The particular choice for the numerical value of C (e.g., j60 Q for 
free space as the ambient medium) will become obvious in a later section. Most 
importantly, the characteristic radiation function represents the part of the field 
expression in Eq. (14.78) that is characteristic for individual antennas, i.e., that dif- 
fers from antenna to antenna, while the remaining terms in the expression are the 
same for all antennas. Independent of r, and thus only a function of the direction 
of antenna radiation, defined by angles @ and ¢, or, equivalently, by the radial unit 
vector Fr, in Fig. 14.5, F(@, ¢) determines the directional properties of the antenna. 
In specific, being a complex vector function, it provides a complete picture of the 
dependence of the antenna radiated field, namely, the magnitude, phase, and polar- 
ization (see Section 9.14) of E, on the radiation direction. As an example, comparing 
Eqs. (14.17) and (14.78) we realize that F of a Hertzian dipole (Fig. 14.1) is 


A 
F(6) = e sin 6 6. (14.79) 


E(r, 6,6) = Cly ~ 


Of course, the radiation of the dipole is azimuthally symmetrical (does not depend 
on ¢). 

Different aspects of the characteristic radiation function, in Eq. (14.78), pre- 
sented graphically, give different radiation patterns of the antenna under considera- 
tion. Namely, by definition, antenna radiation patterns are graphical representations 
of the angular (0, ¢) variation of radiation (far-field) properties around the antenna, 
when it is transmitting, over a far-zone sphere of radius r, Eq. (14.16), centcred 
at the global coordinate origin, on or close to the antenna (Figs. 14.4 and 14.5). 
Although phase and polarization radiation patterns, representing the phase and 
polarization, respectively, of F(@, @), are used as well, most frequently we plot only 
the magnitude of F(6, ¢). Therefore, except when we explicitly specify otherwise, a 
radiation pattern (or, simply, pattern) means a field magnitude (fora fixed r) pattern 
of the antenna. Moreover, it is convenient and customary to normalize the func- 
tion magnitude, |F(9, #)|, to its maximum value, |F(@, ¢)| We thus obtain the 


max’ 
so-called normalized field pattern of the antenna, f(@, @), whose maximum value is 


unity, r = 
|F(@, ¢)| 
f6.¢) = ——_—_ (0,6) |max = |}. 14.80) 
i o) Fo... {[f6. 9)] } ( 


From Eq. (14.79), f of a Hertzian dipole is 


[f@) = sind, (14.81) 
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where the maximum radiation occurs in the equatorial plane (xy-plane) in Fig. 14.2, 
f=fmax=1 —> 6 =6max = 90°. (14.82) 


The normalized field pattern of an antenna can also be expressed in decibels, as in 
Eq. (9.88), 


fan, 6) = 20 log f@, ¢), (14.83) 


with the maximum normalized pattern level now being 0 dB. 

Alternatively, we sometimes plot the normalized power pattern of an antenna, 
p(@,¢), defined as the normalized magnitude of the associated far-zone Poynting 
vector for r = r9 = const, which, combining Eqs. (14.26), (14.78), and (14.80), comes 
out to be the square of f(@, ¢), 


P(r, 8.%)| _ |E@o.08,¢)/) _ [E@.4)/? 


al ital a = = f?(6,¢). 
[200.9 Pimnax E70, 9.4) ae (EO. 9) Pony 


LE (14.84) 


Of course, the normalized power and field patterns are the same in decibels [see 
also Eq. (9.98)], 


pan, $) = 10log pO, $) = 10 log f? (6, 6) = 20 log f(0, 6) = fan (O,¢). (14.85) 


Fig. 14.11(a) shows, in an isometric view, a typical normalized field pattern, 
Eq. (14.80), of a directional antenna, as a three-dimensional (3-D) plot, in linear 
(absolute) units (rather than decibels). Such plots are referred to as solid polar pat- 
terns, since the pattern is a solid object, whose surface is defined by a function, f, of 
angles 9 and @¢, with the distance from the coordinate origin (O) to a point on the 
pattern surface along the direction (6, @) representing the value f(0, ¢). We observe 
several radiation lobes in the pattern, bounded by pattern nulls, which are either 
zeros (no radiation) or deep minima of the function f, between adjacent lobes. The 
lobe containing the direction of maximum radiation (positive z direction or 0 = 0 
in our case) is called the main (or major) lobe (or beam). Other lobes are side 
(or minor) lobes. Note that, due to symmetry of an antenna and its current distri- 
bution, the pattern may have two or more identical main lobes. In practice, 3-D 
radiation patterns are measured, computed, and used as a series of 2-D patterns, 
representing characteristic cuts (containing the coordinate origin) through the 3-D 
diagram. For virtually all practical applications, a few 2-D polar plots as functions 
of 6 for some fixed values of ¢, and/or vice versa, suffice. One such plot is shown in 
Fig. 14.11(b). 

As a concrete simple example, let us plot, using Eq. (14.81), the f patterns of 
a Hertzian dipole, shown in Fig. 14.12(a) along with the polarization of its radi- 
ated electric and magnetic fields in two characteristic planes. Fig. 14.12(b) shows 
the polar pattern in a plane ¢ = const, as a function of @. Since such planes con- 
tain the vector E of the dipole [Fig. 14.12(a)], the pattern is called an E-plane 
pattern. The two curves in the plot, on the two sides of the z-axis, sharing the coor- 
dinate origin, are circles, and this will be proved analytically in an example. Most 
of the energy of the dipole is radiated in and near the equatorial plane (6 = 90°), 
Eq. (14.82), whereas the radiation nulls are in directions 6 = 0 and 180°, along the 
z-axis. Obviously, the pattern does not have any side lobes. The radiation pattern 
in the equatorial plane, Fig. 14.12(c), is uniform, all the way around the antenna, as 
there is no ¢ variation of the dipole fields, and f = 1 for 0 < @ < 360° and @ = 90°. 
Such patterns, the same in all directions in a given polar plot (plane), are said to be 


field pattern in dB 


normalized power pattern 


Figure 14.11 Typical 
normalized field pattern, 

Eq. (14.80), of a directional 
antenna: (a) three- 
dimensional isometric plot 
and (b) two-dimensional cut 
in a plane @ = const. 


738 


Chapter 14 Antennas and Wireless Communication Systems 


(c) (d) 


Figure 14.12 Radiation properties of a Hertzian dipole (Fig. 14.1): polarization of radiated electric and mag- 
netic fields (a), and normalized field polar radiation patterns, using Eq. (14.81), in an E-plane (¢ = const) (b), 
H-plane (@ = 90°) (c), and in three dimensions (qd). 


omnidirectional.’ On the other side, this is an /-plane pattern, because the vector 
H of the dipole lies in the xy-plane in Fig. 14.12(a). Finally, Fig. 14.12(d) depicts the 
3-D polar radiation pattern of the dipole. Note that this characteristic solid pattern, 
having the shape of a “doughnut” with no hole, can be obtained by rotating, for 
0 < @ < 360°, the 2-D plot in Fig. 14.12(b) about the z-axis, and this applies to all 
azimuthally symmetrical radiation patterns (the pattern represents a so-called body 
of revolution with respect to the z-axis). 

Highly directional antennas have very narrow main lobes. This is quantified by 
the antenna half-power (or —3-dB) beamwidth (HPBW), which is the angular width 
in a 2-D radiation pattern of the central part of the main lobe that is at or above the 
half-power level. In other words, the HPBW is determined by the points on the main 
lobe curve where the antenna normalized power, Eq. (14.84), drops to a half of its 
maximum value, p = 1/2, which corresponds to a change of —3 dB [Eq. (14.85)]. On 


7In general, antennas with omnidirectional radiation in the horizontal plane are extensively used in 
numerous ground-based radio and wireless applications. One of the examples is their use in broadeasting 
systems, as transmitting antennas, since they provide equally good coverage in all directions around 
them. Another example are reeciving antennas in mobile telephony, where the incoming wave direction 
from the cellular tower to the device is generally unknown or randomly changing, and omnidirectional 
antennas ensure equally good reception from all directions. 
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the normalized field pattern, the half-power bounds are given by f = 1//2 = 0.707 
[see Eq. (14.84)], as illustrated in Fig. 14.11(b). Of course, the HPBW can be com- 
puted and used also for antennas that do not exhibit highly directional properties, 
although it is of less practical relevance in such cases. For example, from the pattern 
f of a Hertzian dipole, Eq. (14.81), we have 


— 6=45° and 6) =135° 


= PB oe, 6) — 90°, (14.86) 
and this is shown in Fig. 14.12(b). 


Seti) e eee Radiation Functions of Three Different Antennas — = 


Find the characteristic radiation functions of all antennas studied in Examples 14.1-14.4. 


Solution With the use of the far-field equivalency of the two antennas in Fig. 14.6(a) and 
Fig. 14.6(b), the characteristic radiation function of a nonloaded short dipole of length / 
(Examples 14.1 and 14.2) is obtained by simply substituting / by //2 in the corresponding 
radiation function for a Hertzian dipole, Eq. (14.79), which yields 
E,@) = e sind 6. (14.87) 
Next, Eqs. (14.43), (14.42), and (14.78) tell us that the characteristic radiation function 
of a traveling-wave wire antenna (Example 14.3) is given by 
sin 8 
F,@) = ———— 
F,() 1—cosé 
Finally, for an x-directed Hertzian dipole (Example 14.4), whose far electric field vector 
is that in Eq. (14.48), we have 


sin E d= c0s6)| ee aca) 1/215) (14.88) 


F,(6, ¢) = E (—cos@ cos p 6 + sin ¢ $), (14.89) 


where the vector expression in terms of angles @ and ¢ in parentheses replaces sin 6 0 in the 
radiation function of a z-directed dipole, in Eq. (14.79). 


Serle ate Proof that E-plane Hertzian Dipole Pattern Cuts Are Circles 


Prove that the two closed curves constituting an E-plane normalized field polar radiation 
pattern of a Hertzian dipole, in Fig. 14.12(b), are circles. 


Solution With reference to Fig. 14.13, showing one of the two curves of the plot in 
Fig. 14.12(b), an application of the cosine rule to the triangle AOCM gives 


£? — p? + f* — 2pf cosy. (14.90) 
Now, taking into account that f =sin@, Eq. (14.81), p =fmax/2=1/2 (for 6 = 90°), 
Eq. (14.82), and cosy = sin@ (y = 90° — @), we have 
5 eae, ee NZ 1 ; 
&°(0) ={ =] +sin°9-2~x 5 sin@ sin@ = 5 — é= os const (circle). 


2 
(14.91) 
So, indeed, as the distance of an arbitrary point M on the radiation pattern curve (defined by 
an arbitrary polar angle @) from the point C in Fig. 14.13 turns out to be independent of 6, 
the curve is a circle, 1/2 in radius and centered at C. 


Problems: 14.22; Conceptual Questions (on Companion Website): 14.25-14.27; 
MATLAB Exercises (on Companion Website). 


half-power beamwidth 
(degrees) 


Figure 14.13 With the 
proof that the curves in 
an E-plane field pattern 
plot of a Hertzian dipole, 
Fig. 14.12(b), are circles 
(§ = const); for 

Example 14.10. 
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Figure 14.14 Element dS, 
in a direction (6, ¢), of a 
far-field spherical surface of 
radius r, Eq. (14.92), around 
an arbitrary transmitting 
antenna, and the associated 
elementary solid angle dQ, 
Eq. (14.93). 


antenna radiation intensity 
(unit: W/sr) 
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14.6 ANTENNA DIRECTIVITY AND GAIN 


This section continues discussions of directional properties of transmitting anten- 
nas from the previous one, and defines several new concepts and quantities to 
describe and quantify these properties. To outline the geometrical relationships 
needed for the definitions, let us first consider an element dS, in a direction (@, ¢), 
of a far-field spherical surface, S, of radius r [Eq. (14.16)] around an arbitrary trans- 
mitting antenna [as in Fig. 14.12(a)]. The patch dS is conveniently adopted in the 
form of a differentially small curvilinear quadrilateral whose sides are elementary 
arcs of lengths rdé@ in the @ direction (latitude) and rsin@d@ in the @ direction 
(longitude), 

dS = (rd@) (rsin@ d@), (14.92) 


as shown in Fig. 14.14 [see also Fig. 1.10 and Eq. (1.35)]. The elementary solid 
angle, d&, subtended by this surface is [see Eq. (1.124) and Fig. 1.30] 


dS 
d= = sin 6 dé d@. (14.93) 
r 


We recall that the unit for a solid angle, Q, is steradian or square radian (sr). The 
full solid angle, subtended by the whole sphere, is computed in Eq. (1.127) or 
(1.36), and it amounts to 


Cy = § dQ = 47 (14.94) 
S 


sé rp} 


(as with radians, we usually just assume it and do not write “sr” next to the 
numerical value of a solid angle, so 47 here means 4z7 sr). 

The far-zone complex Poynting vector of an arbitrary antenna, Eq. (14.26), 
is purely real, and thus the same as the corresponding time-average Poynting 
vector [Eq. (8.195)], and radial, P = Pave = Paver (note that Paye => 0, since the 
antenna radiates the power outward, in the positive radial direction). Having in 
mind Eqs. (14.52) and (14.93), the portion dP,ag of the total time-average radiated 


power of the antenna flowing through the surface dS in Fig. 14.14 is 
dPrad = Pave dS = Prive ao: (14.95) 


The power dPyag is independent of r, as it represents the power propagating within 
the solid angle dQ (in the far field), like through an imaginary waveguide defined 
by the bounds of d&, and is the same in every cross section dS of the “waveg- 
uide.” This is also evident from the dependence Pave « 1/r* [see Eqs. (14.26) and 
(14.78)], because of which we find it convenient to multiply Pave by r?, to make it 
independent of r, and so form a new power density, denoted as U(6, @), that is only 
a function of the direction of antenna radiation, 


sm a. 
Ue.8 = rPavelt, 0, @) = oe 


The new quantity, which has the dimension of the power per unit solid angle, and 1s 
thus measured in W/sr, is termed the radiation intensity of the antenna, in a given 
direction. The total radiated power is now written as 


1 2a 
Prad = f dPrad = / U(6, d) dQ. 
Ss g=0 JG=0 


Note that for an isotropic radiator, which is an important theoretical concept 
of a hypothetical antenna with uniform radiation in all directions, the radiation 
intensity, Ujso, aS a constant, can be brought outside the integral sign in Eq. (14.97). 


(14.96) 


(14.97) 
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With the help of Eq. (14.94), 
ie 27 
Prad = Uso | a! dQ = Uso Shull = Vigq47 (URS = const), (14.98) 


and hence 


Prad 
An 
From Egs. (14.96), (14.26), and (14.78), the radiation intensity can be expressed 


in terms of the magnitude squared of the feed current, J), and that of the 
characteristic radiation function, F, of the antenna, 


pike.@, ¢)/? 
uf 


Uiso = (14.99) 


U(6,46)= A |F@. ¢)|° (14.100) 


(Io = |Zo|). This provides a very useful way to ~ U, as |F| and Jp are often at hand 
for a given antenna and its excitation. Combined with Eqs. (14.97) and (14.93), it 
leads to the corresponding nt expression for Prada, 


Prad = "ke. $)|? sin @ dé dd. (14.101) 
ae 


In the case of a Hertzian dipole, for 5 Eq. (14.79) can be used to verify 
that this integral gives the same result for the radiated power of the dipole as in 
Eq. (14.52). 

The directivity of an antenna in a given direction, D(@, ¢), is defined as the ratio 
of the antenna radiation intensity in that direction to the radiation intensity of an 
isotropic radiator, Eq. (14.99), for the same radiated power, 

D@,¢) = i a Mg (14.102) 
Viso Prad 
In this context, Uj, is equal to the average radiation intensity of the antenna under 
consideration — the total power Pag, which is an integral of U(@, ¢) in Eq. (14.97), 
divided by the full solid angle (the domain of integration), 47. The directivity of 
an isotropic radiator is unity in all directions. Using Eqs. (14.100) and (14.53), the 
directivity in Eq. (14.102) can also be written as 


n|E@.)) _ 0g Q 


7 Rrad , (EG. ol 


D@, ¢) = (14.103) 


where R,aq is the radiation resistance of the antenna, and the second expression 
holds true for antennas in free space [Eq. (9.23)]. Combining Eggs. (14.103), (14.53), 
and (14.101), D(@, ¢) is then expressed solely in terms of the antenna characteristic 
radiation function, 


IFO. # | 
AL Soo Soto [E@, @) | sind do do 


with the denominator being equal to the average of |F(@, | over all directions. 
For a Hertzian dipole, substituting the expressions for F and R,aq from Eqs. (14.79) 
and (14.55) into Eq. (14.103) yields 


12002 (Bl? > a5 
oe ———— o— es 0. 14.105 
(@,¢) = gpa 4+ sin sin ( ) 


D(@,¢) = (14.104) 


isotropic radiator 


total radiated power 


antenna directivity 
(dimensionless) 


D in terms of F and Ryaa 


D — Hertzian dipole 
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Umax=Dmax Viso 


U(6,¢) 


(b) 


Figure 14.15 Illustrations 
of concepts of (a) antenna 
directivity, Eq. (14.106), 
with 3-D plots of the 
radiation intensity (U) of an 
actual directional antenna 
and of an isotropic radiator 
(Ujso), fadiating the same 
power (Prag), which means 
that the integral in 

Eq. (14.97) for the two 
patterns is the same, and 
(b) antenna beam solid 
angle (22a), Eq. (14.108), 
with the U-plot of a 
fictitious antenna having a 
constant U = Umax only 
within a cone of solid angle 
Qa, but radiating the same 
power as the actual 
antenna, Eq. (14.109). 


The maximum directivity, that is, the directivity in the direction of maximum 
radiation (Fig. 14.11), of an antenna 1s certainly of the most practical importance. 
It can be obtained either from the directivity function, as Dmax = [D(9, @) max» OT 
using in Eqs. (14.102) and (14.103) the corresponding maximum values of functions 
U and |F|, 


2 
D _ (Okervege - 4n Umax ul [Ele 
max > Read Y 


Viso Prad 
To illustrate the concept of Dmax, consider Fig. 14.15(a) with 3-D plots of the radi- 
ation intensity, U, of a given antenna and of an isotropic radiator, having the same 
radiated power, so that the integral over the full solid angle in Eq. (14.97) of the 
two patterns is the same. We see that Dmax is a factor showing how much stronger 
the radiation in a preferred direction is if using a (highly) directional antenna, 
through the main beam of its radiation pattern, than what it would be if the same 
total power had been radiated uniformly in all directions. From Eg. (14.105), the 
maximum directivity of a Hertzian dipole is Dmax = 1.5, for @max = 90°, which is 
a 50% increase over an isotropic radiator. Frequently, D is used without specify- 
ing the direction of radiation, in which case the maximum directivity is implied, so 
D = Dymax.- 

Taking Eq. (14.104) for the direction of maximum radiation (with |F|_,. in the 
numerator), and dividing both the numerator and denominator of this expression 
by |F| nox: We are left, in the denominator, with the integral of the normalized field 
pattern of the antenna, f(@, ¢), in Eq. (14.80), squared, 


aD 
4n \F 4 4 
[Elman —_____ "=. 


fy SEO. OP dQ fog SpZf20,.6)d2 MA 


This integral, namely, 


(14.106) 


max 


1 2n 
Qa = / i f°(0.¢)dQ — (beam solid angle), (14.108) 
6=0 J¢=0 
is another basic parameter of transmitting antennas, denoted by 22, and called the 
beam solid angle of the antenna. Using Eq. (14.81), the beam solid angle for a 
Hertzian dipole comes out to be 24 = 87/3, that is, the integral in @ in Eqs. (14.52) 
and (5.46) times 27 (the integral in @). Combining Eqs. (14.106) and (14.107), 


(14.109) 


Fig. 14.15(b) illustrates the concept of the beam solid angle by relating the radia- 
tion intensity plots of an actual antenna [Fig. 14.15(a)] and of a fictitious antenna 
that would uniformly radiate the same total power (Pyaq) only into a cone of 
solid angle Qa with the radiation intensity equal to Umax of the actual pattern 
[Fig. 14.15(b)]. Since the radiation of the fictitious antenna is uniform within the 
cone in Fig. 14.15(b), its radiated power can be found as the radiation inten- 
sity (Umax) times the cone solid angle (Q,), which is exactly what Eq. (14.109) 
States. 

The gain of an antenna in a certain direction, G(@, @), is the ratio of the radi- 
ation intensity U(@, #) to the constant radiation intensity that would be obtained 
if the time-average input power, Pin, delivered to the antenna at its terminals 
(Fig. 14.10) were radiated isotropically. In other words, antenna gain quantifies 
directional capabilities of a real antenna, that has ohmic losses, in relation to a 
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lossless isotropic radiator. The isotropic radiation intensity equals Pi, /(42r) [see 
Eq. (14.99)], and thus 


2 


in.) max (14.110) 


4 Umax _ n |F| 


re Gx = a 
? P; re Pj (Rad + Rohmic) 


where Gmax is the maximum gain in the radiation pattern, Ropmic 1s the ohmic resis- 
tance of the antenna, and the use is made of Eqs. (14.100) and (14.64). Basically, Prag 
in expressions for the directivity should be replaced by Pi, to obtain the correspond- 
ing expressions for the gain, and analogously for expressions involving antenna 
resistances. Again, if the direction of radiation is not stated, we assume that G 
denotes the maximum value (G = Gymax). From Eqs. (14.110), (14.106), and (14.65), 


we see that 
4m 


i.e., the gain is reduced with respect to the directivity by a factor of nyaq, the radiation 
efficiency of the antenna. Of course, G = D for lossless antennas, and G ~ D for 
antennas whose losses can be neglected. 

Both directivity and gain are frequently expressed in decibels, 


Dap = 10logD, Gggp=10logG (in dB), (14.112) 


where, since they are power ratios [see Eqs. (14.85) and (9.98)], we employ the scale 
factor of 10 (and not 20) in the definitions. For instance, the dB directivity of a 
Hertzian dipole appears to be 


BRM — > © Daw 10log 115 — 1.76 dB, (14.113) 


whereas that of an isotropic radiator is 0 dB. 


Example 14.11 Gains of Steel and Copper AM Radio Antennas 


Evaluate the gains of the steel and copper nonloaded short dipole antennas from 
Example 14.7. 


Solution Comparing the characteristic radiation functions in Eqs. (14.87) and (14.79), we 
conclude that the angular variation (with @) of radiation properties of a nonloaded short wire 
dipole is the same as that of a Hertzian dipole. In other words, the normalized field pattern 
(f) given in Eq. (14.81) and plotted in Fig. 14.12 holds the same for the antenna in Fig. 14.6(a). 
Consequently, bearing also in mind Eq. (14.107), the two antennas have equal directivities, 
eq. (14.113), D = Dax = 1.5 (for Omaxi= 90°). 

With this, the antenna gain, Eq. (14.111), amounts to Gstee = (Nrad)stee) D = 0.00225 for 
the steel dipole and Gcy = (Hraa)cy D = 0.39 for the copper one. In decibels, Eq. (14.112), the 
values are as low as (Ggp)stee) = 10 10g Gsteet = —26.5 dB and (Gup)cy = —4.1 dB, respec- 
tively. Such extremely low negative gains obviously come from a low directivity of the 
antenna in the first place, but more from large ohmic losses relative to the radiated power 
of the electrically small antennas, that is, from low radiation efficiencies (especially for the 
steel antenna). 


Example 14.12 Directivity of a Unidirectional Double-Sine Radiation Pattern 


The normalized field pattern of an antenna is given by f(6, ¢) = sin@ sing for 0 < @ < 180° 
and 0 < ¢ < 180°, and is zero elsewhere. Find the directivity of the antenna. 


Solution The antenna pattern is illustrated in Fig. 14.16. Note that such a plot, with radia- 
tion only into one half-space (defined by y > 0 in our case), is called a unidirectional pattern. 


antenna gain (dimensionless) 


gain vs. directivity 


decibel directivity and gain 
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sin 0 


sin b 
Figure 14.16 Unidirectional 
double-sine antenna 
radiation pattern; for 
Example 14.12. 


Note also that the pattern cuts in both the xy- and yz-planes, i.e., for 9 = 90° (f = sing) and 
@ = 90° (f = sin@), respectively, are circles (see Fig. 14.13). Using Eqs. (14.108) and (14.93), 
the antenna beam solid angle is 


On = fo is sin’ 6 sin shi (sau is 0? do = (14.114) 
é=0 Jd=0 6=0 Jg=n 


where the first (nonzero) ea in @ is exactly that in Eqs. (14.52) and (5.46), so 4/3, and 
the first integral in @ equals 2/2, which is obtained similarly to the integration in Eq. (6.95), 
while the integral over the other half-space is, of course, zero. Eqs. (14.107) and (14.112) then 
yield the following for the directivity of the antenna: 


D= =" =6 (Dap = 1010g6 = 7.78 4B). (14.115) 
A 


Schi mememe isotropic, Cosine, and Cosine Squared Unidirectional Patterns 


Compute (a) the directivity and (b) the half-power beamwidth for the normalized field 
antenna pattern given by f,,(@) = cos” 6 for 0 < 6 < 90° and f,, =0 for 90° < 6 < 180° in 
three cases of n = 0, 1, and 2. 


Solution The three radiation patterns are azimuthally symmetrical, and Fig. 14.17 shows 
their respective 2-D cuts in any one of the planes ¢@ = const. We note that this is another 
example of unidirectional radiation, as in Fig. 14.16, but now into the upper half-space, 
defined by z>0(0 < @ < 90°). 


(a) For n = 0, fo(@) = 1, which is an isotropic pattern — over a half-space. Therefore, the 
resulting beam solid angle, Eq. (14.108), of the pattern equals a half of the full solid 
angle, Eq. (14.94), 


2n0= | i dn ene (14.116) 
half-space 2 


The associated antenna directivity, from Egs. (14.107) and (14.112), is Do = 427/Qan = 2 
or (Do)dB = 10log2 = 3 dB, which is twice (or 3 dB above) that of the fully isotropic 
radiator (Djs. = 1 or 0 dB), as expected (no radiation in the lower half-space in 
Fig. 14.17). 

For n = 1 and 2, the beam solid angles amount to 


m/2 Qn m/2 Qn 
Q aa fo ie cos? sor bain doe = Qqq = 20 | cos’ @siné dé = —, 
v= 0 5 
fy 
(14.117) 


where the first integral in @ is a half of that in Eqs. (2.32), and the second one is evalu- 
ated in a similar fashion; the directivities are D) = 42%7/Qa, = 6 [(D1)ap = 7.78 dB] and 
Dz = 42 /Qa2 = 10 [(D2)azn = 10 dB], respectively. Of course, the narrower the beam in 
Fig. 14.17 the higher the directivity (D2 > D, > Do). 


fo=ln2 


Figure 14.17 Three 
unidirectional normalized field 
patterns given by f,,(@) = cos” 0 
for 0 < 6 < 90° (7 = 0, 1, 2); for 
Example 14.088 00 ER Se 
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(b) In the first case, n = 0, the HPBW cannot be defined, because the pattern is isotropic. 
Given that the middle curve in Fig. 14.17, representing the function /|(@) = cos@, 
is a circle (as in Fig. 14.13), the HPBW for n=1 is the same as for a Hertzian 
dipole,® Eqs. (14.86), so HPBW = 90°. Finally, the condition f)(@2) = cos* 6) = 1 W/2 
(Fig. 14.17), for n = 2, yields 6. = 32.76°, and HPBW2 = 26) = 65.52°. 


Problems: 14.23-14.26; Conceptual Questions (on Companion Website): 14.28 and 
14.29; MATLAB Exercises (on Companion Website). 


14.7 ANTENNA POLARIZATION 


The polarization of an antenna in a given direction, determined by angles @ and ¢ in 
Fig. 14.14, is defined as the polarization of the electromagnetic wave it radiates, so 
in the far zone, in that direction. Locally, this wave can be considered as a uniform 
plane wave (see Sections 14.3 and 9.2), which means that we can directly apply 
here the theory and discussions of linear, circular, and elliptical polarizations of 
uniform plane waves from Section 9.14. In particular, given that the polarization of 
a time-harmonic wave is determined by the polarization of its electric field intensity 
vector, as well as that the antenna polarization relates to the far field, and hence 
is independent of r, it is best represented by the polarization of the characteristic 
radiation function, F(@, ¢), of an antenna, in Eq. (14.78). 

Therefore, in place of studies of the antenna polarization, we simply invoke 
here what we already know about the (linear, circular, and elliptical) polarization of 
time-harmonic electromagnetic waves. In other words, we may refer to the material 
of Section 9.14 as an integral part of this chapter (on antennas and wireless systems). 


14.8 WIRE DIPOLE ANTENNAS 


We now consider a symmetrical (centrally fed) straight PEC wire dipole antenna 
with an arbitrary length, /, and free ends (no capacitive loads at wire ends), shown 
in Fig. 14.18(a). The current distribution, /(z), along the antenna can approximately 
be determined identifying it to the standing current wave on an open-circuited loss- 
less two-wire transmission line [see Fig. 12.14(b) and Eqs. (12.114)], whose length 
equals the length of each of the arms of the dipole, # = //2, and the dielectric is that 
surrounding the antenna. Namely, if we progressively bend out the conductors of 
such a line, as illustrated in Fig. 14.18(b), to ultimately make them coaxial (collinear) 
with respect to each other and form a dipole antenna, the current along the wires 
remains essentially unchanged throughout the progression. Of course, the current is 
zero at free wire ends. Hence, using the transmission-line current, Eqs. (12.114), as 
an approximation of the antenna current, we can write, for the coordinate z defined 
as in Fig. 14.18(a), 


ij we sin BGr — |Z) (hs z= h), (14.118) 


8Note that the function cos 6, viewed (for simplicity) for all values of 6 (0 < @ < 180°), appears to have 
the same shape (two circles) as sin@ (Hertzian dipole), just one extending along the z-axis (Fig. 14.17 for 
n= 1) and the other on the side of it [Fig. 14.12(b)] — but their shapes are equal only in a 2-D cut (for 
a specified angle @). Their 3-D patterns, obtained by rotating (for 0 < ¢ < 360°) the corresponding 2-D 
plots about the z-axis, are, however, very different: sin@ gives a “doughnut”-type pattern, whereas cos 0 
sweeps out a “dumbbell” shape (two spheres touching at the coordinate origin). The latter 3-D pattern 
turns out to be twice as directive as the former one. 


sine-wave dipole current 
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(a) (b) 


Figure 14.18 Symmetrical wire dipole antenna of arbitrary length with sinusoidal current approximation (a), 
which can be considered as if obtained by progressively bending out the conductors of an open-circuited 
two-wire transmission line with a standing current wave (b). 
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Figure 14.19 Normalized 
current intensity /(z)/I,, 
Eq. (14.118), along a wire 
dipole in Fig. 14.18(a) for 
dipole electrical lengths 
(1/2) of (a) 1/2, (b) 3/4, 


(c) 1, (d) 5/4, and (e) 3/2. 


where J,, is the complex rms current intensity at the standing-wave maxima, and 
B is the phase coefficient of the antenna radiation. This is the so-called sinusoidal 
(sine-wave) current approximation for wire dipole antennas. It proves to be quite 
accurate (in comparison with measurements and results obtained by numerical tech- 
niques) for thin antennas, whose radius, a, is small relative to / (a <1). In fact, 
it can be shown analytically that the exact current distribution along the dipole 
approaches that in Eq. (14.118) as a > 0 (infinitely thin dipole). Note that the 
current at the antenna input terminals, z = 0, is 


Ip =1(0) = Ly sin Bh. (14.119) 


Fiz. 14.19 shows current distributions, Eq. (14.118), normalized as /(z)//,,, for 
wire dipoles of several characteristic electrical lengths, //A, 4 being the operating 
wavelength of the antenna (for the surrounding medium), Eqs. (8.112) and (8.111). 
We see that for dipoles that are up to one wavelength long (/ < A), the current is in 
phase along the whole wire, that is, /(z) has the same reference direction, and thus 
the same phase, equal to the phase of /,,, for —h < z < h. On the other hand, /(z) 
is not all in phase on dipoles longer than a wavelength (/ > A), with the currents 
on adjacent half-wave (or shorter) sections (between the current zcros) flowing in 
opposite reference directions, i.e., being in counter-phase (phase shift of 180°), with 
respect to each other, which comes from opposite signs of the sine function on the 
two segments. 

The dipole in Fig. 14.18(a) is a special case of an arbitrary straight wire antenna 
along the z-axis, Fig. 14.4, so its magnctic vector potential, A, in the far zonc is 
given by Eq. (14.29). The vector A has only a z-component, A, which, substituting 
the current distribution from Eq. (14.118), comes out to be 


i wile h ; aS, 

A,= tne — f sin B(h — |z{) 1826S? dz. (14.120) 
as 4nr = 

To solve this intcgral in z, we first express the complex exponential function in the 

integrand via its real and imaginary parts, using Eulcr’s identity, Eq. (8.61), and 

realize that they are an cven (cosine) and odd (sinc) function, respectively, in z. 
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Since the sine function originally present in the integrand is an even function in 
z (note that it actually depends on the absolute value of z), the integrand can be 
represented as a sum of a product of two even functions, which results in an even 
function, and a product of an even and odd function, which gives an odd function. 
With symmetric integration limits, —/ and h, in Eq. (14.120), the integral of the first 
product is twice the integral from 0 to h, and the integral of the second product is 
zero, so we are left with 

A, = Ho e ir 


eye 


h 
| sin B(h — z) cos(Bz cos 6) dz, (14.121) 
Arr 0 


where the absolute value sign is removed from |z|, as z > 0. We then apply the 
trigonometric identity 2 sin aj cos a2 = sin(a@, + @2) + sin(a@; — a2) to transform the 
product of sine and cosine functions to easily integrable (sine) functions, 


ii —jpr h 
A= en {f sin[Bh — Bz(1 —cos@)] dz 
h 
+f sin[Bh — Bz(1+cos@)] dz}. (14.122) 
0 
The result of their integration is 
Iq 3° 1 1 
Vik = [cos(Bh cos 6) — cos Bh| (<3 + a) (14.123) 

which can further be simplified by 

1 1 2 2 


2 ee 14.124 
to cos 1—cos?@  sin26 ( ) 
Combining Eqs. (14.34), (14.123), (14.124), (14.119), and (14.9), the far electric 
field intensity vector, E, of the dipole antenna, with only a 6-component, is 
jn er cos(Bh cos @) —cos Bh ~ 
iF — ee ee 


E = E,6 = joA, sino 6 = — - OSG 6, = (14.125) 


and comparing this expression with Eq. (14.78), we identify the characteristic 
radiation function, F, of the dipole, 


| F(0) = cos(Bh cos 6) — cos Bh - | 
EO) = sin Bhsin@ | 
As expected, F effectively depends on fh (and not just on h isolated from the oper- 
ating frequency of the antenna), and thus on the electrical length of the dipole arm, 
h/i, rather than on its physical length alone [see Eqs. (12.73)]. 
The most important dipole in Fig. 14.18(a) is by far that for / = 1/2. This simple 
wire antenna, known as a half-wave dipole, is, in fact, one of the most widely used 
of all antenna types. The dipole arm length being h = 4/4, we have 


(14.126) 


i h 7 
— = — =2? ===. 14. 
L— 2h 5 Bh Ee 5 (14.127) 


with which the characteristic radiation function in Eq. (14.126) becomes 


(oy = SG 89) 5 (14.128 
F(@) = Ty, | zliZ8) 
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Figure 14.19 (continued) 


radiation function, arbitrary 
dipole 


radiation function, half-wave 
dipole 
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(d) 


Figure 14.20 Normalized 
wire-dipole field patterns, 
Eqs. (14.80) and (14.126), 
in an E-plane corresponding 
to several current 
distributions in Fig. 14.19, 
with //A equal to (a) 1/2, 
(b) 1, (c) 5/4, and (d) 3/2. 


directivity, +./2 dipole 


The radiation is maximum in the equatorial plane (6 = 90°), in which the antenna 
exhibits an omnidirectional radiation pattern, like in Fig. 14.12(c). The maximum 
magnitude of F(@) is unity, 


Fmax =1 for @ = 90° (= 3). (14.129) 


and this is why the constant C in the general expression for F is adopted as in 
Eq. (14.78). Namely, that choice for the numerical value of C conveniently makes 
the characteristic radiation function of one of the most common antennas in engi- 
neering practice already normalized to its maximum value, so that the normalized 
field pattern in Eq. (14.80) of a half-wave dipole is f(@) = |F(6)|. Fig. 14.20(a) shows 
the radiation pattern of the dipole in a plane ¢ = const (E-plane), which apparently 
is very similar to that in Fig. 14.12(b) for a Hertzian dipole, although it is some- 
what more directional, with a smaller half-power beamwidth of HPBW = 78° in 
comparison to that in Eq. (14.86). 

Shown in Fig. 14.20 also are normalized field patterns, computed from 
Egs. (14.80) and (14.126), for several other characteristic dipole lengths in Fig. 14.19. 
We observe a clear correspondence between the current distributions along the 
wire and far-field distributions in an E-plane. For dipoles of lengths / < 2, because 
of the phase uniformity of the antenna current along the whole wire, the radia- 
tion is strongest in a direction normal to the antenna (6 = 90°). Namely, given the 
phase approximation in Eq. (14.28), all parallel rays originating from current ele- 
ments that constitute the current distribution of an antenna (see Fig. 14.3) travel 
the same paths, and thus arrive in phase, to the far field at 6 = 90° [cos@ = 0 in 
the phase correction term in the radiation integral, Eq. (14.120)]. However, when 
! > 4, multiple radiation lobes are formed in the pattern, due to cancelation effects 
of oppositely directed (counter-phase) currents on adjacent antenna sections, sep- 
arated by the current zeros. Strong “lobing” effects, i.e., the formation of radiation 
lobes, are the principal reason for a limited practical use of wire antennas longer 
than a wavelength. On the other side, we note that all patterns, so irrespective of the 
current distribution of the antenna, have nulls along the axis of the dipole (6 = 0 or 
6 = 180°), which comes from the factor sin@ in the expression for the transverse 
projection of the vector potential, A, in Eq. (14.125). 

From Eqs. (14.53), (14.101), (14.128), and (9.23), the radiation resistance of a 
half-wave dipole situated in free space can be found via the radiated power, Prad, as 


P cos (2 cos@ 
Red = 3° = = _ EO sina da = 60 9 [” soe Eco?) aon Q, 
0 
22: 
(14.130) 


where the integral in @ in Eq. (14.101) is 27. The integral in 6 (which turns out to 
be about 1.22) cannot be evaluated analytically in a closed form, but can be trans- 
formed (through extensive mathematical manipulations) to a form that contains a 
special function [so-called cosine integral, Ci(x)], with available tabulated values 
(based on its series expansion), or can be computed numerically. We adopt here the 
latter approach, and evaluate this integral using a simple numerical-integration for- 
mula. Combining Eqs. (14.106), (14.129), (14.130), and (14.112), the directivity of 
the dipole amounts to 
| 120 


|\D= = l= 1.64 — Dap =215 0B, (14.131) 
| (EXD : "vet ea 
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i.e., it is only slightly higher than that of a Hertzian dipole, Eq. (14.113). With further 
increasing the dipole length, Figs. 14.19 and 14.20, up to about / = 5A/4, D also 
increases, and then drops sharply, due to large side lobes (broken pattern). 

As we shall see in an example, the high-frequency ohmic resistance (Rohmic), 
Eq. (14.61), of a half-wave metallic (non-PEC) dipole is typically very small rel- 
ative to R,aq in Eq. (14.130), which leads to a practically ideal antenna radiation 
efficiency, Eq. (14.65), of nraq © 100% (the same is true for dipoles longer than 
1/2). Neglecting Ronmic in Eq. (14.64), the real part of the antenna input impedance 
(Za), Eq. (14.63) and Fig. 14.10, of a half-wave dipole reduces to Ra = Ryaa, and 
the antenna gain equals directivity, G = D, Eq. (14.111).? The imaginary (reactive) 
part (X,) of the impedance, which takes into account the reactive power stored 
in the near field around the dipole, Eq. (14.66), is nonzero for / = 41/2. Employing 
a quite complicated analytical technique based on Poynting’s theorem in complex 
form, Eq. (8.196), the calculated impedance of an infinitely thin half-wave dipole is 


So, Xa is inductive, and not very large in magnitude. Overall, this input impedance 
is very attractive for many applications. 


Example 14.14 Superposition of Traveling Current Waves on a Dipole Antenna _ 


Show that the current distribution along a symmetrical wire dipole antenna with an arbitrary 
length (/), in Fig. 14.18(a), can be represented as a superposition of two oppositely directed 
traveling waves. 


(14.132) 


Solution Let us first consider the upper half of the dipole [Fig. 14.18(a)], where z > 0 and 
|z| = z, so that, using the first identity in Eqs. (10.7) and a new coordinate z’ to shift the 
coordinate origin to the wire end, as shown in Fig. 14.21, the expression for the complex rms 
current intensity in Eq. (14.118) along this dipole arm can be transformed to 


I(2') = In Sin B(A — 2) = Iq Sin Bz! = 2 eWH6e! — Em i6e 
2 2j 
We see that the first term in the resulting current expression is a current wave traveling from 
the feed point outward along the wire to the location z’ = 0, where it bounces back off the 
open wire end, creating a reflected current wave, the second term, which propagates toward 
the antenna feed. We also note the analogy with expressions for forward and backward trav- 
eling current waves on a transmission line, in Eq. (12.11). Given the minus sign in the second 
term in Eq. (14.133), we realize that the pertinent reflection coefficient is f = —1, and this 
ensures a zero current at the end (for z’ = 0). Note that such I, being the current reflection 
coefficient (I gor currents)» Eq. (12.28), at an open circuit, is opposite to the customary value of 
positive unity for the voltage coefficient on an open-circuited transmission line, Eq. (12.113). 
Similarly, with a coordinate transformation defined by z” = ~—z — h, the current J(z”) on 
the other half of the dipole, where z < 0 and |z| = —z, can be written, from Eq. (14.118), in 
the same way as in Eq. (14.133) with z’ now replaced by z”. As the z-axis in Fig. 14.21 is 
directed in the negative z direction, this again is a sum of an incident current wave (term 
proportional to e~42") progressing from the generator outward to the end of the antenna at 
z= —horz” = Oand reflected wave (characterized by e!6"), traveling back. 
Finally, we recall the case of a traveling-wave wire antenna, in Fig. 14.8, where only an 
incident current wave exists on the structure, given by Eq. (14.41). Reflection at the wire end 
is prevented by a matched load, Eq. (12.115). 


(’=z—h). (14.133) 


°In what follows, we shall always assume that Rohmic ¥ 0 in the analysis of antennas, except for 
electrically small antennas or when we explicitly indicate otherwise. 
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Representation of the 
current distribution along 
each of the arms of a 

wire dipole antenna in 

Fig. 14.18(a) as a 
superposition of an incident 
current wave traveling 
outward from the feed point 
to the respective antenna 
end and reflected wave 
bouncing back off the end; 
for Example 14.14. 
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onmic resistance, +. 


2 dipole 


Example 14.15 Short-Dipole Current/Field from Expressions for Arbitrary Dipole 


Show that for /<A both the current distribution and far electromagnetic field of the 
(arbitrary) dipole antenna in Fig. 14.18(a) reduce to those of the (short) dipole in 
Fig. 14.6(a). 


Solution We start with the expression for the sinusoidal current distribution, /(z), in 
Eq. (14.118), along an arbitrary wire dipole, Fig. 14.18(a), with the antenna feed current, 
I), incorporated from Eq. (14.119). If / «A, then A = //2 « i as well, and, having in mind 
Eq. (8.111), both Bh = 27h/d and B(h — |z|) (—h < z < h) are very small. Hence, given that 
sinx © x when x < 1, the current distribution approximately becomes 


sin B(h — |z|) (h — |z]) |z| 
1(z) = (0 aren a, fain am Bh ag (1 = a). (14.134) 
‘ee pe 
arbitrary dipole short dipole 


and this exactly is /(z) in Eq. (14.35), namely, the triangular current along an electrically short 
dipole, in Fig. 14.6(a). 

Similarly, since cos x © 1 — x?/2 when x < 1, the characteristic radiation function, F(@), 
of an arbitrary dipole antenna, Eq. (14.126), reduces, for / « A, to 


] ] 
F(6) = cos(Bh cos 6) — cos Bh ne 1 — 3 (Bhcos6)? — [1 = 5 (Bh)? j 
ial % sin Bi sin é ~ Bhsin@ 


arbitrary dipole 


hice , 
= ee =F sin, (14.135) 


ee ee 
short dipole 


1.e., to the expression in Eq. (14.87), for a (nonloaded) short dipole. Finally, the reduction to 
a short-dipole expression automatically translates from Eq. (14.135) to the far electric and 
magnetic field vectors, E and H, of a dipole, since thcy can be directly expressed in terms of 
F, using Eqs. (14.78) and (14.23). 


Se emt Ohmic Resistance and Radiation Efficiency of a Half-Wave Dipole 


A radio wire dipole antenna of length / = 1.5 m and radius a = 4 mm operates at a frequency 
of f = 100 MHz in free space. The antenna is made out of aluminum, with conductivity 
oa, = 35 MS/m. Find (a) the ohmic resistance and (b) the radiation efficiency of the antenna. 


Solution Since, by means of Eq. (9.67), the wavelength at the operating frequency of the 
antenna, for frec space, is A = Ay = co/f = 3 m, we have / = 4/2, so this is a half-wave dipole. 
In addition, as the dipole length to radius ratio is rather large, //a = 375, we can employ the 
sinusoidal current approximation for the dipole, in Eq. (14.118). 


(a) For the dipole arm of h =//2 =i/4, a combination of Eqs. (14.118), (14.119), and 
(14.127) gives the following cxpression for the antenna current, for —h < z </h: 


att es 
sinf— lel) = yg n (% ~Blel) = Incos Bz = fy cos (=z). (14.136) 


L(2) = to sin Bh 


Of course, this agrces with the cosine current diagram in Fig. 14.19(a). From Eqs. (14.61), 
(14.59), and (14.136), the high-frequency ohmic resistances of the dipole is 


‘ 2 ' 2 Pe rf 
Powe ff RUC ran [ cos (+ z) dz = R= R's 


— : —_ i 


K 
= Rs 


(14.187) 


Section 14.9 


where the integral in z, equaling h/2, is computed as in Eq. (6.95) or (13.86). Using 
Egs. (10.78) and (14.60), we obtain, for the aluminum wire, 


R 
ee Sa semisqure —> R= @ P48 Z013409/m (14.138) 
OA) 27a 


(4a) = oo), Which then results in Ronmic = 0.1 Q. 

(b) The radiation resistance of a 1/2 dipole in free space being Rraq = 73 2, Eq. (14.130), its 
radiation efficiency, Eq. (14.65), comes out to be as high as mraq = Rraq/(Rrad + Rohmic) = 
99.86%. Hence, we can readily assume 7j;aq = 100% for the dipole, and treat it as if it 
were a PEC one. This, in turn, means that its gain, by way of Eqs. (14.111) and (14.131), 


practically equals G = D = 1.64 or 2.15 dB. 


Problems: 14.27-14.30; Conceptual Questions (on Companion Website): 
14.30-14.35; MATLAB Exercises (on Companion Website). 


14.9 IMAGE THEORY FOR ANTENNAS ABOVE A PERFECTLY 


CONDUCTING GROUND PLANE 


Often, we need to analyze antennas in the presence of conducting ground planes. 
Such a plane can be an approximation of the earth’s surface, of a metallic plate 
(that may be isolated or a part of a larger structure, like an aircraft or an automo- 
bile) to which the antenna is attached (ground plate) or placed in parallel (reflector 
plate), or of a large conducting object (e.g., device housing) in the vicinity of the 
antenna. In many situations, the ground conductor can be assumed to be perfectly 
flat, of infinite extent, and perfectly conducting (PEC), so that the analysis model 
with a PEC ground plane suffices. This section presents image theory, analogous to 
techniques in Sections 1.21, 3.13, and 5.7, for the analysis of antennas above a PEC 
plane. Since an arbitrary antenna can be represented as a superposition of Hertzian 
dipoles, Fig. 14.3, image theory for a single Hertzian dipole with an arbitrary ori- 
entation with respect to the plane, as in Fig. 14.22(a), can be readily generalized to 
radiators with arbitrary current distributions. 

As a consequence of the electromagnetic field of the dipole, surface currents 
and charges are induced in the PEC plane, so that the total electromagnetic field 
in the upper half-space, which we would like to find, is the sum of the dipole field 
and the electromagnetic field due to the induced sources. This latter field can be 
indirectly computed in a simple manner — by image theory, as the field due to an 
image of the antenna in Fig. 14.22(a). In the equivalent system, the PEC plane is 
removed, and the lower half-space is filled with the ambient medium of the orig- 
inal system (most frequently, air), so that the two antennas, the actual one in the 
upper and virtual in the lower half-space, radiate in an unbounded, homogeneous 
medium. Applying the image theory for charges in Fig. 1.47 to dipole charges Q and 
—Q in Fig. 14.22(a), we obtain an equivalent system composed of charges -O and 
Q,1 respectively, shown in Fig. 14.22(b). The current J and charge Q (and — —Q) of 
the original antenna (dipole) in Fig. 14.22(a) are related by the continuity equation 
in Eq. (14.3), and the same relationship must hold for the current and charge of 
the image antenna. This means that the image antenna must be a Hertzian dipole 
as well, which fully and uniquely determines the magnitude and orientation of the 
image current in Fig. 14.22(b). Geometrically, the virtual dipole is the mirror image 
of the original in the (once PEC) symmetry plane. Electrically, it is a negative image 
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Figure 14.22 Image theory 
for antennas (or high- 
frequency current and 
charge) above a perfectly 
conducting ground plane: 
(a) an oblique Hertzian 
dipole as a constituting 
element of an arbitrary 
antenna above the ground 
and (b) equivalent system 
with the PEC plane replaced 
by a negative image of the 
primary current and charge 
configuration. 
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(b) 


Figure 14.23 Image theory 
for three characteristic 
current elements above a 
PEC ground: (a) original 
system with the PEC 
interface and (b) equivalent 
system with actual and 
image elements radiating 
in an unbounded, 
homogeneous medium 
(e.g., free space). 


of the charge and current of the actual antenna. In specific, the image of the charge 
Q is —Q and vice versa, whereas the image of the current / with reference direc- 
tion away from the symmetry plane is the current of the same complex intensity 
flowing toward the plane, that is, the direction of the current image is opposite 
to the reflection in the symmetry plane of the direction of the primary current. 
Fig. 14.23 illustrates the images of three characteristic current elements above a 
PEC plane. 


Example 14.17 Proof of Image Theory for a Vertical Hertzian Dipole 


Using the field expressions for a Hertzian dipole in Eqs. (14.8) and (14.10), show that a 
vertical dipole and its image obtained according to the image theory in Fig. 14.23 together 
yield a zero tangential electric field intensity vector and zero normal magnetic field intensity 
vector in the symmetry plane between the two dipoles. 


Solution Inspecting the electric field expression in Eq. (14.8), we realize that the radial 
component of the vector E can be written as E, =f, (r)cos@, and 6-component as E, = 
f,(r)sin@. Then we refer to Fig. 14.24, where, for the original dipole (antenna 1) and its 
image (antenna 2), 7; = r2 and 6; = 180° — 62, soit turns out that E,, = —E, and Ey; = Ego, 
as COs 6; = — COs @ and sin 6, = sin 4, respectively. Consequently, the vector sums E,, + E,» 
and E,, + Ey. (Fig. 14.24) are both vertical (perpendicular to the symmetry plane), which 
proves that the tangential component of the total electric field vector, due to both dipoles 
acting together, is zero in this plane. 

On the other side, given that the dipole magnetic field vector, in Eq. (14.10), has only a 
¢-component, vectors H, and H, due to the two dipoles in Fig. 14.24 are entirely horizontal, 
i.e., tangential to the symmetry plane. In other words, both H, and Hb, as well as the total 
field H, have no normal component in the plane. 

We note that this elaboration can be considered as a proof of the image theory 
(Fig. 14.22) for a vertical Hertzian dipole above a PEC plane. Namely, the fact that E,,,. = 0 
and B,o;m = 0 in the symmetry plane in Fig. 14.22(b) means that we can metalize that plane, 
i.e., insert a PEC foil in it, and nothing will change, because the boundary conditions in 
Egs. (8.33) will be automatically satisfied at the foil. We thus obtain the original system 
in Fig. 14.22(a), which proves (for a vertical dipole) that, as far as the electromagnetic field in 
the upper half-space is concerned, systems in Fig. 14.22(a) and Fig. 14.22(b) are equivalent. 
Since the full field expressions, in Eqs. (14.8) and (14.10), are employed, the dipole can be at 
any distance from the plane. A proof for a horizontal dipole can be performed in a similar 
fashion. 


Figure 14.24 Proof of the 
image theory in Fig. 14.22 fora 
vertical Hertzian dipole above a 
PEC plane using the dipole field 
expressions in Eqs. (14.8) and 
(14.10); for Example 14.17. 
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Figure 14.25 Horizontal 
half-wave dipole antenna 
above a PEC plane: field 
computation at a far-field point 
(P) along the dipole axis - by 
either tracking the reflected 
wave from the ground or 


Io employing the image theory; 


image for Example 14.18. 


Seite) me mtsmm Reflected Wave of a Horizontal Dipole above a Ground Plane 


A horizontal half-wave wire dipole antenna is placed at a height h = 500 m above a PEC 
ground plane, in free space, the rms intensity of its feed current is J) = 1 A, and the operating 
wavelength is A= 10m. Find the rms intensity of the electric field at a point (P) that is 
r = 1 km distant from the dipole center along its axis, Fig. 14.25. 


Solution We first note that r >> A, so the point P in Fig. 14.25 is in the far zone of the 
antenna. If there were no ground plane, the field at this point would be zero, as the dipole 
exhibits no radiation in the directions of the wire axis (see Fig. 14.20). Consequently, our task 
reduces to computing the field of the reflected electromagnetic wave, caused by the presence 
of the plane. As shown in Fig. 14.25, this wave (viewed as a ray) is launched by the dipole 
antenna at an angle 6 with respect to the dipole axis, and is reflected from the ground (at a 
point R) such that the total electric field intensity vector, which equals the sum of the incident 
and reflected vectors, E,,, = E; + E,, has no tangential component on the PEC surface, 


(E\+ Ex)iang = 0- (14.139) 


In other words, the tangential component of the field vector E; reverses its phase (acquires 
a 180° phase shift) at reflection, which results in the change of direction (polarization) of 
the vector indicated in Fig. 14.25.!° Denoting by d the total distance traveled by the wave 
(ray) from the point O to P, which equals twice the distance (d,) from O to R, and using 
Eqs. (14.78) and (14.128), the magnitude of the electric field vector E at the receive point is 
given by 


cos (F cos 6) 


nlo ~ 
= =a F(@), where F(@)= 


[lo = ols n = no = 377 Q, Eq. (9.23)]. From Fig. 14.25, 


(14.140) 


sin @ 


2 
d=2d, =2 (5) +h? = JP 44h = 1.414 km, 9 = arctan =45°, (14.141) 


and hence |E| = 26.65 mV/m. 


10Note that this is the case of reflection at a PEC plane of an obliquely incident uniform plane wave with 
parallel polarization, in Fig. 10.13(b). 
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Figure 14.26 Field 
equivalency in the upper 
half-space of an arbitrary 
monopole antenna fed 
against a PEC plane (a) and 
the symmetrical dipole 

in an unbounded medium 
obtained by image 

theory (b). 
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Alternatively, E can be obtained by means of the image theory, Fig. 14.23, as the field 
due to the negative image of the horizontal dipole in Fig. 14.25. The image antenna launches 
a wave toward the point P at an angle 180° — 6 measured from the local z-axis along the 
dipole directed as the reference current flow. Since, for the characteristic radiation function 


of a half-wave dipole, in Eqs. (14.140), 
F(180° — 0) = F(@), (14.142) 


and the straight distance traveled by the wave from the image to the receive point is exactly 
that, d, in Eq. (14.141), we obtain the same result for |E| as in Eqs. (14.140). 


Problems: 14.31-14.33; Conceptual Questions (on Companion Website): 14.36 and 
14.37; MATLAB Exercises (on Companion Website). 


14.10 MONOPOLE ANTENNAS 


Perhaps the most important application of the image theory in Figs. 14.22 and 
14.23 is to analyze so-called monopole antennas, 1.e., antennas attached to a PEC 
ground plane and fed against it, as illustrated in Fig. 14.26(a). By image theory, the 
monopole is transformed to the equivalent dipole, in Fig. 14.26(b), with the current 
on the lower half of the dipole being the negative image of the current on its upper 
half, or of the current on the monopole, and the same electromagnetic field, includ- 
ing near and far field, in the upper half-space (e.g., air) in the two systems. Of course, 
the analysis of the dipole antenna is normally a much simpler task than the analysis 
of the antenna composed of the monopole and the ground plane. 

From the equality of the far electric field vectors and input currents (/)) of the 
two antennas, monopole and equivalent dipole, we obtain that they have the same 
characteristic radiation function (F), Eq. (14.78), 


[Engraea = Egipole oom F nonopole = Faipole (Lo = const), (14.143) 


and this is also true for the time-average Poynting vector (Pave), Eq. (14.26), 
and radiation intensity (U), Eq. (14.96), of the antennas. The time-average radi- 
ated power (Praq) of the monopole antenna, with the integration in Eq. (14.97) 
or (14.101) only over the upper hemisphere in Fig. 14.26(a), that is, only down to 
9 = 2/2 in the latitudinal direction, is a half that of the corresponding dipole, 


— 


| | l el r 
(Prad) monopole = i U(O, 6) dQ = 7 f U(0, 6) dQ = 7 (Prad)dipole- 


Shemisphere 
= (14.144) 
This directly translates, using Eq. (14.53), to radiation resistances, 
1 
(Rrad) monopole = (Rrad )dipole- (14.1459 
Z 


In addition, since the ohmic losses in the antenna body in Fig. 14.26(a) amount 
to a half the losses in Fig. 14.26(b),!! we have the same relationship also for the 
ohmic resistances (Rohmic). Eq. (14.61), in the two cases. Finally, the near-field 


'lHere, we neglect losses in the ground planc, in Fig. 14.26(a), which is assumed to be perfectly 
conducting. 
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zone, with the antenna reactive power, is only in the upper half-space for the 
monopole, so that its input reactance (Xq), Eq. (14.66), is a half the value for 
the dipole, which, combined with the results for the antenna resistances, gives that 
the complex input impedances (Z,), Eqs. (14.63) and (14.64), of the two antennas 
are related in the same way. This can also be obtained directly from the defini- 
tion of the input impedance in Eq. (14.63) and Fig. 14.10, as the complex voltage 
(V,) to current ratio at antenna input terminals. Namely, observing the excitation 
of each of the antennas in Fig. 14.26, we realize that (V,) monopole Vie ay 
and (V ,)dipole = Vy — (—Vp) = 2Vp, where Vo is the electric potential with respect 
to the ground (or symmetry) plane, which is at potential zero, of the upper terminal 
of the antennas [note the analogy with capacitance computation in Eq. (2.146)], and 
hence 
V ay ye 
(Z.4 monopole = Sines = os = ; (Za )dipole- (14.146) 
20 =0 

Combining Eqs. (14.106), (14.143), and (14.145), the directivity (D) of the monopole 
is twice that of the equivalent dipole, 


2 2 
1 Ei _ UI [Fiat 


ee 1k a, De os (14.147) 
m(Rrad)monopole 5 (Rrad) dipole aia 


D monopole = 


which is also obvious from Eqs. (14.106) and (14.144), and the same relationship 
holds for the antenna gain (G), Eq. (14.110). 

The most frequently used monopole antenna is a quarter-wave vertical wire 
monopole, which is an upper half of a half-wave dipole, Fig. 14.18(a) for / = 4/2, 
positioned perpendicularly against a horizontal ground plane (the length of the 
monopole is h = 4/4), as shown in Fig. 14.27(a). The current intensity along the 
wire, I(z), is a quarter of a sine wave, i.e., the upper half (for 0 < z <A) of the cur- 
rent distribution in Fig. 14.19(a). Using Eqs. (14.145), (14.130), (14.147), (14.112), 
and (14.131), we obtain the following values for the radiation resistance and dB 
directivity of the 4/4 monopole: 


Riad = ; x 732=36.52, Dgp =2.15dB+3dB=5.15dB.| (14.148) 


Note that the most common excitation of a vertical wire monopole [or an arbitrary 
monopole in Fig. 14.26(a)] in cases when the ground is a metallic plate (modeled 
here as a PEC plane) is by a coaxial cable. In such realizations, the monopole is 
an extension of the inner conductor of the cable, whose outer conductor is con- 
nected to the plate from the other side, as indicated in Fig. 14.27(b) [see also 
Fig. 13.11(a)]. 


Se cme meme Short Monopole Antenna 


An electrically short (nonloaded) aluminum (0 = 35 MS/m and pu = po) wire monopole 
antenna of length h = 10cm and radius a=3 mm is attached to a PEC ground plane 
and fed against it by a time-harmonic current of rms intensity J) = 0.5 A and frequency 
f =10 MHz. The monopole is perpendicular to the plane and the medium is air. Find the 
current distribution, characteristic radiation function, E- and H-plane radiation patterns, 
input impedance, radiation efficiency, directivity, and gain of the antenna. 


Solution The current distribution of the short (4/A9 = 0.0033 < 1) monopole is a linear 
function of the coordinate z representing the upper half of the triangular function /(z) in 


coaxial 
cable 


(b) 


Figure 14.27 Vertical wire 
monopole antennas: (a) 
current distribution on a 
quarter-wave monopole and 
(b) excitation of a monopole 
antenna by a coaxial cable. 


quarter-wave wire monopole 
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Figure 14.28 Analysis 

of a short wire monopole 
antenna attached to a PEC 
plane: (a) antenna current 
distribution and (b) 
normalized E-plane 
radiation pattern; for 


Fig. 14.6(a), so it is given by Eq. (14.35) for 0 < z < A and shown in Fig. 14.28(a), where a zero 
initial phase for the feed current is assumed. From Eqs. (14.143) and (14.87), the characteristic 
radiation function of the antenna is 


} n ] x ; 
F(@) = ia sind8=7 = sind8=0.0105sin6@ (0 <6 < 90°). 


0 


(14.149) 


The resulting normalized field polar radiation pattern in a plane ¢ = const (E-plane) con- 
stitutes the upper half of the pattern in Fig. 14.12(b), and hence the two semicircles (see 
also Example 14.10) — in Fig. 14.28(b), while the pattern in the plane @ = 90° (H-plane) is 
omnidirectional, as in Fig. 14.12(c). 

Combining Eqs. (14.145), (14.146), (14.68), (14.69), and (14.77), the radiation resistance, 
ohmic resistance, and input reactance of the antenna in Fig. 14.28 are as follows (see also 
computations in Example 14.7): 


Rraa = 10 (Bh)? 2 = 4.4 mQ, 


1 120 2h 
AA l-<aa (in 2a 


1 
aa 3 «67a 


R’'(2h) _ Rh _ Rh 


Rohmic = = 2 ma 


30 h 
-1)Q)=- In——1} Q=—-7.184kQ, ; 
) | sa (Is ) 7.18 (14.150) 
and its complex input impedance, Eqs. (14.63) and (14.64), and radiation efficiency, 
Egs. (14.65), amount to Za = (0.0064 — j7,184) 2 and maq = 68.75%, respectively. Note 
that, having in mind Eqs. (14.145) and (14.146), naq of a monopole, in general. equals that 


of the equivalent dipole. The directivity of the short dipole being D = 1.5 (see Example 
14.11), D =3 or 4.76 dB, from Eq. (14.147), for the monopole. Finally, the antenna gain, 
Eq. (14.111), comes out to be G = 2.063 (3.14 dB). 


Example 14.19. 


Example 14.20 ‘Radiation of a Quarter-Wave Monopole in the Presence of 


lonosphere 


A quarter-wave vertical wire monopole antenna is fed at its base against the earth’s surface 
by a time-harmonic current of frequency f = 8 MHz. The input power of the antenna 
is Pi, = 1kW. Both the earth and ionosphere can be considered as PEC planes, and 
the perpendicular distance between them, the so-called virtual height of the ionosphere 
(symbolized by /i,), is Ay = 100 km, as shown in Fig. 14.29(a). Find the rms electric field 
intensity of (a) the surface wave and (b) the resultant ionospheric wave at a receive point on 
the ground at a distance r = 500 km from the antenna. 


At 


Figure 14.29 Radiation of a 
quarter-wave vertical monopole 
antenna at the earth’s surface 

in the presence of ionosphere: 

(a) approximation of both the 

earth and ionosphere by PEC 

planes, separated by a distance 

equal to the virtual height of 

the ionosphere (/1,), and (b) Px 
evaluation of far fields due to a 

the surface wave and the O 4 P ] 
resultant ionospheric wave 

using image theory; for 

Example 14.20. (a) 


hy 


at a 


ionospheric 
hy hy 


surface wave 
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Solution 


(a) Eq. (9.67) tells us that the operating wavelength of the transmitting antenna (for free 
space) equals A = Ap = co/f = 37.5 m, so r/A = 13,333.3 > 1, that is, the field point (P) 
in Fig. 14.29(a) is in the far zone of the antenna (note that the length of the monopole is 
h = 2/4 = 9.375 m). From Egs. (14.64), (14.53), and (14.148), assuming that the losses in 
the monopole are negligible, the rms intensity of its feed current is 


P P; 
Io = ol =f et = | =5.23A (Read = 36.5 Q). 
Rrad Rrad 


| By image theory, the quarter-wave monopole is transformed to a half-wave dipole 
| 


(14.151) feed current of a lossless 
antenna 


(of length / = 2h = 4/2), leading to the equivalent system in Fig. 14.29(b). The surface 
wave travels a straight distance r directly from the dipole to the receive point, in the 
direction perpendicular to the dipole. Therefore, using Eq. (14.78), the rms intensity of 
the electric field vector of this wave at the point P is 


I 
IEsurel = = 2 (90°) = = == = 0.63 mV/m, (14.152) surface wave 


where 7 = np = 377 2, Eq. (9.23), and the magnitude of the characteristic radiation 
function of a half-wave dipole, F(@), is given in Eqs. (14.140). 

(b) The wave that, launched by the dipole at an oblique angle, 6, with respect to the dipole 
axis, 1s reflected from the ionosphere at this same angle, Fig. 14.29(b), in the same way 
as the reflection from the ground plane in Fig. 14.25 occurs, travels a substantially longer 
path than the surface wave. It can as well be analyzed by another application of the 
image theory, now to replace. the ionospheric PEC plane by an image of the radiating 
dipole antenna (at the ground level), which is introduced at the height 2h, with respect 
to the ground. The total path traveled, d, then equals the hypotenuse of the right-angled 
triangle AAOP, and, having also in mind Eq. (14.142), the rms electric field intensity of 
the ionospheric wave at the - P comes out to be 


no 
ie — = 2 FO! )=0.52mV/m, d=,/r44h2 = 538.5 km, 


9 = arctan 5 = 6828 e = 180° = a) (14.153) 


v 


However, upon arrival to the ground, this wave bounces off it, such that the electric field 
vector of the resultant (incident plus reflected) ionospheric wave is entirely normal to 
the PEC surface [see Eq. (14.139)], and its magnitude is [Fig. 14.29(b)] 


|E; = 2|E.,,,| sind = 0.966 mV/m. (14.154) resultant ionospheric wave 


jono = iono 


Note that the two PEC planes in Fig. 14.29(a) constitute a parallel-plate waveguide, 
| with plate separation equal to the virtual height of the ionosphere, through which the 
i ionospheric wave can propagate to extremely long distances — by bouncing back and 

forth between the plates, with incidence at the angle 6, in Fig. 14.29(b), for both iono- 

spheric and ground reflections. Note also that, in addition to the single-reflection ray 

path in Fig. 14.29, with the wave bouncing once off the ionosphere, multiple-reflection 
| zigzag paths between points O and P may be possible as well, like in Fig. 13.2, the total 
1 lengths of these paths being larger and larger and the received field intensities lower and 
lower as compared to the field in Eq. (14.154). Note finally that the analysis of iono- 
| spheric waves that bounce more than once off each of the PEC planes in Fig. 14.29(a), 
within the same horizontal distance r, can be performed by additional applications of the 
image theory for both planes. 


Problems: 14.34 and 14.35; Conceptual Questions (on Companion Website): 
} 14.38-14.41: MATLAB Exercises (on Companion Website). 
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Figure 14.30 Magnetic 


dipole (small loop) antenna. 


magnetic moment of a small 
loop antenna 


magnetic potential of a 
magnetic dipole antenna 


14.11 MAGNETIC DIPOLE (SMALL LOOP) ANTENNA 


As another basic antenna type, of both theoretical and practical importance, con- 
sider a small wire loop antenna of arbitrary shape and surface area S, Fig. 14.30. 
The total length of the wire, /, is electrically small, i.e., small relative to the operating 
wavelength, A, of the antenna (for the ambient medium), Eqs. (8.112) and (8.111). In 
practice, this qualification is usually expressed as/ < 0.14. Because of the small elec- 
trical size, the complex rms current intensity of the antenna, /, is constant (uniform) 
along the loop, and given in Eq. (14.1). In fact, the loop represents a high-frequency 
generalization of the magnetic dipole with a steady current in Fig. 4.30, and hence 
we refer to it as a magnetic dipole antenna, and base its analysis on the derivation 
and results from Section 4.11. 
The magnetic moment of the loop, Eq. (4.134), is now complex, 


'm=IS = 182=mi, | (14.155) 


with § standing for the loop surface area vector, which is along the z-axis of a 
spherical coordinate system, in Fig. 14.30. Let the observation (field) point (P) be 
defined by (r, 6, #) in this system. With no loss of generality, we assume a rectan- 
gular shape of the loop, as in Fig. 4.30 (as we shall see, the shape is irrelevant, as 
long as the loop is small). The loop side lengths, a and b, being electrically small, the 
current along each side is constituted by a single current element (Hertzian dipole, 
Fig. 14.1, without charge terminations), and the associated magnetic vector poten- 
tial can be computed using Eq. (14.4). Of course, the restriction r > a, b applies, as 
in both Figs. 14.1 and 4.30. Therefore, combining Eqs. (4.135) and (14.4), and then 
using practically identical approximations and transformations as in Eq. (14.6), the 
dynamic magnetic potential due to the pair of parallel current elements of length a 
in Fig. 4.30 is 


my pla eJbn e7jbr2 = pla d(eJ8R 7/R) ( b r) 
so SA ry r J 4m dk AR 
R=r AR 
#1 + jpn en iPr 
__ lat fC + Br) “iPr (14.156) 


An r2 
with AR = r2 —r, ~ d- fF (d = —b), as in Eq. (4.136). We see that this potential dif- 
fers from that in Eq. (4.136) for the high-frequency factor (1 + jr) e~!"/r?, and the 
same is true for the contribution by the other pair of current elements, as well as for 
the total potential due to the loop antenna in Fig. 14.30, which, from Eq. (4.141), 
thus amounts to 


es yumsin (1 + jBr) eI" P Be ks 
= Amr? 


j4Bm sin 0 eJPr ss 
ju psin 0 e = Ay 


4rr 


for r>A, (14.157) 


where the second expression pertains to the far zone of the antenna. Indeed, A does 
not depend on the shape of the loop, and not even on its surface area or current 
intensity separately, but on their product, the magnetic moment of the dipole, in 
Eq. (14.155). 

The far electromagnetic field in Fig. 14.30 is evaluated from the far-zone A 
of the loop carrying out the general steps in the radiation analysis of an arbitrary 
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antenna, Eqs. (14.25), which give 


(14.158) — far field of a small loop 
antenna 


where the use is also made of the first relationship in Eqs. (14.9). Comparing these 
field expressions with the far-field expressions in Eqs. (14.17) for a Hertzian dipole, 
Fig. 14.1, we realize that they are almost the same, the difference being only in 
the multiplicative constants, but with the roles of E and H reversed. Based on 
such a reversed equivalency, where E and H of an electric source become H and 
—E, respectively, of a magnetic source, we say that a Hertzian dipole and small 
loop antenna, i.e., dynamic electric and magnetic dipoles, are dual electromagnetic 
sources, that is, duals of each other. In electromagnetic theory, this is referred to as 
the general duality principle for electromagnetic fields due to electric and magnetic 
sources. Note that a similar duality applies for static dipoles as well [see Eqs. (1.117) 
and (4.142) and Fig. 4.31(a) and Fig. 4.31(b)]. 

Electrically small loops (magnetic dipoles) are extensively used as receiv- 
ing antennas” in a multitude of applications, including AM, short-wave, and FM 
(see Table 9.1) broadcast receivers, pagers, direction-finding receivers, and radio 
navigation systems. They also find wide application as magnetic probes for field 
measurements and for excitation or reception of wave modes in waveguides and 
cavity resonators (see Fig. 13.11). In addition, the concept of a dynamic mag- 
netic dipole can effectively be employed in electromagnetic interference (EMI) 
evaluations. Namely, in terms of electromagnetic disturbances it produces, practi- 
cally every electrical or electronic device whose dimensions are smaller than the 
wavelength of the highest relevant component in the frequency spectrum of the dis- 
turbance can be approximated by a combination of a single equivalent Hertzian 
dipole and single equivalent magnetic dipole antenna. Finally, a special theoretical 
arrangement of the two dipoles, dynamic electric and magnetic dipoles, termed a 
Huygens radiator (or source) is the basis for the analysis of aperture antennas, such 
as slot antennas, Fig. 13.13, open-ended waveguide antennas, Fig. 13.14(a), and horn 
antennas, Fig. 13.14(b). 


Example 14.21 Radiation Function and Resistance of a Small Loop Antenna 


(a) Find the expression for the characteristic radiation function of a magnetic dipole (small 
loop) antenna, in Fig. 14.30. (b) What is the directivity of the antenna? (c) Discuss the radia- 
tion pattern of the antenna and its far-field duality with a Hertzian dipole. (d) Determine the 
radiation resistance of the magnetic dipole. 


Solution 


(a)-(c) From Eqs. (14.158) and (14.78), the characteristic radiation function of the magnetic 


dipole comes out to be 
16° Same : a ; 
F(@) = merc sinOd [f(@) =sin8]. (14.159) — small loop, radiation function 


2-The first small loop antenna is constructed and used (in experiments) as a receiver by Hertz in 1887. 
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small loop, radiation 
resistance 


(b) 


Figure 14.31 Duality in the 
far field (normalized field 
pattern and polarization 

in a plane ¢ = const) of an 
electric (Hertzian) dipole (a) 
and magnetic (small loop) 
dipole (b), in Figs. 14.1 and 
14.30, respectively; for 
Example 14.21. 


Of course. the normalized field pattern (f). Eq. (14.80), is the same as for a Hertzian 
dipole, Eq. (14.81), and thus, by virtue of Eq. (14.107), it has the same directivity, D = 1.5, 
as in Eq. (14.113). However, the two dipoles have mutually orthogonal polarizations: the 
far electric field vector of the magnetic dipole has only a ¢-component. while the far mag- 
netic field vector is 6-directed, which is just opposite to the situation in Fig. 14.2 for the 
electric dipole. The far-field duality of the two antennas is illustrated in Fig. 14.31, where 
we present in parallel their polar normalized patterns, along with the field polarizations, 
in a plane ¢ = const, which is an £-plane for the electric dipole [see also Fig. 14.12(b)]. 
while an H-plane for the magnetic dipole. 

(d) On the other hand, the radiation resistance of a magnetic dipole antenna is quite differ- 
ent from its electric dual, because of different multiplicative constants in expressions for 
the characteristic radiation function for the two antennas. As the antenna radiated power 
in Eq. (14.101) is proportional to an integral over the full solid angle of the magnitude 
of the radiation function squared, |F|?, and given that |F| of the magnetic dipole can be 
obtained from |F| of the electric dipole by replacing f/ with 87S, we accordingly replace 


(Bl)? in Eq. (14.55) by (B2s)° to get Ryag of the loop in free space, 


2 Se 
as Z ae, 
| Bra = 20(8?5) a= (5) 2. (14.160) 


Since S < A?, this is a very small resistance. 


Problems: 14.36-14.38: Conceptual Questions (on Companion Website): 
14.42-14.44: MATLAB Exercises (on Companion Website). 


14.12 THEORY OF RECEIVING ANTENNAS 


So far, we have studied antennas in the transmitting mode of operation, i.e.. when 
they radiate electromagnetic waves. Although the antenna operation in the receiv- 
ing mode Is just opposite, namely, an antenna Is used to capture the power from an 
incident electromagnetic wave, and deliver it to a terminating device (load), both 
circuit (impedance) and directional properties of a receiving antenna are directly 
related to its properties when transmitting. In this section, we derive these relation- 
ships, and build a general theory of receiving antennas, which quantifies how good 
a receivcr a given antenna is, that is, how capable it is to receive the power from 
an incoming wave for a certain direction of incidence and wave polarization, and to 
pass it to the load. 

Consider an arbitrary receiving antenna illuminated by a uniform plane time- 
harmonic wave, of angular frequency w, in a homogeneous and lossless medium, 
of permittivity « and permeability « (o = 0). With reference to Fig. 14.32(a), the 
propagation unit vector of thc wave. n, is directed toward the global coordinate 
origin, O, which is on or close to the antenna. As in Eq. (9.69), the complex rms 
electric field intensity vector of the wave at an arbitrary point defined by the position 
vector r with respect to the origin, is 


E,(r) = Ey e746" 8, (14.161) 


where Ep = E,(0) (the field vector at the origin), and £ is the phase coefficient 
of the wave, Eq. (8.111). This wave is, most frequently, originated by another 
(transmitting) antcnna in a wircless link, which is far away from the recciving 
antcnna, Eq. (14.16), so that the uniform-planc-wave approximation of the actual 
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nonuniform spherical wave radiated by the other antenna, Fig. 9.1, applies. In addi- 
tion, let the receiving antenna be terminated in a load of complex impedance Z, . 
With respect to its output terminals (note that this same pair of terminals is used 
as input terminals in the transmitting mode), and to the load, the antenna can be 
replaced by the Thévenin equivalent generator, shown in Fig. 14.32(b). Our goal is 
to determine the parameters of this generator. 

By definition, i.e., by Thévenin’s theorem, the complex internal impedance 
of the generator, Z;, equals the complex input impedance of the antenna in 
Fig. 14.32(a) (with the incident plane wave “turned off”). This is simply the 
impedance Z, in Eq. (14.63) and Fig. 14.10. Hence, 


|Z7 =Za.| (14.162) 
So, the antenna presents to its input/output terminals the same complex impe- 
dance in the transmitting and receiving modes. However, while the transmitting 
antenna can be replaced by just a (passive) load, of impedance Z,, the equiv- 
alent of the receiving antenna includes an electromotive force as well (active 
circuit). 

This emf, and its complex rms value, €+, can, by definition, be found as the 
open-circuit voltage of the antenna in Fig. 14.32(a), that is, by computing the volt- 
age across the open terminals (with the load removed) of the antenna (excited by 
the incoming wave). To simplify the analysis, let us find €y for a small loop of 
surface area vector S = Sz as the receiving antenna, as depicted in Fig. 14.33(a). 
The complex rms emf induced in the loop (€;,,4) is determined by Faraday’s law of 
electromagnetic induction, and in particular its expression for an electrically small 
loop in Eq. (13.119), in terms of the complex rms magnetic field intensity vector 
at the loop location, that is, at the coordinate origin. This vector, Hp, is related to 
E, through Eq. (9.70), since the excitation is by a TEM wave. Using Eqs. (14.9) 
and (14.12), the relationship n = —f between the unit vectors in Fig. 14.33(a), and 
cyclic-permutation equality for the scalar triple product of three vectors, we can 
write 

ae Rd te ier 0) -S —JPS(t x Ey) - z= jBS(zx f)-E, 


: a2 
=1pSsin¢6 Ey =-F,-(—5° sna) (* = —ii), (14.163) 


Ficop 


where F,,, 1s the characteristic radiation function of the loop antenna, Eq. (14.159), 
for the direction of the incident-wave arrival. So, having in mind Eq. (6.62) and the 
equivalent circuit in Fig. 14.32(b), and expressing £ in terms of the corresponding 
wavelength, 2, by means of Eq. (8.111), the open-circuit voltage of the antenna 
equals 


(14.164) 


Alternatively, let us obtain the same result assuming that the incident plane wave is 
being received by a Hertzian dipole of length vector ] = /z. shown in Fig. 14.33(b). 
Recalling Fig. 6.6 and Eq. (6.32), we realize that the incident field in Eq. (14.161) 
induces in an element dl of the wire of the dipole an emf equal to dé;,4 = E,(r) - dl, 
and the element can be replaced by an equivalent elementary voltage generator 
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Thévenin impedance of a 
receiving antenna 
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Figure 14.32 (a) Receiving 
antenna in the field 

of a uniform plane time- 
harmonic wave and (b) its 
Thévenin equivalent 
representation. 


open-circuit voltage of a 
receiving antenna 
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o~ 


= 
COLO. 


(b) 


Figure 14.33 Computing 
the induced emf and 
open-circuit voltage of the 
receiving antenna in 

Fig. 14.32(a), if it is (a) a 
small loop and (b) a 
Hertzian dipole. 


linear polarizations of the 
antenna and wave 


whose emf ts d&;,4, as indicated in Fig. 14.33(b). As the dipole ts electrically short, 
E,(r) © Ep along the entire antenna, so we have for the total induced emf €,,4 of 
the antenna 


dé ing = Ep -dl Se (oe = [eine = E, | la Ep! cos y = Eo/ sin@ 
! 


Die 2 2 ; 
= aye Si oy SU) (—£oF dipole) =-—E)- Faipote (y = 90° = 0), 
B B B 
F 
mt (14.165) 


with Fyinole being the characteristic radiation function of the dipole, Eq. (14.79), 
again for the direction of the wave incidence [note that Ep and F4;,o). are oppositely 
directed vectors, in Fig. 14.33(b)]. This, obviously, leads to the same expression for 
V,. in Eq. (14.164), and this expression holds for an arbitrary receiving antenna 
(wire, surface, or volume). 

Let us emphasize that E, in Eq. (14.164) is the electric field vector of the inci- 
dent plane wave at the coordinate origin (reference point), which is usually adopted 
at the antenna terminals, and F is the characteristic radiation function that the 
antenna would have if transmitting in the direction of the wave incidence, ie., 
direction defined by fF = —n, as indicated in Fig. 14.32(a). This direction is usu- 
ally given by incident angles 6; and ¢; in a spherical coordinate system (attached to 
the antenna), and hence F = F(6;, ¢;). So, the field pattern of a receiving antenna, 
showing how well it captures the incident signal in different directions in 3-D 
space, is identical to the radiation pattern of the antenna when in the transmit- 
ting mode, Fig. 14.11, and the same is true for power patterns, Eq. (14.84). In 
short, the transmit and receive patterns of an arbitrary antenna are identical, which 
essentially is a consequence of the linearity of the system in Fig. 14.32(a) and its 
reciprocity.'? Since, in addition, the Thévenin impedance in the receive equivalent 
circuit of the antenna, in Fig. 14.32(b), ts identical, by means of Eq. (14.162), to 
that in the transmit circuit, in Fig. 14.10(b), we conclude that the basic proper- 
ties of a receiving antenna are fully determined by its properties as a transmitting 
antenna. 

In Eq. (14.164), the polarization of both the receiving antenna and the tncom- 
ing wave can be arbitrary (of linear, circular, or elliptical type, and with arbitrary 
parameters of the polarization ellipse), so we can have an arbitrary combina- 
tion of polarizations of vectors Ey and F. As already mentioned, most often the 
polarization of Ey comes from a transmitting antenna launching the wave in a com- 
munication link. Hence, the dot product in Eq. (14.164) determines the polarization 
match (or mismatch) between the two antennas (transmitting and receiving) at the 
two ends of the link. If both antennas are linearly polartzed, we can write 


(14.166) 


where Ey and F are complex magnitudes, including the phase terms, of the two 
vectors in Eq. (14.164), and a is the angle between them. We see that the rms voltage 


'3 Reciprocity of electromagnetic fields states that a response to a source remains the same if the source 
and observalion locations are interchanged, as long as the electromagnetic media in the system are linear 
and isotropic. This can be proved using Maxwell's equations, and is one of the versions of what is known 
as lhe electromagnetic reciprocily theorem (first derived by H. A. Lorentz). 
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|V.-{ is maximum for aw = 0 or 180°, that is, for a (perfect) match of the two linear 
polarizations, 


a=0 or 180° -—> |V, 


A d 
= — |Eg\lE| = — |EolIE. 14.167 
= ne Ley ( ) 


Oc Ee 


An example is a system of two parallel distant wire dipole antennas communicating 
to each other. On the other hand, if the two distant dipoles are mutually orthogonal 
(i.e., cross-polarized), a = 90°, so that the received voltage is zero. 

Of course, we are usually interested in the antenna performance when it is 
loaded (and not open-circuited) in the receiving mode of operation. However, the 
analysis of the loaded antenna is now straightforward. Once the open-circuit volt- 
age of a receiving antenna, V,,. = Ey, is computed using Eq. (14.164) or (14.166), the 
current of the antenna load, J, , in Fig. 14.32(a) is determined from the equivalent 
circuit in Fig. 14.32(b) and Eq. (14.162), 


(14.168) 


Knowing the load (received) current, we can also find the complex and time-average 
powers delivered to the load, and other quantities of interest for the particular 
analysis or design. 


sci me wee Wireless Link with Two Nonaligned Half-Wave Dipoles 


Consider the wireless link in free space in Fig. 14.34(a). Both antennas are half-wave wire 
dipoles, and the distance between the transmit and receive ends is r = 200 m. The transmit- 
ting antenna, operating at a frequency of f = 300 MHz, is placed in the xz-plane at an angle 
of y; = 45° with respect to the z-axis, while the receiving antenna lies in the x’y’-plane, where 
it makes an angle of y2 = 60° with the x’-axis. If the input power of the transmitting antenna 
is Pi, = 10 W, find the magnitude of the open-circuit voltage of the receiving antenna. 


Solution Using Eq. (9.67), the operating free-space wavelength of the wireless link amounts 
to A = Ag = co/f = 1 m, and the electrical distance between the antennas to r/A = 200 > 1. 
This means that the receive end of the link is in the far zone of the transmitting dipole, as 
well as that the radiated electromagnetic wave can locally be considered as a uniform plane 
wave when evaluating the open-circuit voltage of the receiving dipole, V,,,. Therefore, V,,, is 
given by Eq. (14.164) or (14.166), with E) = E, being the far electric field intensity vector of 
the transmitting antenna computed at point O’ in Fig. 14.34(a), and F = F, the characteristic 
radiation function of the receiving antenna that it would have if transmitting in the direction 
toward point O. With this notation, 


(14.169) 


(a) 


maximum voltage — 
co-polarized case 


load current 


Figure 14.34 Wireless link with 
two nonaligned half-wave dipole 
antennas: (a) geometry of the 
system and (b) detail at the receive 
end, showing the far electric field 
vector of the transmitting antenna 
(E,) and characteristic radiation 
function of the receiving antenna 
(F,), in Eq. (14.169); for 
Example 14.22. 
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link with nonaligned 2./2 
dipoles 


Figure 14.35 Wireless communication 
system with three half-wave dipole 
antennas: (a) two crossed dipoles radiating 
a circularly polarized electromagnetic wave 
(9 = jlp,) and a receiving dipole in a 
transversal plane of the wave, and (b) detail 
at the receive end, showing the two incident 
electric field vectors and characteristic 


In a loeal spherical coordinate system with the z,-axis along the transmitting dipole, E, 
has only a &-component, where @ eoineides with yj, so it turns out to be pointing in the 
negative x’ direction, E, = E,(—x’), in Fig. 14.34(a). By the same token, the dipole echaraeter- 
istie radiation function, Eq. (14.128), is determined by the loeal 6 angle, and, having in mind 
Egs. (14.78), (14.151), and (14.130), we ean write 

. ae ; 
pe ia FO) G=n) b= {+ =s037A (Rna=73), (ane) 
2n r Rrad 
where F(@) is that in Eqs. (14.140). 

On the other side, if we attach a loeal spherical coordinate system whose Z,-axis is 
along the receiving dipole, the loeal 6, angle between the dipole and the direction toward 
the transmit end is a right angle, and F, is @,-direeted, in parallel to the dipole, as shown 
in Fig. 14.34(b). So, from the faet that 6, = 90° and the direction (polarization) of F, in 
Fig. 14.34(b), we have 


FE, = FOG) = FOU) = 1 anda —a,. (14.171) 


respectively. 
Finally, combining Eqs. (14.169)-(14.171), the magnitude of the received voltage comes 
out to be 


nalo eos (F cos v1) 
V,.| = —s- ————_ eos 2. = 11 mV, 14.172 
| cl 2n2r sin Y1 : ( ) 


where n = no = 377 Q, Eq. (9.23), F(y,) = 0.628, and eos y2 = 0.5. Of eourse, this voltage 
ean be maximized, for the two antennas used and the given length of the link, input power, 
and frequeney, by orienting the dipoles sueh that yj = 90° and 7) = 0. The former eondition 
implies pointing the transmitting antenna for its maximum directivity, i-e., orienting it sueh 
that the maximum of its radiation pattern is in the direction toward the receiving antenna, 
whereas the latter one indicates polarization mateh between the two dipoles. The maximum 
voltage would then be |V.o.|,,4, = 74/0/(2r) = 35.3 mV. Note that the receiving dipole is 
already pointed in Fig, 14.34 for its maximum direetivity [6, = 90° in Eq. (14.171)]. Note also 
that if the initial phase of the reeeived voltage is needed, the eomplete eomplex expression 
for the field E, in Eq. (14.170) is used to eompute the complex voltage V,,, in Eq. (14.169). 


Example 14.23 Reception ofa Circularly Polarized Wave by a Wire Dipole ~ 


At the transmit end of a wireless link, two half-wave wire dipole antennas positioned along 
the x- and y-axis, as shown in Fig. 14.35(a), are fed with eurrents of eomplex rms intensities 
1p, =3 A and Ip) = j3 A, respectively, and the same frequeney f = 500 MHz. At the reeeive 
end, r = 30 m away from the crossed dipoles, another half-wave dipole lies in the plane x’y’ 
and makes an angle y with the x’-axis. Compute the rms voltage across the open terminals 
of the reeeiving dipole. 


Solution The operating wavelength is A = co/f = 60 em (note that r > A). The electrie field 
intensity veetors radiated by dipoles | and 2, E,,; and E,), have only @-eomponents in respee- 
tive loeal spherieal coordinate systems attached to dipoles (see Fig. 14.34), and at the reeeive 
loeation (point O’) in Fig, 14.35(a), each of them comes out to be parallel to the source dipole, 


radiation function of the receiving antenna, 
in Eqs. (14.173); for Example 14.23. (a) (b) 
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as shown in Fig. 14.35(b). As both incident waves are approaching from the same direction, 
the characteristic radiation function of the receiving antenna (dipole 3), F,, defined for the 
supposed transmitting mode of operation in that direction (toward point O) is the same for 
the two waves, parallel to the dipole, Fig. 14.35(b). The angles that E,, and E,. make with F, 
being a; = y and a2 = 90° + y, respectively, Eq. (14.166) tells us that the voltages received 
by dipole 3 due to the radiation of dipoles 1 and 2 are 


Xr Xr Xr : 
14 —EyF,cosy, Voo = = EvF, cos(90° + y) = 2 EF, sin y. Gitl73) 
It 


ocl = 


Given that the feed currents of the transmitting dipoles have the same magnitudes and 
are in time-phase quadrature (J, is j times Jo, ), from Eq. (14.78) the same relationship holds 
for fields E,, and E,, 


j —jbr 
In =o + — £y=jEy, where Ey = 2 Iq) —— F.. (14.174) 


In addition, we realize that all three antennas are pointed, in Fig. ee for their maximum 
directivities, namely, the direction OO’ or O’O falls in the equatorial plane (6 = 90°) of each 
of the dipoles. In other words, the dipole characteristic radiation functions on both sides of 
the link are maximum, Eq. (14.129), 


K, = Be = F(90°) = 1. (14.175) 
Hence, using Eqs. (14.173)—(14.175), the total received rms voltage is found as 


Xr ae Xr / : 
Voo = Voot + Voce = = Eu (cosy —jsin y) —> oel = = lu cos? y + sin? y 


nAlLoy | 
2n2r 


= 1.15 V. 


Xr 
=-—l|E = 
= |E1| 


(14.176) 
We see that this voltage is the same for all angles y in Fig. 14.35, which is expected, since the 
two crossed dipoles constitute a circularly polarized (CP) antenna system, and the resultant 
radiated field E, = E,, + E,,. represents a CP wave — the two mutually orthogonal linearly 
polarized field vectors are of equal amplitudes and 90° out of phase with respect to each 
other [see Eqs. (9.185) and Fig. 9.19]. Therefore, the reception at the point O’ of the vector 
E,(‘) as it rotates with its tip describing a circle during the course of time (f) in the x’y’-plane 
does not depend on the orientation of a dipole in this plane. 


Selle wee Reception of an Elliptically Polarized Wave by a Wire Dipole 


Repeat the previous example but for Jp) = j9 A (Ig; = 3 A). What y makes the received 
voltage maximum, and what is the maximum voltage? 


Solution With this change, Eqs. (14.174) and (14.176) now become 


= ~ Ex (cos y — j3siny) 


— |Voi= * | Es lY cos? y +9sin*y = ~ |Euly 1+ 8sin? y, (14.177) 
and the maximum of the received voltage magnitude is 
Xr 
[Voclnax = —lEul¥9 =3.44.V for y=90° or —90°. (14.178) 
a 


Note that the only difference between the cases y = 90° and y = —90° (or y = 270°) is a 
reversed reference orientation of the induced emf and received voltage along the y’-axis in 
Fig. 14.35, which, of course, does not affect the result for the voltage magnitude. So, the 
reception is maximum when the receiving dipole is aligned with dipole 2 in Fig. 14.35(a). This, 
again, is expected, given that the two crossed dipoles now radiate an elliptically polarized 


reception of a CP wave by a 
wire diplole 


reception of an EP wave 
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conjugate-matched load — 
maximum power transfer 


power received by a matched 
load in co-pol case 


(EP) resultant electromagnetic wave, as in Eqs. (9.187) and Fig. 9.20 [the two orthogonal 
component vectors have different amplitudes in Eqs. (14.177)]. Namely, a linearly polarized 
wire dipole at point O’ receives the maximum out of the incoming EP wave when placed 
along the major axis of its polarization ellipse (for the electric field vector) in the x’y’-plane. 


Problems: 14.39-14.49; Conceptual Questions (on Companion Website): 
14.45-14.47; MATLAB Exercises (on Companion Website). 


14.13 ANTENNA EFFECTIVE APERTURE 


One of the basic parameters of receiving antennas is the so-called effective aper- 
ture of an antenna in a given direction. With reference to Fig. 14.32(a), it is defined 
as the ratio of the power received by the load at the antenna output terminals and 
the surface power density of the incoming electromagnetic wave. In other words, it 
represents a portion of the incident wavefront from which the antenna, effectively, 
extracts power and delivers it to the load, and can thus be thought of as the effec- 
tive (equivalent) collecting area of the antenna. In this section, we derive, as it is 
customary, the expressions for the evaluation of this important quantity for an ideal 
case when the load is impedance-matched (for the maximum power transfer) to the 
antenna and the antenna is polarization-matched to the wave. 

From the equivalent circuit of the antenna in Fig. 14.32(b), and Eqs. (12.58), 
(14.168), and (14.63), the time-average power delivered to the load, whose 
impedance is expressed as Z; = RL +JjXL, is 

RIE? RvlErl? 
IZ. +Zal®@ (Rp +Ra)? + (XL + Xa)?’ 
For given antenna parameters and incident wave, this power is maximum under 
the conjugate matching condition, namely, when the load impedance ts the complex 


conjugate of the antenna impedance, which will be proved in the example. With the 
conjugate-matched load, the expression for (PL)max acquires the following form: 


PL= RL / = (14.179) 


ler’ 
ARa 
(14.180) 
Furthermore, we assume that the antenna is polarization-matched (co-polarized) 
to the wave, so that its open-circuit voltage, V. = Ey, is that in Eq. (14.167). 
To shorten the writing, let the resulting power, under both impedance- and 
polarization-match conditions, be denoted simply by P;, so that we have 


Ru=Ra and A= — (Zi = Lae us (PL)max = 


2 
Vo ?|Ey |? IF 
| = 
P= Preceived = (Fons = | ae x er (14.181) 


where Ep and F are, respectively, the electric field vector of the incident wave at 
the coordinate origin and characteristic radiation function of the antenna in the 
direction of the wave arrival, Fig. 14.32(a). 


Using Eqs. (9.200) and (14.161), the time-average Poynting vector of the q 


incident wave is given by 


ene [E|? <n ee 
(Pi)ave = 7 [(Piave = (Pi)ave nj, (14.182) 
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with which the time-average power received by the load, Eq. (14.181), can be writ- 
ten as a product of (Pi)ave and a surface area (measured in m7). This exactly is the 
antenna effective aperture, Aes, which is computed as 


ME? 


Pr=(Pi)avcActt —> Act = a2Ra 


(14.183) 


Comparing this expression for A e¢g with that for the antenna gain, G, in Eq. (14.110), 
we identify the following simple relationship between the two parameters: 


22 
Aett(9;, $i) = ri G(G, gi), (14.184) 


where the angular dependence is inserted to emphasize that A gr, just as G, is a func- 
tion of the direction of the wave approach, defined by the incident angles 6; and ¢i, 
i.e., of the unit vector n or fF in Fig, 14.32(a). Most frequently, however, the antenna 
is pointed for the maximum gain (or directivity), namely, it is oriented so that the 
maximum of its radiation (or reception) pattern is in the direction (6;, ¢;). Of course, 
the maximum gain automatically means the maximum aperture, by Eq. (14.184). 
Overall, although G is defined, in Section 14.6, for the transmitting mode of opera- 
tion of an antenna, and Agg,, here, for the receiving mode, they both can be used at 
both transmit and receive ends of antenna communication systems. 

As an example, let us find Aeg of a half-wave wire dipole that is impedance- 
matched to the load, as well as pointed and polarized for the maximum voltage 
response to the incoming wave [the dipole is perpendicular to the direction of the 
wave incidence, 6; = 90° in Eq. (14.184), and parallel to the incident electric field 


~ vector, w = 0 in Eq. (14.166)]. A combination of Eqs. (14.184) and (14.131) gives 


2 
Aegt = —— 1.64 = 0.1327, (14.185) 
an 


where we have also assumed no ohmic losses on the dipole (see Example 14.16), 
so the antenna gain equals directivity (G = D), Eq. (14.111). We see that the 
dipole effectively extracts power from a part of the incident wavefront that is 
approximately 4/2 x 4/4 = A?/8 large, as illustrated in Fig. 14.36(a). 

For antennas that have obvious physical apertures (openings), such as horn 
antennas, Fig. 13.14(b), and parabolic reflector antennas, the effective aperture of 
an antenna can be written as 


Aett = Naperture Aphysical; (14.186) 


A physical 


(b) 


antenna effective aperture 
(in m2) 


effective aperture vs. gain 


Aegg — half-wave dipole 


definition of aperture 
efficiency 


Figure 14.36 Illustration of the 
concept of antenna effective aperture 
(Acs), Eq. (14.183), as an equivalent 
area from which an antenna extracts 
incident power and delivers it to a 
load — for a half-wave wire dipole 
[Eq. (14.185)] (a), pyramidal horn 
antenna (b), and circular parabolic 
reflector antenna (c); for cases (b) and 
(c), the antenna physical aperture 
area (A physical) is also shown [see 

Eq. (14.186)]. 
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electrical effective aperture 


where Apnysical is the physical aperture area of the antenna, shown in Fig. 14.36(b) 
and Fig. 14.36(c), and aperture is a dimensionless coefficient termed the aperture 
efficiency, with Agere being always smaller than or eventually equal to Aphysical 
(0 < naperture < 1). The aperture efficiency therefore represents a measure of how 
efficiently a receiving antenna utilizes its physical area to collect incident power 
and transfer it to a load. For instance, pyramidal horn antennas normally have 
Naperture © 50%, whereas aperture = 60 — 80% for typical parabolic reflector anten- 
nas. Combining Eqs. (14.186) and (14.184), we realize that an antenna has to be 
physically large, and thus have a large effective aperture, to attain a high gain. 
However, large Ag is irrelevant if considered alone, isolated from the operating 
frequency of the wave, since 


Ga a = (Aeff)elec, (14.187) 
and it is actually the electrical effective aperture, defined as the ratio of Aggr to 
the wavelength squared, what determines the gain, and vice versa. So, as a rule, 
for high gains (and narrow beams) antennas are electrically large. This is one of 
the most important general rules in antenna theory, which guides and motivates 
many different types of antenna and antenna-array designs when highly directional 
properties are needed. 


Selim e wee Maximum Power Transfer for Conjugate-Matched Load 


Prove that the maximum power transfer, PL = (PL)max, in Fig. 14.32(b) is achieved for the 
conjugate-matched load, as given in Eqs. (14.180). 


Solution Since reactances can also be negative, it is obvious that the value for X,, + Xa that 
makes the denominator of the expression for the load power, P,, in Eq. (14.179) minimum 
(and P,, maximum) for any fixed value for R,, and independently of it, is zero (Ra, Xa, and 
Ey are assumed to be fixed, in the first place). Hence, X, = —X aq, and we are left to maximize 
the following expression for P,: 
Rileqie Es? 
Ni=-%. > 2 
RE +2RLRaA+R4  f(Rv) 
where f(R,_) stands for the denominator of this new expression (Ra = const). Its minimiza- 
tion gives 


(14.188) 


RE R* 
F(RL) = RL + 2Ra + 3 — 22 RL =Ra. (14.189) 
L 


It is asimple matter to verify that this result for Ry is indeed a minimum (and not a maximum) 
of the function f (and maximum of P,_), which concludes our proof. 


Problems: 14.50 and 14.51; Conceptual Questions (on Companion Website): 
14.48-14.53; MATLAB Exercises (on Companion Websitc). 


14.14 FRIIS TRANSMISSION FORMULA FOR A WIRELESS 
LINK 


In practice, we normally aim at ensuring antenna matching and orientation con- 
ditions that would maximize the power transfer in a wircless system, and in this 
section we restrict our attcntion to such an idcal case. Let us consider a general 
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transmitting receiving Figure 14.37 Wireless communication link 
antenna, wn (Prave » antenna with ideal antenna matching and orientation 
o< Fi = conditions (load impedance match to the 
| Pin eo P,} vii larizati h of 
i G; GC. ie receiving antenna, polarization match o 
lip | matched R . antennas, and orientation of both antennas 
L_J load — for maximum gains) — for deriving the Friis 
transmitter receiver 


transmission formula, Eq. (14.190). 


wireless (radio) communication link consisting of two antennas at a far distance 
r, Eq. (14.16), in free space (or any other homogeneous and lossless electromag- 
netic medium), as shown in Fig. 14.37. The transmitter and receiver attached to 
the antennas can be represented using the transmit and receive antenna equiv- 
alent circuits, Fig. 14.10(b) and 14.32(b), respectively. For an ideal case, we then 
assume an impedance match of the load (receiver) to the receiving antenna, polar- 
ization match between the antennas, and that both antennas are aligned and pointed 
toward each other for maximum gains, which equal G; and G, for the transmitting 
and receiving antennas, respectively. To completely determine the power budget 
in this link, let us find the ratio of the time-average power received by the load, 
P,, to the time-average input power that the transmitting antenna accepts at its 
terminals, Pip. 

Using Eqs. (14.183), (14.184), (14.110), and (14.96), both powers can be 
expressed in terms of the time-average Poynting vector magnitude (Pj)ave of the 
wave radiated by the transmitting antenna computed at the receiving antenna ter- 
minals, (P;)ave thus being the connecting point between the two antennas, which is 
eliminated in the power ratio, 


2G An r* 
a z and P= Friis transmission formula 
Tt in G 
t 


(P; ) ave 


(Pi)ave — 


ee 


(14.190) 
where A is the operating wavelength in the system. This expression for P;/Pin is 
known as the Friis transmission formula, and it is extremely useful in the evaluations 
of signal power levels in antenna communication systems, as part of the analysis or 
design of such systems. An equivalent formula with effective apertures of the two 
antennas instead of the gains can be written in a straightforward manner, employing 
Eq. (14.184). 


HISTORICAL ASIDE 


Harald T. Friis (1893-1976), an American elec- 
trical engineer, was born in Naestved, Denmark, 


formula for the evaluation of the power budget ina 
radio link — the famous Friis transmission formula. 


and graduated from the Royal Technical College 
in Copenhagen in 1916. After a fellowship to 
study radio engineering at Columbia University, 
Friis joined Bell Laboratories in 1925, where he 
made pioneering contributions to radio propaga- 
tion, antennas, radar, and radio astronomy. In his 
1946 paper “A Note on a Simple Transmission 
Formula” in Proceedings of IRE, he presented a 


Friis also performed highly influential work on 
the signal-to-noise ratio (SNR) in radio receivers, 
which culminated in the 1944 IRE paper “Noise 
Figures of Radio Receivers,” where the relation- 
ship between the noise figure of a receiver as a 
whole and noise figures of its components was 
established. 
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In decibels, we rewrite Eq. (14.190) as a positive attenuation, Agg, between the 
transmit and receive ends in the link, 


dB attenuation in a wireless 


P. 4 
Aap = 10 log —2 = 20 los —— — 10 los G, = 10 lone 
link P, d 


= (AaB )tree space — (Gi)aB — (Gr)gp (in dB). (14.191) 


The last two terms in the final expression are dB gains of the two antennas, 
Eq. (14.112), and the first one, (Agp)free space, We refer to as the attenuation in free 


space. It can be written as 


ee | + : 
attenuation in free space (AgB free space = 20 log a = 22 + 20 log (in dB) (14.192) 


[20 log(42) = 22], and it is completely independent of the particular antennas 
in the system. This attenuation is an inherent manifestation of the nature of 
radiation (spherical wave) and reception of antennas, in general. It can be 
thought of as the inherent attenuation of free space (or another medium) if used 
for power transmission by antennas. If both antennas were isotropic radiators, 
Eq. (14.99), (Aagp)tree space WOuld stand for the total attenuation in the link 
[(Giap = (Gr)gn3 =OdB]. Note that a very considerable fixed attenuation of 
22 dB is present in the link always. The other component of the attenuation in 
Eq. (14.192) depends on the electrical separation between the antennas, r/A, and 
it is even larger than the fixed part, given that the receive location is in the far field 
of the transmitting antenna (for instance, for r = 1000A, it is as large as 60 dB). 
Gains (G,)gp and (G;)gp then serve to reduce, as much as possible, the attenuation 
in Eq. (14.191), relative to that with isotropic radiators. The more directional (the 
narrower main beam) the transmitting antenna the less power is lost by radiation 
in undesired directions (note that in the system in Fig. 14.37, all directions in 
3-D space emanating from the transmitting antenna except one only, that toward 
the receiving antenna, are undesired). A highly directional receiving antenna 
“amplifies” the desired radiation and passes it to the load. 

It is also common to express the input and received powers in units of decibels 
over a milliwatt (dBm), that is, to express them with respect to a reference power 
level of 1 mW, in the following way: 


- . 
power in dB over a milliwatt Ppa 10 log Pt where, P,-¢= | mw (14.193) 


ref 


(note that 1 W translates to 30 dBm), whereas the representation in dBW (decibels 
over a watt) is used as well. With this, the first equality in Eq. (14.191) becomes 


(Pr)apm = (Pin)apm — Aap (in dBm), (14.194) 


telling us that the dBm power level at the output of the link in Fig. 14.37, (Pr)apm, IS 
lower than that at the input, (Pin)ggm, by the amount of dB attenuation of the link, 
Aap, given by the final expression in Eq. (14.191). 


Selle wee Power Transmission in a Cellular Telephone System 


The antenna of a cellular telephone base station transmitter operating at a frequency of 
f = 869 MHz has a gain of (Gi)gn3 = 10dB. Assuming ideal antenna matching and 
orientation conditions (as in Fig. 14.37), find the required input power of the transmitter in 
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W in order for the power received by a mobile phone antenna with a gain of (G;)gg = 2 dB 
at a distance of r = 20 km to be at least (Py) ggam = —60 dBm. 


Solution The operating free-space wavelength, Eq. (9.67), of the transmitter amounts 
to 4 = co/f = 34.5 cm, and the electrical separation between the antennas to r/A = 57,933. 
Employing Eqs. (14.191) and (14.192), the dB attenuation of the cellular system is 


Aan = 22" 20log ; BiG) ig =Goan = 105.26 dB. (14.195) 
Eq. (14.194) then tells us that the required input power in decibels over a milliwatt is 
(Pin)dBm = (Pr)aBm + Aap = 45.26 dBm, (14.196) 
and, from Eq. (14.193), this power expressed in watts is 
Pin = 10in)aBm/10 y 1 mW = 33.6 W. (14.197) 


Sete wea POwer Transmission in a Direct TV Satellite System 


In a direct television satellite system, the transmitting and receiving parabolic reflector 
antennas have circular apertures of diameters d; = 0.5 m and d, = 1.2 m, and efficiencies 
(naperture), = 70% and (naperture), = 60%, respectively. If the input power at the transmit 
end is Pj, = 150 W and the distance between antennas r = 35,800 km, compute the received 
power in the system for ideal link conditions (Fig. 14.37) at a frequency of f = 12.5 GHz. 


Solution From Eq. (14.186) and Fig. 14.36(c), effective apertures of the transmitting and 
receiving antennas in the system are 


d,\? es? 
(Aett)t = (aperture) ts — = 0.137 Tie (Aetf): = (naperture} x{—) = 0.678 m?. 
t 2 T 


2 
(14.198) 
Using Eq. (14.184), we obtain the version of the Friis transmission formula with effective 
apertures in place of antenna gains, and hence the power of the receiving antenna 


1 
i ay (Aest)t (Actt): Pin = 18.9 pW, (14.199) 


where the operating wavelength of the system is 4 = co/f = 2.4 cm. 


Example 14.28 Comparison of Wireless and Wireline Systems 


In a point-to-point free-space communication system in Fig. 14.37, the frequency is f = 
1 GHz, the antennas are the same, with gains Ggp = 20 dB, and the distance between them is 
r= 100 km. Compute the attenuation of this system and compare it to that of a wireline sys- 
tem using the coaxial cable described in Example 11.3, for the same distance and frequency. 


Solution By means of Eq. (14.195), the decibel attenuation of the wireless system amounts 
to (AaB) wireless = 92.46 dB. 

On the other side, with the computed total attenuation coefficient of the coaxial cable 
in Example 11.3, acable = & + aq = 0.16 dB/m, the dB attenuation of the wireline system 
comes out to be as large as 


(AaB) wireline = %cable 7 = 16,000 dB > (AaB) wireless: @ 4.200) 


so much larger than in Fig. 14.37. We realize that repeater amplifiers would be necessary in 
the cable system to bring the received signal up to usable levels. 

However, if a wireline system is realized using an optical fiber (Fig. 10.22), with a typical 
attenuation coefficient of aoptical fiber = 0.5 dB/m, the total dB attenuation in the link (50 dB) 
would be comparable to, and actually lesser than, the wireless attenuation. 


Problems: 14.52 and 14.53; Conceptual Questions (on Companion Website): 
14.54-14.57; MATLAB Exercises (on Companion Website). 
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magnetic potential due to a 
3-D array of N Hertzian 
dipoles 


14.15 ANTENNA ARRAYS 


Antenna arrays are spatial arrangements of identical antennas (array elements), 
equally oriented in space (e.g., wire array elements are parallel to each other or 
collinear), and excited independently, with feed currents of generally different mag- 
nitudes and phases, but of the same frequency. An array of a large number of 
electrically relatively small or medium-sized element antennas can be used to obtain 
a similar performance to that ofa single electrically large antenna. For instance, such 
an array may have a large electrical effective aperture, Eq. (14.187), and high gain 
(narrow beam). Electrically large antenna arrays are usually much simpler to fabri- 
cate, maneuver, and maintain than similar single radiators (e.g., a large parabolic 
reflector antenna). In addition, arrays provide great flexibility and new degrees 
of freedom in synthesizing radiation patterns of desired shapes. For example, by 
varying the phases of feed currents of array elements, we can change the direc- 
tion of maximum radiation, i.e., steer the main beam, of an array antenna as desired 
throughout space, without moving the antenna. Most importantly, the control of ele- 
ment input phases can be performed electronically, using an appropriate array feed 
network (beam-forming network), which gives rise to so-called electronic beam 
steering or scanning. Phase-scanned arrays, referred to simply as phased arrays, find 
many applications in radar and communication systems. Their advantage over real- 
izations with mechanical slewing of the entire antenna structure toward the desired 
radiation direction using an appropriate positioning system (mechanical beam scan- 
ning) is quite obvious, especially if fast scanning is needed. An additional advantage 
of phased arrays is the capability of forming multiple main beams pointing in differ- 
ent directions simultaneously (which offers, for instance, a possibility to track mul- 
tiple targets in radar systems). Finally, antenna arrays can be conformed to surfaces 
(platforms), i.e., formed in the shape dictated by the supporting structure, often 
with pronounced curvature. These antennas, termed conformal arrays, are mounted 
(or embedded) on the surfaces of aircraft, spacecraft, ships, automobiles, and other 
vehicles, or on the side of buildings or indoor structures. In what follows, we develop 
the basic theory of antenna arrays, and discuss their properties and applications. 

Consider an array of N Hertzian dipoles (Fig. 14.1), with complex rms current 
intensities J, and length vectors lx (kK = 1,2,..., N), whose (arbitrary) locations in 
the array arc defined by position vectors r, of dipole centers with respect to a global 
coordinate origin, as shown in Fig. 14.38. This three-dimensional array is simply an 
antenna with discrete spatial current distribution, and we can evaluate its radiation 
(far-zone) magnetic vector potential, A, using the discrete form of the radiation 
integral in Eq. (14.33), originally aimed for continuous spatial current distributions 
over a volume v of the antenna. Namely, the integral over v now becomes a sum over 
array constituents, and continuously distributed current elements J dv are replaced 
by discrete vectors J; Ix [see Eq. (4.10)], so we have for the potential in the radiation 
direction defined by the radial unit vector f at a (far) radial distance r: 


N 


-ipr ae 
-—_ eles (14.201) 
k=] 


A= 


Arr 


It is customary to express element current intensities, /,, through relative mag- 
nitudes a, and initial phases a, with respect to a reference current intensity, J,of, 


which may be onc of the clement currents. In other words, we use normalized com- 
plex currents of elements, a, = ag e!**, relative to the reference current (cocfficients 
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P(r,6,6) 


Figure 14.38 Antenna array 
with Hertzian dipoles as 
antenna elements. 


a, are dimensionless), 


I, =e 4, — Tepe" (k= 1,2,..., N). (14.202) 


With this, and an assumption that all elements are equally oriented in space, = 
lb =... =I, =1 (length vectors of Hertzian dipoles are equal), the expression in 
Eq. (14.201) can be written as 


jk om ee 
pore! ay a Aciement La (14.203) 


array factor 


Here, having in mind Eq. (14.4), the total A due to an antenna array is repre- 
sented as a product of the vector potential A.jemen that a single array element 
antenna (Hertzian dipole in this case) would radiate if placed at the coordinate 
origin (reference point) and a complex scalar function F,. This function provides a 
complete far-field characterization of the array itself (regardless of the characteris- 
tics of its elements), and is called accordingly the array factor (AF). Obviously, it is 
a dimensionless quantity. From Eq. (14.202), 


N 
F, = AF =) apd Pte Fw), (14.204) 


k=1 


so the array factor is a sum of terms specifying the relative magnitudes and phases of 
radiated potentials (and fields) of individual antenna elements in the array due to, 
respectively, their feeds (for magnitudes) and both locations and feeds (for phases) 
with respect to the reference element. The reference element can be either virtual 
(nonexistent) or actual — one of the elements in the array. In the latter case, one of 
the terms in the sum in Eq. (14.204) equals unity (for the reference element, a, = 1, 
a, =0, andr, = 0). 

Since an arbitrary radiating current distribution can be represented as a super- 
position of Hertzian dipoles, Fig. 14.3, the derived array factor applies to an array 
of arbitrary antennas (in place of Hertzian dipoles in Fig. 14.38). Namely, given 
that all antennas in the array are identical, their current distributions normalized 
to the respective feed currents are all the same, although the feed currents, in gen- 
eral, are different. In computing the far-zone magnetic vector potential of the array, 
this, in turn, means that radiation integrals over antennas, as in Eq. (14.29) for 
wire antennas (and analogously for surface and volume antennas), pertaining to 
the normalized current distributions are also all the same. They thus constitute, as 


antenna array excitation 


array factor (dimensionless) 
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pattern multiplication for 
antenna arrays 


a common term, the magnetic potential of the reference antenna (array element), 
Aciement: While the rest is the array factor, F,, in Eq. (14.204). 

The far electric field vector, E, due to the antenna array is obtaincd from A, 
like for any transmitting antenna, using Eq. (14.21). Since F, is a scalar, taking the 
transverse projection (component) of A in Eq. (14.203) applies only to the vector 


potential of the reference element, Avjement> 


E= —joA, = —jo (Acieient eee = Estement F:, (14.205) 
ee” 
E. 


clement 


and hence the total field of the array is the field of the reference element, Eejement 


times the array factor. Combining Eqs. (14.205) and (14.203), E, in turn, can be 
written as in Eq. (14.78), 


e—JBr 


E— Ci. F (C= j60,9 foriteespace) (14.206) 
where F is the characteristic radiation function of the antenna array in the radiation 
direction (defined by the vector fr) in Fig. 14.38. Writing E.j.ment in the same way, 
in terms of the corresponding element radiation function, Fejements We have 


F= Eeement oy (14.207) 


So, as the magnetic vector potential and electric field vector in the far zone, the 
radiation function (and radiation pattern) of an array can be factored into an ele- 
ment radiation function (pattern) and an array factor, which is known as the pattern 
multiplication theorem or principle for antenna arrays. Simply, multiplying the ele- 
ment pattern and array factor we obtain the overall array pattern, and this can be 
done analytically, graphically, or numerically. Noting once more that F, is a complex 
scalar, we realize that by arraying multiple antenna elements we cannot change the 
polarization of the element antenna, but only the magnitude (field and power radi- 
ation patterns) and phase of its radiation field. We also note that the array factor 
can be understood as the characteristic (scalar) radiation function of an array of 
fictitious isotropic radiators or point sources (which have no polarization nor direc- 
tional properties), Eq. (14.99), with the same locations (at the centers of dipoles in 
Fig. 14.38) and same relative magnitudes and phases of feed currents as the actual 
array. This is exactly how the AF is computed (as we shall see in cxamples) — as 
the radiation pattern of point sources (replacing array elements) for given loca- 
tions of points and excitations (retained from the actual elements). Note finally 
that the directivity of an antenna array in a given direction, D(6, @), can be found 
from the total characteristic radiation function of the array, in Eq. (14.207), using 
Eq. (14.104). 


Example 14.29 Broadside Two-Element Array of Point Sources " 


Consider a two-clement array of point sources (isotropic radiators) with feed currents of 
equal magnitudes and initial phases, and a half-wave interelement spacing. (a) Obtain the 
normalized array factor of this array and present it graphically in pertinent polar diagrams. 
(b) Show that the plots in (a) can be sketched also considering additions and cancelations of 
waves radiated by individual elements, without using the array factor. 


Solution 


(a) Let us start with an arbitrary distance, d, between clement points (centers of array 
elements or point sources in array factor computation) of the array. For an array 
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axis (straight line passing through the element points) coinciding with the z-axis of a 
spherical coordinate system, as shown in Fig. 14.39(a), position vectors of element points 
(see Fig. 14.38) with respect to the coordinate origin (O) placed midway between the 
elements, which is the array reference point, are 


ds. 


d 
i 2 n= = 


2 


The normalized feed currents a, of point sources, in Eq. (14.202), being the same (their 
magnitudes can be adopted to be unity), we can write 


Ze (14.208) 


a =a =1, (14.209) 


By means of Eqs. (14.208) and (14.209), and the fact that z- rf = cos@ in Fig. 14.39(a), 
the general array factor in Eq. (14.204) is simplified to the following function of the 
observation angle 6: 


a, =a2=0. 


F,(6) = e JB (d/2) cos 6 ae elB(d/2) cos 6 =2cos (65 cos 0), (14.210) 


2 
where the use is also made of the second identity in Eqs. (10.7). The array factor does 
not depend on ¢, as expected from the rotational symmetry of the array about the z-axis. 
Normalizing it for the maximum value of unity, as in Eq. (14.80), gives 


iF.) cos (65 cos8). 


£6) => = 
Finally, for the half-wave spacing, much like in Eqs. (14.127), and emphasizing that the 


(14.211) 
[Fa)| max 
phase shift between element feeds, 5 = a2 — aj, is zero in Eqs. (14.209), we have 


a= and 6=0 — > f,(@)=cos (F cos 8) (broadside array). (14.212) 


The array pattern has nulls along the array axis, 1.e., fg = Ofor 9 = 0 and 6 = 180°, respec- 
tively, whereas the peak radiation is in directions normal to the array axis, fg = (fa)max = 
1 for @ = 90°, so on the broad (long) side of the array, and hence this array is called 
a broadside antenna array. A 2-D polar plot of f, as a function of @ is presented in 
Fig. 14.39(b), and the corresponding 3-D pattern, obtained by rotating (for 0 < ¢ < 360°) 
the 2-D plot about the z-axis, is depicted in Fig. 14.39(c). Note a similar pattern shape 
(“doughnut” with no hole) to that of a Hertzian dipole, in Fig. 14.12(d). 


(b) The broadside radiation pattern in Fig. 14.39(b) and Fig. 14.39(c) can be predicted also 


by tracking the individual electromagnetic waves (rays) launched by the two array ele- 
ments (point sources), as indicated in Fig. 14.39(d).!4 Namely, looking into the positive 
z direction, wave 1 (emanating from source 1) travels a path equal to d = 4/2, and thus 
acquires an extra phase factor of e 64 — e-i* — —1, before it reaches source 2 and joins 
wave 2. Consequently, the two waves propagating from there on together to the right 
in Fig. 14.39(d) arrive to the far zone in counter-phase (due to the half-wave interele- 
ment spacing) and with equal magnitudes (coming from the equal magnitudes of feed 
currents), causing a perfect cancelation of their fields and pattern null for 6 =0. The 
same occurs in the negative z direction (9 = 180°). On the other hand, for any broad- 
side direction (e.g., in the positive or negative x direction) in Fig. 14.39(d), waves 1 and 2 
travel exactly the same paths from the respective sources to a far-field point. In addition, 
given the equal initial phases of the feed currents, the rays arrive to the far field in phase, 
so that their fields add up together constructively (the total field is double that of one 
source). In other words, we have a perfect addition of far fields and pattern maximum 
(main lobe) for 6 = 90°. Finally, since the phase difference between waves 1 and 2 varies 


14See the similar application of wave tracking and computation of field phases based on traveled paths 
in Fig. 13.12 and Eq. (13.118). 
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£, cancel 
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(double) (d) 


Figure 14.39 Radiation 
analysis of a broadside 
two-element antenna array: 
(a) array geometry and 
excitation (point sources 
with equal input powers, in 
phase, and half-wave apart), 
(b) 2-D polar plot of the 
normalized array factor, 

Eq. (14.212), (c) 3-D 
radiation pattern, and (d) 
determination of nulls and 
maxima of the array 
radiation in directions of 
perfect cancelations and 
additions, respectively, of 
individual waves launched 
by array elements; for 
Example 14.29. 
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~1(5=+180°) 


smoothly from 0 to 180° as the observation point moves from a broadside direction to an 
axial direction (along the array axis) over a far-zone sphere centered at the coordinate 
origin, there is a smooth pattern variation between the maximum and null points, making 
up the pattern curve in Fig. 14.39(b). 


Example 14.30 Endfire Two-Element Array of Point Sources 


Repeat the previous example but for a two-element array of point sources in counter-phase 
(elements are still spaced a half-wavelength apart and fed with same current magnitudes), as 


O| d=N2 |@ indicated in Fig. 14.40(a). 


Solution 


(a) 


(b) 


cancel 
(zero) 


(d) 


Figure 14.40 The same 

as in Fig. 14.39 but for 

an endfire two-element 
antenna array (point sources 
with equal input powers, 

in counter-phase, and 
half-wave apart); for 
Example 14.30. 


Adopting a; = +180° and a2 = 0, so that the phase shift between feed currents of 
array elements amounts exactly to 6 = a2 — a] = +180°, we have e!*! = e)*#7 = —]1 in 
Eq. (14.204), and the array factor in Eq. (14.210) becomes 


F,(6) = — e JB(d/2) cosé ae elB(d/2) cosé = 2j sin (65 £038), (14.21 3) 


where the first identity in Eqs. (10.7) is invoked this time. The normalized array factor is 
now given by 


Xr 
a— 5 and 6=+180° — f,(@)= sin (5 cos 6)| (endfire array). 


(14.214) 
Just oppositely to Eq. (14.212), this array pattern exhibits zero radiation in broadside 
directions (for 6 = 90°), while maximum in both axial directions (for @ = 0 and 180°). 
Such arrays whose main lobe maxima are along the array axis, so in directions toward 
array ends, are referred to as endfire arrays (note that it is possible to design end- 
fire arrays with radiation only along one of the ends of the array). Fig. 14.40(b) and 
Fig. 14.40(c) show 2-D and 3-D polar plots, respectively, of the factor in Eq. (14.214), 
with the 3-D pattern having a characteristic shape of a “dumbbell” with no handle. 


As far as the technique of tracking individual waves launched by array elements to 
identify directions of their perfect cancelations and additions (nulls and maxima of 
the array radiation pattern) is concerned [see Fig. 14.39(d)], waves 1 and 2 now can- 
cel each other in broadside directions, as illustrated in Fig. 14.40(d). Namely, the waves 
are launched with a 180° phase difference in the first place (phase shift 6 between feed 
currents), and, traveling equal paths broadside (e.g., along the x-axis), they maintain this 
same phase relationship on out to the far field, yielding a pattern null. In axial direc- 
tions (along the z-axis), on the other side, the phase factor reflecting the counter-phase 
feeds is compensated for by that due to the difference in paths the two waves travel, 
el e-JPd — e+it e-it = | [see the similar computation in Eq. (13.118)]. Hence, the two 
waves are in phase as they propagate away from the array, which results in a constructive 
addition of their fields (pattern maximum). Based on this discussion, we can sketch the 
endfire radiation pattern in Fig. 14.40(b) and Fig. 14.40(c), without actually knowing the 
array factor of the antenna array. 


CRE SIEM Full-Wave Interelement Spacing andGratingLobes 


Repeat Example 14.29 but for a two-element array of point sources with a full-wave interele- 
ment spacing (elements are still fed with same current magnitudes and in phase), shown in 
Fig. 14.41(a). 


Solution 


(a) 


From d = A and Bd/2 = (27/4) d/2 = x, the normalized array factor in Eq. (14.211) now 
takes the following form: 


d=iX and 6=0 — _ f,(@) =|cos (x cos6)|. (14.215) 


Section 14.15 Antenna Arrays 


1 Avy 16-0) 
@| «ar |@ ’ 


(a) 


nS cancel 


far (zero) 


‘ a. 
wave | . wave 2 Figure 14.41 The same 
as in Fig. 14.39 but for a full- 
add (double) wave separation between 
in-phase point sources; for 
(c) (d) Example 14.31. 


This array pattern has maxima (equal to unity) for @ = 0, 90°, and 180°, and nulls for 9 = 
60° and 120°, respectively, which is illustrated by radiation pattern plots in Fig. 14.41(b) 
and Fig. 14.41(c). 


(b) Since eJ84 = ei?" — 1, waves 1 and 2 launched by the array elements now add up in 
phase also in axial directions, Fig. 14.41(d), along with broadside perfect additions as in 
Fig. 14.39(d). To identify pattern nulls, we see in Fig. 14.41(d) that for 6 = 60° wave 1 
travels, to the far zone, dcos @ = 4/2 more than wave 2, which results in an extra phase 
factor of e~J6*/2 — eit = —1 and a perfect cancelation in the far field. For 6 = 120°, 
wave 2 travels that more, and the result is the same (pattern null). Combining this infor- 
mation on the maxima and zeros of the array radiation and filling in the smooth pattern 
variations between them, we can sketch the plots in Fig. 14.41(b) and Fig. 14.41(c). 

This example is illustrative of the fact that multiple radiation lobes are formed 
in an array pattern for interelement spacings greater than 4/2. In addition, assuming 
that the array in Fig. 14.41 is principally meant as a broadside array, with a broad- 
side 3-D main lobe, its endfire radiation lobes are considered as side lobes. However, 
they are of the same intensity at their peaks as the main lobe. Such additional “main” 
lobes are called grating lobes, and in the majority of array applications they are 
undesirable. 


Example 14.32 Array of Two Collinear Hertzian Dipoles — Pattern Multiplication 


An array of two collinear (coaxial) Hertzian dipole antennas, of length /, whose centers 
are spaced a half-wavelength apart, radiates in free space. The dipoles are fed with 
time-harmonic currents of frequency f and equal complex intensities. Determine the total 
characteristic radiation function of the antenna array and sketch the associated normalized 
radiation pattern. 
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element _—_ array total 
pattern factor pattern 


(b) 


Figure 14.42 Radiation 
analysis of an array of two 
collinear Hertzian dipole 
antennas: (a) array spacing 
and excitation (for 
broadside radiation) and (b) 
graphical multiplication of 
the element pattern and 
array factor to obtain the 
overall array pattern; for 
Example 14.32. 


Solution We introduce a spherical coordinate system with the z-axis along the axes of 
dipoles and origin (O) at the array center, as shown in Fig. 14.42(a). Hence, the element char- 
acteristic radiation function is that in Eq. (14.79), and the array factor (this is a broadside 
array) is given in Eqs. (14.210) and (14.212). Applying the pattern multiplication theorem, 
Eq. (14.207), we then obtain the following expression for the resultant characteristic radiation 
function of the antenna array: 


FO) = Fatement(@) £@) = e sin 6 62.cos G cos 6) = Blsin@ cos (> cos) 6 (14.216) 


(6 = 2xf,./€o0), whose normalized form, Eq. (14.80), reads 
f(@) = sin @ cos (= cos 6). (14.217) 


Although it is certainly possible and straightforward to plot the function f(@) directly 
using Eq. (14.217), in Fig. 14.42(b) we instead graphically multiply the element pattern and 
array factor (both previously normalized), to obtain the overall array pattern. All three pat- 
terns are, of course, azimuthally symmetrical, and a 2-D polar plot in any one plane ¢ = const, 
as a function of 6, suffices to fully describe the radiation. The total pattern exhibits broad- 
side radiation as well, and is very similar to the array factor, f4(6). However, it is somewhat 
more directive, i.e., the resulting curve is narrower (sharper), than the f,(@) curve [analyti- 
cally, the product of f4(@) and sin @ is smaller than f,(@), except in the direction of maximum 
radiation].!> 


Example 14.33 Butenaal Two Parallel Dipoles — Three Pattern Cuts 


Repeat the previous example but for an array of two parallel Hertzian dipole antennas (the 
dipole axes are perpendicular to the array axis); all other input parameters of the system are 
the same as in Fig. 14.42(a). 


Solution Since the dipoles are not along the array axis, if we keep the array axis coincident 
with the z-axis of a global spherical coordinate system in which the analysis is performed, then 
the dipoles will not be z-directed, and vice versa. So, let us adopt the system as in Fig. 14.43(a), 
with dipole antennas parallel to the x-axis. Obviously, we cannot use now the expression in 
Eq. (14.79) for the element characteristic radiation function, and what we need rather is the 
one for an x-directed Hertzian dipole placed at the coordinate origin or reference point (O) 
of the array, in Fig. 14.43(a). The far electric field intensity vector of such a dipole is given in 
Eq. (14.48), which, compared with Eq. (14.78) while having in mind the first relationship in 
Eqs. (14.9), yields Bl 


Refement (es ~) = > 
The overall array pattern in Eq. (14.216) then becomes 


F@, 0) = Fotement (9 6) F,(0) = BI(— cos @ cos $6 + sin ¢ $) cos (5 cos8), (14.219) 


(- cos 6 cos ¢ 6 + sing >). (14.218) 


and its normalized magnitude (with a maximum value of unity) is 


f(6, 6) = ¥ cos? 6 cos? @ + sin? ¢ cos (= cos 6). (14.220) 


'SNote that broadside collinear wire antenna arrays, but with half-wave dipoles rather than Hertzian 
dipoles as elements (clement centers are spaced more than 4/2 apart, so that the antennas do not touch 
each other), are extensively used in base stations for land mobile communications. In such arrays, the | 
array axis is oriented vertically, to produce an omnidirectional radiation pattern in the horizontal plane 
(8 = 90°), enabling communications between a base station and many scattered mobile units (so-called 
point-to-multipoint communications). In addition, the number of elements (NV) in a base-station antenna 
array is increased (and the array lengthened), to narrow the beam of the array pattern, i.e., reduce the 
half-power beamwidth [see Fig. 14.11(b)] of the array, in vertical planes (containing the array axis). This, ‘ 
in turn, increases the array directivity, and extends the power “coverage” and the corresponding usable , 
range of distances [see Eq. (14.190)] in the horizontal plane to mobile units in the system. 


7 ee a eee 
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The total radiation pattern now being a function of both angles @ and 4, its plots in 
the plane in which dipoles lie (xz-plane, also defined by ¢ = 0), the plane perpendicular 
to dipoles (yz-plane, where ¢ = 90°), and plane perpendicular to the array axis (xy-plane, 
with 6 = 90°) are all different. Figs. 14.43(b)-(d) show these plots as obtained by graphi- 
cal multiplication of the corresponding plots of the element pattern and array factor. We 
see that different distributions of radiation nulls in the element pattern and array factor in 
Fig. 14.43(b) cause formation of multiple lobes in the resulting array pattern cut. On the 
other hand, the total pattern in Fig. 14.43(c) is identical to the array factor, since the element 
pattern in the equatorial plane of a dipole is omnidirectional. Similarly, the cut of the array 
factor in Fig. 14.43(d) is a circle, so that the pattern of the antenna system equals that of an 
element in this cut. Of course, all these plots can as well be generated substituting the proper 
values for 6 or ¢ in the function f(@, ¢) in Eq. (14.220). 


Example 14.34 Three-Element Array of Parallel Half-Wave Dipoles, Cardioid 


Pattern 


Shown in Fig. 14.44(a) is an array of three parallel half-wave wire dipole antennas. The 
dipoles all lie in one plane, with a quarter-wave separation between adjacent element points. 
The feed currents of adjacent dipoles are in time-phase quadrature (90° out of phase with 


' Tespect to each other), with dipole 1 lagging and dipole 3 advancing in phase with respect 


to dipole 2. The current magnitudes are in the ratio 1: 2:1 along the array, so this is a 
nonuniform array — more precisely, a nonuniformly excited, equally spaced array. Find the 
expression for the overall array pattern of this system and sketch its cuts in planes xy, xz, 
and yz, respectively. 


Antenna Arrays 


Figure 14.43 Radiation by an 
array of two parallel Hertzian 
dipole antennas: (a) array 
configuration and adopted 
coordinate system, and 
radiation pattern cuts, 
obtained by graphical pattern 
multiplication, in planes 

(b) xz, (c) yz, and (d) xy; for 
Example 14.33. 
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element pattern array factor total pattern 


Figure 14.44 Analysis of a nonuniform array of three parallel half-wave wire dipole anten- 

nas: (a) quarter-wave spacing and excitation in time-phase quadrature of adjacent dipoles, ( J 
element, array, and total pattern cuts in planes (b) xy, (c) xz, and (d) yz, and (e) 3-D polar 

plot of the radiation function; for Example 14.34. 7 


(e) 


Solution We now have z-directed dipoles and the array element points lying along the x- 
axis, so this situation is, in terms of description of the polarization of array elements and 
lineup of their centers in the adopted global coordinate system, just opposite to that in 
Fig. 14.43(a). The position vectors of element points, in Fig. 14.44(a), with respect to the 
array center, which falls into the center of the middle element, are 


27h 20, h=7t (14.221) 


To compute the array factor (F,,) in Eq. (14.204), we realize that 


- So Or TS -Fosi =1 = = 5 
Bs yf xX-r=sinécos¢?, ay; 5 (bS2, te =! 
one -5, =O) ae -. (14.222) 


where the use is made of the decomposition of the unit vector X into components in spherical 
coordinates, Eq. (14.46). With these relationships, the second identity in Eqs. (10.7), and the 
trigonometric formula cos(A + 2/2) = — sin A, we have 


F,(6,¢) = e)(1/2)(sin 8 cos b+ 1) iy Jee l(t /2)(sin cos $+1) 
mel bd 

8 
2 


On the other side, the element characteristic radiation function (Fejement), for a 
half-wave dipole, is given in Eq. (14.128). The pattern multiplication theorem, Eq. (14.207), 


= 2 +2cos ( sin6 cos ¢@ + =) = 2/1 — sin C sin cos) |. (14.223) 
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then yields the radiation function of the antenna array as follows: 


cos (4 cos 6) 


F(6, ¢) = Fetement(9) F,(0,¢) = 2 E — sin (5 sin cos) | 6. (14.224) 


sin 8 
Its magnitude in planes xy, xz, and yz, respectively, comes out to be 


6=90° —> |F(90°, ¢)| =2 [1 = sin é COs ¢)| (xy-plane), (14.225) 


cos (% cos @) 


ia «(ECO = 2 sin 6 


[1 — sin (= sin 6) (xz-plane), (14.226) 
2 
cos (% cos @) 
sin@ 

The corresponding normalized overall array pattern cuts are sketched in Figs. 14.44(b)-(d), 
where the process of graphical multiplication of the constituting element pattern and array 
factor plots is also presented. We see that this is a predominantly endfire radiation pattern, 
with the maximum radiation only along one end of the array — in the negative x direction. In 
particular, the curve in the equatorial plane of the dipoles, in Fig. 14.44(b), is the so-called 
cardioid pattern (it resembles the heart shape). Fig. 14.44(e) shows a 3-D polar plot of the 
radiation function in Eq. (14.224). 


Example 14.35 ‘Uniform Linear Array with Arbitrary Number of Elements. 


Consider a linear array (array whose all element points lie along a straight line) with an arbi- 
trary number, N, of point sources (isotropic radiators), radiating in an ambient medium for 
which the wavelength is A. The points are equally spaced with respect to each other, and the 
interelement spacing is d, as shown in Fig. 14.45(a). Feed currents of sources in the array have 
equal magnitudes and equal phase shifts between adjacent points. Obtain (a) the normalized 
array factor of this array and (b) the interelement phase shift (a) that results in the direction 
of maximum radiation of the array at an angle 6 = Omax with respect to the array axis (z-axis). 


¢=90° —>  |F(@,90°)| =2 (yz-plane). (14.227) 


Solution 


(a) Referring to Fig. 14.45(a), position vectors of element points with respect to the coordi- 
nate origin at the first point are r, = (k —1)dz (k =1,2,..., N). The phase of the kth 
source relative to the first one amounts to a, = (k — 1)q, i.e., it varies linearly with the 
source location on the array axis measured with respect to the first element, (k — 1)d. 
Linear arrays with a uniform interelement spacing, uniform feed current magnitude, and 
uniform interelement phase difference along the array are referred to as uniform linear 
antenna arrays. Having in mind that z- f = cos9@, as in Fig. 14.39(a), and adopting that 


Fal) 


0 0.47 0.87 1.27 1.67 27 


(b) 


Figure 14.45 (a) Uniform linear 
antenna array with N point 
source elements and (b) plot 

of the normalized array 

factor, Eq. (14.230), against 
the variable y, given in 

Eq. (14.228), for N = 5; 

for Example 14.35. 
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the constant normalized current magnitudes of elements are ax = 1 in Eq. (14.202), the 
array factor in Eq. (14.204) now becomes 


N 
F,= yy elk-DY where y=Bdcos@+a (0 <6 < 180°) (14.228) 
k=1 


(w can be interpreted as the phase difference between far fields due to adjacent point 
sources in the array and 6 = 27/A). The factor can be further transformed as follows: 


= eA etNRG = eve - ei(N-1)y/2 sin(Ny/2) 
elv/2 e-iv/2 — ejv/2 sin(y/2) ° 


where the use is made of the formula for the sum of a geometric series, 1 + x + x? + 
... $xN-! = (1 —x%)/(1 — x), with x = el¥, and of the first identity in Eqs. (10.7). We 
then note that (N — 1)y/2 is the far-field phase shift of an actual or virtual (depending 
whether N is an odd or even number) point source at the physical center of the array, 
with respect to the field of the first source. Therefore, by dropping the exponential phase 
factor e\N-D¥/2 from the result in Eq. (14.229), we actually shift the array reference 
point to the new coordinate origin (O) at the array center, as indicated in Fig. 14.45(a). 
With this, the final expressions for the array factor of a uniform linear antenna array and 
for its normalized version are 


1— e¥¥ 


== (14.229) 


_ sin(Ny/2) 


— {Fal |sinV/2)| 
24 > . fa 
sin(y/2) 


~ [Ea ~ Nisin(y/2)| (14.230) 


uniform linear array 


sees 


as lees =N for y =0 (sinx ~ x when x — 0). Fig. 14.45(b) shows a plot of the 
function f,(w) in one period, for 0 < y < 27, for N =S. 

(b) Eqs. (14.228) and (14.230) provide an explicit expression of the property of main-beam 
scanning of a uniform linear antenna array by the phase control in its excitation network. 
Namely, with Omax denoting the polar angle at which a maximum of an array factor occurs, 
we have that the interelement phase shift, a, in the array excitation needed for steering 
the main beam peak to the (desired) angle 8 = Omax (so-called scan angle) is given by 


w=0 —> a=-—fdcos6max. 


main-beam steering phase 


(14.231) 


Problems: 14.54-14.66; Conceptual Questions (on Companion Website): 14.58 and 
14.59: MATLAB Exercises (on Companion Website). 


Problems 


14.1. Hertzian dipole electric field from magnetic 14.3. Satisfaction of the wave equation for Lorenz 


14.2. 


potential only. Use the expression for the elec- 
tric field vector in terms of the magnetic vec- 
tor potential only in Eq. (8.118) to obtain E 
due to a Hertzian dipole from the result for A 
in Eqs. (14.4) and (14.5). 

Satisfaction of complex Maxwell’s equations 
by dipole fields. Show that complex electric 
and magnetic field expressions for a Hertzian 
dipole in Eqs. (14.8) and (14.10) satisfy all four 
complex Maxwell’s equations in differential 
form. 


14.4. 


scalar potential. Show that the expression 
for the potential V of a Hertzian dipole in 
Eq. (14.6) satisfies the complex form of the 
source-free wave equation for the Lorenz 
scalar potential, in Eq. (8.92) with p = 0. 

Potentials and field vectors of an x-directed 
Hertzian dipole. Consider the .x-directed 
Hertzian dipole described in Example 14.4, 
and use the expression for its magnetic vec- 
tor potential, in Eqs. (14.44) and (14.46), to 
evaluate, as in Eq. (14.7), the accompanying 


14.5. 


14.6. 


14.7. 


14.8. 


electric scalar potential. Then find the electric 
and magnetic field vectors of the dipole in sev- 
eral ways, paralleling the computation for the 
z-directed dipole in Eqs. (14.8)-(14.13). 
Far-field approximation for an x-directed 
dipole. Starting with the general field expres- 
sions for an x-directed Hertzian dipole found 
in the previous problem, obtain the cor- 
responding far-field expressions for both E 
and H (check the results with those in 
Example 14.4). 

More complex definition of the far-field 
region. The far-zone condition in Eq. (14.16), 
r > A, combined with the condition that D >> 
4, D being the maximum dimension of the 
antenna, can be replaced in practical situa- 
tions by the following combination of require- 
ments for the distance r (from the center 
of the antenna) in the far zone: (i) r > 5A 
and (ii) r > 5D and (iii) r > 2D*/A. Sketch 
a graph with r/d on the ordinate and D/A 
on the abscissa, and identify the far-field 
region where all three conditions (i)-(ili) are 
satisfied. 

Short wire antenna with a cosine current dis- 
tribution. An electrically short wire antenna 
of length /, placed in free space at the coor- 
dinate origin along the z-axis of a spherical 
coordinate system, has a current of intensity 
i) —tcoscr</!),aior —1/2=2=1/2, and 
frequency f. Compute (a) the electric and 
magnetic field intensity vectors of the antenna 
in its far zone and (b) the charge distribu- 
tion along the antenna. From (a), find (c) the 
current of an equivalent (having the same far 
field) Hertzian dipole of the same length (/) 
as the original antenna and (d) the length of 
an equivalent Hertzian dipole with current 
equal to Jp, respectively. (e) From (b), find the 
charge (Q and —Q) of the equivalent dipole 
md). = 7 

Short wire antenna with a quadratic current 
distribution. A dipole copper wire antenna 
of length / = 2 m and radius a = 5 mm is fed 
at its center by a current of frequency f = 
10 MHz and rms intensity Jj = 10 A. The cur- 
rent along the antenna can be assumed to 
be given by the following function: J(z) = 
Iof1 — z/)*1, —i/2 < z < 1/2. Calculate the 
far-zone Poynting vector of the antenna. 
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Two traveling current waves on a wire 
antenna. If the load of resistance Ry, in 
Fig. 14.8 is unmatched, so that the current dis- 
tribution along the antenna is given by J(z) = 
Io, € 182 + Igy el®% (0 < z <1), where Ip, and 
Ign are the magnitudes (rms values) of two 
current waves traveling in opposite direc- 
tions along the antenna and 8 = w/c is the 
free-space phase coefficient, find the far elec- 
tric and magnetic field intensity vectors and 
Poynting vector of the antenna. 


Attenuated traveling current wave. If the 
traveling current wave along the antenna in 
Fig. 14.8 is attenuated (due to losses on the 
antenna), and hence the current distribution 
in Eq. (14.41) becomes J(z) = Ip e~% e7}F2 
(0 < z </), where a is the associated attenu- 
ation coefficient, determine the Poynting vec- 
tor in the far zone of the antenna. 


Uniform line source. A uniform line source, 
defined as a uniform current of complex rms 
intensity 7, = const and frequency f along a 
straight line of (arbitrary) length /, radiates in 
free space. Considering this source (line cur- 
rent) as a straight metallic wire antenna along 
the z-axis, Fig. 14.4, with a constant current 
(Z,,), and adopting the coordinate origin at the 
center of the source, so that —1/2 < z < 1/2 
along the wire, find the far electric and mag- 
netic field intensity vectors, and the associated 
Poynting vector, due to the source. 


Short uniform line source. Show that for 1< 
ho (Ao being the free-space wavelength at the 
frequency f) the field expressions obtained 
in the previous problem reduce to those in 
Egs. (14.17), for a Hertzian dipole (electrically 
short uniform line source). 


Long piece-wise uniform line source. 
Consider a two-step, piece-wise uniform line 
source of (arbitrary) length / and frequency 
f, defined by the following current distribu- 
tion along the z-axis of a spherical coordinate 
system: /(z) = I, for 0 < |z| < 1/4 and I(z) = 
I,,/2 for 1/4 < |z| < 1/2 (1, = const). The per- 
mittivity and permeability of the ambient 
medium are ¢ and p, respectively. (a) Find the 
far-field vectors due to this source. (b) What is 
the accompanying charge distribution of the 
source? 
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Hertzian dipole along the y-axis. Repeat 
Example 14.4 but for a Hertzian dipole along 
the y-axis of the Cartesian coordinate system. 


Hertzian dipole in the xy-plane. Repeat 
Example 14.4 but for a Hertzian dipole posi- 
tioned at the coordinate origin along the line 
defined by the vector x + y. 


Straight wire antenna along the x-axis. 
Assume that the straight wire antenna of 
length / in Fig. 14.4 runs along the x-axis, 
instead of the z-axis, and that it carries an arbi- 
trary current distribution given by a function 
I(x). The operating frequency of the antenna 
is f and the material parameters of the ambi- 
ent medium are « and wu. (a) Use Eqs. (14.32) 
and (14.46) to determine the expressions for 
the radiation integral and far-zone magnetic 
potential of the antenna, analogous to those 
in Eq. (14.29). Then, as in Example 14.4, find 
the expression for computing the far electric 
field intensity vector of the antenna, in place 
of that in Eq. (14.34). 


Uniform line source along the x-axis. Find 
the far electric field due to an x-directed uni- 
form line source of (arbitrary) length /, with 
a current of complex rms intensity /(x) = 
I, = const for —1/2 <x < 1/2 and frequency 
f, radiating in free space. 


Wire antenna and uniform line source along 
the y-axis. (a) Repeat Problem 14.16 but for a 
straight wire antenna with an arbitrary current 
distribution /(y) along the y-axis. (b) Repeat 
Problem 14.17 but for an y-directed uniform 
line source of current intensity J/(y) =1, = 
const for —//2 < y < 1/2. 

Radiation efficiency of a short dipole with 
cosine current. If the short wire antenna 
with a cosine current distribution described 
in Problem 14.7 is made out of steel (o = 
2 MS/m and pz; = 2000), is / = 1 m long and 
a=3mm in radius, and operates at a fre- 
quency of f = 15 MHz, find (a) the radiation 
resistance, (b) the high-frequency ohmic resis- 
tance, and (c) the radiation efficiency of the 
antenna. 


Losses in a short dipole with quadratic cur- 
rent. For the short copper wire dipole antenna 
with quadratic current from Problem 14.8, 
compute (a) the time-average radiated power 
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14.24. 


14.25. 


14.26. 


of the antenna, (b) the time-average power of 
Joule’s (ohmic) losses in the wire, and (c) the 
radiation efficiency of the antenna. 


Computing the radiated power of x- and y- 
directed dipoles. (a) Starting with the far- 
zone complex Poynting vector of an x-directed 
Hertzian dipole in Eq. (14.51), and integrat- 
ing the corresponding time-average surface 
power density through a spherical surface of 
radius r (r >> A) centered at the coordinate 
origin, as in Eq. (14.52), compute the radiated 
power and radiation resistance of the dipole. 
(b) Repeat (a) but for a y-directed Hertzian 
dipole (from Problem 14.14). 


Radiation functions of 12 different antennas. 
Find the characteristic radiation functions of 
all antennas studied in Problems 14.7-14.18. 


Gains of steel and copper short antennas. 
Compute the gain of steel and copper non- 
loaded short dipoles from Problems 14.19 and 
14.20, respectively. 


Sine squared, cosine squared unidirectional 
pattern. The normalized field pattern of an 
antenna is given by f(6,¢) = sin? @ cos? ¢ for 
0 < 6 < 180° and —90° < ¢ < 90°, and is zero 
elsewhere. Find (a) the directivity of the 
antenna and (b) the half-power beamwidths 
in planes ¢ = 0 (elevation plane) and 6 = 90° 
(azimuthal plane), respectively. 


Sectoral radiation pattern. Compute the 
directivity of an antenna with a sectoral radia- 
tion pattern (having uniform radiation inten- 
sity over a specified angular region, while 
being zero elsewhere) given by the follow- 
ing normalized radiation function: f(@) = 1 
for 6; < 0 < 6 and f(0) = 0 elsewhere — if (a) 
6, =0 and 6) =a (conical pattern) and (b) 
6, = 90° —a and 6) = 90° + a, respectively, 
where aq is an arbitrary angle within the range 
0 <a < 90°, and specifically for a = 30°. 


Aircraft radar antenna with a cosecant pat- 
tern. The antenna of a target-search ground- 
mapping radar placed on an aircraft flying 
parallel to the ground has a cosecant radi- 
ation pattern in the elevation plane, which, | 
for the angle 6 defined as in Fig. 14.46, » 
is given by the normalized field function 
fo(0) =csc@ = 1/sin@ for 6; < 6 < 62, while 
fo(9) =0 elsewhere. (a) Use Eq. (14.78) | 


and a trigonometric relationship between 
the antenna-to-ground distance, r, and @ in 
Fig. 14.46 to show that the magnitude of the 
radiated electric field at the ground surface 
is constant (not a function of r or @) in the 
specified range of 6 (from 6; to 6), namely, 
that the radar uniformly illuminates the area 
that is searched on the ground. (b) If, in addi- 
tion, the radiation pattern is uniform in the 
azimuthal direction within a small range of 
the angle ¢ (sectoral pattern), so that the total 
normalized field pattern of the radar antenna 
is given by f(0, @) =cscé for 0; < 6 < 6 and 
—A@/2 < ¢@ < A@/2, and is zero elsewhere, 
express the antenna directivity in terms of 6,, 
62, and Ag, and compute its decibel value for 
i sUene, — 90, and Ad = 10°. 


Figure 14.46 Aircraft radar antenna with a 
cosecant radiation pattern, which enables 
uniform illumination of the ground surface; 
for Problem 14.26. 


. Current and radiation pattern of a wire dipole 
at six frequencies. A symmetrical wire dipole 
antenna of length /=3m is fed by a cur- 
rent of rms intensity J) = 1 A, and radiates in 
free space. Sketch (a) the current distribution 
along the dipole arms and (b) E-plane radi- 
ation field pattern of the antenna if its oper- 
ating frequency is f; = 10 MHz, fp = 50 MHz, 
fs = 100 MHz, f4 = 150 MHz, fs = 200 MHz, 
and f6 = 250 MHz, respectively. (c) Discuss 
the relationship between the respective dia- 
grams in (a) and (b). 

. Charge distribution of an arbitrary dipole 
antenna. Consider a symmetrical wire dipole 
antenna with an arbitrary length, /, and sinu- 
soidal current distribution, in Fig. 14.18(a). 
The antenna feed current is J, its operating 
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frequency is f, and the ambient medium is 
free space. (a) Evaluate the charge distribu- 
tion along the antenna arms, and (b) show 
that for / <i it reduces to that of the short 
dipole — in Fig. 14.7. 


Ohmic resistance of an arbitrary dipole 
antenna. Find the expression for the high- 
frequency ohmic resistance of the (arbitrary) 
dipole antenna in Fig. 14.18(a), if it radiates 
in free space at a frequency f, is / long, with 
radius a, and is made of a metal of conductiv- 
ity o and permeability p. 

Shunt short-circuited stub connected to a 
half-wave dipole. (a) Design a shunt short- 
circuited stub (see Example 12.19) to compen- 
sate (annul) the imaginary part of the complex 
input impedance, Z,, of a half-wave dipole in 
Eq. (14.132), at a frequency of f = 500 MHz. 
(b) What is the SWR with respect to Zo = 
75 Q of thus obtained purely real impedance, 
Ra? (c) Design a quarter-wave transformer 
(see Example 12.8) to match Ra to Zp = 50Q. 


Proof of image theory for a_ horizontal 
Hertzian dipole. Repeat Example 14.17 but 
for a horizontal Hertzian dipole and its image 
obtained by image theory in Fig. 14.23. 


Proof of image theory for an oblique Hertzian 
dipole. (a) Repeat Example 14.17 but for an 
oblique Hertzian dipole, making an angle a 
with the normal to the ground plane, and its 
image (Fig. 14.23). (b) Show that the same 
conclusion about the satisfaction of boundary 
conditions on the ground surface is obtained 
also decomposing the dipole length vector, 
together with the associated current and 
charge, onto a vertical and horizontal compo- 
nents, and using the corresponding results for 
a vertical and horizontal Hertzian dipoles. 


Reflected wave of a vertical dipole above 
the ground plane. If the half-wave wire 
dipole antenna in Fig. 14.25 is rotated about 
its center by 90° so that it becomes verti- 
cal, find (for the numerical data given in 
Example 14.18) the magnitude of the electric 
field vector at the point P due to (a) direct 
wave (propagating parallel to the ground) and 
(b) reflected wave (bouncing off the ground). 


Magnetic-field surface to ionospheric wave 
ratio. Assume that the monopole antenna 
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radiating at the earth’s surface in the pres- 
ence of ionosphere as described in Example 
14.20 is h = 1 m long, and express the ratio 
of rms magnetic field intensities of the sur- 
face wave and resultant ionospheric wave, 
IHourel/ [Hionol or: 08 the ground in terms of 
the distance from the antenna, r, and vir- 
tual height of the ionosphere, /iy. Then com- 
pute this ratio for r=nx50km and n= 
1,2,..., 10, respectively: 


. Multiple reflections of an ionospheric wave. 


Consider the radiation of a quarter-wave 
monopole antenna in the presence of iono- 
sphere in Fig. 14.29(a), and compute (for 
the numerical data from Example 14.20) at 
the point P the rms electric field intensity 
of the resultant ionospheric wave bouncing 
twice off the ionosphere, as illustrated by the 
multiple-reflection zigzag path between points 
O and P in Fig. 14.47(a). Perform the anal- 
ysis both (a) by direct computations on the 
zigzag path and (b) by multiple applications 
of the image theory for the two PEC planes 
in Fig. 14.47(a) (find the image in one plane of 
the antenna representing the previously found 
image in the other plane, and so on) to estab- 
lish the equivalent straight path from an image 
antenna to the receive point [analogous to the 
path in Fig. 14.29(b)], which is indicated in 
Fig. 14.47(b). 

Poynting vector and radiated power of a small 
loop antenna. Find the expression for the 
far-zonc complex Poynting vector of a mag- 
netic dipole (small loop) antenna in Fig. 14.30. 
Starting with this expression, compute the 
time-average radiated power of the antenna. 
Compare the result to that obtained using the 
radiation resistance in Eq. (14.160). 


Lorenz condition for potentials of a small loop 
antenna. (a) Find the line charge density, Q’, 
along the wire of a magnetic dipole antenna 
(Fig. 14.30). (b) From the result in (a), com- 
pute the clectric scalar potential, V, of thc 
antenna, at an arbitrary distance from it. (c) 
Show that V and the magnetic vector poten- 
tial, A, in any field zone of the antenna satisfy 
the Lorenz condition for complex clectromag- 
nctic potentials. 


General field expressions for a small loop 
antenna. (a) Using Eqs. (8.118) and (8.119), 
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Figure 14.47 Reception of the ionospheric wave 
(launched by a quarter-wave monopole antenna) 
bouncing twice off the ionosphere: (a) multiple- 
reflection zigzag path of the wave and 

(b) multiple applications of the image theory for 
both the earth and ionospheric PEC planes to 
establish the equivalent straight path from an 
image antenna to the receive point; for 

Problem 14.35. 


find — from potentials V and A — the expres- 
sions for electric and magnetic field vectors, 
E and H, of a magnetic dipole antenna valid 
for all field zones (not necessarily the far 
zone). (b) Compare the obtained field expres- 
sions with those in Eqs. (14.8) and (14.10) for 
a Hertzian dipole (Fig. 14.1) in light of the 
general duality principle for electromagnetic 
ficlds duc to clectric and magnetic sources. 


Switching places of transmitting and receiy- 
ing antennas. Assumc that in the wircless link 
with two nonaligned half-wave dipole antcn- 
nas shown in Fig. 14.34(a) and described in 
Example 14.22, the transmitting and recciving 
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antennas switch places. Namely, the dipole on 
the right-hand side (lying in the x’y’-plane) is 
now fed by the input power Pi, = 10 W and 
is transmitting at the frequency f = 300 MHz, 
while the terminals of the dipole on the left- 
hand side (in the xz-plane) are left open. 
Under these circumstances, find the magni- 
tude of the open-circuit voltage received by 
the latter antenna — in the following two ways: 
(a) invoking the electromagnetic reciprocity 
theorem and (b) carrying out the analysis 
based on Eq. (14.166), like in Example 14.22, 
respectively. 


Nonaligned half-wave dipole and small loop. 
In the wireless system in Fig. 14.34(a), the 
dipole antenna at the receive end is replaced 
by a small square loop antenna with edge 
length a, which is positioned such that its 
plane and the x’-axis make an angle y, as 
shown in Fig. 14.48. (a) In this new system, 
where 7; andr (7 > A) are also given parame- 
ters, assume that the half-wave dipole antenna 
is fed by a time-harmonic current of complex 
rms intensity J) and frequency f, and find the 
open-circuit complex rms voltage received by 
the loop antenna — using Faraday’s law of elec- 
tromagnetic induction and radiated magnetic 
field of the dipole. (b) Repeat (a) but using 
Eq. (14.166) and radiated electric field of the 
dipole. (c) Then assume that the loop antenna 
is fed by the same current as in (a), and com- 
pute the open-circuit complex rms voltage 
received by the half-wave dipole antenna — 
by means of Eq. (14.166) and radiated elec- 
tric field of the loop. (d) Finally, repeat (c) 
but employing the electromagnetic reciprocity 
theorem. 


Figure 14.48 Wireless link with nonaligned 
half-wave dipole and small loop antennas; for 
Problem 14.40. 


Reception of a CP wave by a magnetic 
dipole antenna. The feed currents of two 
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crossed transmitting dipoles, both with length 
/=6cm, in the wireless link in free space 
in Fig. 14.49 have the same frequency, f = 
300 MHz, and the same magnitude, Jp) = 1 A, 
but are in time-phase quadrature, with dipole 
1 advancing by 90° in phase with respect to 
dipole 2. Find the magnitude of the open- 
circuit voltage of the receiving square loop 
antenna with edge length a = 4 cm, which is 
r=30m away from the transmit end and 
whose plane makes an angle of y = 30° with 
the x’-axis (note: first show that all three 
antennas are electrically small). 


Figure 14.49 Wireless communication system 
with two crossed dipoles at the transmit and a 
square loop at the receive end; for Problem 
14.41. 


Large square plate scatterer. If in the wireless 
system in Fig. 14.49 the receiving loop antenna 
is replaced by an electromagnetic scatterer in 
the form of a square PEC plate, with edge 
length a = 10 m, which is centered at the point 
O’ and whose one pair of edges is parallel to 
the x’-axis and the other pair to the y’-axis, 
compute the complex rms surface induced 
current density vector (J,) at the center of 
the plate. Note that, as the plate is electrically 
large, the induced current at its center can be 
evaluated as if the plate were infinitely large 
(PEC plane). Compare the result to that of 
Example 10.7, part (d). 


Reception of an EP wave by a magnetic dipole 
antenna. Repeat Problem 14.41 but for the 
feed current of dipole 1 lagging in phase the 
feed current of dipole 2 by 45° (instead of 
advancing it by 90°). Then find the angle y 
for which the received voltage is maximum, as 
well as that maximum voltage. 


Receiving loop in the plane of transmitting 
crossed dipoles. Repeat Problem 14.41 but for 
the receiving loop antenna placed in the plane 
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of crossed transmitting dipole antennas, as 
shown in Fig. 14.50, where the location of the 
loop center (point O’) in the plane is defined 
by an arbitrary angle ¢ (r = 30 m). 


Figure 14.50 The same 
as in Fig. 14.49 but with 
all antennas in the same 
plane; for Problem 14.44. 


Link with vertical and oblique dipoles above 
ground. In the wireless link in Fig. 14.51, 
the two half-wave dipole antennas lie in the 
same vertical plane, above a horizontal PEC 
ground. The transmitting dipole is vertical, 
while the receiving one makes an angle of y = 
30° with the vertical direction. The ambient 
medium is air, the operating frequency is f = 
1 GHz, and the input power of the transmit- 
ting antenna is Pi, = 730 mW. The horizontal 
distance between the transmit and receive 
ends of the link is r = 70 m, and the height of 
centers of both antennas with respect to the 
ground is 4 = 24.5 m. Calculate the magni- 
tude of the open-circuit voltage of the receiv- 
ing dipole due to (a) direct wave and (b) 
reflected wave. 


Figure 14.51 
Communication 
between a vertical 
and an oblique 
half-wave dipole 
above a ground 
plane; for Problem 


PEC ics 


Two collinear or parallel half-wave dipoles 
above ground. Both the transmitting and 
receiving antennas in a free-space wireless 
link at a frequency of f = 500 GHz are half- 
wave dipoles parallel to a PEC ground plane, 
at the same height, h = 20 m, with respect to 
it. The distance between dipole centers is r = 
40 m, and the input power of the transmitting 
antenna is Pj, = 1 W. Find the open-circuit 
rms voltage of the receiving antenna due to 
the direct and reflected waves, respectively, if 
the two dipoles are oriented to be (a) collinear 
(coaxial) with respect to each other, as in 


Fig. 14.52(a), or (b) parallel to each other, as 
in Fig. 14.52(b). 


Figure 14.52 Communication between two half-wave 
dipole antennas above a ground plane: (a) collinear 
and (b) parallel dipoles; for Problem 14.46. 
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Communication between a monopole and 
loop via ionosphere. In the communication 
system in Fig. 14.53, the transmitting antenna 
is the quarter-wave monopole antenna 
described in Example 14.20, whereas the 
receiving antenna is a small square loop 
antenna with edge length a=6cm and N= 
20 turns of wire. There is no direct line of sight 
between the antennas. All other parameters 
of the system are as in Fig. 14.29(a). Under 
these circumstances, find the magnitude of 
the received open-circuit voltage of the loop. 


re 


O r Pp 


Figure 14.53 Communication system with 
a quarter-wave monopole and small loop 
antenna in the presence of ionosphere 

and no direct line of sight: ray path of the 
principal ionospheric wave, bouncing once 
off the ionosphere; for Problem 14.47. 


Horizontal short dipole and small loop near 
ground. A time-harmonic signal emitted by 
a horizontal short wire dipole, of length /= 
3cm, positioned in air at height h=5Sm 
with respect to a PEC ground plane is being 
received by a small square loop antenna with 
edge length a = 2.5 cm and N = 10 turns of 
wire, placed immediately above the ground 
in the same vertical plane with the dipole, as 
depicted in Fig. 14.54 (see also Fig. 14.53). The 
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rms intensity and frequency of the feed cur- 
rent of the transmitting dipole are JJ =1A 
and f = 1 GHz, respectively, and the horizon- 
tal distance between the transmit and receive 
ends of the communication link is d= 8m. 
Compute the rms voltage across open termi- 
nals of the receiving loop. 


if d 
=o ones 


Figure 14.54 Communication 
between a horizontal short wire 
dipole and small square loop 
antenna placed immediately 
above a ground plane; for Problem 
14.48. 


Reciprocity for a dipole-loop-ground system. 
Assume that the small loop in Fig. 14.54 is 
fed by a time-harmonic current of rms inten- 
sity J7 = 2 A (note a different current inten- 
sity with respect to the previous problem) to 
serve as a transmitting antenna, while the hor- 
izontal short dipole operates as a receiving 
antenna. Find the open-circuit rms voltage of 
the dipole — using the solution to the previ- 
ous problem and electromagnetic reciprocity 
theorem, if the operating frequency of the 
loop is (a) fj = 1 GHz and (b) fp = 750 MHz, 
respectively. 


Effective aperture of a quarter-wave 
monopole. Find the effective aperture (Aerf) 
of a quarter-wave wire monopole receiving 
antenna, Fig. 14.27(a), illuminated in free 
space by a uniform plane time-harmonic 
electromagnetic wave of frequency f= 
1 GHz, for directions of the wave incidence 
given by 6 =0, 92 = 30°, 93 = 60°, and 
6:4 = 90°, respectively, assuming that the 
antenna is impedance-matched to its load and 
polarization-matched to the incident wave. 


Aperture efficiency and gain of a parabolic 
reflector antenna. A_ parabolic reflector 
antenna [Fig. 14.36(c)] with aperture diam- 
eter d= 3.7m operates at a frequency of 
f =11 GHz in free space. The aperture effi- 
ciency of the reflector is Maperture = 70%. 
What is the dB gain of the antenna? 
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Long-range microwave communication sys- 
tem. A long-range microwave communication 
system operating at a frequency of f= 
20 GHz in free space uses two identical anten- 
nas at the transmit and receive ends, each 
having gain of Ggg = 20 dB. For acceptable 
signal-to-noise ratio (SNR) of the receiver, 
the received power must be at least P,; = 
1 uW. For the input power of the trans- 
mitting antenna of Pj, = 100 W and ideal 
antenna matching and orientation conditions 
(Fig. 14.37), find the largest separation (r) 
between antennas such that the receiver SNR 
is still acceptable. 


Two X-band horn antennas in an anechoic 
chamber. Two identical X-band (8 — 12 GHz) 
pyramidal horn antennas [Fig. 13.14(b) or 
14.36(b)] with aperture edge lengths dporn, = 
8 cm and Dbyorn = 6 cm are placed as transmit- 
ting and receiving antennas in an anechoic 
chamber, at a distance of r=3m between 
them. When the input power of the trans- 
mitting antenna is (Pin)apm = 20dBm at a 
frequency of f = 10 GHz, the power received 
at the other end of the system is P,; = 
63 «4 W under ideal matching and orientation 
conditions. What is the aperture efficiency 
(Naperture) Of the two horns? 


. Two-element array of point sources with car- 


dioid pattern. Repeat Example 14.29 but for 
a two-element array of point sources with a 
quarter-wave interelement spacing (d = 4/4) 
and in time-phase quadrature, where element 
2 lags by 90° in phase with respect to element 1 
(elements are still fed with same current mag- 
nitudes). Note that the obtained 2-D polar 
plot of the normalized array factor should be 
a cardioid pattern. 


Full-wave interelement spacing and counter- 
phase excitation. Repeat Example 14.31 but 
for point sources in counter-phase (d = 1 and 
6 = +180°). In addition, find the polar angles 
Omax at which maxima of the array factor 
occur. 


Three-quarter-wave separation between in- 
phase sources. Repeat Example 14.31 but 
for a three-quarter-wave separation between 
point sources (d = 34/4 and 6 =0), includ- 
ing finding directions of radiation pattern 
nulls. 
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14.57. 


14.59. 


14.60. 


14.61. 
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Array of two collinear Hertzian dipoles fed 
in counter-phase. Repeat Example 14.32 but 
for an array of two collinear Hertzian dipole 
antennas with currents in counter-phase, i.e., 
shifted in phase with respect to each other by 
180° (element centers are still half-wave apart, 
with equal current magnitudes). 


. Array of two parallel dipoles with counter- 


phase excitation. Repeat Example 14.33 but 
for an array of two parallel Hertzian dipole 
antennas fed in counter-phase [all other input 
parameters of the system are the same as in 
Fig. 14.43(a)]. 


Array of two collinear half-wave dipoles with 
full-wave spacing. Consider an array of two 
collinear half-wave dipole antennas, with a 
full-wave separation between dipole centers, 
radiating at a frequency f in free space. The 
dipoles are fed in phase and with equal input 
powers. Find the total characteristic radiation 
function of this antenna array and sketch it as 
a normalized pattern. 


Two vertical quarter-wave monopoles, full- 
wave separation. Two identical vertical wire 
monopole antennas of length h = 25 cm are 
attached to a horizontal PEC ground plane 
and fed against it with time-harmonic currents 
of frequency f = 300 MHz and equal com- 
plex intensities. The separation between the 
monopole axes is d= 1m, and the medium 
above the ground is air. Determine the 
expression for the total radiation pattern 
of this system and sketch its cuts in three 
characteristic planes for the system, namely, 
the plane containing the two monopoles, the 
plane perpendicular to the array axis and con- 
taining the center of the array, and the plane 
perpendicular to the antennas and containing 
the array axis. 


Wire dipole parallel to a PEC plane. A wire 
dipole antenna of length /=3m, radiating 
at a frequency of f = 50 MHz, is positioned 
in air parallel to a PEC plane, at a distance 
d=1.5m from it. Find the resultant char- 
acteristic radiation function of this antenna 
system and sketch the associated pattern cuts 
in three characteristic planes (all containing 
the projection of the dipole center on the PEC 
surface). 


14.62. 


14.63. 


14.64. 


14.65. 


14.66. 


Two smali loops, quarter-wave spacing, 
quadrature excitation. Two identical small 
wire loop antennas of surface area S$ oper- 
ating at a frequency f are placed in the same 
plane in free space, at a quarter-wave sepa- 
ration between their centers, and the ratio of 
their complex current intensities is J;/J> =j. 
Compute and sketch the overall radiation 
pattern cuts of this antenna array in three 
characteristic planes. 


Nonuniform three-element array of collinear 
dipoles. Consider an array of three collinear 
(coaxial) half-wave wire dipole antennas, with 
centers spaced a half-wavelength apart (how- 
ever, the dipoles are not quite touching). The 
feed currents of dipoles are all in phase, but 
their magnitudes are in the ratio 1 : 2: 1 along 
the array. Under these circumstances, com- 
pute and sketch the total characteristic radi- 
ation function of the array. 


Nonuniform three-element array of parallel 
dipoles. A nonuniform array of three in-phase 
parallel half-wave wire dipole antennas has 
a half-wave separation between adjacent ele- 
ment points, which lie on the x-axis of a 
Cartesian coordinate system, with the cen- 
tral point coinciding with the coordinate ori- 
gin and the dipoles being z-directed. The 
ratio of current magnitudes along the array 
is 1: 3:1. Determine the expression for the 
total radiation pattern of this antenna array 
and sketch its cuts in planes xy, xz, and yz, 
respectively. 


Nonuniform, counter-phase array of parallel 
dipoles. Repeat the previous problem but for 
a 180° phase shift between feed currents of 
adjacent elements in the array (a; = —7,a2 = 
0, and a3 = 77); all other parameters of the 
array are the same. 


Broadside and endfire arrays with arbitrary 
numbers of elements. For a free-space uni- 
form linear antenna array with an arbi- 
trary number (N) of point source elements, 
Fig. 14.45(a), and a given interelement spacing 
d and operating frequency f, find the exci- 
tation interelement phase shift, a, such that 
the array radiation is (a) broadside and (b) 
endfire. 


Quantities, Symbols, Units, 
and Constants 


SI Unit (and Value) 


APPENDIX 


Defined In: 


SB ge 


p 


Qi Ps 


Magnetic vector potential 

Decibel attenuation (attenuation in dB) 
Antenna effective aperture 
Acceleration (vector) 


Magnetic flux density vector 

Susceptance 

Normalized transmission-line susceptance 
Capacitance 


Capacitance per unit length (p.u.l.) 
Velocity of electromagnetic (EM) waves 
Velocity of EM waves in free space 
Electric flux density (displacement) vector 


Antenna directivity 

Charge of electron, magnitude 
Electric field intensity vector 
Dielectric strength of a material 


Dielectric strength of air 

Impressed electric field intensity vector 
Induced electric field intensity vector 
Field due to excess charge 


Electromotive force (emf) of a generator 
Induced electromotive force (emf) 
Electric (Coulomb) force 

Magnetic force 


Frequency 

Plasma frequency 

Resonant frequency of an EM resonator 
Cutoff frequency of a waveguide mode 


Antenna characteristic radiation function 
Antenna normalized field pattern 
Antenna array factor (AF) 

Conductance 


T - m (tesla-meter) 
dB (decibel) 

m? (meter squared) 
m/s? (s — second) 


T (tesla) 

S (siemens) 
dimensionless 
F (farad) 


F/m 

m/s 

299,792,458 m/s 
C/m? (C - coulomb) 


dimensionless 

1.602 x 10-19 C 
V/m (volt per meter) 
V/m 


3 MV/m (M = 10°) 
V/m 
Vim 
V/m 


V (volt) 

Vv 

N (newton) 
N 


Hz (hertz) 


dimensionless 
dimensionless 
dimensionless 
S 


Section 4.9 
Section 9.7 
Section 14.13 
Section 6.1 


Section 4.1 

Section 12.6 
Section 12.6 
Section 2.12 


Section 2.12 
Section 8.9 
Section 9.3 
Section 2.5 


Section 14.6 
Section 1.1 
Section 1.2 
Section 2.6 


Section 2.6 
Section 3.10 
Section 6.1 
Section 6.2 


Section 3.10 
Section 6.3 
Section 1.1 
Section 4.1 


Ch. 6, Intro 
Section 9.12 
Section 10.1 
Section 13.2 


Section 14.5 
Section 14.5 
Section 14.15 
Section 3.8 
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Symbol 


Quantities, Symbols, Units, and Constants 


Quantity or Parameter 


SI Unit (and Value) 


Defined In: 


CC eC ce er a rary 


Conductance per unit length 


Normalized transmission-line conductance 


Antenna gain 
Standard acceleration of free fall 


Magnetic field intensity vector 
Half-power beamwidth of an antenna 
Current intensity (or current) 
Magnetization current 


Current density vector (conduction current) 


Impressed current density vector 


Magnetization volume current density vector 


Density of eddy currents 


Displacement current density vector 


Conduction surface current density vector 
Magnetization surface current density vector 


Coefficient of magnetic coupling 


Length 

Electrical length 
Self-inductance 
Mutual inductance 


Internal inductance 
Inductance per unit length 
Magnetic dipole moment 
Magnetization vector 


Mass 

Concentration (number/m?) of particles 
Index of refraction 

Electric dipole moment 


Polarization vector 
Electric pressure 
Magnetic pressure 
Power (instantaneous) 


Power of Joule’s losses or ohmic losses 
Mechanical power 

Time-average power 

Power flow (transfer) 


Ohmic power density 

Power of Joule’s losses per unit length 
Poynting vector 

Complex Poynting vector 


dimensionless 
dimensionless 
9.81 m/s? 


A/m (amp per meter) 
degree (°) 
A (ampere or amp) 


A/m 
dimensionless 


m (meter) 
dimensionless 
H (henry) 

H 


H 
H/m 
A-m? 
A/m 


kg (kilogram) 
m7 
dimensionless 
C-m 


C/m? 

Pa = N/m? (pascal) 
Pa 

W (watt) 


Section 3.12 
Section 12.6 
Section 14.6 
Example 7.23 


Section 5.4 
Section 14.5 
Section 3.1 
Section 5.3 


Section 3.1 
Section 3.10 
Section 5.3 
Section 6.8 


Section 8.1 
Section 3.1 
Section 5.3 
Section 7.3 


Section 1.3 
Section 12.6 
Section 7.1 
Section 7.2 


Section 7.6 
Example 7.3 
Section 4.11 
Section 5.1 


Section 5.2 
Section 2.2 
Example 9.18 
Section 1.11 


Section 2.2 
Example 2.12 
Example 7.24 
Section 8.12 


Section 3.3 
Example 6.11 
Example 6.12 
Section 8.11 


Section 3.3 

Section 3.12 
Section 8.11 
Section 8.12 
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Quantity or Parameter 


Quantities, Symbols, Units, and Constants 


SI Unit (and Value) 


Defined In: 


SS 


Rrad 
Rohmic 
Rs 

R’ 


Sa Se SSS 


Vor 


I< x 
a 


Time-average Poynting vector 

Charge 

Bound (polarization) charge 

Line charge density (charge per unit length) 


Reactive power 

Quality factor of a resonator 

Q factor for structure conductors 
Q factor for structure dielectric 


Source-to-field distance 


Resistance 
Grounding resistance 
Radiation resistance of an antenna 


Ohmic resistance of an antenna 

Surface resistance of a good conductor 
Resistance per unit length 

Normalized transmission-line resistance 


Reluctance 

Surface area 

Complex power 

Standing wave ratio (SWR) 


Time 

Period of time-harmonic oscillation 
One-way time delay period of a tr. line 
Temperature 


Torque 

Antenna radiation intensity 
Volume 

Electric scalar potential (at a point) 


Voltage (between two points) 

Breakdown voltage 

Voltage of a step (for a grounding electrode) 
Complex rms (root-mean-square) voltage 


Open-circuit voltage of a receiving antenna 
Velocity (vector) 

Phase velocity 

Group velocity 


Work or energy 
Electric energy 
Magnetic energy 
Electromagnetic energy 


C (coulomb) 
Cc 

C/m 

W 
dimensionless 
dimensionless 
dimensionless 
m 

Q (ohm) 

Q 

Q 


Q 

Q/square (or Q) 
Q/m 
dimensionless 
H- | 
mic 

W 


dimensionless 


s (second) 
S 
S 


K (kelvin) or °C 


N-m 


W/sr (W per steradian) 


Section 8.12 
Section 1.1 
Section 2.3 
Section 1.3 


Section 8.12 


Section 12.10 
Section 12.10 
Section 12.10 
Section 1.2 
Section 3.8 
Section 3.13 
Section 14.4 


Section 14.4 
Section 10.3 
Section 3.12 
Section 12.6 


Section 5.10 
Section 1.3 
Section 8.12 
Example 10.9 


Section 3.1 
Ch. 6, Intro 
Section 12.14 
Section 3.2 


Section 2.1 
Section 14.6 
Section 1.3 
Section 1.6 


Section 1.8 
Section 2.17 
Section 3.13 
Section 8.7 


Section 14.12 
Section 3.1 
Section 9.4 
Section 9.13 


Section 1.6 
Section 2.15 
Section 7.4 
Section 8.11 
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Symbol 


cr re ry 


dy 
rad 


aperture 


i 
ig 
hz 
pL 


Quantities, Symbols, Units, and Constants 


Quantity or Parameter 


Electric energy density 
Magnetic energy density 
Angular velocity (vector) 
Reactance 


Normalized transmission-line reactance 
Complex admittance 

Characteristic admittance of a tr. line 
Normalized transmission-line admittance 


Complex impedance 

Characteristic impedance of a tr. line 
TEM wave impedance 

TE wave impedance 


TM wave impedance 

Antenna input impedance 

Normalized transmission-line impedance 
Attenuation coefficient 


Attenuation coeff. due to conductor losses 
Attenuation coeff. due to dielectric losses 
Phase coefficient or wavenumber 
Complex propagation coefficient 


Reflection coefficient 

Skin depth 

Loss tangent 

Permittivity of a dielectric material 


Permittivity of a vacuum (free space) 
Equivalent complex permittivity 
High-frequency complex permittivity 
Plasma effective permittivity 


Relative permittivity 

Effective relative permittivity of a tr. line 
Intrinsic impedance of a medium 
Intrinsic impedance of free space 


Complex intrinsic impedance 
Wave impedance 

Radiation efficiency of an antenna 
Antenna aperture efficiency 


Wavelength 

Free-space wavelength 

Wavelength along a tr. line or waveguide 
Permeability of a magnetic material 


S1 Unit (and Value) 


rad/s (radian per second) 
22 


dimensionless 
S 
S 
dimensionless 


ND 9000 


dimensionless 
Np/m (neper per meter) 


Np/m 
Np/m 
tad/m 
m7! 


dimensionless 
m 
dimensionless 
F/m 


8.8542 pF/m (p = 107!) 
F/m 
F/m 
F/m 


dimensionless 
dimensionless 

Q 

1207 Q = 377 Q 


2 
Q 
dimensionless 
dimensionless 


H/m 


Defined In: 


Section 2.16 
Section 7.5 
Section 5.2 
Example 8.20 


Section 12.6 
Section 12.6 
Section 11.4 
Section 12.6 


Example 8.20 
Section 11.4 
Section 11.1 
Section 13.7 


Section 13.7 
Section 14.4 
Section 12.6 
Section 9.7 


Section 11.6 
Section 11.6 
Section 8.10 
Section 9.7 


Section 10.2 
Section 9.11 
Section 9.9 
Section 2.6 


Section 1.1 
Section 9.7 
Section 9.9 
Section 9.12 


Section 2.6 
Section 11.9 
Section 9.3 
Section 9.3 


Section 9.7 
Example 10.11 
Section 14.4 

Section 14.13 


Section 8.10 
Section 9.5 
Section 12.1 
Section 5.5 
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Symbol Quantity or Parameter SI Unit (and Value) Defined In: 
Lo Permeability of a vacuum (free space) 4x x 10-7 H/m Section 4.1 
Mr Relative permeability dimensionless Section 5.5 
p Volume charge density (free charge) Cim?3 Section 1.3 
Pp Bound volume charge density Clm3 Section 2.3 
Ds Surface charge density Clim? Section 1.3 
Pps Bound surface charge density C/m? Section 2.3 
p Resistivity of a medium Q-m Section 3.2 
o Conductivity of a medium S/m Section 3.2 
Tt Relaxation time or time constant s Section 3.7 
ce Transmission coefficient dimensionless Section 10.2 
® Magnetic flux Wb (weber) Section 4.8 
Xe Electric susceptibility of a medium dimensionless Section 2.2 
NG Magnetic susceptibility of a medium dimensionless Section 5.2 
wv Electric flux Cc Section 2.5 
yw Phase angle of a reflection coefficient rad (radian) Section 10.2 
@ Angular or radian frequency rad/s Example 6.4 
Solid angle sr (steradian) Section 1.12 
Ga Beam solid angle of an antenna sr Section 14.6 


Powers of Ten as Multipliers of Fundamental Units 
Multiple Prefix Symbol Multiple Prefix Symbol 


1018 Exa E 10-2 centi c 
i= Peta P On: milli m 
lo Tera 7 10-6 micro yw 
10° Giga G 10>? nano n 
(a Mega M Ome pico p 
10° kilo k i femto  f 
102 hecto h 10-18 atto a 


APPENDIX 


Mathematical Facts and 
Identities 


A2.1 TRIGONOMETRIC IDENTITIES 


sin(a + B) = sinacosB + cosa sin B nO cos 0 ul 
cos(a + B) = cosa cos 6 + sina sin B ana : 605 30 
2sina sinB = cos(a — B) — cos(@ + B) 

"i fe} V2 te} 
2sina cos B = sin(a + B) +sin(a — B) sin 45° = os cos 45° = 
2cosacos B = cos(a + B) + cos(a — B) 8) 

sin 60° = oa cos 60° = 
picees|s _enes/s 
Sin. = Simp = 2 sin 5 cos 5 Eon = Il C0800 =n 
cosa +cos f= 2cos = cos sin 180° = 0 cos 180° = —1 
cosa — cos B = ~2sin=— a sin E 
Z 2 
2 1 — cos2a 
sin“ a = —————_ 


5 sin(—@) = —sina@ 
2 licos Za 


cos’ a = 5 cos(—a) = cosa 


sin? a + cos?a@ = 1 sin(a + 90°) = +cosa@ 


sin2a = 2sina cosa 


cos(a + 90°) = = sina 


cos 2@ == cos? a — sin? a 


sina 
tana = 
Sa 
(HO (o? == 
na 


sina@ 


=a’ +h? —2abcosy (cosine formula, arbitrary triangle; angle y is opposite to side c) 


C=a +b? (Pythagorcan theorem, right triangle; c is hypotenuse) 
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A2.2 EXPONENTIAL, LOGARITHMIC, AND HYPERBOLIC 
IDENTITIES 


e = 2.71828 (base of natural logarithm) 


j=~<-1 (imaginary unit) 


e =cosx+jsinx (Euler’s identity) 
eX + e* = 2cosx 


e*® — e * = 2jsinx 


log x =log;ygx (common logarithm) True for a logarithm of any base: 


Inx =logex (natural logarithm) log(xy) = logx + logy 
Mee —x log =logx ~ logy 
logx? = alogx 


Hyperbolic sine and cosine: Hyperbolic tangent and cotangent: 
: ee sinh x 
sinhx = ————— tanhx = 
2 cosh x 
e*+ e~* 1 
coshx = aia cothx = —— 
2 tanh x 


sinh jx = jsinx 


cosh jx = cos x 


A2.3 SOLUTION OF QUADRATIC EQUATION 
= —b + Vb? — 4ac 


ge bx c= 0 => «x 
2a 


A2.4 APPROXIMATIONS FOR SMALL QUANTITIES 


For |x| <1, 
(1+x)* +~1+ax e~x14+x 


sinx © x Ini+x)~x 


jt 
COSX ~ = >= 
2 
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A2.5 DERIVATIVES 


Sin = Cosa. 


dx 


— cosx = —sinx 
dx 


— tanx = sec? x 


dx 


Chain rule for taking derivatives: 


df dg 


—f ig] = ae 


A2.6 INTEGRALS 


[ sinxax = —cosx+C 


[ cosxdx =sinx +€ 
[ SS =m(e+VP 42) +e 
/y2 4 ¢2 


jroo -—(1l+x)e*4+C 


fofarsef far 
formar [part f gar 


| Fes = fg- [sar (integration by parts) 


gE Ee me ee On ee re ee se i, ei eee ee 


Section A2.8 Vector Calculus Identities 
A2.7 VECTOR ALGEBRAIC IDENTITIES 


For vectors a and b, and angle a between them, 


a-b = |a||b| cosa (dot product of vectors) 


a x b= |a||b|sinan (cross product of vectors; n is the unit vector normal to 
the plane of a and b, and its direction is determined by 
the right-hand rule when a is rotated by the shortest route 
toward b) 


2 


a-a=|al? =a a-b=b-a 


A a : ws 
a=-— (unit vector of a; |a| = 1) 
a 


(ax b)-c=(bxc)-a=(cexa)-b (scalar triple product) 


a x (b x c) = b(a-c)—c(a-b) (vector triple product) 


For vectors in the Cartesian coordinate system, 


a=a,X+ayY+azz (XK, y, and Z are coordinate unit vectors) 


a=|al=/az+a2+a? 


a+b = (a + by) &+ (ay + by) ¥+ (Gz + bz) 
a-b= ada. + Ayby Se azbz 
axb= (aybz = azby) K + (azb, — aybz) y+ (axby a aybx) z 


A2.8 VECTOR CALCULUS IDENTITIES 


For a scalar function f (and g) and a vector function a (and b), 


Vf = gradf (gradient of f) 


V-a=diva (divergence ofa) 


Vxaezcurla_ (curlofa) 
V-(Vf)=V?f (Laplacian of f) 


Wexaiv is) = 0 
V-(V xa) =0 
V (fg) = (Vf)g+fV8 
Vf(g) = < Vg (chain rule) 


V -(fa) =(Vf)-a+fV-a 
V x (fa) = (Vf) xa+fV xa 
V-(axb) =b.-(V x a)—a-(V xb) 
Vx(V xa) =V(V-a)—V2a (V2a - Laplacian ofa) | 


f,V-adv=f,a-dS (divergence theorem; S is the boundary surface of v) 


{s(V x a)- dS = fa: dl (Stokes’ theorem; C is the boundary contour of S) 
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A2.9 GRADIENT, DIVERGENCE, CURL, AND LAPLACIAN IN ORTHOGONAL 
COORDINATE SYSTEMS 


Cartesian coordinate system [f(x, y, 2), a= a(x, y, Z)X + ay(x, y, 2) 9 +. az(%, y, Zz) Z] 


a 
ay 


m of eee] oe ie 
Vv pall pete 
me a 7 a ree 


0 
ve ae x+— y+—Zz (del operator) 


a2 2 2 
vp tS 


V2a = Vea, & + Vay ¥ + Vaz2 


Cylindrical coordinate system [f(r,@,Z), a= a,(r,¢,2Z)f + ag(r, >, 2) b + az(r, b, 2) Z) 


af ae . fs 
Vv ee ee eer 
f= ee ee 
Tetie on qa Sees 
~ 7 OF eo puennG 


1 da, dag\. da; day lie dar |. 
Vv =| = See = ee it -_ = 
oie (; dp 2 )i+($ or ‘dole ay (740) 


pa (re) 1 af , af 
w= 5 ar 2 agen yee 
V-a=V(V-a)-—V x(V xa) 


Spherical coordinate system = [f(r,0,¢), a=a,(r,0,6)f+ a9(r, 0, >) 6+ ag(r, 0, ) 6] 


af. lafe 1 af, 
Vv Jes os 
f= a | og meme ag 


(sin @ag) + ots 
— 1 — 
rsin@ ia a rsin@ d¢ 


] fe dag|. 1 1 da, 0 ee eo dap ls 
v = or 6 _— |) ae Se ee ies 52 
<a ysind E Se a Ee rey (a) fs E (rag) ale 


eee l af Lee 
p=. — | ee é— |) + ——-_ — 
f r2 ar ( z) © eine a0 ac g a a r2sin?@ ag? 


for V2a, see the formula above 


Vector Algebra and Calculus 
Index 


Concept Page Numbers Concept 

Unit vector 4 Line, surface, volume integrals 
Magnitude of a vector 4 Line integral of a vector 
Position vector of a point 4 Circulation of a vector 
Decomposition of a vector 4-6 Flux (surface integral) of a vector 
Graphical addition of vectors 6 Gradient 

Dot product of vectors 16, 36 Directional derivative 

Cross product of vectors 174, 195 Divergence 

Scalar triple product 258-259 Divergence theorem 

Vector triple product 204 Curl 

Cartesian coordinate system 3-4 Stokes’ theorem 

Cylindrical coordinate system 24 Laplacian of a scalar 
Spherical coordinate system 24-25 Laplacian of a vector 
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CC 


195-197 
197-198 
82-83 
205 
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CHAPTER 1 


CHAPTER 2 


CHAPTER 3 


CHAPTER 4 


802 


Answers to Selected 
Problems 


1.2. Q3=-4pC and d=2cm. 1.7. Fe = Q2(6/3+3V6+2)/(24e9a7) along 
the cube diagonal containing the charge. 1.11. Q=mp,a*/2. 1.15. E=Q(b— 
a)/{2meqab[x(a + b) + 2(b —a)]}, direction toward the midpoint of the larger semicir- 


cle. 1.19. E = Q'[X/J/x2 + y? + (1 —x/Vx? + y*) §/y]/(4e9). 1.23. E = pozlVz2 + a2 — 
Iz] +221 /v¥ 22 +42 —1/|z|)]Z/(2e9a*) (z-axis as in Fig. 1.14). 1.27. E=QO[@— 
0;)X + yin(R,/R2))/(27e9a) (notation in Fig. 4.11). 1.30. We =526.5nJ. 1.35. 
V = p,a/(2e9). 1.37. V=—99.27kV. 1.44. (a) 0.793x+0.6379 and (b) 6.27°. 1.46. 
(a) V=0O and E=-17.984z V/m, (b) V=0 and E=-6.355zV/m, and (c) 
V = 346 wV and E=3.459(x+ y) uV/m. 1.49. E=p'(cos¢ r+ sing $)/(27e9r). 1.55. 
V = po(4a® — r°)/(12e9a) (r<a) and V = poa?/(4eqr) (r> a). 1.58. V =—pa*/(4e9). 
1.63. (a) E=-—poa[l + cos(rx/a)]x/(re9) (|x| <a) and E=0 (|x|> a), and (b) 
V = —2poa?/(1e9). 1.64. E = popae~*!/4X/eq (—oo < x < 00). 1.72. (a) For the notation as 
in Fig. 1.35, E = pxx/eo (|x| < d/2) and (b) E = p.(x/|x|) X/(2e0), with ps = pd (|x| > d/2). 
1.76. (a) Qa = —2Q and Q»y = 3Q, and (b) V = 3Q/(4e9b). 1.79. OQ = —88.5 nC/m and 
Q, = 450 nC/m. 1.80. Q; = 1.85 pC and Q2 = 24.85 pC. 1.82. Adopting an x-axis such 
that the plane x =0 coincides with the first surface of the first slab, (a) p, = 1 C/m? 
at x =0, ps =1 wC/m? at x=1cem, ps = —1 wC/m* at x =4cm, and p, = 1 uC/m? at 
x =5cm, (b) E= —112.94k kV/m for x < 0, E=0 for 0 <x <1cm, E = 112.94x kV/m 
for 1 cm <x <4cm, E=0 for 4cm < x < 5 cm, and E = 112.94x kV/m for x > 5 cm, and 
(c) V =3.39 kV. 1.89. V = QO! In(hV/2/a)/(2760). 


2.3. E= Phi(l/Vb? +h? — 1//a? + h2)/e0. 2.6. (a) pp = —2Pox/a?, ppsi = —Po (x = a), 
and ps2 = Po (x =a), (b) E= —Pox? X/(eya’) (|x| < a) and E =0 (|x| > a), and (c) V= 
—2Poa/(3e9). 2.9. pp = —p. 2.16. (a) Ez = (4X — 29 + 102) V/m and (b) E2 = (4k -29+ 
7z) V/m. 2.20. (a) p = —4€9Vox72/3/(9d4/3), (b) psy =0, (c) ps2 = 4e9Vo/(3d), and (d) 
QO =0. 2.22. (a) V = (—2.5+0.125/r) V and (b) E = (0.125/r*) V/m (r in m). 2.30. (a) 
C = 132.8nF, (b) V =2.26 GV, and (c) E =2.26MV/m. 2.32. C’ = 2769/in[d?/(ab)). 
2.35. C’ = 9.86 pF/m. 2.42. Vnew = 136.5 V. 2.44. (a) C = 2.224 pF, (b) ps = 1.77 wC/m’, 
(c) pp =0, and (d) ps1 = —1.327 wC/m? (r =a) and pps2 = 147.6 nC/m? (r=). 2.46. 
Vnew = 8.571 kV. 2.50. (a) C’ = 211 pF/m and (b) py = 531.3 nC/m?, p.. = 177 nC/m?, 
ps3 = 88.54 nC/m?, and p.4 = 885.4 nC/m? for the parts of the conductor surface interfac- 
ing dielectric sectors with &,1, 2, €r3, and &€,4, respectively. 2.55. C = 2abeg(1 + 6/m)/d. 
2.59. b =5cm. 2.63. We /We = 66.1%. 2.68. We = pparS/(2e). 2.71. (a) Ver = 158.8 kV, 
(b) W, = 130 mJ/m, and (c) F, = 25 mN/m. 2.73. Ver = 80.67 kV. 2.79. €r1 Eri @ = €12 Bera. 
2.81. (a) Ver = 440 kV and (b) Wi = 8.15 J/m. 


3.4. G = 2ncab/(b — a). 3.8. R= a/[opbc(1 + 18/7)]. 3.12. (a) J = 209Vz/(5d), (6b) G= 
2noya2/(5d), (c) Py = 2moqa2V2/(5d), (d) p = 24egV(1 + 3z/d)/(5d”), ps) = 4€0V/(Sd) 
(z=0), and py = —64e9V/(Sd) (z =d), and (ec) pp = —18e9V(1 + 4z/d)/(5d"), Pps = 
—2egV/(Sd) (z = 0), and pps2 = 56e9V /(Sd) (z = d). 3.16. In the spherical coordinate system 
adopted as in Fig. 2.7, Js = obV(1 + cos@) 6/[(b — a) sin}. 3.18. (a) G’ = 409/[2 In(b/a) + 
b?/a2 — 1] and (b) p = 8egV(1 + r*/a*)/{a?[2 In(b/a) + b*/a? — 1). 3.24. (a) Rer = 31.85 Q, 
and (b) Py; = 15.92 kJ and Py2 = 63.69 kJ. 3.27. R = 1/(22e4). 3.28. (Vstep) wax = 119.2 V. 


4.4. B = pod oa(1/v 22 + a2 — 1/22 + b*) 2/2. 4.8. B = ugN!/(4a), the direction of B with 
respect to wire turns as in Fig. 4.10. 4.15. With the rectangular coordinate system as in 
Fig. 6.25(b), B = polxy/(ad). 4.17. With the sphcrical coordinate system as in Fig. 2.7, 
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B = —pooabV(1 + cos 6) 6/ [(6 — a) rsin6]. 4.18. With the cylindrical coordinate system as 
in Fig. 3.20 [also see Fig. 8.12(a)], B = wo€[G’( — z) + 1/Ri] b/(22r) (G’ = 6.84 pS/m). 
4.24, (a) J = 795.8 [x& + (—y + 8z — 8) ¥ + 6x* 2] A/m? (x, y, z in m), (b) Ic = 6.366 kA, and 
(c) £.B-dl=8mT-m. 4.32. With the Cartesian coordinate system as in Fig. 4.34, F= 
Ops(/2 — 1)[eguqvwa(V/2 — 1) & + 2]/(2V2e9). 4.34. F/, = 31.83 mN/m (repulsive, symmet- 
rically with respect to the semicylinder). 4.36. F/, = uoI?V/2(1/4 + In/2)/(4xa) (repulsive, 
symmetrically with respect to the corner conductor). 4.38. Adopting a Cartesian coordi- 
nate system with origin at the orthocenter of the triangle, x-axis along B (B = Bx), and 
z-axis out of the page, and denoting the loop side perpendicular to B as side 1, and 
the other two sides as 2 and 3 in the counterclockwise order, (a) Fy; = JaBz, Fn2 = 
—IaBi/2, and Fn3 = —laBi/2, (b) T = Ia*BV/3 4/6, Tz = Ia? BV/3(/3% 4+ §)/24, and T3 = 
Ia*BV/3(—V3% + §)/24, (c) Fm = 0, and (d) T = Ia?B/3 9/4. 


5,3. B = 2/29 Moad 2/[m (42? + a?)V/2z? + a2]. 5.5. (a) Im = —2Mor $/a? and Jms = Mod, 
and (b) B= poMod2{[|z| — Vz? +a? + 22 (1/|z| —1/V 22 +.42)]/a? + a? /[2(2? + a)?/7}}. 
5.9. Im = —J. 5.16. (a) Hp = (5% -—39+4.8%) A/m and (b) Hy = (2% —39 44.82) A/m. 
5.19. B= uoMoz (r < a) and B=0 (r >a). 5.22. For reference directions of vectors B 
and H as in Fig. 5.32(a), By = 0.375 T, Hy = —250 A/m, By = —1.5 T, Hp = —1500 A/m, 
B3 =1.125 T, and H3 = 750 A/m. 5.24. Nol, = —107.3 A turns. 


6.2. With the x- and y-axes oriented as in Fig. 6.2, Eing = 3.651 x 10~8(di/dt)(—& + y) V/m 
(di/dt in A/s). 6.7. With the Cartesian coordinate system adopted as in Fig. 6.4, (a) 
t =b/cg = 0.3 ns X T = 2n/w = 62.8 ns, (b) Eing = 11c0s 108s (—&+ f) V/m, and (c) 
H = 8.33 sin 10°¢z A/m (¢ in s). 6.9. Eing = uo (di/dt){In[(V a2 + z2 + a)/(/ a2 + z2 —a)] - 
2a/Va2 +22} 9/(4r). 6.13. vyn = UN'a2a(di/dt){(S1 — S2)/[S1 + Sou/(2m — ot)]}/2. 6.19. 
(a) @ing = wBa?/2, (b) Eg =—wBr, with respect to the (outward) radial reference 
direction (r is the radial distance from the disk center), and (c) Viz = wBa*/2. 6.21. 
B=05T or B=—1T, and Prep = —25 W (in both cases). 6.26. In the cylindrical 
coordinate system adopted as in Fig. 3.20 [or Fig. 8.12(a)], (a) B= pol, 6/(2zr), (b) 
Eing = —Vuolgt/(2z71), (c) J =o(Eg + Ejna), (4) Eg = ono Rvigvit/{r[2x0 Ryl + In(b/a)]}, 
and (ec) V=opoRylgvlin(b/a)/[2x7o Ryl + In(b/a)). 6.30. ing = uowbly sin 2ot {ac(c2 + 
a” /4) coswt / [(c2 + a*/4)? — a2c? cos? wt] + In[(c? + a2 /4 + ac coswt)/(c* + a*/4 — ac 
cos wt)]}/(47). 6.34. Ip = 1/py and [(Py)avel max = TO Mru,w*N7a4 IZ /(64l). 6.38. (a) With the 
same reference direction as in Fig. 6.24, Jeday = owpgNa7 Ip sin wt/(2ir) and (b) (Py)ave = 
mo pra*N*athi? In(c/b)/(40"). 6.42. (a) (Py)ave = 09w7a718B5/40 and (b) (Tm)ave = 
—oy war 18 Be y/40. 6.45. (a) @ = Ti rech / (70 a7 5B?) and( DP es, — T? oo, / (toa 6B’). 

7.5. L’ =[wln2 + po In(d/2a)]/m. 7.7. L! = wydy/w + w2d2/w. 7.11. Lo = 332.7 mH. 7.13. 
v = —mpwN'a2Ip sin wt. 7.16. (a) L = 110 wH, (b) L = 22.5 wH, and (c) L = 49.5 pH. 7.23. 
(a) Ip = 183.3 mA and (b) Jo = 85.3 mA. 7.25. Switch K open: W(t) = 706 cos? 377t mJ (t 
in s) and (Wm)ave = 353 mJ, switch K closed: Wm(t) = 0 and (Wm)ave = 0. 7.32. (a) Wm = 
250 J/m? for a<r<c and wm = (0.2536/r?) J/m? (r in m) for c <r < b (c = 3.2 cm), and 
(b) Wm = 8.45 mJ. 7.34. (a) wy = (2.026/r*) J/m? (r in m) and (b) (Ph)ave = 882.5 W. 7.36. 
Wi, = 157.9 nJ/m, Wi. = 346.6 nJ/m, and Wi, = 504.5 nJ/m. 


8.1. (a) Jao, =Jao2 = 1o/S, (b) For = Ip/(QmexfS) and Ego =Io/(2me2fS), and (c) 
Vo = (€1d2 + €2d1)[p/(27€1€2fS). 8.5. In the cylindrical coordinate system whose z-axis coin- 
cides with the cable axis, (a) Jg = e(dv/dt) f/[rln(b/a)] and Jot = Jg, and (b) Jg the same 
as in (a) and Stot =ove/[rIn(b/a)] + Jg. 8.9. H = Jéo/uo Ep sin@ cos(wt — Br) $/r. 8.20. 
(a) Q! = —jp sin ¢ /(wa), (b) V = —jlp cP /(2meqwR), (c) A = wal eP® &/(8R), (d) E = 
jlo eH [wig &/8 + 2(1 + jBR) 2/(2me9@R))/R, (c) H = —azlo(1 + jBR)e HP® ¥/(8R?), 
and (f) A(t) = uoalyV2 cos(wt — BR)X/(8R) and E(t) = wpoalyV2cos(wt — BR — 2/2) %/ 
(8R) + zloV2/1 + B2R2cos(wt — BR + arctanBR — 2/2)2/(2neqwR*), where R= 
Vz? + a?. 8.22. (a) Ba = w/co = 3.33, so the condition Ba < 1 is not met, (b) Q’ = —1.061 
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CHAPTER 9 


CHAPTER 10 


CHAPTER 11 


CHAPTER 12 


sin(3¢/2)nC/m (O0O<@<2m) and Q, =141 pC, (c) V=0 and A=-j11.31 


e733.33V2740.01 ¢7./2240.01nT-m (z in m), and (d) since A has only an x- 
component and V is constant (zero) along the z-axis, E, = —jwA, —0V/dz =0. 8.23. 


B = pgJga( eV O42" 1 Ja? + 22 — e HBV +2 1/62 4 22) 5/2. 8.25. A = j2ualen HP 2/3. 
8.32. Vp = 848.27 kW, into the earth. 8.36. (a) H(t) = Jé/p Ep cos(wt — Bz) $/r and 
H = JVée/u Ey 20? $/Q2r), (b) B= Ve/u E52/(2r), (c) S=2Je/u E}In(b/a), and 
(dee = nJe/p EB In(b/a). 8.39. First term (integral) in Eq. (8.196) equals zero, second 
term oza? V2/(2d), third one —jwema’ V2 /(2d) (approximately), and the last (com- 
plex power flow) (—o + jwe)ra?V2/(2d). 8.41. P(t) = /eo/Ho E} sin? 6 cos? (wt — Br) t/r’, 
P. = Jeo/uo EX sin? 6 £/(2r"), and Pave = Re{P} = Veo/uo E% sin’ 6 f/(2r7) [see Eq. (6.95)]. 


9.5. (a) f = 1.5 GHz, and % = 150° or 4 = 30°, (b) H = 28.2 e!% e!9"2 § mA/m (z in m), 
and (c) Pave = —0.32 W/m?. 9.6. (a) er = 3.6 and py =2.5. 9.11. ling = 3.39 mA. 9.15. 
W = 95.69 mJ and (b) W = 47.84 mJ. 9.17. r = 18.2 m. 9.24. (a) ¢, = 81 and o =4S/m, 
(b) y = (78.72 + j204) m7, (c) H = 27.8 e78-Y cos(6.28 x 1071 + 204y — 21°)% mA/m (¢ in 
s; yin m), and (d) Pave = —12.93 e?-4Y § mW/m?. 9.26. (a) er = 3 and tandg = 1073, (b) 
y = (0.1814 + j363) m7!, and (c) Pave = 1.035 e~9-96%2 2 W/m?. 9.31. (a) 5;% = 1.91 um and 
(b) Agg = 20,910 dB (perfect shielding). 9.33. hy = 161.7 km. 9.38. (a) At = 34.5 ns and (b) 
At = 0.0152 ps. 9.42. (a) RHEP, (b) LP, (c) LHEP, (d) LP, (e) LHEP, (f) LP, (g) LP, (nh) RHEP, 
and (i) LHEP. 


10.3. Wem(t) = eE%,S(2B1 + sin2Blcos2wt)/B (B=2n/A and w= 6/ Jeo). 10.6. 
f = 375 MHz and Ep = 0.51 V/m. 10.9. (a) f = 1.5 GHz, (b) Agiass = 10 cm, (c) Eair(t) = 
1.777{cos(9.425 x 107t + 31.42x + 90°) — sin 31.42x cos(9.425 x 10°”) ]¥ kV/m (ft in s; 
in m) and E,;, = 1.257(j e314" — sin 31.42x) ¥ kV/m, (d) |Hair|max = 6-67 A/m, |Hairl nin = 
3.33 A/m, and |Hgtasslmax = [Hetass/min = 6-67 A/m, (€) Pave = —8.378% kW/m? every- 
where, and (f) 7, = 188.52. 10.14. dmax = 38m. 10.19. (Wem)ave = 8.854 x 10-9 
10.23. Syiolet = 53.64°, Sbtue = 52.19°, Sgreen = 51.29°, Syetlow = 50.83°, Sorange = 50.68°, 
and req = 50.16°; y = 3.48°. 10.28. PB = (83.3% — 249.92) W/m?. 10.31. Gaccept = 
aresin{(n2,,. — Meadding) /”/"ols from air, accept = 17.31°; from water, accept = 12.92°. 


x 


core 


10.34. hy = 4.59 km. 10.38. (Te)ap = —9.42 dB. 


11.4. (Per)max = 317 MW and P; = 295 MW. 11.7. (a) C’ = 9.476 pF/m, L’ = 1.174 wH/m, 
R’ = 1.079 Q/m, and G' = 0, and (b) Zp = 352.1 Q and a = 1.532 x 10-3 Np/m. 11.10. (a) 
C’ = 13.24 pF/m, L’ = 840 nH/m, R’ = 0.657 2/m, and G’ = 0, and (b) |p,| = 67.9 nC/m? 
and |J,| = 20.37 A/m. 11.14. (a) (Permax = 15.31 MW and (b) P; = 5.426 MW. 11.19. C= 
203.9 pF/m, L’ = 218 nH/m, R’ = 7.15 Q/m, and G’ = 384.5 wS/m. 


12.4. (a) f = 300 MHzand Z, = (38.46 + j92.31) Q, and (b) f = 300 MHzand Z,; = (38.46 — 
j92.31) 9. 12.8. (a) dmax = 3.69 cm and Rmax = 130.9 92, fmin = 28.69 cm and Rmin = 19D 
(b) Imin = 18.75 cm and Rmin = 8.58 &, Imax = 43.75 em and! Rmax = 291-4 2 2a) 
With reference to Fig. 12.8, /, = 12.08 cm, Zo = 115.1 2, and / = 37.5 cm, assuming that 
all transmission-line sections have air dielectric. 12.14. Py = 22.41 W, Piz = 31.73 W, 
and Py3 = 10.97 W. 12.19. [sup = 2.09 mm. 12.21. (a) Wem(0) =0.2 pJ, (b) ¢=1.36ns; 
and (c) t= 624.7 ns. 12.29. First solution: /; = 9.3 mm and /up; = 8.9 mm; second solu- 
tion: [7 = 24 mm and /sup2 = 41.1 mm. 12.33. ldamage = 10 m and Reg = 1.02 82. 12.35. vp = 
5V (0<1<9ns); y =0 (0 <1 < 1.5 ns), y =3.33 V (Sns <1 < 45 ns), vp 4-4 
(4.5 ns <t <7.5 ns), and vy, = 4.81 V (7.5 ns <1¢ < 9ns). 12.38. During time intervals 0 < 
t<1ns, Ins<#<2ns,..., 9ns<1t< 10ns, vp assumes values 6 V, 0, 10 V, 0, 6.66 V, 
0, 4.45 V, 0, 2.96 V, and 0, respectively; the corresponding values of vy are 0, 12 V, 0, 
7.98 V, 0, 5.33 V, 0, 3.56 V, 0, and 2.37 V. 12.41. Starting at = 1 ns, vp is a sequence of 
trapezoidal pulses of durations 2 ns and magnitudes 4 V, —1.33 V, 0.444 V, and —0.148 V, 
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respectively (each new pulse starts exactly at the end of the preceding one). 12.46. C= 
40 pF. 12.48. vi (t) = 0.75[e~"-/*hat — T) — e~¢—)/* A(t — 41)] V and ve(t) = 0.5[A() — 
A(t — to)] — 0.5[A(t — t2) — A(t — t3)] + 0.75[ eo ¢—2)/* A(t — t) — e~¢—8)/* h(t — 3)] V, where 
T =1.17 ns, t = 2.4 ns, fo = 2 ns, ty = 3.17 ns, f2 = 2.34 ns, and #3 = 4.34 ns. 


13.8. (a) For ¢,=1, dominant frequency range 1.5 GHz < f <3 GHz, first three TE CHAPTER 13 
modes TEj9, TEo;, and TE;,, first three TM modes TMj1, TM2;, and TMy2, (fc)10 = 
(f-)o1 = 1.5 GHz, (f¢)11 = 2.12 GHz, and (f¢)21 = (f¢)12 = 3.35 GHz; at f = 2 GHz, possible 
TEj9 and TE); (b) for ¢, = 2.5, dominant frequency range 0.949 GHz < f < 1.897 GHz, 
first three TE and first three TM modes as in (a), (fc)10 = (fc)o1 = 0.949 GHz, (fc)11 = 
1.34 GHz, and (fc)a1 = (f)12 = 2.12 GHz; at f =2 GHz, possible TE,9, TEo;, TE, 
TE29, TEo2, and TM). 13.12. (a) P= —jou|Ho|?[(mz/a) sin(2mmx/a) cos?(ny/b) X + 
(nx /b) cos*(mmx/a) sin(2ny/b) ]/(2k2) + wuB|Ho|*l(n2/b)? cos? (mrx/a) sin? (nay/b) + 
(mx /a)? sin*(mmx/a) cos?(nmy/b)]z/k*, (b) P = qnab(f?/f2),/1 — f2/f?|Hol*, where fe = 
(fe)on = c/b and g = 1/2 for TEg2 and fe = (fe). = CY'1/a? +. 1/b2/2 and gq = 1/4 for TE, 
and (c) the flux of P into each wall is zero. 13.14. Pmax = Per = 210.3 MW. 13.16. (a) a = 
1.3 x 10-3 Np/m and (b) w = 2.88 x 10-4 Np/m. 13.17. (a) a = 4.15 x 10-3 Np/m and (b) 
a = 3.33 x 10-3 Np/m. 13.21. At f = 22.5 GHz: vp = 2.59 x 108 m/s, vg = 1.54 x 10° m/s, 
Az = 11.5 mm, and 4 = 8.9 mm; at f = 18 GHz: vp = 3.29 x 108 m/s, vg = 1.22 x 10° m/s, 
(ise, and 2 =\11:1 mm; at f = 27 GHz: vp = 2.36 x 10° m/s, vy = 1.7 x 10° m/s, 
Az = 8.7 mm, and A = 7.4 mm. 13.27. (a) a = 50 mm and d = 20.23 mm, and (b) TE 9p. 13.34. 
(Wem)cr = 29.9 mJ. 13.35. Eing = 3.16 kV and Wem = 23.2 mJ. 13.38. (a) Pp = 17.37 mW and 
(b) Pc = 30.19 mW. 13.39. Pg = 70.6 mW. 


14.8. Pave = 18.62 sin? 0f/r2 W/m? (r in m). 14.10. P = /u0/e0B7 |p|? sin? o{1 + e227 CHAPTER 14 
2e—"! cos[BI(1 — cos 6)]} #/{(42rr)?[a? + B2(1 —cos@)?]}. 14.11. E = Ey 6 = jopol, [Le "/ 
(4zrr)]sin@ sin u/u, where u = Bhcosé (h = 1/2), H = H¢ 6 = (E,/no) $, and P = Pave = 
(\Eg|2/no)® (no = 377 Q). 14.15. P = nB2P7 + cos? 6 — sin? 6 sin2¢) #/(32x2r). 14.19. 
Rrad = 0.8 2, Rohmic = 6.46 &, and nrag = 11%. 14.24. (2) D = 10, and (b) HPBWetevation = 
114.5° and HPBWazimuth = 65.5°. 14.29. Rohmic = R’[I/2 — (sin B1)/(28)], where R’ = 
Jruf/o/(2xa) and B =2xf/co (co =3 x 10° m/s). 14.33. (a) |Egirect| = 60 mV/m and 
(b) |Exefecteal = 26.6mV/m. 14.35. |Eiono twice liot = 243-2 #V/m. 14.41. [Vo] = 1.9 mV. 
14,44 V = 1.9 mV. 14.46. (a) |(Voc)\grecr| = 0 amd |(Voc)enecteg| = 9-35 HV; (b) 
eee 33.02 Viand) (V0) steceql 13-7 MV 14.52. rmax = 1.191) km. 14.57. f(@) = 
sin @ sin[(z/2) cos @]. 14.60. f(@) = {cos[(z/2) cos 6] cos(z sin@ cos @)}/sin@ for 0 < 6 < 90°, 
and f(@) =0 for 90° < @ < 180°. 14.63. f(@) = {cos?[ (2/2) cos @]}/sin@. 14.66. (a) Omax = 
90° — a = 0 (broadside N-element array), and (b) 6max = 0 — a = —£d (endfire radiation 
in +z direction) and @max = 180° — a = fd (endfire radiation in —z direction). 
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Active power, 398 
Air breakdown, 74 
Ampére, André-Marie, 186 
Ampeére’s currents, 222 
Ampeére’s law, 185-186 
applications of, 187-188 
corrected generalized, 354 
1-D differential, 193-194 
differential form of, 193-195 
generalized, 234-236, 271 
proof of, 204-206 
for system with conductors and 
magnetic materials, 234 
in terms of volume current density, 
235 
using curl notation, 195 
Angular or radian frequency, 367 
Anisotropic media, 72 
Antennas, 713 
arrays of, 772-776 
beam solid angle of, 792 
characteristic radiation functions 
of, 736-739 
directivity and gain of, 740-745 
effective aperture of, 766-768 
far zone of, 720-721 
general theory of receiving, 
760-763 
input impedance of, 732-733 
monopole, 754-755 
near zone of, 721-722 
normalized field pattern of, 736 
normalized power pattern of, 737 
ohmic resistance of, 750-751 
open-circuit voltage of receiving, 
761 
polarization of, 745 
radiation efficiency of, 733 
radiation resistance of, 730 
straight wire, 731-732 
wire dipole, 745-749 
Arc discharge, 109 


Array factor for waves, 488 
Arrays of antennas 
array factor, 773 
broadside, 775 
endfire, 776 
pattern multiplication for, 774 
uniform linear, 782 
Asynchronous motor, 292 
Attenuation coefficient, 550-552 
for losses in dielectric, 569-570 
of transmission line, 551 
for transmission-line conductors, 
551 
for transmission-line dielectric, 552 
for uniform plane waves, 430-431 
of wave-guiding structure, 551 
Attenuation in free space, 770 


Bell, Alexander Graham, 432 
Biot, Jean Baptiste, 178 
Biot-Savart law 
defined, 177 
for line current, 178-179 
for surface current, 178 
for volume current, 178 
Bounce diagrams, 646-648 
Boundary conditions 
for conductor-free space, 41-42, 80 
for dielectric-conductor surfaces, 
534 
for rapidly time-varying 
electromagnetic field, 363 
for steady current fields, 137 
for surface dielectric-free space, 67 
between two arbitrary media, 80-81 
Bound (or polarization) charge(s), 
61-67, 355, 438 
Bound surface charge density, 67-70, 
76, 81, 795 
Bound volume charge density, 66-70, 
76, 795 
Breakdown 


in air, 73-74 
of dielectric, 74, 108-109, 
683-684 
voltage, 110-111, 554-555 
Brewster, Sir David, 517 
Brewster angle, 516-517, 520 


C 


Capacitance 
of capacitor, 86-87, 90, 311, 356 
duality relationship between 
conductance and, 146-148, 
159 
of isolated metallic body, 87 
p.u.l. of transmission line, 87, 
542-543, 564, 577 
Capacitors, 86 
circuit-theory representation of, 87 
element law for, 135 
energy of, 103 
with homogeneous dielectrics, 
analysis, 88-94 
with imperfect inhomogeneous 
dielectrics, analysis, 
152-156 
with inhomogeneous dielectrics, 
analysis, 95-101 
with nonlinear dielectric, analysis, 
102 
parallel-plate, 90 
self-discharging of nonideal, 148 
spherical, 88 
Cardioid radiation pattern, 780-781 
Cartesian coordinate system, 3-4, 
799-800 
curl in, 195-196 
del operator in, 24 
divergence in, 36-37 
dot product of two vectors in, 36 
gradient in, 24 
Helmholtz equations in, 410-411 
Laplacian in, 82 
Laplacian of vector in, 204-205 
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Cavity resonators, 614, 696 
electromagnetic energy stored in, 
700-703 
quality factor of, 703-705 
rectangular, 696-700 
Chain rule for taking derivatives, 798 
Characteristic impedance of 
transmission line, 542-544, 
580-582 
Charge density 
bound surface, 67-70, 76, 81, 795 
bound volume, 66-70, 76, 795 
line, 8 
surface, 8 
volume, 8 
Charge(s) 
distribution on metallic bodies of 
arbitrary shapes, 48-49 
distribution in steady current field, 
138-139 
of electron, 3 
per unit length, 9 
point, 3-8 
Circuit analysis 
of lossless transmission lines, 581 
of low-loss transmission lines, 
581-582 
of transmission lines using Smith 
chart, 618-622 
Circuit-theory representation 
of capacitor, 87, 96 
of generator, 149-152 
of inductor, 314-315 
of magnetically coupled circuits, 
325 
of resistor, 142, 148 
of transmission line in ac regime, 


SH 
of transmission line in dc regime, 
158 
Circular polarization (CP), 458-459, 
520, 764 


Coaxial cable, 89-90 

Cocfficient of (magnetic) coupling of 
inductors (circuits), 325, 
334 

Coercive force, 245-247 

Complex domain, 370-375, 381-389 

Complex power, 398 

Complcx represcntatives of field and 
circuit quantitics, 369-373 

Conductance, 142, 146 

of capacitors with imperfect 

inhomogeneous diclectrics, 
153-154 


p.u.l. of transmission line, 157-162, 
549, 577 
Conductivity, 128, 130-131 
Conductors, 39, 125, 140 
Constitutive equations, 138, 236, 
Poh p ys 
Continuity equation, 133-135, 138-139 
complex-domain, 374 
differential form of, 134 
for rapidly time-varying currents, 
364-366 
for steady currents, 134 
for surface currents (for plates), 366 
for wires, 385 
Continuous charge distributions, 8-9 
Convection current density, 131 
Copper, surface resistance of, 495 
Corona discharge, 109 
Cosine reference for time-harmonic 
quantities, 367 
Coulomb, Charles Augustin de, 2 
Coulomb force, 3 
Coulomb’s law, 2-7 
Couplers, waveguide, 692-695 
Critical angle, 514-515 
Critical (breakdown) field intensities, 
73-74 
Curl, 195-197 
Current density vector, 126-129 
total (conduction plus 
displacement), 353 
Current generator, 151 
Current intensity (or current), 126-127 
Current transformation by coupled 
coils, 328 
Cutoff or critical frequency of 
waveguides, 667, 
677-679 
Cutoff wavelength, 667 
Cylindrical coordinate system, 24, 
800 
curl in, 195 
divergence in, 37 
gradient in, 24 
Laplacian in, 82 


D 


Decibel attenuation, 433 

in wireless link, 770-771 
Decibel reflection cocfficicnt, 485 
Del operator, 24-25, 366, 535 
Diamagnctism, 225, 237 
Diclectric breakdown, 62 

in electrostatic systems, 108-114 


in transmission lines, 554 
in waveguides, 683 
Dielectric-dielectric boundary 
conditions, 79-81, 363 
Dielectric materials, characterization 
of, 71-74 
Dielectric permittivity. See 
Permittivity 
Dielectric strength, 73-74, 791 
Dielectric waveguides, 515-516 
Dipole moment, 27, 63-66, 206, 
224-227 
Direct currents, 124 
Directional derivative, 25 
Dispersion, 452-457 
Dispersion diagram, 452-453, 689 
Displacement current, 351-356 
density in vacuum, 355 
density vector, 353, 355 
Divergence, 36-38 
Divergence theorem, 38 
Dominant cavity mode, 698 
Dominant frequency range, 668, 678 
Dominant waveguide mode, 668 
Drift velocity, 126 
Duality relationship between 
conductance and capacitance, 
146-148, 159 


E 


Eddy currents, 294-301 
Electrical effective aperture, 768 
Electric current, defined, 125 
Electric dipole, 26-27, 62-63, 792 
Electric displacement vector. See 
Electric flux density vector 
Electric energy, 102 
of capacitor, 103 
of clectromagnetic system, 105 
Electric energy density, 104-105, 414, 
418, 477 
Electric field, 7 
duc to charged conductors, 43-46 
due to excess charge, 269 
due to line charge, 10 
due to polarized dielectric bodics, 
68-70 
due to surface charge, 10 
duc to volume charge, 10 
Electric ficld intensity vector 
definition, 7-8 
impressed, 149 
induced, 265, 283, 791 
Elcctric flux, 71 
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Electric flux density vector, 71 
Electric forces, 3-7, 15, 90-91, 209 


Electric induction vector. See Electric 


flux density vector 
Electric potential. See Electric scalar 
potential 
Electric probe, 481 
Electric-probe waveguide couplers, 
695 
Electric scalar potential, 16-18, 269, 
380 
due to line charge, 20 
due to polarized dielectric bodies, 
68-70 
due to surface charge, 20 
due to volume charge, 19 
Electric susceptibility, 64 
Electrolytes, 129-130 


Electromagnetic interference (EMI), 


2a 
Electromagnetic spectrum, 425-427 
Electromagnetic waves, 361-362 
Electromotive force (emf) of 
generator, 150 
Electrostatic field 
conductors in, 39-42 
conservative nature of, 17 
Electrostatic induction, 40 
Electrostatic shielding, 46-47 


Elliptical polarization (EP), 459-460, 


765 
Energy velocity, 454 
E-plane pattern, 737, 739 
Equipotential surfaces, 19 
Euler’s identity, 371 
Evanescent attenuation, 667 
Exponential identities, 797 


F 


Fabry-Perot resonator, 476 
quality factor of, 707-708 

Faraday, Michael, 272-273 

Faraday cage, 46-47 

Faraday’s law of electromagnetic 


induction, 271-276, 284, 290 


Far field, 720-721 
Ferrites, 227, 238 
Ferroelectric materials, 72 
Ferromagnetic materials, 226-227, 
246-247 
hysteresis effects in, 336 


Finite-difference (FD) method, 84-86 


Fluxmeter, 293-294 
Flux of vector function, 28-29 


Franklin, Benjamin, 111 

Free-space wavelength, 425, 445, 
565, 794 

Fresnel, Augustin Jean, 517 

Fresnel’s coefficients for normal 
polarization, 511 

Fresnel’s coefficients for parallel 
polarization, 511 

Friis, Harald T., 769 

Friis transmission formula, 768-770 


G 


Gauss, Johann Karl Friedrich, 29 

Gaussian surface, 31 

Gauss’ law, 270, 353 
applications of, 31-34 
differential form of, 35-39 
formulation and proof of, 28-31 
generalized, 70-71, 138, 270, 357 
for magnetic field, 173 
for system with conductors and 

dielectrics, 70 


in terms of volume charge density, 


71 
using divergence notation, 36 
Gauss-Ostrogradsky theorem. See 
Divergence theorem 
General duality principle for 
electromagnetic fields, 759 
General impedance load, 401-402 
Good conductors,439-445, 492-499 
Good dielectrics, 436-438 
Gradient, 23-25 
Grating lobes, 776-777 
Grazing incidence, 514 
Grounding electrodes, 162-164 
Grounding resistance, 164-167, 793 
Group velocity, 454-456, 690, 793 
Guided TEM wave, 534-538 
Guide wavelength, 689 


Half-power (or -3-dB) beamwidth 
(HPBW), 738-739 

Half-wave dipole, 747-754, 763-767, 
779-781 

Half-wave matching, 525 

Hall, Edwin Herbert, 210 

Hall effect, 209 

Hall voltage, 209 

Hard ferromagnetic materials, 
247 

Heaviside, Oliver, 536 


Index 811 


Heaviside function, 634 

Helical antennas, 459, 461 

Helmholtz equations, 410-411, 
418-419, 431, 672-676 

Helmholtz, Hermann von, 432 

Henry, Joseph, 313-314 

Hertz, Heinrich Rudolf, 717 

Hertzian dipole, 714-720 

H-plane pattern, 738 

Hybrid waves, 534, 548, 563 

Hyperbolic identities, 796-797 

Hysteresis, 226, 245 

Hysteresis loop, 245-247, 337-338 

Hysteresis losses in material, 246, 335, 
337 


Ideal current generator, 151 
Ideal voltage generator, 150 
Image theory 
for antennas in presence of 
conducting plane, 751-752 
for charges above conducting 
plane, 51-52 
for currents above conducting 
plane, 560 
for magnetic field, 241 
for steady currents, 163 
Impedance matching, 607-608 
Impedance transformers, 593 
Impressed electric field intensity 
vector, 283 
Index of refraction, 444-445, 509, 
792 
Induced electric field intensity vector, 
265, 283, 791 
Induced electromotive force (emf), 
273, 481 
due to motional induction, 
283-289 
due to self-induction, 312 
due to transformer induction, 
277-283 
total, 289-294 
Inductance. See also Self-inductance 
external, 312-318, 543, 557-566 
internal, 312, 343-344, 543, 556-557 
mutual, 318-324 
per unit length of transmission 
lines, 317-318, 330-331, 
344-345, 543, 556-566 
Inductance matrix, 325 
Induction furnace, 295 
Inductor, 314 
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Inductor (Continued) 
circuit-theory representation 
of, 314 
element law for, 314 
nonlinear, 315 
Infinitesimal dipole, 717 
Internal resistance of generator, 150 
Intrinsic impedance, 414, 490 
complex, 432 
of free space, 414 
of good conductors, 440, 492 
of good dielectrics, 437 
of plasma medium, 450 
Ionosphere, 448, 450-451, 756-757 


J 


Joule, James Prescott, 144 
Joule (J), 103 
Joule’s heat, 132, 149 
Joule’s law, 143, 331 
in local (point) form, 132 
in “surface” form, 496 


K 


Kirchhoff, Gustav Robert, 22 

Kirchhoff’s current law, 134, 277 
for magnetic circuits, 250-252 

Kirchhoff’s voltage law, 22, 150 


L 


Laplace, Pierre Simon de, 83 
Laplace's equation, 82-86 
Laplacian, 82-83 
of vector function, 204 
Law of conservation of magnetic flux, 
198-201 
Law of refraction 
of electric field lines, 81 
of magnetic field lines, 240 
of steady current lines, 137 
Left-hand circularly polarized (LHCP) 
waves, 459 
Left-hand elliptically polarized 
(LHEP) waves, 460 
Lenz, Heinrich Friedrich Emil, 275 
Lenz’s law, 275, 295 
Lightning arrester, 111-113 
Linear polarization (LP), 458 
Line charge density, 8 
Line dipole, 27 
Line integral of electrostatic field 
vector, 18 


Logarithmic identities, 797 
Lorentz, Hendrik Antoon, 210 
Lorentz force equation, 209 
Lorentz magnetic force, 211 
Lorenz, Ludwig Valentine, 378 
Lorenz condition (or Lorenz gauge) 
for potentials, 376-378 
Lorenz electromagnetic potentials, 
376-389 
Losses in transmission lines, 547-550 
Lossless transmission lines 
circuit analysis of, 581 
pulse excitations of, 640-646 
step response of, 634-640 
Loss tangent, 437 
Low-loss transmission lines 
attenuation coefficient of, 582 
characteristic impedance of, 582 
load voltage reflection coefficient 
of, 583 
load voltage transmission 
coefficient of, 584 
phase coefficient of, 582 
return loss (RL) of, 584 
standing wave patterns for, 588-589 


Magnetically coupled circuits, 324-331 
Magnetic circuits 
assumptions and analysis, 247-248 
demagnetization in, 256-257 
Kirchhoff’s laws for, 250-252 
reverse problem in, 255-256 
Magnetic dipole, 206-208, 224-227, 
792 
Magnetic dipole (small loop) antenna, 
758-760 
Magnetic energy 
of current-carrying conductors, 
331-333 
of inductor, 332 
spent in magnetization- 
demagnetization, 
339-340 
in terms of volume currents, 333 
Magnetic energy density, 334-338, 414, 
418, 477 
Magnetic field, 174 
Magnetic field intensity vector, 235 
Magnetic flux 
through contour, 200 
law of conservation, 198-201 
through magnetic circuit, 250-255 
Magnetic flux density vector, 174 


due to given current distributions, 
179-185 
due to line current, 178 
due to magnetized bodies, 231-234 
due to moving point charge, 
175-176 
for loop and field point in one 
plane, 179 
Magnetic force, 174 
on current distributions, 211-215 
Magnetic materials, behavior and 
classification of, 223-227 
Magnetic moment of loop, 207 
Magnetic pressure, 341-342 
Magnetic susceptibility, 225 
Magnetic vector potential, 201-204, 
270, 380 
Magnetization currents, 232 
Magnetization curve, 243-247 
Magnetization surface current density 
vector, 230-234 
Magnetization vector, 222, 225, 228 
Magnetization volume current density 
vector, 230 
Magnetostatic field, 174 
Magnetostatics, 239-241 
Maxwell, James Clerk, 358-359 
Maxwell’s equations 
in complex domain, 373-375 
in differential form, 359, 374 
for electrostatic field, 75 
for magnetostatic field, 239 
for rapidly time-varying 
electromagnetic field, 
357-360, 373-375 
for slowly time-varying 
electromagnetic field, 
276-277 
source-free, 409, 535 
for time-invariant electromagnetic 
field, 258 
Metallic conductors, 39, 125, 140 
Metallic waveguides, 505-507, 663 
Method of moments (MoM), 49-51 
Microscopic magnetic dipoles, 228 
Microscopic magnetic phenomena, 
222-227 
Microstrip line, including fringing 
effects, analysis and design, 
570-572 
Microstrip line, neglecting fringing 
effects, 91-92 
Microwave oven, 706-707 
Mobility of electrons, 126 
Modal fields. See Modes 


Modes, 665, 671-679 

MoM matrix equation, 49-51 

Multilayer printed circuit board, 
567-570 

Multimode propagation, 668 

Mutual inductance, 318-324 


Nabla operator. See Del operator 

Napier, John, 432 

Near field, 721-722 

Newton’s second law, 448 

Newton’s third law, 3 

Nonlinear capacitors, 87 

Nonlinear dielectrics, 72 

Nonlinear resistors, 142 

Nonpropagating waves, 450, 667 

Nonrectangular coordinate systems, 
24-25, 800 

Normal incidence 

on penetrable planar interface, 
483-492, 520-526 
on perfectly conducting plane, 

472-483 

Normalized transmission line 
admittance, 594 

Normalized load impedance, 616 

Normalized transmission-line 
impedance, 594 

Normally dispersive media, 455 

Normal polarization of obliquely 
incident waves, 499-503 


O 


Oblique incidence on dielectric 
interface, 507-520 

Oblique incidence on PEC, 499-504 

Oersted, Hans Christian, 175 

Ohm, Georg Simon, 141-142 

Ohmic losses. See Power of Joule’s 
losses 

Ohm’s law, 128-129, 141-142 

One-dimensional (1-D) differential 
Gauss’ law, 37 

One-dimensional scalar wave 
equation, 413 

One-dimensional source-free wave 
equation, 378-379 

Onnes, Heike Kamerlingh, 129, 132 

Open-ended waveguide antennas, 694 

Optical anti-reflective coatings, 
524-525 

Optical fibers, 515-516 


Overlapping pulses, 643-644 
Overmoded operation of waveguides, 
669 


P 


Parallel-plate waveguide, 505 
Parallel polarization of obliquely 
incident waves, 499-500, 
503-504 
Paramagnetic materials, 225 
Pattern multiplication theorem, 774 
Perfect electric conductors (PEC), 
130, 361, 363 
Perfect magnetic conductors (PMC), 
237, 241 
Permeability 
of magnetic materials, 236-239 
on magnetization curve, 245, 250 
of vacuum, 174 
Permittivity 
effective relative of transmission 
line, 564, 569 
equivalent complex, 430 
of good dielectrics, 438 
high-frequency, 438 
of medium, 72-73 
plasma effective, 449 
tensor, 72 
of vacuum (free space), 3 
Perturbation method for computation 
of losses in good conductors, 
497-499, 547-556, 610-614, 
684-687, 703-705, 731-732 
Per-unit-length dipole moment, 27 
Phase coefficient 
in plasma medium, 449 
in transmission line, 537, 544, 565, 
581-582 
in unbounded lossless media, 381 
in unbounded lossy media, 434, 
437, 440 
in waveguide, 666 
Phase velocity, 417 
in dispersive media, 452 
in good conductors, 444 
in nondispersive media, 455 
in transmission line, 537, 544, 565, 
579 
in waveguide, 689 
Phasors, 369-370 
Planar multilayer media, 520-526 
Plasma effective permittivity, 449 
Plasma frequency, 449 
Plasmas 
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propagation of electromagnetic 
waves in, 447-450 
wave dispersion in, 456-457 
pn junction, 77-79, 130 
Point charges, 3-8 
Poisson, Siméon Denis, 83 
Poisson’s equation, 82, 205 
Polar dielectrics, 62 
Polarization charges. See Bound (or 
polarization) charges 
Polarization current density vector, 
2a5 
Polarization ellipse, 460 
Polarization of antennas, 745, 762 
Polarization of dielectrics, 62-63 
Polarization of uniform plane waves 
circular (CP), 458-459, 520, 764 
elliptical (EP), 459-460, 765 
handedness of, 459-460, 463 
linear (LP), 458, 460-461 
Polarization vector, 63-64, 67, 76 
Position vector of point, 4 
Power balance in circuit, 124 
Power of Joule’s losses, 132-133, 143, 
792 
in antennas, 731-732 
in capacitor, 136 
in cavity resonator, 704 
density, for plane waves, 433 
due to eddy currents, 295 
in good conductors, 493-499 
in resistor with time-varying 
current, 368 
time-average, 368 
in transmission lines in ac regime, 
547-551 
in transmission lines with steady 
currents, 159 
in waveguides, 685 
Poynting, John Henry, 391 
Poynting’s theorem, 389-402 
Poynting vector, 392 
complex, 398 
Principle of conservation of charge, 
133 
Principle of conservation of energy, 17, 
102, 331 
Pulse excitations, transmission lines 
with, 640-646 
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Quadratic equation, 797 
Quality factor (or Q factor) of 
resonators, 610-614 
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Quality factor (or Q factor) of 
resonators (Continued) 
of cavity resonators, 703-705 
of Fabry-Perot resonator, 707-708 
of transmission-line resonators, 
612-614 
Quarter-wave transformer, 594-597 
Quasistatic (low-frequency) complex 
potentials and fields, 384 
Quasistatic electromagnetic systems, 
384-385 
Quasi-TEM waves, 548, 563 


Radian frequency, 367 
Radiation efficiency of antenna, 733 
Radio-frequency (RF) waves, 427 
Radio waves, 427 
Rapidly time-varying electromagnetic 
field 
boundary conditions for, 363 
Maxwell’s equations for, 
357-360, 373-375 
Reactive power, 398, 495, 733 
Rectangular cavity resonators, 
696-708 
Rectangular waveguides, 663 
analysis based on multiple 
reflections, 664-671 
dominant mode in, 668-671 
general TE modal analysis of, 
671-676 
general TM modal analysis of, 
676-677 
Reflection coefficient, 485, 511, 522, 
583-585, 632-633 
Relative permeability, 236. See also 
Permeability 
Relative permittivity, 72. See also 
Permittivity 
Relaxation time, 139-140, 611 
Reluctance, 252 
Remanent flux density, 245 
Resistance 
antenna ohmic, 750-751 
of conductor, 141 
dc resistance p.u.l. of transmission 
lines, 157-159 
grounding, 164-167 
high-frequency resistance p.u.l. of 
transmission lines, 549, 577 
radiation, 730 
surface resistance of good 
conductors, 492-496, 548, 685 


Resistance-capacitance analogy, 148 
Resistors, 140-146 
circuit-theory representation of, 
142 
parallel, 145-146 
power of Joule’s losses in, 143 
series, 145 
Resonators 
Fabry-Perot resonators, 476, 
707-708 
transmission-line resonators, 
608-614 
waveguide cavity resonators, 
696-708 
Retarded potentials. See Lorenz 
electromagnetic potentials 
Right-hand circularly polarized 
(RHCP) waves, 459 
Right-hand elliptically polarized 
(RHEP) waves, 460 
Right-hand rule for induced 
electromotive force, 274 
Rms (root-mean-square) value, of 
time-harmonic function, 
367-368 


S 


Savart, Félix, 178 
Scalar triple product, 284, 799 
Scattered electromagnetic field, 473 
Self-inductance, 312-318, 342-345 
Semiconductors, 130 
Shunt stubs, 604-605 
SI units, 791-795 
Siemens, Ernst Werner Von, 
142 
Siemens, Karl Wilhelm Von, 
142 
Skin depth 
for copper, 442 
definition, 441 
for good conductors, 442 
one-percent depth of penetration, 
444 
Skin effect, 295-296, 441-447 
in ferromagnetic cores, 295 
in good conductors, 492, 497 
Slowly time-varying electromagnetic 
field, 264 
Maxwell’s equations for, 276-277 
Smith chart, 614-628 
Snell, Willebrord van Royen, 517 
Snell's law of reflection, 501 


Snell’s law of refraction, 508-509, 511, 
nls 
Soft ferromagnetic materials, 246 
Solid angle, 28 
Spherical coordinate system, 24-25, 
800 
curl in, 196 
divergence in, 37 
gradient in, 25 
Laplacian in, 82 
Spherical electromagnetic waves, 380 
Standing wave patterns, transmission 
lines, 586-587, 603-604 
Standing wave ratio (SWR), 490, 586 
Standing waves, 474483 
Steady electric currents, 124 
Step response of transmission lines, 
634-640, 646-655 
Stokes, Sir George Gabriel, 199 
Stokes’ theorem, 197-198 
Stored electromagnetic energy, 391 
Strip line, including fringing effects, 
analysis and design, 570, 
572-573 
Strip line, neglecting fringing effects, 
92 
Stubs, 604-605 
Superconductors, 129, 294, 318 
Superposition principle, 3-4 
Surface charge density, 8 
Surface current 
continuity equation for, 366 
density vector, 127-128 
magnetization, 230-234 
Surface density of reactive power, 495 
Surface divergence, 366 
Surface reactance of good conductors, 
492-499 
Surface wave, 514 


T 


Telegrapher’s equations, 577-580, 
629 

TEM (transverse electromagnetic) 
waves, 413, 536 

Tesla, Nikola, 176-177 

Thales of Miletus, 2 

Thévenin equivalent generator, 
631-632, 649-651, 761 

Thévenin impedance of receiving 
antenna, 761-762 

Thin two-wire line, 92-93 

Three-layer medium, propagation in, 
521 


Time-average power, 368, 398 
Time-domain reflectometer (TDR), 
638, 652-653 
Time-harmonic electromagnetics, 
366-369 
Time-invariant (dc) regime, 124 
Time period, 140 
Time-varying electromagnetic field, 
263 
Torque, 214-215 
Total (conduction plus displacement) 
current, 353 
Total internal reflection, 514-516 
Total transmission, 519 
Transformer induction, 277-278 
Transients on transmission lines, 
628-630 
Transmission coefficient, 485 
Transmission-line resonators, 608-614 
Transmission lines 
bounce diagram for, 646-648 
circuit analysis of, 577-582 
generalized reflection coefficient of, 
585 
input impedance of, 593 
load reflection coefficient of, 583 
with nonlinear terminations, 
transient analysis of, 652, 655 
one-way delay time of, 631 
power computations of, 589-591 
pulse excitations, analysis of, 
640-646 
with reactive loads, transient 
analysis of, 649-654 
with resistive loads, transient 
analysis of, 634-648 
Smith chart for, 614-628 


standing wave ratio (SWR) of, 586 
with steady currents, 156-162 
step response of, 634-640, 646-655 
transient analysis of, 628-630 
Transmission lines, field theory of, 533 
circuit parameters of, 557-566 
effective relative permittivity of, 
564, 569 
with inhomogeneous dielectric, 
563-570 
propagation coefficient of, 537, 544 
small losses in, 547-556 
Transverse electric (TE) waves, 671 
Transverse magnetic (TM) waves, 676 
Trigonometric identities, 796 
Two-conductor transmission lines, 
540-546, 577, 579 


U 


Uniform plane electromagnetic waves 
in good conductors, 439-447 
in good dielectrics, 436-439 
in ionosphere, 450-451 
in lossless media, 412-429 
in lossy media, 429-436 
in multilayer media, 520-526 
in plasma, 447-451 
polarization of, 458-465 
Units, 791-795 


V 


Vector addition, 3 

Vector algebraic identities, 799 
Vector calculus identities, 799 
Vector product, 174 


Index 815 

Velocity of electromagneticwaves, 378, 
413-414 

Volta, Alessandro, 22 

Voltage, 21 


WwW 


Watt, James, 132 
Wave equations, 377, 409-410 
Waveguide(s), 662 
aspect ratio, 678 
attenuation coefficient, 686-687 
couplers, 692-695 
cutoff or critical frequency of, 667, 
677-679 
dielectric breakdown and 
power-handling capacity of, 
683-684 
dominant mode in, 668-671 
group velocity, 690-692 
overmoded operation of, 669 
phase coefficient, 666 
phase velocity, 689 
power flow along, 681-684 
with small losses, 684-688 
standard, 678-679 
TE wave impedance, 680-681 
TM wave impedance, 680-681 
usable frequency range of, 686 
wave dispersion in, 688-690 
Wave impedance 
of TE and TM waves, 680-681 
of TEM wave, 491-492, 522, 537 
Wavelength, 381, 416-417, 425, 537, 
544, 579, 689-690 
Wavenumber. See Phase coefficient 
Weber, Wilhelm Eduard, 199 
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